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Abstract: In this paper, we study a partially observed progressive optimal control problem of

forward-backward stochastic differential equations with random jumps, where the control do-

main is not necessarily convex, and the control variable enter into all the coefficients. In our

model, the observation equation is not only driven by a Brownian motion but also a Poisson

random measure, which also have correlated noises with the state equation. For preparation, we

first derive the existence and uniqueness of the solutions to the fully coupled forward-backward

stochastic system with random jumps and its estimation in Lβ(β ≥ 2)-space under some as-

sumptions, and the non-linear filtering equation of partially observed stochastic system with

random jumps. Then we derive the partially observed global maximum principle with random

jumps. To show its applications, a partially observed linear quadratic progressive optimal control

problem with random jumps is investigated, by the maximum principle and stochastic filtering.

State estimate feedback representation of the optimal control is given in a more explicit form

by introducing some ordinary differential equations.
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tial observation, random jumps, stochastic filtering, Lβ-estimate
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1 Introduction

In modern stochastic control theory, it is acknowledged that the main way to obtain the global

maximum principle is the spike variational technique when the control domain is not neces-
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sarily convex. But different from the classical stochastic control problem, when the diffusion

term contains the control variable, first-order expansion is not enough to formulate the varia-

tional equation for the state process xu which generally is the adapted solution to the following

controlled stochastic differential equation (SDE for short):

{
dxut = b(t, xut , ut)dt+ σ(t, xut , ut)dWt, t ∈ [0, T ],

xu0 = x,

whereW is a Brownian motion. The main reason is the Itô’s integral
∫ t+ǫ

t
σ(s, xus , us)dWs is only

of order O(ǫ
1
2 ). In 1990, Peng [24] first introduced the second-order term in the Taylor’s expan-

sion of the variation and completely obtained the global maximum principle for the stochastic

control problem.

Consider the following controlled backward stochastic differential equation (BSDE for short),

which is coupled with the above controlled SDE:

{
−dyut = g(t, xut , y

u
t , z

u
t , ut)dt− zut dWt, t ∈ [0, T ],

yuT = φ(xuT ).
(1.1)

Pardoux and Peng [23] first obtained its existence and uniqueness result under the assumption

that the generator g is linear growth and Lipschitz continuous in (y, z). Independently, Duffie

and Epstein [5] introduced the notion of recursive utilities in continuous time which is a type

of BSDE where g is independent of z. In El Karoui et al. [13], a general stochastic control

problem with recursive utilities by the solutions to BSDEs, where the generator g contains z,

is studied. When the control domain is convex, the global maximum principle reduces to the

so-called local maximum principle which is derived by the classical convex variation instead of

the spike variation. Peng [25] first established a local maximum principle for the stochastic

recursive optimal control problem, where the state equation of the problem is a controlled

forward-backward stochastic differential equation (FBSDE for short). Wu [53] proved a local

maximum principle for the optimal control problem of fully coupled FBSDEs. Wu [49] and

Yong [66] obtained global maximum principles for optimal control problems of decoupled and

fully coupled FBSDEs, respectively.

Next, consider the following backward stochastic differential equation with random jumps

(BSDEP for short):





−dyut = g(t, xut , y
u
t , z

u
t , z̃

u
(t,·), ut)dt− zut dWt −

∫

E
z̃(t,e)Ñ(de, dt), t ∈ [0, T ],

yuT = φ(xuT ),

where Ñ(·, ·) is a Poisson randommartingale measure. Under standard assumptions, Tang and Li

[41] first proved their existence and uniqueness results for general BSDEPs, which are derived as
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adjoint equations when they studied the global maximum principle for the controlled stochastic

differential equation with random jumps (SDEP for short). Wu [51] studied the existence and

uniqueness result of the solutions to fully coupled forward-backward SDEP (FBSDEP for short).

Situ [35] first obtained the global maximum principle for the controlled SDEP where the control

variable is not included in the jump coefficient. Tang and Li [41] completely proved the global

maximum principle where the control variable enters into both diffusion and jump coefficients.

Shi and Wu [33] extended the result of Peng [25] to discontinuous case, and proved a local

maximum principle for a kind of controlled FBSDEPs. Recently, Song et al. [38] found that, in

the work of [41], the third estimate in (2.10) is not correct, which was also put forward by Situ

[37] in the early, and the subsequent variational calculus then underestimated the influence of

jumps. In [38], they overcome the deficiencies with a new spike variation technique and obtained

a new global maximum principle for controlled SDEPs.

An inspiring thought appearing in the nonlinear expectation theory motivates us to study

the optimal control problem of FBSDEP. We consider an SDEP as follows:





dxut = b(t, xut , ut)dt+ σ(t, xut , ut)dWt +

∫

E
f(t, xut−, ut, e)Ñ (de, dt), t ∈ [0, T ],

xu0 = x0,

(1.2)

and the cost functional can be formulated as:

Jgp(u) = Egp
[ ∫ T

0
l(t, xut , ut)dt+Φ(xuT )

]
, (1.3)

where Egp [·] is a nonlinear expectation called gp-expectation, which is related to the BSDEP:





−dηt = g(t, ζt, λ(t,·))dt− ζtdWt −
∫

E
λ(t,e)Ñ(de, dt), t ∈ [0, T ],

ηT = ξ.

(1.4)

If we set g(t, 0, 0) ≡ 0, then we can define a gp-expectation in the following.

Definition 1.1. For any ξ ∈ L2
FT

, we set Egp [ξ] = η0.

It is known that in 1997, Peng [26] introduced the notion of g-expectation, for a random

variable ξ, it is defined as the initial value of a classical BSDE driven by a generator g and with

a terminal value ξ. More precisely, when we consider the following BSDE without jumps:

{
−dyt = g(t, yt, zt)dt− ztdWt, t ∈ [0, T ],

yT = ξ,
(1.5)

then we denote g-expectation by the operator Eg[·] and define Eg[ξ] = y0. More properties about

g-expectation can be seen in [27]. In 2006, Royer [31] generalized the notion of g-expectation
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and introduced f -expectation related to some BSDEP driven by a generator f and with terminal

value ξ, under which the filtration is generated by both Brownian motion and Poisson random

measure. Under some conditions, f -expectation, like g-expectation, preserve most properties of

the classical expectation except the linearity. Here, in (1.3) of this paper, we put a superscript p

on g, i.e. gp, to represent some f -expectation with jumps which is distinct form the g-expectation

without jumps. Moreover, Egp [·] and Eg[·] can be reduced to classical expectation E[·] provided
that g = 0.

Then the aim is to find an optimal control ū ∈ Uad such that

Jgp(ū) = inf
u∈Uad

Jgp(u), (1.6)

where Uad is a certain admissible control set. Next, we consider that ξ =
∫ T

0 l(t, xut , ut)dt+Φ(xuT ),

then we get

ηT =

∫ T

0
l(t, xut , ut)dt+Φ(xuT ), (1.7)

and define

yut = ηt −
∫ t

0
l(s, xus , us)ds, zut = ζut , z̃u(t,·) = λu

(t,·), (1.8)

where (yu, zu, z̃u) satisfies the following BSDEP coupled with (1.2):





−dyut =
[
g(t, zut , z̃

u
(t,·)) + l(t, xut , ut)

]
dt− zut dWt −

∫

E
z̃u(t,e)Ñ(de, dt), t ∈ [0, T ],

yuT = Φ(xuT ).

(1.9)

According to the discussion above, we can transform the original optimal control problem with

gp-expectation into a problem of FBSDEP with classical expectation. In this case, the state

equation becomes





dxut = b(t, xut , ut)dt+ σ(t, xut , ut)dWt +

∫

E
f(t, xut−, ut, e)Ñ (de, dt),

−dyut =
[
g(t, zut , z̃

u
(t,·)) + l(t, xut , ut)

]
dt− zut dWt −

∫

E
z̃u(t,e)Ñ(de, dt), t ∈ [0, T ],

xu0 = x0, yuT = Φ(xuT ),

(1.10)

with the cost functional

Jgp(u) = yu0 , (1.11)

and the aim is transformed to minimize the cost functional (1.11) subject to (1.10), which can

be regarded as a special recursive optimal control problem.

In the literature, when the control domain in nonconvex, it is difficult to derive the first-order

and second-order Taylor’s expansions for BSDE (1.1), which is proposed as an open problem
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in Peng [28]. Recently, Hu [8] solved this open problem and obtained a novel global maximum

principle. In [8], the relationship among the terms of the first-order Taylor expansions, i.e.,

y1t = ptx
1
t , z1t = ptδσ(t)IEǫ(t) + [σx(t)pt + qt]x

1
t ,

is built, where (p, q) is the solution to the first-order adjoint equation which possesses a linear

generator. More importantly, a novel feature is that the variation of zt contains an additional

term ptδσ(t)IEǫ(t). Another novel idea is to apply Taylor’s expansion to z̄t + ptδσ(t)IEǫ(t)

and then to derive the global maximum principle. Motivated by these ideas, Hu et al. [9]

further extended the global maximum principle to the fully coupled controlled FBSDE. In [9],

they decoupled the fully coupled linear first-order and second-order forward-backward variation

equations by establishing the following relationships:

y1t = ptx
1
t , z1t = ∆(t)IEǫ(t) + k1(t)x

1
t ,

where k1(t) = (1− ptσz(t))
−1[σx(t)pt + σy(t)p

2
t + qt] and ∆(t) satisfies an algebra equation

∆(t) = pt
[
σ(t, x̄t, ȳt, z̄t +∆(t), ut)− σ(t, x̄t, ȳt, z̄t, ūt)

]
,

with (p, q) is the solution to the adjoint equation with a quadratic generator. They also applied

Taylor’s expansion to z̄t +∆(t)IEǫ(t) and derived the global maximum principle by assuming q

is bounded and unbounded, respectively.

However, in the above, the controlled systems are all considered under complete information.

In practice, the state equation usually could not be observed directly. There are two kinds of

incomplete information forms. The first one is that one could only observe a related stochastic

process Y which usually satisfies an SDE:

{
dYt = h(t, xt, ut)dt+ σ(t)dWt, t ∈ [0, T ],

Y0 = 0.

The second one is that the known information is generated by a standard Brownian noise, which,

in fact, can be regarded as a special case of the first situation.

For stochastic control problems with partial information, there has been considerable lit-

erature about forward-backward stochastic controlled systems. Wang and Wu [43] obtained a

global maximum principle for partially observed stochastic recursive optimal control problem,

under the assumption that control domain is not necessarily convex and the forward diffusion

coefficient does not contain control variable. Wu [50] studied a partially observed stochastic con-

trol problem of FBSDEs and a local maximum principle was proved. Shi and Wu [34] obtained

a partially observed maximum principle of controlled fully coupled FBSDEs on the assumption

that the forward diffusion coefficient does not contain the control variable and the control do-

main is not necessarily convex. Wang et al. [44] studied a partial observed stochastic control
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problem of FBSDEs with correlated noises between the system and the observation. Three

versions of maximum principle were established by using a direct method, an approximation

method and a Malliavin derivative method, respectively. By introducing a state decomposition

and backward separation approach, Wang et al. [45] studied an linear-quadratic (LQ for short)

stochastic control problem of FBSDEs, where the drift coefficient of the observation equation is

linear with respect to state x, and the observation noise is correlated with the state noise. Some

recent progress for partially observed problems, has been made in mean-field type controls (see

[20], [47], [7]), differential games (see [48], [11], [54], [61], [68]), random jumps (see [22], [40], [55],

[56], [57], [67]), time delay (see [17]) and applications in finance (see [60], [62]). The partially

observed stochastic control problem is usually associated with the state filtering and estimation

technique, and we only list some main references such as [19], [2], [59], [42], [57], [46], [37].

The motivation of our work in this paper comes from two aspects. The first one is Hu

[8], in which a global maximum principle for optimal control problem with recursive utilities

has been obtained completely. The second one is Song et al. [38], in which a new global

maximum principle for stochastic control problem of SDEPs, where the control variable enters

into both the coefficients of diffusion and jump, has been derived by using a novel spike variation

technique, which modifies a critical incorrectness in Tang and Li [41], which has been pointed

out in the book of Situ [37] for over sixteen years. Combining the two aspects above with

the partially observed feature, in this paper, we aim to study a global maximum principle for

partially observed controlled forward-backward stochastic system with random jumps, where

all the coefficients contain the control variable. We note that, very recently, Hao and Meng

[7] obtained a global maximum principle for optimal control of the general mean-field forward-

backward stochastic system with jumps. However, the jump term in the SDEP of their paper

does not contain the control variable and the cost functional is a special recursive case.

To our best knowledge, there are rare literature on the partially observed forward-backward

stochastic optimal control problem with random jumps. In this paper, we initiate to prove

the partially observed global maximum principle with random jumps, where the state noise is

correlated with the observation noise. Our work distinguishes itself from the existing literatures

in the following aspects:

(1) We extend the work in [8] into the partially observed case with random jumps. There

exist correlated noises between the state equation and the observation equation, which make the

original decoupled forward-backward stochastic system become a kind of fully-coupled one. We

first prove the existence and uniqueness of the solution to fully coupled FBSDEPs in L2-space

on small interval. However, due to some technical difficulties, we only obtain the existence and

uniqueness of the solution to the fully coupled FBSDEPs and give its estimate under (A4), (A6)

in Lβ(β > 2)-space, which, motivated by the recent work of Meng and Yang [21] in which they

proved that an adapted L2-solution is an Lβ-solution for some β > 2, extends to a general case

for any given terminal time T . For further resolving the difficulties, we relax the Assumption
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(A6), and obtain the Lβ(β > 2)-solution to fully coupled FBSDEPs and give its estimate under

(A4), (A5) by defined a new space F̃ 2,β[0, T ] for any given T .

(2) Then we derive the partially observed global maximum principle. Compared to [41] and

[40], our result is both a correction and an extension. To our best knowledge, in the optimal

control problems, we initiate to consider that the observation equation is not only driven by the

Brownian motion, but also by the Poisson random measure. Moreover, the correlated noises

between state and the observation equation not only come from the Brownian motion, but from

the Poisson random measure. It is an extension of the case in [57], in which an LQ problem

with special Poisson process and convex control domain is considered.

(3) Similar to [8], we also guess that z1,1t , z2,1t , z̃1,1(t,e), z̃
2,1
(t,e) have the following form, respectively:

z1,1t = ∆1(t)1[t̄,t̄+ǫ] + z1,1
′

t , z2,1t = ∆2(t)1[t̄,t̄+ǫ] + z2,1
′

t ,

z̃1,1(t,e) = ∆̃1(t)1O + z̃1,1
′

(t,e), z̃2,1(t,e) = ∆̃2(t)1O + z̃2,1
′

(t,e),
(1.12)

where ∆1(·),∆2(·), ∆̃1(·), ∆̃2(·) are four Ft-adapted processes, and z1,1
′

, z2,1
′

, z̃1,1
′

, z̃2,1
′

have

good estimates similarly as x1. However, different from the results in [8] or [9], we find

∆̃1(·) = ∆̃2(·) = 0. The main reason is that we subtract the jump part in the random in-

terval O. There is no need for such a term ∆̃1(t)1O, ∆̃
2(t)1O in the third and fourth equality

in (1.12), which is in accordance with the variational equation of x in Section 3.1. Therefore,

we mainly do Taylor expansions at x̄t, ȳt, z̄
1
t + ptδσ1(t)IEǫ(t), z̄

2
t + ptδσ2(t)IEǫ(t) and ¯̃z1t , ¯̃z

2
t for

b̃1, σ1, σ2, f1, f2, l, respectively.

(4) Compared to the work in [8], we extend the cost functional into a general case, which

is similar to the LQ part in [9]. However, two new adjoint equations are introduced. The

variational inequality is firstly derived. Compared to the work in [8], besides the vital first-order

adjoint equation with Poisson measure, we can obtain four new adjoint equations, however,

the second-order adjoint equation is a new BSDEP. Then we derive a new partially observed

global maximum principle. More importantly, the maximum principle can reduce to the work

[18] when the forward-backward system with random jumps degenerate into the forward one

without random jumps. Different from the framework in Li and Tang [18] (or Tang [39]) where

the observed process Y is viewed as a Brownian motion at the beginning, we not only consider

a more natural framework(Hu et al. [10], Zhang et al. [67]), but also prove the equivalence

between the two frameworks. More details can be seen in Remark 2.2, Remark 3.2, Remark 3.3.

(5) We consider a special partially observed LQ forward-backward stochastic optimal control

problem with random jumps. By the method of [37], we first deduce a non-linear filtering equa-

tion for partially observed stochastic system with random jumps, which extends the case with

Poisson process into the case with Poisson martingale measure. And we obtain the state esti-

mate feedback of the optimal control in a closed-loop form. Moreover, an explicit representation

for the optimal control is given by some ordinary differential equations (ODEs for short).
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The rest of this paper is organized as follows. In Section 2, we formulate a general par-

tially observed progressive optimal control problem of forward-backward stochastic system with

random jumps, and prove the existence and uniqueness of the solution to the fully coupled FB-

SDEPs and its Lβ-estimate under some assumptions and different spaces, for any β ≥ 2. In

Section 3, we derive the partially observed global maximum principle of FBSDEPs with general

cost functional. In Section 4, as an application, our theoretical results are applied to study a

partially observed LQ optimal control problem of FBSDEPs. In a special case, we first give the

maximum condition for the optimal control and verify its sufficiency. We then represent the

optimal control as a state estimate feedback form. Moreover, we obtain a more explicit opti-

mal control with some ODEs. Section 5 gives some concluding remarks. In the Appendix, we

give some results about non-linear filtering equation of signal-observation system with Poisson

martingale measure that will be used in the LQ problem in Section 4.

2 Problem Formulation and Preliminaries

Let T > 0 be fixed. Consider a complete filtered probability space (Ω,F , (Ft)0≤t≤T , P̄ ) and

two one-dimensional independent standard Brownian motions W 1 and W̃ 2 defined in R
2 with

W 1
0 = W̃ 2

0 = 0. Let (E ,B(E)) be a Polish space with the σ-finite measure ν1 on E1, ν2 on E2 and

E1 ⊂ E , E2 ⊂ E . Suppose thatN1(de, dt) is a Poisson randommeasure on (R+×E1,B(R+)×B(E1))
under P̄ and for any E1 ∈ B(E1), ν1(E1) < ∞, then the compensated Poisson random measure

is given by Ñ1(de, dt) = N1(de, dt) − ν1(de)dt. Let N2(de, dt) be an integer-valued random

measure and its predictable compensator is given by λ(t, xt−, e)ν2(de)dt, where the function

λ(t, x, e) ∈ [l, 1), 0 < l < 1, and for any E2 ∈ B(E2), ν2(E2) < ∞, then its compensated random

measure is given by Ñ ′
2(de, dt) = N2(de, dt) − λ(t, xt−, e)ν2(de)dt. Moreover, W 1, W̃ 2, N1, N2

are mutually independent under P̄ , and let FW 1

t ,FW̃ 2

t ,FN1
t ,FN2

t be the P̄ -completed natural

filtrations generated by W 1, W̃ 2, N1, N2, respectively. Set Ft := FW 1

t ∨ FW̃ 2

t ∨ FN1
t ∨ FN2

t ∨ N
and F = FT , where N denotes the totality of P̄ -null sets. Ē denotes the expectation under the

probability measure P̄ .

Different from [41] and [40], the integrand of the stochastic integral in our paper is E-
progressive measurable rather than E-predictable, which is referred to [38]. We first introduce

some preliminaries from [38].

Definition 2.1. Suppose that H is an Euclidean space, and B(H) is the Borel σ-field on H.

Given T > 0, a process x : [0, T ] × Ω → H is called progressive measurable (predictable)

if x is G/B(H)(P/B(H)) measurable, where G(P) is the corresponding progressive measurable

(predictable) σ-field on [0, T ] × Ω, and a process x : [0, T ] × Ω × E → H is called E-progressive
measurable (E-predictable) if x is G × B(E)/B(H)(P × B(E)/B(H)) measurable.

Now, given a process x which has RCLL paths, x0− := 0 and ∆xt := xt − xt−, t ≥ 0, for

8



i = 1, 2, let mi denote the measure on F ⊗ B([0, T ]) ⊗ B(Ei) generated by Ni that mi(A) =

Ē
∫ T

0

∫
Ei
IANi(de, dt). For any F ⊗ B([0, T ]) ⊗ B(Ei)/B(R) measurable integrable process x,

we set Ei[x] :=
∫
xdmi and denote by Ei[x|P ⊗ B(Ei)] the Radon-Nikodym derivatives w.r.t.

P ⊗ B(Ei). In fact, Ei is not an expectation (for mi is not a probability measure), but it owns

similar properties to expectation. A more general definition of stochastic integral of random

measure has been introduced by [38] where the theory of dual predictable projection is utilized.

Therefore, we omit the details here and give the following lemma directly.

Lemma 2.1. If g is a positive Ei-progressive measurable process that

Ē

∫ T

0

∫

Ei

gNi(de, dt) < ∞, i = 1, 2,

then we have the following results:

(i)

(∫ ·

0

∫

Ei

gNi(de, dt)

)p

t

=

∫ t

0

∫

Ei

Ei

[
g|P ⊗ B(Ei)

]
νi(de)dt,

(ii)

∫ T

0

∫

Ei

gÑi(de, dt) =

∫ T

0

∫

Ei

gNi(de, dt) −
(∫ ·

0

∫

Ei

gNi(de, dt)

)p

T

,

(iii)

∫ T

0

∫

Ei

gÑi(de, dt) =

∫ T

0

∫

Ei

gNi(de, dt) −
∫ T

0

∫

Ei

Ei

[
g|P ⊗ B(Ei)

]
νi(de)dt,

(iv) Ē

∫ T

0

∫

Ei

gNi(de, dt) = Ē

∫ T

0

∫

Ei

Ei

[
g|P ⊗ B(Ei)

]
νi(de)dt,

(v) ∆(g·Ñi)t =

∫

Ei

gNi(de, {t}),

(vi)
[
g·Ñi,t, g·Ñi,t

]
=

∫ t

0

∫

Ei

g2Ni(de, dt),

where xp is the dual predictable projection of x.

Consider the following state equation which is a controlled FBSDEP:





dxut = b1(t, x
u
t , ut)dt+ σ1(t, x

u
t , ut)dW

1
t + σ2(t, x

u
t , ut)dW̃

2
t

+

∫

E1

f1(t, x
u
t−, ut, e)Ñ1(de, dt) +

∫

E2

f2(t, x
u
t−, ut, e)Ñ

′
2(de, dt),

−dyut = g
(
t, xut , y

u
t , z

1,u
t , z2,ut ,

∫

E1

z̃1,u(t,e)ν1(de),

∫

E2

z̃2,u(t,e)ν2(de), ut
)
dt− z1,ut dW 1

t

− z2,ut dW 2
t −

∫

E1

z̃1,u(t,e)Ñ1(de, dt) −
∫

E2

z̃2,u(t,e)Ñ2(de, dt), t ∈ [0, T ],

xu0 = x0, yuT = φ(xuT ),

(2.1)

where, as we concluded in the following Remark 2.2, the first framework where probability mea-

sure P is given originally is equivalent to the second framework (as presented in our paper)
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where probability measure P̄ is given originally. Therefore, by the following Girsanov’s theorem

method, W 1,W 2 are mutually independent Brownian motions and Ñ1, Ñ2 are mutually inde-

pendent Poisson martingale measures under P and W 1, W̃ 2 are mutually independent Brownian

motions and Ñ1, Ñ
′
2 are mutually independent Poisson martingale measures under P̄ . Then we

give the fact that the stochastic process W 2 and Poisson random measure Ñ2 under P̄ is stan-

dard Brownian motion and Poisson martingale measure under P , respectively. Equivalently, we

also have the understanding that stochastic process W̃ 2 and Poisson random measure Ñ ′
2 under

P is standard Brownian motion and Poisson martingale measure under P̄ as presented exactly

in our paper, which is accordance with the non-jumps framework in [44]. Moreover, we have

explicit representations of W 2, Ñ2 by W̃ 2, Ñ ′
2 as follows:

dW 2
t = dW̃ 2

t + σ−1
3 (t)b2(t,Θ

u(t), ut)dt,

Ñ2(de, dt) = Ñ ′
2(de, dt) + (λ(t, xut−, e) − 1)ν2(de)dt.

(2.2)

where σ3(t) and b2(t,Θ
u(t), ut) are defined in the following.

Suppose that the state process (xu, yu, z1,u, z2,u, z̃1,u, z̃2,u) cannot be observed directly. In-

deed, we can observe a related process Y which is governed by the following SDEP:




dY u
t = b2

(
t, xut , y

u
t , z

1,u
t , z2,ut ,

∫

E1

z̃1,u(t,e)ν1(de),

∫

E2

z̃2,u(t,e)ν2(de), ut
)
dt

+ σ3(t)dW̃
2
t +

∫

E2

f3(t, e)Ñ
′
2(de, dt), t ∈ [0, T ],

Y u
0 = 0,

(2.3)

and consider the cost functional as follows:

J(u) = Ē

{∫ T

0
l
(
t, xut , y

u
t , z

1,u
t , z2,ut ,

∫

E1

z̃1,u(t,e)ν1(de),

∫

E2

z̃2,u(t,e)ν2(de), ut
)
dt+Φ(xuT ) + Γ(yu0 )

}
,

(2.4)

where we suppose that (b1, σ1, σ2)(t, x, u) : [0, T ] × R × R → R, (f1, f2)(t, x, u, e) : [0, T ] × R ×
R× E1(E2) → R, and (g, b2, l)(t, x, y, z

1, z2, z̃1, z̃2, u) : [0, T ]×R×R×R×R×R×R×R → R,

φ(x) : R → R, σ3(t) : [0, T ] → R, f3(t, e) : [0, T ] × E2 → R, Φ(x) : R → R, Γ(y) : R → R are

suitable maps. The following assumptions are assumed.

(A1) (1) b1, σ1, σ2 are G ⊗ B(R) ⊗ B(R)/B(R) measurable, f1, f2 are G ⊗ B(R) ⊗ B(R) ⊗
B(E1)(B(E2))/B(R) measurable, φ is B(R)/B(R) measurable.

(2) b1, σ1, σ2, f1 and f2 are twice continuously differentiable in x with bounded first and

second order derivatives, σ2 is also bounded and there is a constant C such that

∣∣(b1, σ1, σ2, f1, f2)(t, x, u)
∣∣ ≤ C(1 + |x|+ |u|).

(3) φ are twice continuous differentiable in x with bounded second order derivatives and

there is a constant C such that

|φ(x)| ≤ C(1 + |x|).
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(4) For β ≥ 2, the following hold:

(∫ T

0
|b1(t, 0, 0)|dt

)β

< ∞,

(∫ T

0
|σ1(t, 0, 0)|2dt

)β

2

< ∞,

(∫ T

0
|σ2(t, 0, 0)|2dt

)β

2

< ∞,

(∫ T

0

∫

E1

|f1(t, 0, 0, e)|2ν1(de)dt
) β

2

< ∞,

(∫ T

0

∫

E2

|f2(t, 0, 0, e)|2ν2(de)dt
) β

2

< ∞,

(∫ T

0
|b2(t, 0, 0, 0, 0, 0, 0, 0)|dt

)β

< ∞,

(∫ T

0
|g(t, 0, 0, 0, 0, 0, 0, 0)|dt

)β

< ∞.

(5) b2, g are G⊗B(R)⊗B(R)⊗B(R)⊗B(R)⊗B(R)⊗B(R)⊗B(R)/B(R) measurable, and are

twice continuously differentiable with respect to (x, y, z1, z2, z̃1, z̃2); b2, g,Db2,Dg,D2b2,D
2g are

continuous in (x, y, z1, z2, z̃1, z̃2, u); b2,Db2,Dg,D2b2,D
2g are bounded, and |σ−1

3 (t)| is bounded
by some constant C, and

∣∣b2(t, x, , y, z1, z2, z̃1, z̃2, u)
∣∣ +

∣∣g(t, x, , y, z1, z2, z̃1, z̃2, u)
∣∣

≤ C(1 + |x|+ |y|+ |z1|+ |z2|+ ||z̃1||+ ||z̃2||+ |u|).

(6) For any (t, x, e) ∈ [0, T ] × R × E2, there exists a constant C such that |λx(t, x, e)| +
|λxx(t, x, e)| ≤ C.

(A2) l,Φ,Γ are twice continuous differentiable in (x, y, z1, z2, z̃1, z̃2) with bounded second

order derivatives and there is a constant C such that

∣∣l(x,y,z1,z2,z̃1,z̃2)(t, x, y, z1, z2, z̃1, z̃2, u)
∣∣ ≤ C

(
1 + |x|+ |y|+ |z1|+ |z2|+ ||z̃1||+ ||z̃2||+ |u|

)
,

∣∣l(t, x, y, z1, z2, z̃1, z̃2, u)
∣∣ ≤ C

(
1 + |x|2 + |y|2 + |z1|2 + |z2|2 + ||z̃1||2 + ||z̃2||2 + |u|2

)
,

|Φ(x)| ≤ C(1 + |x|2), |Φx(x)| ≤ C(1 + |x|), Γ(y) ≤ C(1 + |y|2), Γy(y) ≤ C(1 + |y|).

Remark 2.1. We consider the deterministic coefficient in our paper, that is, fixing (x, y, z1, z2,

z̃1, z̃2, u), b1, b2, σ1, σ2, g, f1, f2, l are deterministic function from [0, T ] × E1(E2) to R. In fact,

we can regard [0, T ] as a kind of cylinder set [0, T ] × Ω in a binary form, and here, G(P) is

the corresponding progressive measurable (predictable) σ-field on [0, T ] which can be viewed as a

special case on [0, T ] × Ω. The only difference is that the coefficients b1, b2, σ1, σ2, g, f1, f2, l do

not contain ω exactly.

In our paper, for notational simplicity, we define Θu(t) := (xut , y
u
t , z

1,u
t , z2,ut , z̃1,u(t,e), z̃

2,u
(t,e)) and

g̃(t,Θu(t), ut) := g̃
(
t, xut , y

u
t , z

1,u
t , z2,ut ,

∫

E1

z̃1,u
(t,e)

ν1(de),

∫

E2

z̃2,u
(t,e)

ν2(de), ut
)
,

for g̃ = g, b2, l and (t, x, y, z1, z2, z̃1, z̃2) ∈ [0, T ] × R × R × R × R × L2(E1,B(E1), ν1;R) ×
L2(E2,B(E2), ν2;R). Here, the space L2(Ei,B(Ei), νi;R), i = 1, 2 are defined in the (A4), (3) in

the following.
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For t ∈ [0, T ], define FY
t := σ{Ys; 0 ≤ s ≤ t}. For U ⊆ R, the admissible control set is

defined as follows:

Uad[0, T ] :=
{
u
∣∣ut is FY

t -progressive U -valued process, such that sup
0≤t≤T

Ē
[
|ut|β

]
< ∞,

for any β > 1 and Ē

∫ T

0
|ut|2Ni(Ei, dt) < ∞, for i = 1, 2

}
.

(2.5)

Our aim in this paper, is to select an optimal control ū ∈ Uad[0, T ] such that

J(ū) = inf
u∈Uad[0,T ]

J(u).

Remark 2.2. In our setting, for overcoming the circular dependence between the controlled

filtration FY
t and the control u, we have adopted the Girsanov measure transformation method.

We point out that our framework is different from that most used in ([18], [43], [50], [34], [44]),

but similar as ([10], [67]). The obvious difference between these two kinds of frameworks depends

on the original probability measure, that is, P or P̄ , which is given first. In the first framework,

for a given original probability measure P , the observation process Y is given as a standard

Brownian motion. However, in the second framework which is used in our paper, under a given

original probability measure P̄ , the observation process Y is a stochastic process which becomes

a standard Brownian motion under the new probability measure P by Girsanov’s theorem.

In fact, by analyzing, we could obtain an important conclusion that these two kinds of frame-

works are equivalent in some sense. First, no matter which kind of framework is considered in

the existing literature, as a goal, the observation process Y should be a control-independent stan-

dard Brownian motion under the probability measure P . Indeed, this goal is the key to deal with

partially observed problems. More precisely, in the first framework, W and observation process

Y are two uncontrolled Brownian motions, and the cost functional is usually defined under the

new controlled probability measure P̄ . However, for obtaining necessary and sufficient maximum

principles, a controlled P̄ would bring the obstacle when using variation technique and Itô’s for-

mula. Therefore, the given uncontrolled P and uncontrolled Brownian motion Y by the measure

transformation can be regarded as a “bridge” to fill in this gap. In the second framework, P

is a new probability measure under which the original controlled stochastic process Y becomes a

uncontrolled Brownian motion, which is more natural than the given Brownian motion Y at the

beginning in the first framework. Moreover, the nature mainly shows that, it is usual that the

Brownian motion can not be observed directly, but the role of Girsanov transformation shows

that there exists another probability measure P such that the observation process Y can be turned

into certain Brownian motion. So we think that considering Y as a Brownian motion at first,

although it is unnatural, is a technical demanding. Moreover, it means that the original P (the

new P̄ ) in the first framework and the new P (the original P̄ ) in the second framework play the

same roles and actually have the same effects. So these two kinds of frameworks are equivalent

in some sense. We will show its equivalence in general mathematical sense in Remark 3.3.
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As analyzed above, in order to solve the problem, we first set

Γu
t := exp

{
−
∫ T

0
σ−1
3 (t)b2

(
t,Θu(t), ut

)
dW̃ 2

t − 1

2

∫ T

0
|σ−1

3 (t)b2
(
t,Θu(t), ut

)
|2dt

−
∫ T

0

∫

E2

log λ(t, xut−, e)N2(de, dt) −
∫ T

0

∫

E2

(1− λ(t, xut−, e))ν2(de)dt

}
.

(2.6)

The following assumption is necessary to guarantee the Girsanov measure transformation.

(A3) Ē

[
exp

{∫ T

0

∫

E2

(1− λ(t, xut−, e))
2

λ(t, xut−, e)
ν2(de)dt

}]
< ∞.

Under (A3), define

M(t) :=−
∫ t

0
σ−1
3 (s)b2

(
s,Θu(s), us

)
dW̃ 2

s +

∫ t

0

∫

E2

1− λ(s, xus−, e)

λ(s, xus−, e)
Ñ ′

2(de, ds),

which is a locally square integrable martingale. Moreover, Mt −Mt− > −1, P̄ -a.s., and

Ē

[
exp

{
1

2
〈M c,M c〉T + 〈Md,Md〉T

}]

= Ē

[
exp

{
1

2

∫ T

0

∣∣σ−1
3 (t)b2

(
t,Θu(t), ut

)∣∣2dt+
∫ T

0

∫

E2

(1− λ(t, xut , e))
2

λ(t, xut , e)
ν2(de)dt

}]
< ∞,

where M c and Md are continuous and purely discontinuous martingale parts of M , respectively.

Therefore, it follows that Γu
t , the Doléans-Dade exponential of M , is a martingale (Protter and

Shimbo [29]). Then we can define a probability measure P via

dP̄

dP
:= Γ̃u

T ≡ (Γu
T )

−1,

where Γ̃u satisfies the following equation:




dΓ̃u
t = Γ̃u

t σ
−1
3 (t)b2

(
t,Θu(t), ut

)
dW 2

t +

∫

E2

Γ̃u
t−(λ(t, x

u
t−, e)− 1)Ñ2(de, dt), t ∈ [0, T ],

Γ̃u
0 = 1.

(2.7)

Moreover, under the new probability measure P and denoting the expectation with respect

to P by E, W 1,W 2 are mutually independent Brownian motions and Ñ1, Ñ2 are mutually

independent Poisson martingale measures, where

dW 2
t = dW̃ 2

t + σ−1
3 (t)b2(t,Θ

u(t), ut)dt, Ñ2(de, dt) = N2(de, dt) − ν2(de)dt. (2.8)

Observing Ñ2 and Ñ ′
2, then their relationship can be built as (2.2).

We introduce the following spaces:

Sβ[0, T ] =
{
y
∣∣y has RCLL paths, adapted and E

[
sup

0≤t≤T

|yt|β
]
< ∞

}
,
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with norm ||y||ββ := E
[
sup0≤t≤T |yt|β

]
;

M2,β
i [0, T ] =

{
zi
∣∣zi is predictable and E

[( ∫ T

0
|zit |2dt

) β

2

]
< ∞

}
, i = 1, 2,

with norm ||zi||β2,β := E
[
(
∫ T

0 |zit |2dt)
β

2

]
;

F 2,β
i [0, T ] =

{
z̃i
∣∣z̃i is Ei-predictable and E

[( ∫ T

0

∫

Ei

|z̃i(t,e)|2νi(de)dt
) β

2

]
< ∞

}
, i = 1, 2,

with norm ||z̃i||β2,β := E
[( ∫ T

0

∫
Ei
|z̃i(t,e)|2νi(de)dt

) β

2
]
. Specially, for β = 2, we set S2[0, T ],

M2
i [0, T ] ≡ M2,2

i [0, T ] and F 2
i [0, T ] ≡ F 2,2

i [0, T ] defined similarly, for i = 1, 2, as the above.

For simplicity, we set Mβ[0, T ] := Sβ[0, T ]×Sβ [0, T ]×M2,β
1 [0, T ]×M2,β

2 [0, T ]×F 2,β
1 [0, T ]×

F 2,β
2 [0, T ] and N β[0, T ] := Sβ[0, T ]×M2,β

1 [0, T ]×M2,β
2 [0, T ]×F 2,β

1 [0, T ]×F 2,β
2 [0, T ], for β ≥ 2.

Then substituting (2.2) into the state equation (2.1), we get





dxut = b̃1
(
t,Θu(t), ut

)
dt+

2∑

i=1

σi(t, x
u
t , ut)dW

i
t +

2∑

i=1

∫

Ei

fi(t, x
u
t−, ut, e)Ñi(de, dt),

−dyut = g
(
t,Θu(t), ut

)
dt−

2∑

i=1

zi,ut dW i
t −

2∑

i=1

∫

Ei

z̃i,u(t,e)Ñi(de, dt), t ∈ [0, T ],

xu0 = x0, yuT = φ(xuT ),

(2.9)

where

b̃1
(
t,Θu(t), u

)
:= b1(t, x

u, u)−
∫

E2

f2(t, x
u, u, e)(λ(t, xu, e)− 1)ν2(de)

− σ−1
3 (t)σ2(t, x

u, u)b2
(
t,Θu(t), u

)
.

Remark 2.3. We note that, although we aim to study the decoupled forward-backward stochastic

systems originally, the system becomes a fully coupled one due to the partially observed structure.

Therefore, we need existence and uniqueness of the solutions and the corresponding Lβ(β ≥ 2)-

estimate for a series of variations needed in the deduction of the global maximum principle.

For the Lp-estimate and existence and uniqueness of solutions to SDE(P)s, BSDE(P)s and

FBSDE(P)s, let us mention a few results. Tang and Li [41] studied the existence and uniqueness

of solution to BSDEP in L2 space (see also Barles et. al. [1]). Situ [36] derived an existence and

uniqueness result for the L2-adapted solution to BSDEP, where he considered that its terminal

time is a bounded random stopping time and the coefficients are non-Lipschitzian. Wu [51]

obtained the existence and uniqueness results of solution to fully coupled FBSDEP in L2-space

under the monotonicity condition. Then Wu [52] gave the existence and uniqueness result

and a comparison theorem for such equation in stopping time (unbounded) duration. Yin and

Mao [64] dealt with a class of BSDEP with random terminal times and proved the existence
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and uniqueness result of adapted solution under the assumption of non-Lipschitzian coefficient.

Quenez and Sulem [30] studied some properties of linear BSDEP and also gave the existence

and uniqueness of solution to such a BSDEP with general driver in Lp-space (p ≥ 2) and its

L2-estimate. Li and Wei [16] studied some Lp (p ≥ 2) estimates for fully coupled FBSDEP

which were proved under the monotonicity assumption for arbitrary time intervals and in a

small time intervals by assuming that some Lipschitz constants are sufficiently small. Kruse

and Popier [14] gave the existence and uniqueness of solution to a BSDE with Brownian and

Poisson noises in a general filtration in Lp-spaces (p > 1), especially for the case of p ∈ (1, 2)

which has to be handled carefully, and some mistake was pointed out when p < 2, which was

corrected by themselves in [15]. Yao [63] studied Lp-solution (p ∈ (1, 2)) of a multi-dimensional

BSDEP whose generator may not be Lipschitz continuous in (y, z) and obtained its existence and

uniqueness of solution with p-integrable terminal data. Geiss and Steinicke [6] proved existence

and uniqueness of BSDEP allowing the coefficients in the linear growth- and monotonicity-

condition for the generator to be random and time-dependent. In the L2-case with linear growth,

this also generalized the results in [14]. Confortola [3] obtained the existence and uniqueness

in Lp (p > 1) of solution to a BSDE driven by a marked point process on a bounded interval.

Moreover, it is also necessary to mention the following recent works about Lp-theory of FBSDE.

By firstly establishing a measurable global implicit function theorem, then, under the Lipschitz

condition and monotonicity assumption, Xie and Yu [58] obtained an Lp(p > 1)-solution and its

related p-th power estimates for coupled FBSDE with random coefficients on small durations.

It is worth noting that Yong [65] investigated the problem of when an adapted L2-solution of an

FBSDE is an adapted Lp(p > 2)-solution. For giving an affirmative answer, several important

cases were explored, which is thought-provoking but is far from having a satisfactory answer.

Therefore, some open questions worthy of studying are posed to construct a better theory of

FBSDEs. For giving a positive answer to the problem proposed by Yong [65], Meng and Yang

[21] proved that a unique L2-solution of fully coupled FBSDEs is an Lp-solution under standard

conditions on the coefficients for any given terminal time T , based on a key observation of the

relation between L2 and Lp estimations of FBSDEs, by which we have developed a Lp(p > 2)-

theory, including Lp-solution and its p-th power estimation, of fully coupled FBSDEPs for any

given terminal time T as an extension to the case with Poisson jumps.
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2.1 The existence and uniqueness of the solution and L
β-estimate

Consider the following fully coupled FBSDEP:





dxt = b(t,Θ(t))dt+
2∑

i=1

σi(t,Θ(t))dW i
t +

2∑

i=1

∫

Ei

fi(t,Θ(t−), e)Ñi(de, dt),

−dyt = g(t,Θ(t))dt −
2∑

i=1

zitdW
i
t −

2∑

i=1

∫

Ei

z̃i(t,e)Ñi(de, dt), t ∈ [0, T ],

x0 = x0, yT = φ(xT ),

(2.10)

where Θ(t) := (xt, yt, z
1
t , z

2
t , z̃

1
(t,e), z̃

2
(t,e)), and the coefficients b, σ1, σ2, f1, f2, g, φ could be random.

(A4) (1) Let (Ω,F , {Ft}t≥0, P ) be a complete probability space, on which standrad Brow-

nian motions {W 1
t ,W

2
t }t≥0 ∈ R

2 and Poisson random measures Ni with the compensator

ENi(de, dt) = νi(de)dt, for i = 1, 2, are mutually independent. Here νi is assumed to be a

σ-finite Lévy measure on (Ei,B(Ei)) with the property that
∫
Ei
(1 ∧ |e|2)νi(de) < ∞, for i = 1, 2.

(2) Define the space L2(Ei,B(Ei), νi;R) :=
{
z̃i(t,e) ∈ R such that

[ ∫
Ei
|z̃i(t,e)|2νi(de)

] 1
2 < ∞

}
,

for i = 1, 2.

(3) b, σ1, σ2, g are G ⊗ B(R)⊗ B(R)⊗ B(R)⊗ B(R)⊗ B(L2(E1,B(E1), ν1;R))
⊗ B(L2(E2,B(E2), ν2;R))/B(R) measurable, f1(f2) is G ⊗ B(R)⊗ B(R)⊗ B(R)⊗ B(R)⊗ B(R)
⊗ B(R)⊗ B(E1)(⊗B(E2))/B(R) measurable, and φ is FT ⊗ B(R)/B(R) measurable.

(4) b, σ1, σ2, g are uniformly Lipschitz with respect to (x, y, z1, z2, z̃1, z̃2), and φ(x) is uni-

formly Lipschitz with respect to x ∈ R.

(5) For β ≥ 2, we have

E

(∫ T

0
|b(t, ω, 0, 0, 0, 0, 0, 0)|dt

)β

+
2∑

i=1

(
E

(∫ T

0
|σi(t, ω, 0, 0, 0, 0, 0, 0)|2dt

)β

2

+ E

(∫ T

0

∫

Ei

|fi(t, ω, 0, 0, 0, 0, 0, 0, e)|2Ni(de, dt)

) β

2
)
+ E

(∫ T

0
|g(t, ω, 0, 0, 0, 0, 0, 0)|dt

)β

< ∞,

and E[|φ(0)|β ] < ∞.

(6) For any t ∈ [0, T ], Θ ∈ R×R×R×R×L2(E1,B(E1), ν1;R)×L2(E2,B(E2), ν2;R), P -a.s.,

|b(t,Θ)|+
2∑

i=1

|σi(t,Θ)|+ |g(t,Θ)| + |φ(x)| ≤ L(1 + |x|+ |y|+ |z1|+ |z2|+ ||z̃1||+ ||z̃2||),

and there exists a measurable function ρ : Ei(⊂ E) → R
+ with

∫
Ei
ρβ(e)νi(de) < ∞(β ≥ 2) such

that, for any t ∈ [0, T ], Θ ∈ R
6 and e ∈ Ei, |fi(t,Θ, e)| ≤ ρ(e)(1+ |x|+ |y|+ |z1|+ |z2|+ |z̃1|+ |z̃2|),

i=1,2.

(7) For i = 1, 2, the Lipschitz constant Lσi
≥ 0 of diffusion σi with respect to (z1, z2, z̃1, z̃2)

is sufficient small. That is, there exists some Lσi
≥ 0 small enough such that, for all t ∈ [0, T ],
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Θj = (xj , yj, z
1
j , z

2
j , z̃

1
j , z̃

2
j ) ∈ R

4 × L2(E1,B(E1), ν1;R)× L2(E2,B(E2), ν2;R), j = 1, 2, P -a.s.,

∣∣σi(t,Θ1)−σi(t,Θ2)
∣∣ ≤ K(|x1−x2|+ |y1−y2|)+Lσi

(|z11 −z12 |+ |z21−z22 |+ ||z̃11 − z̃12 ||+ ||z̃21 − z̃22 ||).

Moreover, the Lipschitz coefficient Lfi of fi with respect to (z1, z2, z̃1, z̃2) is sufficient small,

i.e., there exists a function Lfi : Ei → R
+ with C̃fi := max

{
supe∈Ei L

β
fi
(e),

∫
Ei
Lβ
fi
(e)νi(de)

}
<

∞(β ≥ 2) sufficient small, and for all t ∈ [0, T ], (Θ1,Θ2) ∈ R
12 and e ∈ Ei, P -a.s.,

∣∣fi(t,Θ1, e)−fi(t,Θ2, e)
∣∣ ≤ ρ(e)(|x1−x2|+|y1−y2|)+Lfi(e)(|z11−z12 |+|z21−z22 |+|z̃11−z̃12 |+|z̃21−z̃22 |).

Next, we first prove the existence and uniqueness of the solution to (2.10).

Theorem 2.1. Suppose that (A4) holds, then there exists a constant T̃ > 0 only depending on

K,Lσ1 , Lσ2 , Lf1 , Lf2 , ρ such that, for every 0 < T < T̃ , the fully coupled FBSDEP (2.10) has a

unique solution in M2[0, T ].

Proof. For any (y′, z1,′, z2,′, z̃1,′, z̃2,′) ∈ N 2[0, T ], it is classical that there exists a unique solution

(y, z1, z2, z̃1, z̃2) ∈ N 2[0, T ] to the following decoupled FBSDEP:





dxt = b(t, xt, y
′
t, z

1,′
t , z2,′t , z̃1,′(t,e), z̃

2,′
(t,e))dt+

2∑

i=1

σi(t, xt, y
′
t, z

1,′
t , z2,′t , z̃1,′(t,e), z̃

2,′
(t,e))dW

i
t

+

2∑

i=1

∫

Ei

fi(t, xt, y
′
t, z

1,′
t , z2,′t , z̃1,′(t,e), z̃

2,′
(t,e), e)Ñi(de, dt),

−dyt = g(t,Θ(t))dt −
2∑

i=1

zitdW
i
t −

2∑

i=1

∫

Ei

z̃i(t,e)Ñi(de, dt), t ∈ [0, T ],

x0 = x0, yT = φ(xT ).

(2.11)

Define a map I1 fromN 2[0, T ] to itself. Let (y′i, z
1,′
i , z2,′i , z̃1,′i , z̃2,′i ) ∈ N 2[0, T ] and (yi, z

1
i , z

2
i , z̃

1
i , z̃

2
i )

= I1(y
′
i, z

1,′
i , z2,′i , z̃1,′i , z̃2,′i ), i = 1, 2 and define

ŷ′ = y′1 − y′2, ẑ1,′ = z1,′1 − z1,′2 , ẑ2,′ = z2,′1 − z2,′2 , ˆ̃z1,′ = z̃1,′1 − z̃1,′2 , ˆ̃z2,′ = z̃2,′1 − z̃2,′2

ŷ = y1 − y2, ẑ1 = z11 − z12 , ẑ2 = z21 − z22 , ˆ̃z1 = z̃11 − z̃12 , ˆ̃z2 = z̃21 − z̃22 , x̂ = x1 − x2.
(2.12)

By (A4), we get (We omit some time variables if there is no ambiguity.)

|x̂t|2 ≤ C

[∣∣∣
∫ t

0
Lb

(
|x̂|+ |ŷ′|+ |ẑ1,′|+ |ẑ2,′|+ ||ˆ̃z1,′||+ ||ˆ̃z2,′||

)
dt
∣∣∣
2

+
2∑

i=1

∣∣∣
∫ t

0

[
K(|x̂|+ |ŷ′|) + Lσi

(|ẑ1,′|+ |ẑ2,′|+ ||ˆ̃z1,′||+ ||ˆ̃z2,′||)
]
dW i

t

∣∣∣
2

+
2∑

i=1

∣∣∣
∫ t

0

∫

Ei

[
ρ(e)(|x̂|+ |ŷ′|) + Lfi(e)(|ẑ1,′|+ |ẑ2,′|+ |ˆ̃z1,′|+ |ˆ̃z2,′|)

]
Ñi(de, dt)

∣∣∣
2
]
.

(2.13)
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Applying B-D-G’s inequality and Hölder’s inequality, we obtain

E
[

sup
0≤t≤T

|x̂t|2
]
≤ CTE

[ ∫ T

0

(
|x̂|2 + |ŷ′|2 + |ẑ1,′|2 + |ẑ2,′|2 + ||ˆ̃z1,′||2 + ||ˆ̃z2,′||2

)
dt

]

+ CE

[ ∫ T

0

[
K2(|x̂|2 + |ŷ′|2) + (L2

σ1
+ L2

σ2
)(|ẑ1,′|2 + |ẑ2,′|2 + ||ˆ̃z1,′||2 + ||ˆ̃z2,′||2)

]
dt

]

+ C

2∑

i=1

E

[ ∫ T

0

∫

Ei

[
ρ2(e)(|x̂|2 + |ŷ′|2) + L2

fi
(e)(|ẑ1,′|2 + |ẑ2,′|2 + |ˆ̃z1,′|2 + |ˆ̃z2,′|2)

]
Ni(de, dt)

]

≤ CTE

[
T sup

0≤t≤T

(|x̂|2 + |ŷ′|2) +
2∑

i=1

(∫ T

0
|ẑi,′|2dt+

∫ T

0

∫

Ei

|ˆ̃zi,′|2νi(de)dt
)]

+ CE

[
TK2 sup

0≤t≤T

(|x̂|2 + |ŷ′|2) + (L2
σ1

+ L2
σ2
)

2∑

i=1

(∫ T

0
|ẑi,′|2dt+

∫ T

0

∫

Ei

|ˆ̃zi,′|2νi(de)dt
)]

+ CE

[
T

2∑

i=1

∫

Ei

ρ2(e)νi(de) sup
0≤t≤T

(|x̂|2 + |ŷ′|2) +
( 2∑

i=1

∫

Ei

L2
fi
(e)νi(de)

) 2∑

i=1

∫ T

0
|ẑi,′|2dt

+

( 2∑

i=1

sup
e∈Ei

L2
fi
(e)

) 2∑

i=1

∫ T

0

∫

Ei

|ˆ̃zi,′|2νi(de)dt
]

≤
[
CT 2 + CTK2 + CT

2∑

i=1

∫

Ei

ρ2(e)νi(de)

]
E
[

sup
0≤t≤T

(|x̂|2 + |ŷ′|2)
]

+

[
CT + C(L2

σ1
+ L2

σ2
) + C

2∑

i=1

∫

Ei

L2
fi
(e)νi(de)

] 2∑

i=1

E

∫ T

0
|ẑi,′|2dt

+

[
CT + C(L2

σ1
+ L2

σ2
) + C

2∑

i=1

sup
e∈Ei

L2
fi
(e)

] 2∑

i=1

E

∫ T

0

∫

Ei

|ˆ̃zi,′|2νi(de)dt.

(2.14)

Then we have

{
1−

[
CT 2 + CTK2 + CT

2∑

i=1

∫

Ei

ρ2(e)νi(de)
]}

E
[

sup
0≤t≤T

|x̂t|2
]

≤
[
CT 2 + CTK2 + CT

2∑

i=1

∫

Ei

ρ2(e)νi(de)
]
E
[

sup
0≤t≤T

|ŷ′|2
]
+
[
CT + C(L2

σ1
+ L2

σ2
)

+ C
2∑

i=1

∫

Ei

L2
fi
(e)νi(de)

] 2∑

i=1

E

∫ T

0
|ẑi,′|2dt

+
[
CT + C(L2

σ1
+ L2

σ2
) + C

2∑

i=1

sup
e∈Ei

L2
fi
(e)

] 2∑

i=1

E

∫ T

0

∫

Ei

|ˆ̃zi,′|2νi(de)dt,

(2.15)

and there exists T0 such that CT 2
0 + CT0K

2 + CT0
∑2

i=1

∫
Ei
ρ2(e)νi(de) < 1, we have, for 0 <

18



T < T0

E
[

sup
0≤t≤T

|x̂t|2
]
≤

CT 2 + CTK2 + CT
∑2

i=1

∫
Ei
ρ2(e)νi(de)

1−
[
CT 2 + CTK2 + CT

∑2
i=1

∫
Ei
ρ2(e)νi(de)

]E
[

sup
0≤t≤T

|ŷ′|2
]

+

[
CT + C(L2

σ1
+ L2

σ2
) + C(C̃f1 + C̃f2)

]

1−
[
CT 2 + CTK2 + CT

∑2
i=1

∫
Ei
ρ2(e)νi(de)

]
2∑

i=1

E

∫ T

0
|ẑi,′|2dt

+

[
CT + C(L2

σ1
+ L2

σ2
) + C(C̃f1 + C̃f2)

]

1−
[
CT 2 + CTK2 + CT

∑2
i=1

∫
Ei
ρ2(e)νi(de)

]
2∑

i=1

E

∫ T

0

∫

Ei

|ˆ̃zi,′|2νi(de)dt.

(2.16)

Noting that

−dŷt =
[
g(t,Θ1)− g(t,Θ2)

]
dt−

2∑

i=1

(zi1 − zi2)dW
i
t −

2∑

i=1

∫

Ei

(z̃i1 − z̃i2)Ñi(de, dt)

=
[
g(t,Θ1)− g(t, x2, y1 − (y1 − y2), z

1
1 − (z11 − z12), z

2
1 − (z21 − z22), z̃

1
1 − (z̃11 − z̃12),

z̃21 − (z̃21 − z̃22))
]
dt−

2∑

i=1

(zi1 − zi2)dW
i
t −

2∑

i=1

∫

Ei

(z̃i1 − z̃i2)Ñi(de, dt)

=
[
g(t,Θ1)− g(t, x2, y1 − ŷ, z11 − ẑ1, z21 − ẑ2, z̃11 − ˆ̃z1, z̃21 − ˆ̃z2)

]
dt

−
2∑

i=1

ẑidW i
t −

2∑

i=1

∫

Ei

ˆ̃ziÑi(de, dt),

(2.17)

by standard estimates for solutions to BSDEPs (see [1], [14], [30] and its derivative under our

assumptions, which can be regarded as a special case of Theorem 2.3 in the following), we have

E

[
sup

0≤t≤T

|ŷt|2 +
2∑

i=1

(∫ T

0
|ẑit |2dt+

∫ T

0

∫

Ei

|ˆ̃zi(t,e)|2νi(de)dt
)]

≤ CE

[∣∣φ(x1,T )− φ(x2,T )
∣∣2 +

∫ T

0

∣∣g(t,Θ1)− g(t, x2, y1, z
1
1 , z

2
1 , z̃

1
1 , z̃

2
1)
∣∣2dt

]

≤ CE

[
|Cx̂T |2 +

∫ T

0
C2|x̂|2dt

]
≤ C(1 + T )E

[
sup

0≤t≤T

|x̂t|2
]
.

(2.18)

Combined with (2.16), we have

E

[
sup

0≤t≤T

|ŷt|2 +
2∑

i=1

(∫ T

0
|ẑit |2dt+

∫ T

0

∫

Ei

|ˆ̃zi(t,e)|2νi(de)dt
)]

≤ C(1 + T )
C(T + T 2) + TK2 + L2

σ1
+ L2

σ2
+ C̃f1 + C̃f2 + T

∑2
i=1

∫
Ei
ρ2(e)νi(de)

1−
[
CT 2 + CTK2 + CT

∑2
i=1

∫
Ei
ρ2(e)νi(de)

]

× E

[
sup

0≤t≤T

|ŷ′|2 +
2∑

i=1

(∫ T

0
|ẑi,′|2dt+

∫ T

0

∫

Ei

|ˆ̃zi,′(t,e)|2νi(de)dt
)]

.

(2.19)
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We take Lipschitz coefficients Lσ1 , Lσ2 , C̃f1 and C̃f2 small sufficient, C is a constant not related

to T but changed every step, therefore we can choose 0 < T̃ ≤ T0 such that

C(1 + T̃ )
C(T̃ + T̃ 2) + T̃K2 + L2

σ1
+ L2

σ2
+ C̃f1 + C̃f2 + T̃

∑2
i=1

∫
Ei
ρ2(e)νi(de)

1−
[
CT̃ 2 + CT̃K2 + CT̃

∑2
i=1

∫
Ei
ρ2(e)νi(de)

] < 1. (2.20)

Then, for any 0 ≤ T ≤ T̃ , I1 is a contraction mapping on [0, T ] which has a unique fixed

point I1(y, z
1, z2, z̃1, z̃2) = (y, z1, z2, z̃1, z̃2). Furthermore, FBSDEP (2.10) has a unique solution

(x, y, z1, z2, z̃1, z̃2) on small interval [0, T ]. The proof is complete.

Remark 2.4. Theorem 2.1 only gives the existence and uniqueness of solutions to fully coupled

FBSDEP when β = 2. In fact, we encounter some difficulties in obtaining the counterpart in

Mβ [0, T ] for β > 2. However, a special fully coupled FBSDEP, where the jump coefficients

do not contain (z1, z2, z̃1, z̃2), can be proved to admit a unique solution (x, y, z1, z2, z̃1, z̃2) in

Mβ [0, T ] for β ≥ 2, and the proof is similar, we only list the main theorem in the following and

omit the details.

Theorem 2.2. Suppose that (A4) holds, for any β ≥ 2, then there exists a constant T̃ > 0

depending on K,Lσ1 , Lσ2 , ρ such that, for every 0 ≤ T ≤ T̃ , the fully coupled FBSDEP (2.10),

in which the jump coefficients do not contain (z1, z2, z̃1, z̃2), has a unique solution in Mβ [0, T ].

Remark 2.5. As we mentioned before, we fail to obtain the unique solvability of fully-coupled

FBSDEP in Mβ[0, T ] for β > 2, especially for jump coefficient fi containing (z1, z2, z̃1, z̃2).

More specificly, the critical obstacle appears in the norm defined in F 2,β
i [0, T ], which is not

supportive enough for us to get the Lβ-estimate for BSDEP for β > 2. Therefore, for obtaining

a better result for a more general fully-coupled FBSDEP (fi can contain z̃1, z̃2 but is independent

of z1, z2), we should change the space F 2,β
i [0, T ] with an another norm.

Next, we introduce an another kind of necessary solution space as follows to replace the

original space F 2,β
i [0, T ]:

F̃ 2,β
i [0, T ] :=

{
z̃i
∣∣z̃i is Ei-predictable and E

[(∫ T

0

∫

Ei

|z̃i(t,e)|2Ni(de, dt)

) β

2
]
< ∞

}
, i = 1, 2,

with norm ||z̃i||β2,β := E
[( ∫ T

0

∫
Ei
|z̃i(t,e)|2Ni(de, dt)

) β

2
]
.

We set M̃β[0, T ] := Sβ [0, T ]×Sβ[0, T ]×M2,β
1 [0, T ]×M2,β

2 [0, T ]× F̃ 2,β
1 [0, T ]× F̃ 2,β

2 [0, T ] and

Ñ β[0, T ] := Sβ[0, T ] ×M2,β
1 [0, T ] ×M2,β

2 [0, T ] × F̃ 2,β
1 [0, T ] × F̃ 2,β

2 [0, T ]. Specially, for β = 2, it

is easy to find that F̃ 2,β
i [0, T ] = F 2,β

i [0, T ],M̃β [0, T ] = Mβ [0, T ] and Ñ β[0, T ] = N β[0, T ].

(A5) For any t ∈ [0, T ], (x, y, z1, z2, z̃1, z̃2) ∈ R6, the jump coefficient fi is independent of

(z1, z2) for i = 1, 2.
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Theorem 2.3. Suppose that (A4), (A5) hold, then there exists a constant T̃ > 0 depending

on K,Lσ1 , Lσ2 , Lf1 , Lf2 , ρ such that, for every 0 ≤ T ≤ T̃ and β ≥ 2, the fully coupled FBSDEP

(2.10) has a unique solution in M̃β[0, T ].

Before we prove the Theorem 2.3, we should give the following necessary lemmas about the

existence and uniqueness of solution and a priori estimate of BSDEP.

Lemma 2.2. Suppose that (A4) hold, then for β ≥ 2, the following BSDEP





−dyt = g(t, yt, z
1
t , z

2
t , z̃

1
(t,e), z̃

2
(t,e))dt−

2∑

i=1

zitdW
i
t −

2∑

i=1

∫

Ei

z̃i(t,e)Ñi(de, dt), t ∈ [0, T ],

yT = ξ.

(2.21)

has a unique solution in Ñ β[0, T ].

Proof. We first prove the case that g dose not contain (y, z1, z2, z̃1, z̃2), then y is given by

the right-continuous version of yt = E
[
ξ +

∫ T

t
g(s)ds|Ft

]
. Thus, for β ≥ 2, the martingale

representation theorem for locally square integrable martingale in [41] implies that there exist

unique predictable, E1-predictable and E2-predictable (z1, z2, z̃1, z̃2) ∈ M2,β
1 [0, T ]×M2,β

2 [0, T ]×
F̃ 2,β
1 [0, T ] × F̃ 2,β

2 [0, T ] satisfying:

E

[
ξ +

∫ T

0
g(s)ds

∣∣∣∣Ft

]
= y0 +

2∑

i=1

(∫ t

0
zisdWs +

∫ t

0

∫

Ei

z̃i(s,e)Ñi(de, ds)

)
, P -a.s. (2.22)

Next, we have |yt| = E
[
|ξ|+

∫ T

0 |g(s)|ds|Ft

]
, and using martingale inequality (Ikeda and Watan-

abe [12]), we get

E

[
sup

0≤t≤T

|yt|β
]
≤ CβE

[(
|ξ|+

∫ T

0
|g(s)|ds

)β]
, (2.23)

where Cβ is a positive constant which depends only on the number β and not related to T . Due

to (A4), we continue to deduce that

E

[
sup

0≤t≤T

|yt|β
]
≤ CβE

[
|ξ|β+

(∫ T

0
|g(s)|ds

)β]
= Cβ

[
E|ξ|β+E

(∫ T

0
|g(s)|ds

)β]
< ∞, (2.24)

and by B-D-G’s inequality, we have

E

[( 2∑

i=1

(∫ T

0
|zis|2ds+

∫ T

0

∫

Ei

|z̃i(s,e)|2Ni(de, ds)

))β

2
]

≤ cβE

[( 2∑

i=1

∣∣∣∣
∫ T

0
zisdW

i
s +

∫ T

0

∫

Ei

z̃i(s,e)Ñi(de, ds)

∣∣∣∣
)β]

≤ cβE

[∣∣∣∣ξ +
∫ T

0
g(s)ds − y0

∣∣∣∣
β]

≤ cβE

[
|ξ|β +

(∫ T

0
|g(s)|ds

)β]
,
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where cβ changed every step. Then we define a mapping X : Ñ β[0, T ] → Ñ β[0, T ] and maps

(y′, z1,′, z2,′, z̃1,′, z̃2,′) into the solution (y, z1, z2, z̃1, z̃2) of the BSDEP associated with the gener-

ator g(t, y′, z1,′, z2,′, z̃1,′, z̃2,′). Given (y1,′, z1,1,′, z2,1,′, z̃1,1,′, z̃2,1,′), (y2,′, z1,2,′, z2,2,′, z̃1,2,′, z̃2,2,′) ∈
Ñ β[0, T ], define (y1, z1,1, z2,1, z̃1,1, z̃2,1) = X (y1,′, z1,1,′, z2,1,′, z̃1,1,′, z̃2,1,′) and (y2, z1,2, z2,2, z̃1,2, z̃2,2)

= X (y2,′, z1,2,′, z2,2,′, z̃1,2,′, z̃2,2,′), and set

ỹ′ = y1,′ − y2,′, z̃1,′ = z1,1,′ − z1,2,′, z̃2,′ = z2,1,′ − z2,2,′, ˜̃z1,′ = z̃1,1,′ − z̃1,2,′, ˜̃z2,′ = z̃2,1,′ − z̃2,2,′,

ỹ = y1 − y2, z̃1 = z1,1 − z1,2, z̃2 = z2,1 − z2,2, ˜̃z1 = z̃1,1 − z̃1,2, ˜̃z2 = z̃2,1 − z̃2,2,

(2.25)

where (ỹ, z̃1, z̃2, ˜̃z1, ˜̃z2) satisfies

ỹt =

∫ T

t

[
g(t, y1,′, z1,1,′, z2,1,′, z̃1,1,′, z̃2,1,′)− g(t, y2,′, z1,2,′, z2,2,′, z̃1,2,′, z̃2,2,′)

]
ds

−
2∑

i=1

∫ T

t

z̃isdW
i
s −

2∑

i=1

∫ T

t

∫

Ei

˜̃zis,eÑi(de, ds),

(2.26)

and the terminal value is equal to zero. For fixed (y1,′, z1,1,′, z2,1,′, z̃1,1,′, z̃2,1,′) and

(y2,′, z1,2,′, z2,2,′, z̃1,2,′, z̃2,2,′), by the above estimate, we get

E

[
sup

0≤t≤T

|ỹt|β +
2∑

i=1

((∫ T

0
|z̃is|2ds

)β

2

+

(∫ T

0

∫

Ei

|˜̃zi|2Ni(de, ds)

) β

2
)]

≤ CβE

[(∫ T

0

∣∣g(t, y1,′, z1,1,′, z2,1,′, z̃1,1,′, z̃2,1,′)− g(t, y2,′, z1,2,′, z2,2,′, z̃1,2,′, z̃2,2,′)
∣∣ds

)β]

≤ CβE

[(∫ T

0
Cg(|ỹ′|+ |z̃1,′|+ |z̃2,′|+ ||˜̃z1,′||+ ||˜̃z2,′||)ds

)β]

≤ T
β
2CβE

[(∫ T

0
C2
g (|ỹ′|2 + |z̃1,′|2 + |z̃2,′|2 + ||˜̃z1,′||2 + ||˜̃z2,′||2)ds

) β
2
]

≤ T
β

2Cβ
g CβE

[
T

β

2 sup
0≤t≤T

|ỹ′|β +
2∑

i=1

((∫ T

0
|z̃i,′|2dt

)β

2

+

(∫ T

0

∫

Ei

|˜̃zi,′|2Ni(de, dt)

) β

2
)]

.

(2.27)

Choosing T such that CβC
β
g T

β

2 < 1 and CβC
β
g T β < 1, then the mapping, from Ñ β[0, T ] to

itself, is a contraction, and admits a fixed point which corresponds to the solution to BSDEP

in Ñ β[0, T ]. For arbitrary T , we can obtain the unique solution (y, z1, z2, z̃1, z̃2) by subdividing

interval [0, T ] into finite number of pieces. The proof is complete.

Moreover, we need the following a priori estimate.

Lemma 2.3. Let T > 0 and ξ1, ξ2 ∈ L2
FT

(Ω), and g1, g2 satisfy (A4), let (y1, z1,1, z2,1, z̃1,1, z̃2,1)

and (y2, z1,2, z2,2, z̃1,2, z̃2,2) be the solutions to the BSDEP (2.21) associated with the terminal
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conditions ξ1, ξ2 and the generators g1, g2, respectively. Then for β ≥ 2, there exist some

constant Cβ,g,T,δ depending on β, T, δ and Lipschitz constants Cg such that:

E

[
sup

0≤t≤T

|ỹt|β
]
+ E

[ 2∑

i=1

((∫ T

0
|z̃i|2dt

)β

2

+

(∫ T

0

∫

Ei

|˜̃zi|2Ni(de, dt)

) β

2
)]

≤ Cβ,g,T,δE

[
|ξ1 − ξ2|β +

(∫ T

0

∣∣g1(s, y2, z1,2, z2,2, z̃1,2, z̃2,2)

− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)
∣∣ds

)β]
.

(2.28)

Proof. It is easy to derive that (ỹ, z̃1, z̃2, ˜̃z1, ˜̃z2) satisfies:




−dỹt =
[
g1(t, y1, z1,1, z2,1, z̃1,1, z̃2,1)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)

]
dt

−
2∑

i=1

z̃idW i
t −

2∑

i=1

∫

Ei

˜̃ziÑi(de, dt), t ∈ [0, T ],

ỹT = ξ1 − ξ2.

(2.29)

Applying Itô’s formula to |ỹ|2, we have

|ỹ0|2 +
2∑

i=1

(∫ T

0
|z̃i|2dt+

∫ T

0

∫

Ei

|˜̃zi|2Ni(de, dt)

)

= |ỹT |2 +
∫ T

0
2ỹ

[
g1(t, y1, z1,1, z2,1, z̃1,1, z̃2,1)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)

]
dt

−
2∑

i=1

∫ T

0
2ỹz̃idW i

t −
2∑

i=1

∫ T

0

∫

Ei

2ỹ ˜̃ziÑi(de, dt),

(2.30)

and
2∑

i=1

(∫ T

0
|z̃i|2dt+

∫ T

0

∫

Ei

|˜̃zi|2Ni(de, dt)

)

≤ |ξ1 − ξ2|2 +
∫ T

0
2ỹ

[
g1(t, y1, z1,1, z2,1, z̃1,1, z̃2,1)− g1(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)

+ g1(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)
]
dt

−
2∑

i=1

∫ T

0
2ỹz̃idW i

t −
2∑

i=1

∫ T

0

∫

Ei

2ỹ ˜̃ziÑi(de, dt)

≤ |ξ1 − ξ2|2 +
∫ T

0
2ỹ

[
Cg(|ỹ|+ |z̃1|+ |z̃2|+ ||˜̃z1||+ ||˜̃z2||)

]
dt

+

∫ T

0
2ỹ

[
g1(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)

]
dt

+
2∑

i=1

(∣∣∣∣
∫ T

0
2ỹz̃idW i

t

∣∣∣∣+
∣∣∣∣
∫ T

0

∫

Ei

2ỹ ˜̃ziÑi(de, dt)

∣∣∣∣
)
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≤ |ξ1 − ξ2|2 +
∫ T

0

[
2Cg|ỹ|2 + 4C2

g |ỹ|2 +
1

2
|z̃1|2 + 1

2
|z̃2|2 + 1

2
||˜̃z1||2 + 1

2
||˜̃z2||2

]
dt

+ 2 sup
0≤t≤T

|ỹ|
∫ T

0

[
g1(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)

]
dt

+

2∑

i=1

(∣∣∣∣
∫ T

0
2ỹz̃idW

i
t

∣∣∣∣+
∣∣∣∣
∫ T

0

∫

Ei

2ỹ ˜̃ziÑi(de, dt)

∣∣∣∣
)

≤ |ξ1 − ξ2|2 + (2Cg + 4C2
g )T sup

0≤t≤T

|ỹ|2 + 1

2

[ 2∑

i=1

(∫ T

0
|z̃i|2dt+

∫ T

0

∫

Ei

|˜̃zi|2Ni(de, dt)

)]

+ 2δ sup
0≤t≤T

|ỹ|2 + 1

2δ

(∫ T

0
[g1(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)]dt

)2

+

2∑

i=1

(∣∣∣∣
∫ T

0
2ỹz̃idW i

t

∣∣∣∣+
∣∣∣∣
∫ T

0

∫

Ei

2ỹ ˜̃ziÑi(de, dt)

∣∣∣∣
)
.

(2.31)

Then we get

E

[ 2∑

i=1

((∫ T

0
|z̃i|2dt

)β
2

+

(∫ T

0

∫

Ei

|˜̃zi|2Ni(de, dt)

) β
2
)]

≤ Cβ

{
E|ξ1 − ξ2|β + (2Cg + 4C2

g )
β

2 T
β

2 E

[
sup

0≤t≤T

|ỹ|β
]
+ δ

β

2 E

[
sup

0≤t≤T

|ỹ|β
]

+
1

δ
β

2

E

(∫ T

0
[g1(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)]dt

)β

+ E

2∑

i=1

∣∣∣∣
∫ T

0
ỹz̃idW i

t

∣∣∣∣
β

2

+E

2∑

i=1

∣∣∣∣
∫ T

0

∫

Ei

ỹ ˜̃ziÑi(de, dt)

∣∣∣∣
β

2
}
.

(2.32)

Note that

E

∣∣∣∣
∫ T

0
ỹz̃idW i

t

∣∣∣∣
β

2

≤ CE

(∫ T

0
|ỹ|2|z̃i|2dt

)β

4

≤ CE

[
sup

0≤t≤T

|ỹt|
β

2

(∫ T

0
|z̃i|2dt

)β

4
]

≤ C2

2
E

[
sup

0≤t≤T

|ỹt|β
]
+

1

2
E

[(∫ T

0
|z̃i|2dt

)β

2
]
,

(2.33)

and

E

∣∣∣∣
∫ T

0

∫

Ei

ỹ ˜̃ziÑi(de, dt)

∣∣∣∣
β

2

≤ CE

(∫ T

0

∫

Ei

|ỹ|2|˜̃zi|2Ni(de, dt)

) β

4

≤ CE

[
sup

0≤t≤T

|ỹt|
β
2

(∫ T

0

∫

Ei

|˜̃zi|2Ni(de, dt)

) β
4
]

≤ C2

2
E

[
sup

0≤t≤T

|ỹt|β
]
+

1

2
E

[(∫ T

0

∫

Ei

|˜̃zi|2Ni(de, dt)

) β

2
]
.

(2.34)
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Then the inequality (2.32) becomes

E

[ 2∑

i=1

((∫ T

0
|z̃i|2dt

)β

2

+

(∫ T

0

∫

Ei

|˜̃zi|2Ni(de, dt)

) β

2
)]

≤ Cβ

{
E|ξ1 − ξ2|β +

[
(2Cg + 4C2

g )
β

2 T
β

2 + δ
β

2 + C2
]
E

[
sup

0≤t≤T

|ỹt|β
]

+
1

δ
β
2

E

(∫ T

0
[g1(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)]dt

)β}
.

(2.35)

Meanwhile, we can obtain from the integral form of (2.29) that

|ỹ|β ≤ Cβ

{
|ξ1 − ξ2|β +

∣∣∣∣
∫ T

t

[g1(s, y1, z1,1, z2,1, z̃1,1, z̃2,1)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)]ds

∣∣∣∣
β

+
2∑

i=1

(∣∣∣∣
∫ T

t

z̃idW i
s

∣∣∣∣
β

+

∣∣∣∣
∫ T

t

∫

Ei

˜̃ziÑi(de, ds)

∣∣∣∣
β)}

.

(2.36)

By B-D-G’s inequality, we have

E

[
sup

0≤t≤T

|ỹt|β
]
≤ Cβ

{
E|ξ1 − ξ2|β + E

∣∣∣∣
∫ T

0
[g1(s, y1, z1,1, z2,1, z̃1,1, z̃2,1)

− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)]ds

∣∣∣∣
β

+ E

2∑

i=1

(∫ T

0
|z̃i|2ds

)β

2

+ E
2∑

i=1

(∫ T

0

∫

Ei

|˜̃zi|2Ni(de, ds)

) β

2
}

≤ Cβ

{
E|ξ1 − ξ2|β + E

(∫ T

0
Cg(|ỹ|+ |z̃1|+ |z̃2|+ ||˜̃z1||+ ||˜̃z2||)ds

)β

+ E

(∫ T

0
|g1(s, y2, z1,2, z2,2, z̃1,2, z̃2,2)− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)|ds

)β

+ E

2∑

i=1

(∫ T

0
|z̃i|2ds

)β

2

+E

2∑

i=1

(∫ T

0

∫

Ei

|˜̃zi|2Ni(de, ds)

) β

2
}
.

(2.37)

Substituting (2.35), we can rearrange the above inequality as follows

E

[
sup

0≤t≤T

|ỹt|β
]
≤ Cβ,g,TE|ξ1 − ξ2|β + Cβ,g,T,δE

(∫ T

0
|g1(s, y2, z1,2, z2,2, z̃1,2, z̃2,2)

− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)|ds
)β

+ Cβ,g,T,δE

[
sup

0≤t≤T

|ỹt|β
]
.

(2.38)
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Let 1− Cβ,g,T,δ > 0 and we get

E

[
sup

0≤t≤T

|ỹt|β
]
≤ Cβ,g,T,δ

[
E|ξ1 − ξ2|β + E

(∫ T

0
|g1(s, y2, z1,2, z2,2, z̃1,2, z̃2,2)

− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)|ds
)β]

.

(2.39)

Finally, the a priori estimate is given in the following

E

[
sup

0≤t≤T

|ỹt|β
]
+ E

[ 2∑

i=1

((∫ T

0
|z̃i|2dt

)β

2

+

(∫ T

0

∫

Ei

|˜̃zi|2Ni(de, dt)

) β

2
)]

≤ Cβ,g,T,δE

[
|ξ1 − ξ2|β +

(∫ T

0
|g1(s, y2, z1,2, z2,2, z̃1,2, z̃2,2)

− g2(t, y2, z1,2, z2,2, z̃1,2, z̃2,2)|ds
)β]

.

(2.40)

The proof is complete.

We now back to the proof of Theorem 2.3.

Proof. For any (y′, z1,′, z2,′, z̃1,′, z̃2,′) ∈ Ñ β[0, T ], it is easy to get a unique solution (y, z1, z2, z̃1, z̃2)

∈ Ñ β[0, T ] to the decoupled FBSDEP as follows:





dxt = b(t, xt, y
′
t, z

1,′
t , z2,′t , z̃1,′(t,e), z̃

2,′
(t,e))dt+

2∑

i=1

σi(t, xt, y
′
t, z

1,′
t , z2,′t , z̃1,′(t,e), z̃

2,′
(t,e))dW

i
t

+

2∑

i=1

∫

Ei

fi(t, xt, y
′
t, z̃

1,′
(t,e), z̃

2,′
(t,e), e)Ñi(de, dt),

−dyt = g(t,Θ(t))dt −
2∑

i=1

zitdW
i
t −

2∑

i=1

∫

Ei

z̃i(t,e)Ñi(de, dt), t ∈ [0, T ],

x0 = x0, yT = φ(xT ),

(2.41)

by solving forward SDEP first in Sβ[0, T ] and then solving BSDEP in Ñ β[0, T ], sequentially. De-

fine a map X1 from Ñ β[0, T ] to itself. Let (y′i, z
1,′
i , z2,′i , z̃1,′i , z̃2,′i ) ∈ Ñ β[0, T ] and (yi, z

1
i , z

2
i , z̃

1
i , z̃

2
i ) =

X1(y
′
i, z

1,′
i , z2,′i , z̃1,′i , z̃2,′i ), i = 1, 2 and define

ŷ′ = y′1 − y′2, ẑ1,′ = z1,′1 − z1,′2 , ẑ2,′ = z2,′1 − z2,′2 , ˆ̃z1,′ = z̃1,′1 − z̃1,′2 , ˆ̃z2,′ = z̃2,′1 − z̃2,′2 ,

ŷ = y1 − y2, ẑ1 = z11 − z12 , ẑ2 = z21 − z22 , ˆ̃z1 = z̃11 − z̃12 , ˆ̃z2 = z̃21 − z̃22 , x̂ = x1 − x2.
(2.42)
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By (A4), we get

|x̂t|β ≤ Cβ

{∣∣∣∣
∫ t

0
C
(
|x̂|+ |ŷ′|+ |ẑ1,′|+ |ẑ2,′|+ ||ˆ̃z1,′||+ ||ˆ̃z2,′||

)
ds

∣∣∣∣
β

+
2∑

i=1

∣∣∣∣
∫ t

0

[
K(|x̂|+ |ŷ′|) + Lσi

(|ẑ1,′|+ |ẑ2,′|+ ||ˆ̃z1,′||+ ||ˆ̃z2,′||)
]
dW i

s

∣∣∣∣
β

+
2∑

i=1

∣∣∣∣
∫ t

0

∫

Ei

[
ρ(e)(|x̂|+ |ŷ′|) + Lfi(e)(|ˆ̃z1,′|+ |ˆ̃z2,′|)

]
Ñi(de, ds)

∣∣∣∣
β}

,

(2.43)

and

E

[
sup

0≤t≤T

|x̂t|β
]
≤ Cβ

{
(CT

β

2 + Lβ
σ1

+ Lβ
σ2
)

2∑

i=1

E

(∫ T

0
|ẑi,′|2dt

)β

2

+
(
CT

β
2 + Lσ1 + Lσ2 + C̃f1 + C̃f2

) 2∑

i=1

E

(∫ T

0

∫

Ei

|ˆ̃zi,′|2Ni(de, dt)

) β
2

+

(
CT β +KβT

β
2 + T

2∑

i=1

∫

Ei

ρβ(e)νi(de)

)
E

[
sup

0≤t≤T

|x̂t|β + sup
0≤t≤T

|ŷ′t|β
]}

.

(2.44)

And there exists a T̂ such that 1 − Cβ

(
CT̂ β +KβT̂

β

2 + T̂
∑2

i=1

∫
Ei
ρβ(e)νi(de)

)
> 0, then we

have, for T ≤ T̂ ,

E

[
sup

0≤t≤T

|x̂t|β
]
≤ Cβ(CT

β
2 + Lβ

σ1 + Lβ
σ2)

1−Cβ

(
CT β +KβT

β
2 + T

∑2
i=1

∫
Ei
ρβ(e)νi(de)

)
2∑

i=1

E

(∫ T

0
|ẑi,′|2dt

)β

2

+
Cβ(CT

β

2 + Lβ
σ1 + Lβ

σ2 + C̃f1 + C̃f2)

1− Cβ

(
CT β +KβT

β

2 + T
∑2

i=1

∫
Ei
ρβ(e)νi(de)

)
2∑

i=1

E

(∫ T

0

∫

Ei

|ˆ̃zi,′|2Ni(de, dt)

) β

2

+

Cβ

(
CT β +KβT

β

2 + T
∑2

i=1

∫
Ei
ρβ(e)νi(de)

)

1− Cβ

(
CT β +KβT

β

2 + T
∑2

i=1

∫
Ei
ρβ(e)νi(de)

)E

[
sup

0≤t≤T

|ŷ′t|β
]
.

(2.45)

Next, we can get the BSDEP of (ŷ, ẑ1, ẑ2, ˆ̃z1, ˆ̃z2) in the following:





−dŷt =
[
g(t,Θ1)− g(t,Θ2)

]
dt−

2∑

i=1

ẑitdW
i
t −

2∑

i=1

∫

Ei

ˆ̃zi(t,e)Ñi(de, dt), t ∈ [0, T ],

ŷT = φ(x1T )− φ(x2T ).

(2.46)
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By the a priori estimate (2.28) in Lemma 2.3, we have

E

[
sup

0≤t≤T

|ŷt|β
]
+ E

[ 2∑

i=1

((∫ T

0
|ẑi|2dt

)β

2

+

(∫ T

0

∫

Ei

|ˆ̃zi|2Ni(de, dt)

) β

2
)]

≤ C

[
E|φ(x1T )− φ(x2T )|β + E

(∫ T

0
|g(t, x1, y1, z11 , z21 , z̃11 , z̃21)− g(t, x2, y1, z

1
1 , z

2
1 , z̃

1
1 , z̃

2
1)|dt

)β]

≤ C

[
E
[
Cx̂T

]β
+E

(∫ T

0
x̂tdt

)β]
≤ C

(
1 + T β

)
E

[
sup

0≤t≤T

|x̂|β
]
.

(2.47)

Then substituting (2.45) into (2.47), we can obtain

E

[
sup

0≤t≤T

|ŷt|β
]
+ E

[ 2∑

i=1

((∫ T

0
|ẑi|2dt

) β

2

+

(∫ T

0

∫

Ei

|ˆ̃zi|2Ni(de, dt)

) β

2
)]

≤
Cβ

(
1 + T β

)[
C(T

β

2 + T β) + Lβ
σ1 + Lβ

σ2 + C̃f1 + C̃f2 +KβT
β

2 + T
∑2

i=1

∫
Ei
ρβ(e)νi(de)

]

1− Cβ

[
CT β +KβT

β

2 + T
∑2

i=1

∫
Ei
ρβ(e)νi(de)

]

× E

[ 2∑

i=1

((∫ T

0
|ẑi,′|2dt

)β

2

+

(∫ T

0

∫

Ei

|ˆ̃zi,′|2Ni(de, dt)

) β

2
)
+ sup

0≤t≤T

|ŷ′t|β
]
.

(2.48)

We take Lipschitz coefficients Lσ1 , Lσ2 , C̃f1 and C̃f2 small enough, C is a constant not related

to T but changed every step. Thus, there exists a T̃ ≤ T̂ small enough such that

Cβ

(
1 + T̃ β

)[
C(T̃

β

2 + T̃ β) + Lβ
σ1 + Lβ

σ2 + C̃f1 + C̃f2 +KβT̃
β

2 + T̃
∑2

i=1

∫
Ei
ρβ(e)νi(de)

]

1− Cβ

[
CT̃ β +KβT̃

β

2 + T̃
∑2

i=1

∫
Ei
ρβ(e)νi(de)

] < 1.

(2.49)

Then for any 0 ≤ T ≤ T̃ , X1 is a contraction on [0, T ], which has a unique fixed point

X1(y, z
1, z2, z̃1, z̃2) = (y, z1, z2, z̃1, z̃2). Moreover, FBSDEP (2.10) admits a unique solution

(x, y, z1, z2, z̃1, z̃2) on small interval [0, T ]. The proof is complete.

The following assumption is needed.

(A6) For any t ∈ [0, T ], (x, y, z1, z2, z̃1, z̃2) ∈ R6, the jump coefficient fi is independent of

(z1, z2, z̃1, z̃2) for i = 1, 2.

If we consider (2.10) in a parameterized form by initial condition (t, ξ) ∈ [0, T ]×L2(Ω,Ft, P ;

R):




dxt,ξs = b(s,Θt,ξ
s )ds +

2∑

i=1

σi(s,Θ
t,ξ
s )dW i

s +

2∑

i=1

∫

Ei

fi(s,Θ
t,ξ
s−, e)Ñi(de, ds),

−dyt,ξs = g(s,Θt,ξ
s )ds−

2∑

i=1

zi,t,ξs dW i
s −

2∑

i=1

∫

Ei

z̃i,t,ξ(s,e)Ñi(de, ds), s ∈ [t, t+ δ],

xt,ξt = ξ, yt,ξt+δ = φ(xt,ξt+δ),

(2.50)
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where Θt,ξ
s = (xt,ξs , yt,ξs , z1,t,ξs , z2,t,ξs , z̃1,t,ξ(s,e), z̃

2,t,ξ
(s,e)). Then, similar to Theorem 3.4 in Li and Wei

[16], we can also obtain the following estimate with respect to the initial value in a conditional

expectation form.

Lemma 2.4. Let assumption (A4),(A6) hold. Then, for every β ≥ 2, there exists a sufficiently

small constant δ̃ depending on (K,Lσ1 , Lσ2 , ρ, Lf1 , Lf2) and constant Cβ,K,ρ,σ1,σ2,f1,f2,L depending

on (β,K, ρ, Lσ1 , Lσ2 , Lf1 , Lf2 , L) such that for every 0 ≤ δ ≤ δ̃ and ξ ∈ Lβ(Ω,Ft, P ;R),

E

[
sup

t≤s≤t+δ

|xt,ξs |β + sup
t≤s≤t+δ

|yt,ξs |β +

2∑

i=1

(∫ t+δ

t

|zi,t,ξs |2ds
)β

2

+

2∑

i=1

(∫ t+δ

t

∫

Ei

|z̃i,t,ξ(s,e)|
2νi(de)ds

) β
2
∣∣∣∣Ft

]
≤ Cβ,K,ρ,σ1,σ2,f1,f2,L(1 + |ξ|β), P -a.s..

(2.51)

Motivated by the Theorem 2.1 in the recent result in [21], by the critical and thought-

provoking technique in their paper, we give an extension result to the case with Poisson jumps.

Then we introduce the first main theorem in our paper.

Theorem 2.4. Let (A4),(A6) hold, and assume that, for every ξ, ξ̃ ∈ Lβ(Ω,Ft, P ;R), the

L2-estimations of FBSDEP (2.50) are given as follows:

(i)

E

[
sup

t≤s≤T

|xt,ξs |2 + sup
t≤s≤T

|yt,ξs |2 +
2∑

i=1

∫ T

t

|zi,t,ξs |2ds+
2∑

i=1

∫ T

t

∫

Ei

|z̃i,t,ξ(s,e)|
2νi(de)ds

∣∣∣∣Ft

]

≤ K1(1 + |ξ|2),
(2.52)

(ii)

E

[
sup

t≤s≤T

|xt,ξs − xt,ξ̃s |2 + sup
t≤s≤T

|yt,ξs − yt,ξ̃s |2 +
2∑

i=1

∫ T

t

|zi,t,ξs − zi,t,ξ̃s |2ds

+

2∑

i=1

∫ T

t

∫

Ei

|z̃i,t,ξ(s,e) − z̃i,t,ξ̃(s,e)|2νi(de)ds
∣∣∣∣Ft

]
≤ K1|ξ − ξ̃|2,

(2.53)

where constant K1 is positive and independent of t ∈ [0, T ].

Then FBSDEP (2.50) admits a unique Lβ(β > 2)-solution with t = 0 and any given terminal

time T , i.e.,

E

[
sup

0≤s≤T

|x0,ξs |β + sup
0≤s≤T

|y0,ξs |β +

2∑

i=1

(∫ T

0
|zi,0,ξs |2ds

)β
2

+

2∑

i=1

(∫ T

0

∫

Ei

|z̃i,0,ξ(s,e)|
2νi(de)ds

) β
2
]

≤ K2(1 + |ξ|β),
(2.54)
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E

[
sup

0≤s≤T

|x0,ξs − x0,ξ̃s |β + sup
0≤s≤T

|y0,ξs − y0,ξ̃s |β +

2∑

i=1

(∫ T

0
|zi,0,ξs − zi,0,ξ̃s |2ds

)β

2

+
2∑

i=1

(∫ T

0

∫

Ei

|z̃i,0,ξ(s,e) − z̃i,0,ξ̃(s,e)|2νi(de)ds
) β

2
]
≤ K2|ξ − ξ̃|β,

(2.55)

Proof. First, the given L2-estimations (i), (ii) come to show the existence and uniqueness of L2-

solution to FBSDE (2.50) on [t, T ] for any given initial time and its corresponding initial value

(t, ξ) ∈ L2(Ω,Ft, P ;R).

Next, we investigate the FBSDEP (2.50) at the initial time t = 0,





dx0,ξs = b(s,Θ0,ξ
s )ds+

2∑

i=1

σi(s,Θ
0,ξ
s )dW i

s +

2∑

i=1

∫

Ei

fi(s,Θ
0,ξ
s−, e)Ñi(de, ds),

−dy0,ξs = g(s,Θ0,ξ
s )ds −

2∑

i=1

zi,0,ξs dW i
s −

2∑

i=1

∫

Ei

z̃i,0,ξ(s,e)Ñi(de, ds), s ∈ [0, T ],

x0,ξ0 = ξ, y0,ξT = φ(x0,ξT ).

(2.56)

Observing the estimation (2.53), a key derivation shows

E

[
sup

t≤s≤T

|x0,ξs − x0,ξ̃s |2 + sup
t≤s≤T

|y0,ξs − y0,ξ̃s |2 +
2∑

i=1

∫ T

t

|zi,0,ξs − zi,0,ξ̃s |2ds

+
2∑

i=1

∫ T

t

∫

Ei

|z̃i,0,ξ(s,e) − z̃i,0,ξ̃(s,e)|2νi(de)ds
∣∣∣∣Ft

]
≤ K1|x0,ξt − x0,ξ̃t |2,

(2.57)

then we get

|y0,ξt − y0,ξ̃t |2 ≤ E

[
sup

t≤s≤T

|y0,ξs − y0,ξ̃s |2
∣∣∣∣Ft

]
≤ K1|x0,ξt − x0,ξ̃t |2, (2.58)

which implies the uniformly Lipschitz condition of y0,ξt with respect to x0,ξt for any t ∈ [0, T ],

i.e.,

|y0,ξt − y0,ξ̃t | ≤
√

K1|x0,ξt − x0,ξ̃t |, t ∈ [0, T ]. (2.59)

Then, for any given T , we divide the whole interval [0, T ] into several small intervals with same

interval length δ, i.e., [0, δ], [δ, 2δ], . . . , [(k − 1)δ, kδ], and without loss of generality, we assume

T = kδ and k is positive integer. For the first small interval [0, δ], under assumption (A4),(A6)

and uniformly Lipschitz condition (2.59) with terminal time δ, then, by Lemma 2.4, there exists

a constant δ > 0 such that

E

[
sup

0≤s≤δ

|x0,ξs |β + sup
0≤s≤δ

|y0,ξs |β +
2∑

i=1

((∫ δ

0
|zi,0,ξs |2ds

)β

2

+

(∫ δ

0

∫

Ei

|z̃i,0,ξ(s,e)|2νi(de)ds
) β

2
)∣∣∣∣F0

]

≤ CK,ρ,σ1,σ2,f1,f2,L,K1(1 + |x0,ξ0 |β),
(2.60)
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where the constant CK,ρ,σ1,σ2,f1,f2,L,K1 depends on K1, L and Lipschitz constants (K, ρ,Lσ1 , Lσ2 ,

Lf1 , Lf2). Note that the coefficients of FBSDEP (2.50) satisfy the same assumption in the

interval [0, T ]. Therefore, by the induction for the following interval [(j − 1)δ, jδ], 1 ≤ j ≤ k and

combining the uniformly Lipschitz condition (2.59) for terminal time 2δ, 3δ, · · · , kδ, respectively,
we have, for 1 ≤ j ≤ k,

E

[
sup

s∈[(j−1)δ,jδ]
|x0,ξs |β + sup

s∈[(j−1)δ,jδ]
|y0,ξs |β +

2∑

i=1

(∫ jδ

(j−1)δ
|zi,0,ξs |2ds

)β

2

+

2∑

i=1

(∫ jδ

(j−1)δ

∫

Ei

|z̃i,0,ξ(s,e)|
2νi(de)ds

) β

2
∣∣∣∣F(j−1)δ

]
≤ CK,ρ,σ1,σ2,f1,f2,L,K1(1 + |x0,ξ(j−1)δ|

β).

(2.61)

Now, by (2.59), we have obtained these Lβ-estimates by Lemma 2.4 for small intervals [(j −
1)δ, jδ], 1 ≤ j ≤ k, then we show that how to connect them together.

When considering the case of j = 1, 2, respectively, we have

E

[
sup

0≤s≤δ

|x0,ξs |β + sup
0≤s≤δ

|y0,ξs |β +

2∑

i=1

((∫ δ

0
|zi,0,ξs |2ds

)β

2

+

(∫ δ

0

∫

Ei

|z̃i,0,ξ(s,e)|2νi(de)ds
) β

2
)∣∣∣∣F0

]
≤ CK,ρ,σ1,σ2,f1,f2,L,K1(1 + |ξ|β),

(2.62)

and

E

[
sup

δ≤s≤2δ
|x0,ξs |β + sup

δ≤s≤2δ
|y0,ξs |β +

2∑

i=1

((∫ 2δ

δ

|zi,0,ξs |2ds
)β

2

+

(∫ 2δ

δ

∫

Ei

|z̃i,0,ξ(s,e)|2νi(de)ds
) β

2
)∣∣∣∣Fδ

]
≤ CK,ρ,σ1,σ2,f1,f2,L,K1(1 + |x0,ξδ |β),

(2.63)

we consider
E
[
CK,ρ,σ1,σ2,f1,f2,L,K1(1 + |x0,ξδ |β)

∣∣F0

]

≤ CK,ρ,σ1,σ2,f1,f2,L,K1

[
1 +CK,ρ,σ1,σ2,f1,f2,L,K1(1 + |ξ|β)

]

≤ (CK,ρ,σ1,σ2,f1,f2,L,K1 +C2
K,ρ,σ1,σ2,f1,f2,L,K1

)(1 + |ξ|β),
(2.64)

and
CK,ρ,σ1,σ2,f1,f2,L,K1(1 + |ξ|β) + E

[
CK,ρ,σ1,σ2,f1,f2,L,K1(1 + |x0,ξδ

∣∣β)|F0

]

≤ C
(2)
K,ρ,σ1,σ2,f1,f2,L,K1

(1 + |ξ|β)
(2.65)

where C
(2)
K,ρ,σ1,σ2,f1,f2,L,K1

= 2CK,ρ,σ1,σ2,f1,f2,L,K1 + C2
K,ρ,σ1,σ2,f1,f2,L,K1

.

Taking conditional expectation E[·|F0] on both sides of (2.63), then adding it to (2.62), we
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get

E

[
sup

0≤s≤2δ
|x0,ξs |β + sup

0≤s≤2δ
|y0,ξs |β +

2∑

i=1

((∫ δ

0
|zi,0,ξs |2ds

)β

2

+

(∫ 2δ

δ

|zi,0,ξs |2ds
)β

2
)

+

2∑

i=1

((∫ δ

0

∫

Ei

|z̃i,0,ξ(s,e)|
2νi(de)ds

) β

2

+

(∫ 2δ

δ

∫

Ei

|z̃i,0,ξ(s,e)|
2νi(de)ds

) β

2
)∣∣∣∣F0

]

≤ C
(2)
K,ρ,σ1,σ2,f1,f2,L,K1

(1 + |ξ|β),

(2.66)

by utilizing the inequality

(a+ b)k ≤ 2k(ak + bk), a, b ≥ 0, k ≥ 1. (2.67)

Then we have, for i = 1, 2,

2−
β

2

(∫ 2δ

0
|zi,0,ξs |2ds

)β

2

≤
(∫ δ

0
|zi,0,ξs |2ds

)β

2

+

(∫ 2δ

δ

|zi,0,ξs |2ds
)β

2

,

2−
β

2

(∫ 2δ

0

∫

Ei

|z̃i,0,ξ(s,e)|2νi(de)ds
) β

2

≤
(∫ δ

0

∫

Ei

|z̃i,0,ξ(s,e)|2νi(de)ds
) β

2

+

(∫ 2δ

δ

∫

Ei

|z̃i,0,ξ(s,e)|2νi(de)ds
) β

2

.

(2.68)

Let C̃
(2)
K,ρ,σ1,σ2,f1,f2,L,K1

= 2
β

2 C
(2)
K,ρ,σ1,σ2,f1,f2,L,K1

, it follows that

E

[
sup

0≤s≤2δ
|x0,ξs |β + sup

0≤s≤2δ
|y0,ξs |β +

2∑

i=1

((∫ 2δ

0
|zi,0,ξs |2ds

)β

2

+

(∫ 2δ

0

∫

Ei

|z̃i,0,ξ(s,e)|
2νi(de)ds

) β

2
)∣∣∣∣F0

]
≤ C̃

(2)
K,ρ,σ1,σ2,f1,f2,L,K1

(1 + |ξ|β).

(2.69)

Next, we continue to consider the case of j = 3,

E

[
sup

2δ≤s≤3δ
|x0,ξs |β + sup

2δ≤s≤3δ
|y0,ξs |β +

2∑

i=1

((∫ 3δ

2δ
|zi,0,ξs |2ds

)β

2

+

(∫ 3δ

2δ

∫

Ei

|z̃i,0,ξ(s,e)|
2νi(de)ds

) β

2
)∣∣∣∣F2δ

]
≤ CK,ρ,σ1,σ2,f1,f2,L,K1(1 + |x0,ξ2δ |β).

(2.70)

Similarly, we have

E

[
sup

0≤s≤3δ
|x0,ξs |β + sup

0≤s≤3δ
|y0,ξs |β +

2∑

i=1

((∫ 3δ

0
|zi,0,ξs |2ds

)β

2

+

(∫ 3δ

0

∫

Ei

|z̃i,0,ξ(s,e)|2νi(de)ds
) β

2
)∣∣∣∣F0

]
≤ C̃

(3)
K,ρ,σ1,σ2,f1,f2,L,K1

(1 + |ξ|β).

(2.71)
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By induction for j ≥ 4, we obtain

E

[
sup

0≤s≤T

|x0,ξs |β + sup
0≤s≤T

|y0,ξs |β +
2∑

i=1

((∫ T

0
|zi,0,ξs |2ds

)β

2

+

(∫ T

0

∫

Ei

|z̃i,0,ξ(s,e)|
2νi(de)ds

) β

2
)∣∣∣∣F0

]
≤ C̃

(k)
K,ρ,σ1,σ2,f1,f2,L,K1

(1 + |ξ|β).

(2.72)

Finally, by taking K2 = C̃
(k)
K,ρ,σ1,σ2,f1,f2,L,K1

, then we prove the Lβ-estimation (2.54) and can also

obtain (2.55) similarly, which guarantee the existence and uniqueness of Lβ-solution to FBSDEP

(2.50) with t = 0, respectively.

Now, we can give the Lβ(β > 2)-solution and its estimate for FBSDEP (2.50) in M̃β[0, T ].

The following lemma can be obtained similar to Lemma 2.4 by referring to the result in [16].

Lemma 2.5. Let assumption (A4),(A5) hold. Then, for every β ≥ 2, there exists a sufficiently

small constant δ̃ depending on (K,Lσ1 , Lσ2 , ρ, Lf1 , Lf2) and constant Cβ,K,ρ,σ1,σ2,f1,f2,L depending

on (β,K, ρ, Lσ1 , Lσ2 , Lf1 , Lf2 , L) such that for every 0 ≤ δ ≤ δ̃ and ξ ∈ Lβ(Ω,Ft, P ;R),

E

[
sup

t≤s≤t+δ

|xt,ξs |β + sup
t≤s≤t+δ

|yt,ξs |β +
2∑

i=1

((∫ t+δ

t

|zi,t,ξs |2ds
)β

2

+

(∫ t+δ

t

∫

Ei

|z̃i,t,ξ(s,e)|
2Ni(de, ds)

) β

2
)∣∣∣∣Ft

]
≤ Cβ,K,ρ,σ1,σ2,f1,f2,L(1 + |ξ|β), P -a.s..

(2.73)

Similarly, we can also obtain the following important theorem based on Theorem 2.1 in

[21], which shows that, for any given terminal time T , under some L2-estimate, the L2-solution

are the Lβ-solution in M̃β[0, T ](β > 2). So we omit the detailed proof.

Theorem 2.5. Let (A4),(A5) hold, and assume that, for every ξ, ξ̃ ∈ Lβ(Ω,Ft, P ;R), the

L2-estimations of FBSDEP (2.50) are given as follows:

(i)

E

[
sup

t≤s≤T

|xt,ξs |2 + sup
t≤s≤T

|yt,ξs |2 +
2∑

i=1

(∫ T

t

|zi,t,ξs |2ds+
∫ T

t

∫

Ei

|z̃i,t,ξ(s,e)|
2Ni(de, ds)

)∣∣∣∣Ft

]

≤ K1(1 + |ξ|2),
(2.74)

(ii)

E

[
sup

t≤s≤T

|xt,ξs − xt,ξ̃s |2 + sup
t≤s≤T

|yt,ξs − yt,ξ̃s |2 +
2∑

i=1

(∫ T

t

|zi,t,ξs − zi,t,ξ̃s |2ds

+

∫ T

t

∫

Ei

|z̃i,t,ξ(s,e) − z̃i,t,ξ̃(s,e)|
2Ni(de, ds)

)∣∣∣∣Ft

]
≤ K1|ξ − ξ̃|2,

(2.75)

where constant K1 is positive and independent of t ∈ [0, T ].
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Then FBSDEP (2.50) admits a unique Lβ(β > 2)-solution with t = 0 and any given terminal

time T , i.e.,

E

[
sup

0≤s≤T

|x0,ξs |β + sup
0≤s≤T

|y0,ξs |β +

2∑

i=1

((∫ T

0
|zi,0,ξs |2ds

)β

2

+

(∫ T

0

∫

Ei

|z̃i,0,ξ(s,e)|
2Ni(de, ds)

) β
2
)]

≤ K2(1 + |ξ|β),

(2.76)

E

[
sup

0≤s≤T

|x0,ξs − x0,ξ̃s |β + sup
0≤s≤T

|y0,ξs − y0,ξ̃s |β +
2∑

i=1

((∫ T

0
|zi,0,ξs − zi,0,ξ̃s |2ds

)β

2

+

(∫ T

0

∫

Ei

|z̃i,0,ξ(s,e) − z̃i,0,ξ̃(s,e)|
2Ni(de, ds)

) β

2
)]

≤ K2|ξ − ξ̃|β .

(2.77)

Then we give the Lβ(β ≥ 2)-estimate for fully-coupled FBSDEP.

Theorem 2.6. Suppose that (A4), (A6) hold. Then, for any β ≥ 2, suppose that (x, y, z1, z2, z̃1,

z̃2) is the solution to (2.10), there exist a sufficiently small constant ˜̃T > 0 depending on

K,Lσ1 , Lσ2 , ρ and some constant Cβ,K,ρ,σ1,σ2 depending on β and Lipschitz constants K, ρ,Lσ1 ,

Lσ2 , such that, for every 0 ≤ T ≤ ˜̃T ,

E

[
sup

0≤t≤T

|xt|β + sup
0≤t≤T

|yt|β +
2∑

i=1

((∫ T

0
|zit|2dt

)β

2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)dt
) β

2
)]

≤ Cβ,K,ρ,σ1,σ2E

[
|x0|β + |φ(0)|β +

(∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|dt

)β

+

(∫ T

0
|b(t, 0, 0, 0, 0, 0, 0)|dt

)β

+

2∑

i=1

((∫ T

0
|σi(t, 0, 0, 0, 0, 0, 0)|2dt

)β

2

+

(∫ T

0

∫

Ei

|fi(t, 0, 0, e)|2Ni(de, dt)

) β

2
)]

.

(2.78)

Moreover, Let (x1, y1, z1,1, z2,1, z̃1,1, z̃2,1), (x2, y2, z1,2, z2,2, z̃1,2, z̃2,2) be two solutions with differ-

ent initial values x10, x
2
0, respectively. Then we also give an estimate with respect to the initial

value in the following

E

[
sup

0≤t≤T

|x1t − x2t |β + sup
0≤t≤T

|y1t − y2t |β +

2∑

i=1

((∫ T

0
|zi,1t − zi,2t |2dt

)β

2

+

(∫ T

0

∫

Ei

|z̃i,1 − z̃i,2|2νi(de)dt
) β

2
)]

≤ Cβ,K,ρ,σ1,σ2 |x10 − x20|β.

(2.79)

Proof. The second estimate (2.79) are the direct result of (2.78), so we mainly prove the first

estimate. We should note that, as we analyzed in Remark 2.3, under (A6), we have obtained

the existence and uniqueness of the solution to the fully coupled FBSDEP (2.10), which can

guarantee the β-integrability in the following. From the backward equation in (2.10), y is

given by the right-continuous version of yt = E
[
φ(xT ) +

∫ T

t
g(t, x, y, z1, z2, z̃1, z̃2)ds|Ft

]
. Since
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β ≥ 2, by the martingale representation theorem in [41] for local square integrable martingale,

(z1, z2, z̃1, z̃2) corresponds to the unique pair of E1, E2-predictable processes satisfying

E
[
φ(xT ) +

∫ T

0
g(t, x, y, z1, z2, z̃1, z̃2)ds

∣∣Ft

]

= y0 +

2∑

i=1

(∫ t

0
zisdW

i
s +

∫ t

0

∫

Ei

z̃i(s,e)Ñi(de, ds)

)
, P -a.s.,

we have |yt| ≤ E
[
|φ(xT )|+

∫ T

0 |g(t, x, y, z1, z2, z̃1, z̃2)|ds|Ft

]
. Using martingale inequality, we get

E
[

sup
0≤t≤T

|yt|β
]
≤ E

[
sup

0≤t≤T

∣∣∣∣E
[
|φ(xT )|+

∫ T

0
|g(t,Θ)|ds

∣∣∣Ft

]∣∣∣∣
β]

≤ CβE

[∣∣∣E
[
|φ(xT )|+

∫ T

0
|g(t,Θ)|ds

∣∣∣FT

]∣∣∣
β
]

≤ CβE
[∣∣∣|φ(xT )|+

∫ T

0
|g(t,Θ)|ds

∣∣∣
β]

≤ CβE

[
|φ(xT )− φ(0) + φ(0)|β +

∣∣∣
∫ T

0
|g(t,Θ) − g(t, 0, 0, 0, 0, 0, 0) + g(t, 0, 0, 0, 0, 0, 0)|ds

∣∣∣
β
]

≤ CβE

[∣∣C|xT |+ φ(0)
∣∣β +

∣∣∣
∫ T

0
|C(|x|+ |y|+ |z1 + |z2|+ ||z̃1||+ ||z̃2||)

+ g(t, 0, 0, 0, 0, 0, 0)|ds
∣∣∣
β
]

≤ CβE

[
Cβ|xT |β + |φ(0)|β +

∣∣∣
∫ T

0
C(|x|+ |y|+ |z1|+ |z2|+ ||z̃1||+ ||z̃2||)ds

∣∣∣
β

+
∣∣∣
∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

∣∣∣
β
]

≤ CβE

[
Cβ sup

0≤t≤T

|xt|β + |φ(0)|β +
∣∣∣
∫ T

0
C|x|ds

∣∣∣∣
β

+

∣∣∣∣
∫ T

0
C|y|ds

∣∣∣
β

+

2∑

i=1

(∣∣∣
∫ T

0
C|zi|ds

∣∣∣
β

+
∣∣∣
∫ T

0
C||z̃i||ds

∣∣∣
β
)
+

∣∣∣
∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

∣∣∣
β
]

≤ CβE

[
(Cβ + T βCβ) sup

0≤t≤T

|xt|β + |φ(0)|β + T βCβ sup
0≤t≤T

|yt|β + CβT
β

2

2∑

i=1

∣∣∣
∫ T

0
|zi|2ds

∣∣∣
β

2

+ CβT
β
2

2∑

i=1

∣∣∣
∫ T

0

∫

Ei

|z̃i|2νi(de)ds
∣∣∣
β

2
+

∣∣∣
∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

∣∣∣
β
]
.

(2.80)

We need the following lemma ([16], Lemma 3.1).

Lemma 2.6. For any β ≥ 2, we have

E

[(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
]
≤ CβE

[(∫ T

0

∫

Ei

|z̃i|2Ni(de, ds)

) β
2
]
, i = 1, 2. (2.81)
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Then, by Lemma 2.2 and B-D-G’s inequality, we can get the estimate

E

[ 2∑

i=1

((∫ T

0
|zi|2ds

)β

2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
)]

≤ E

[ 2∑

i=1

(∫ T

0
|zi|2ds

)β

2
]
+ CβE

[ 2∑

i=1

(∫ T

0

∫

Ei

|z̃i|2Ni(de, ds)

) β

2
]

≤ CβE

[
sup

0≤t≤T

∣∣∣∣
2∑

i=1

∫ t

0
zisdW

i
s +

2∑

i=1

∫ t

0

∫

Ei

z̃i(s,e)Ñi(de, ds)

∣∣∣∣
β]

≤ CβE

[
sup

0≤t≤T

(
|yt|β + |y0|β +

∣∣∣∣
∫ t

0
g(s,Θ(s))ds

∣∣∣∣
β)]

≤ CβE

[
sup

0≤t≤T

|yt|β +

(∫ T

0
|g(s,Θ(s))|ds

)β]
+ E

[
|φ(xT )|β +

∣∣∣∣
∫ T

0
g(s,Θ(s))ds

∣∣∣∣
β]

≤ CβE

[
sup

0≤t≤T

|yt|β +

(∫ T

0
|g(s,Θ)− g(s, 0, 0, 0, 0, 0, 0) + g(s, 0, 0, 0, 0, 0, 0)|ds

)β]

+ E

[
Cβ|xT |β + |φ(0)|β +

∣∣∣∣
∫ T

0
g(s,Θ)− g(s, 0, 0, 0, 0, 0, 0) + g(s, 0, 0, 0, 0, 0, 0)ds

∣∣∣∣
β]

≤ CβE

[
(1 + CβT β) sup

0≤t≤T

|yt|β + (Cβ + CβT β) sup
0≤t≤T

|xt|β + |φ(0)|β

+ CβT
β

2

2∑

i=1

((∫ T

0
|zi|2ds

)β

2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
)

+

(∫ T

0
|g(s, 0, 0, 0, 0, 0, 0)|ds

)β]
.

(2.82)

From (2.80), we have

(1− T βCβ)E

[
sup

0≤t≤T

|yt|β
]
≤ CβE

[
(Cβ + T βCβ) sup

0≤t≤T

|xt|β + |φ(0)|β

+ CβT
β

2

2∑

i=1

(∣∣∣∣
∫ T

0
|zi|2ds

∣∣∣∣
β

2

+

∣∣∣∣
∫ T

0

∫

Ei

|z̃i|2νi(de)ds
∣∣∣∣
β

2
)
+

∣∣∣∣
∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

∣∣∣∣
β]

.

Choosing T1 small enough such that T β
1 Cβ < 1, and for every 0 ≤ T ≤ T1, we get

E

[
sup

0≤t≤T

|yt|β
]
≤ Cβ,TE

[
(Cβ + T βCβ) sup

0≤t≤T

|xt|β + |φ(0)|β + CβT
β

2

2∑

i=1

(∣∣∣∣
∫ T

0
|zi|2ds

∣∣∣∣
β

2

+

∣∣∣∣
∫ T

0

∫

Ei

|z̃i|2νi(de)ds
∣∣∣∣
β

2
)
+

∣∣∣∣
∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

∣∣∣∣
β]

.

(2.83)
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From (2.82), we also have

(1− CβT
β

2 )E

[ 2∑

i=1

((∫ T

0
|zi|2ds

)β

2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
)]

≤ CβE

[
(1 + CβT β) sup

0≤t≤T

|yt|β + (Cβ + CβT β) sup
0≤t≤T

|xt|β

+ |φ(0)|β +

(∫ T

0
|g(s, 0, 0, 0, 0, 0, 0)|ds

)β]
.

Then combining with the estimate (2.83), we get

(1− Cβ,TT
β
2 )E

[ 2∑

i=1

((∫ T

0
|zi|2ds

)β
2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
)]

≤ Cβ,TE

[
(Cβ + T βCβ) sup

0≤t≤T

|xt|β + |φ(0)|β +

∣∣∣∣
∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

∣∣∣∣
β]

.

Choosing 0 ≤ T2 ≤ T1 small enough such that Cβ,T2T
β

2
2 < 1, and for every 0 ≤ T ≤ T2, we get

E

[ 2∑

i=1

((∫ T

0
|zi|2ds

)β

2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
)]

≤ Cβ,TE

[
(Cβ + T βCβ) sup

0≤t≤T

|xt|β + |φ(0)|β +

∣∣∣∣
∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

∣∣∣∣
β]

,

(2.84)

where the constant Cβ,T changed every step. Next, we begin to deal with the forward equation

in (2.10). First, since

|xt|β = Cβ

[
|x0|β +

∣∣∣∣
∫ t

0
b(s,Θ)ds

∣∣∣∣
β

+

2∑

i=1

∣∣∣∣
∫ t

0
σi(s,Θ)dW i

s

∣∣∣∣
β

+

2∑

i=1

∣∣∣∣
∫ t

0

∫

Ei

fi(s, x, y, e)Ñi(de, ds)

∣∣∣∣
β]

,

by B-D-G’s inequality and Hölder’s inequality, we have

E

[
sup

0≤t≤T

|xt|β
]
≤ CβE

[
|x0|β

]
+ CβE

[ ∫ T

0
|b(s,Θ)|ds

]β

+ CβE

[ 2∑

i=1

(∫ T

0
|σi(s,Θ)|2ds

)β

2
]
+CβE

[ 2∑

i=1

(∫ T

0

∫

Ei

|fi(s, x, y, e)|2Ni(de, ds)

) β

2
]

≤ CβE
[
|x0|β

]
+ CβE

[ ∫ T

0
|b(s,Θ)− b(s, 0, 0, 0, 0, 0, 0) + b(s, 0, 0, 0, 0, 0, 0)|ds

]β

+ CβE

[ 2∑

i=1

(∫ T

0
|σi(s,Θ)− σi(s, 0, 0, 0, 0, 0, 0) + σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β

2
]

+ CβE

[ 2∑

i=1

(∫ T

0

∫

Ei

|fi(s, x, y, e) − fi(s, 0, 0, e) + fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
]
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≤ CβE[|x0|β] + CβE

[(∫ T

0
C(|x|+ |y|+ |z1|+ |z2|+ ||z̃1||+ ||z̃2||)ds

)β]

+ CβE

[(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|ds

)β]
+ CβE

[ 2∑

i=1

(∫ T

0
K2(|x|2 + |y|2)

+ L2
σi
(|z1|2 + |z2|2 + ||z̃1||2 + ||z̃2||2) + |σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β

2
]

+ CβE

[ 2∑

i=1

(∫ T

0

∫

Ei

ρ2(e)(|x|2 + |y|2) + |fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
]

≤ CβE
[
|x0|β

]
+ CβE

[
Cβ

(
T β sup

0≤t≤T

|x|β + T β sup
0≤t≤T

|y|β + T
β
2

2∑

i=1

((∫ T

0
|zi|2ds

)β
2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
))]

+CβE

[(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|ds

)β]

+ CβE

[ 2∑

i=1

(∫ T

0
K2(|x|2 + |y|2) + L2

σi
(|z1|2 + |z2|2 + ||z̃1||2 + ||z̃2||2)ds

)β
2

+

2∑

i=1

(∫ T

0
|σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β

2
]

+ CβE

[ 2∑

i=1

(∫ T

0

∫

Ei

ρ2(e)(|x|2 + |y|2)Ni(de, ds)

) β

2

+

2∑

i=1

(∫ T

0

∫

Ei

|fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
]

≤ CβE
[
|x0|β

]
+ CβE

[
Cβ

(
T β sup

0≤t≤T

|x|β + T β sup
0≤t≤T

|y|β + T
β
2

2∑

i=1

((∫ T

0
|zi|2ds

)β
2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
))]

+CβE

[(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|ds

)β]

+ CβE

[
T

β

2 Kβ sup
0≤t≤T

(|x|β + |y|β) + (Lβ
σ1

+ Lβ
σ2
)

2∑

i=1

((∫ T

0
|zi|2ds

)β

2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
)
+

2∑

i=1

((∫ T

0
|σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β

2

+

(∫ T

0

∫

Ei

|fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
)]

+ Cβ,TE

[ 2∑

i=1

∫ T

0

∫

Ei

ρβ(e)(|x|β + |y|β)νi(de)ds
]
.

(2.85)
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Here we have used the fact that, for i = 1, 2,

E

[(∫ T

0

∫

Ei

ρ2(e)(|x|2 + |y|2)Ni(de, ds)

) β

2
]
≤ Cβ,TE

[ ∫ T

0

∫

Ei

ρβ(e)(|x|β + |y|β)νi(de)ds
]
.

(2.86)

Indeed, we have

E

[(∫ T

0

∫

Ei

ρ2(e)|x|2Ni(de, ds)

) β

2
]
≤ Cβ,TE

[ ∫ T

0

∫

Ei

ρβ(e)|x|βνi(de)ds
]
, i = 1, 2.

Set Hi,t =
∫ t

0

∫
Ei
ρ2(e)|x|2Ni(de, ds), and

H
β
2
i,T =

∑

s≤T

(H
β
2
i,s −H

β
2
i,s−) =

∑

s≤T

∫

Ei

(
|Hi,s− + ρ2(e)|x|2|β2 −H

β
2
i,s−

)
Ni(de, {s})

=

∫ T

0

∫

Ei

(
|Hi,s− + ρ2(e)|x|2|β2 −H

β

2
i,s−

)
Ni(de, ds)

≤ Cβ

∫ T

0

∫

Ei

(
H

β

2
i,s− + ρβ(e)|x|β

)
Ni(de, ds),

then

EH
β

2
i,T ≤ CβE

[ ∫ T

0

∫

Ei

(
H

β

2
i,s− + ρβ(e)|x|β

)
νi(de)ds

]

≤ CβE

∫ T

0
H

β

2
i,sds+ CβE

[ ∫ T

0

∫

Ei

ρβ(e)|x|βνi(de)ds
]
.

From Gronwall’s inequality, we get

E

[(∫ T

0

∫

Ei

ρ2(e)|x|2Ni(de, ds)

) β

2
]
≤ Cβ,TE

[ ∫ T

0

∫

Ei

ρβ(e)|x|βνi(de)ds
]
. (2.87)

Then we can manage (2.85) as follows

E

[
sup

0≤t≤T

|xt|β
]
≤ CβE

[
|x0|β

]
+

[
Cβ(T

βCβ + T
β

2Kβ) +Cβ,T

2∑

i=1

∫

Ei

ρβ(e)νi(de)
]

×
(
E

[
sup

0≤t≤T

|x|β
]
+ E

[
sup

0≤t≤T

|y|β
])

+ Cβ(T
β

2 Cβ + Lβ
σ1

+ Lβ
σ2
)E

[ 2∑

i=1

((∫ T

0
|zi|2ds

)β

2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
)]

+ CβE

[(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|ds

)β

+

2∑

i=1

(∫ T

0
|σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β

2

+
2∑

i=1

(∫ T

0

∫

Ei

|fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
]
.
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From (2.83) and (2.84), we then have

E

[
sup

0≤t≤T

|xt|β
]

≤ CβE
[
|x0|β

]
+

{[
Cβ(T

βCβ + T
β

2Kβ) + Cβ,T

2∑

i=1

∫

Ei

ρβ(e)νi(de)
][
1 + Cβ,T (C

β + T βCβ)
]

+ Cβ(T
β
2 Cβ + Lβ

σ1
+ Lβ

σ2
)Cβ,T (C

β + T βCβ)

}
E

[
sup

0≤t≤T

|x|β
]
+

[
Cβ(T

βCβ + T
β
2 Kβ)

+ Cβ,T

2∑

i=1

∫

Ei

ρβ(e)νi(de) + Cβ(T
β

2Cβ + Lβ
σ1

+ Lβ
σ2
)
]
Cβ,TE|φ(0)|β +

[
Cβ(T

βCβ + T
β

2 Kβ)

+ Cβ,T

2∑

i=1

∫

Ei

ρβ(e)νi(de) + Cβ(T
β

2Cβ + Lβ
σ1

+ Lβ
σ2
)
]
Cβ,TE

[(∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

)β]

+ CβE

[(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|ds

)β

+
2∑

i=1

(∫ T

0
|σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β

2

+

2∑

i=1

(∫ T

0

∫

Ei

|fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
]

≤ CβE
[
|x0|β

]
+ Cβ,K,ρ,σ1,σ2,TE

[
sup

0≤t≤T

|x|β
]
+

[
Cβ(T

βCβ + T
β

2Kβ)

+ Cβ,T

2∑

i=1

∫

Ei

ρβ(e)νi(de) + Cβ(T
β
2Cβ + Lβ

σ1
+ Lβ

σ2
)
]
Cβ,TE|φ(0)|β +

[
Cβ(T

βCβ + T
β
2 Kβ)

+ Cβ,T

2∑

i=1

∫

Ei

ρβ(e)νi(de) + Cβ(T
β
2Cβ + Lβ

σ1
+ Lβ

σ2
)
]
Cβ,TE

[(∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

)β]

+ CβE

[(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|ds

)β

+

2∑

i=1

(∫ T

0
|σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β

2

+
2∑

i=1

(∫ T

0

∫

Ei

|fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
]
.

Therefore, we have

(1− Cβ,K,ρ,σ1,σ2,T )E

[
sup

0≤t≤T

|xt|β
]
≤ CβE

[
|x0|β

]

+
[
Cβ(T

βCβ + T
β

2Kβ) + Cβ,T

2∑

i=1

∫

Ei

ρβ(e)νi(de) + Cβ(T
β

2 Cβ + Lβ
σ1

+ Lβ
σ2
)
]
Cβ,TE|φ(0)|β

+
[
Cβ(T

βCβ + T
β

2Kβ) + Cβ,T

2∑

i=1

∫

Ei

ρβ(e)νi(de) + Cβ(T
β

2 Cβ + Lβ
σ1

+ Lβ
σ2
)
]
Cβ,T
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× E

[(∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

)β]
+ CβE

[(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|ds

)β

+
2∑

i=1

((∫ T

0
|σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β

2

+

(∫ T

0

∫

Ei

|fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
)]

.

Choosing 0 ≤ T3 ≤ T2 and Lσ small enough such that Cβ,K,ρ,σ1,σ2,T3 < 1, and for every 0 ≤ T ≤
T3, we get

E

[
sup

0≤t≤T

|xt|β
]
≤ Cβ,K,ρ,σ1,σ2,TE

[
|x0|β + |φ(0)|β +

(∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

)β

+

(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|ds

)β

+

2∑

i=1

(∫ T

0
|σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β
2

+
2∑

i=1

(∫ T

0

∫

Ei

|fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
]
.

(2.88)

Finally, from (2.83), (2.84) and (2.88), we can choose T̄ = min{T1, T2, T3}, and for every 0 ≤
T ≤ T̄ such that

E

[
sup

0≤t≤T

|xt|β + sup
0≤t≤T

|yt|β +

2∑

i=1

((∫ T

0
|zi|2ds

)β
2

+

(∫ T

0

∫

Ei

|z̃i|2νi(de)ds
) β

2
)]

≤ Cβ,K,ρ,σ1,σ2E

[
|x0|β + |φ(0)|β +

(∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|ds

)β

+

(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|ds

)β

+
2∑

i=1

(∫ T

0
|σi(s, 0, 0, 0, 0, 0, 0)|2ds

)β

2

+

2∑

i=1

(∫ T

0

∫

Ei

|fi(s, 0, 0, e)|2Ni(de, ds)

) β

2
]
, (2.89)

where the positive constant Cβ,K,ρ,σ1,σ2 depends on β and Lipschitz constants K, ρ,Lσ1 , Lσ2 .

The proof is complete.

Remark 2.6. Similar to Theorem 2.6, under (A4), (A5), we can also obtain the Lβ(β ≥ 2)-

estimate for fully-coupled FBSDEP (2.10) in M̃β [0, T ], we immediately give the similar result

which is more general than Theorem 2.6 as follows.

Theorem 2.7. Suppose that (A4), (A5) hold. Then, for any β ≥ 2, suppose that (x, y, z1, z2, z̃2, z̃2)

is the solution to (2.10), there exists a sufficiently small constant ˜̃T > 0 depending on K,Lσ1 , Lσ2 , Lf1 ,

Lf2 , ρ and some constant Cβ,K,ρ,σ1,σ2,f1,f2 depending on β and Lipschitz constants K, ρ,Lσ1 , Lσ2 , Lf1 ,
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Lf2 such that, for every 0 ≤ T ≤ ˜̃T

E

[
sup

0≤t≤T

|xt|β + sup
0≤t≤T

|yt|β +

2∑

i=1

((∫ T

0
|zi|2dt

)β

2

+

(∫ T

0

∫

Ei

|z̃i|2Ni(de, dt)

) β

2
)]

≤ Cβ,K,ρ,σ1,σ2,f1,f2E

[
|x0|β + |φ(0)|β +

(∫ T

0
|g(t, 0, 0, 0, 0, 0, 0)|dt

)β

+

(∫ T

0
|b(s, 0, 0, 0, 0, 0, 0)|dt

)β

+

2∑

i=1

(∫ T

0
|σi(s, 0, 0, 0, 0, 0, 0)|2dt

)β

2

+
2∑

i=1

(∫ T

0

∫

Ei

|fi(s, 0, 0, 0, 0, e)|2Ni(de, dt)

) β

2
]
.

(2.90)

In fact, due to Lemma 2.6, Theorem 2.7 deduces to Theorem 2.6 when changing (A5) into

(A6).

Remark 2.7. Theorem 2.3 and Theorem 2.7 are better and more general results compared to

Theorem 2.2 and Theorem 2.6, when extending the stronger Assumption (A6) into a weaker

one (A5). Moreover, they are nice results for studying the stochastic control problem of fully

coupled FBSDEPs in the future. However, in our setting of this paper, the partially observed

stochastic control problem involves a special fully coupled FBSDEP, and it is enough to solve

them by Theorem 2.2 and Theorem 2.6.

Therefore, we still use the space Mβ [0, T ] in the following discussion.

2.2 Decoupling random field method for solvability of FBSDEPs

In the following, under (A1), for any u ∈ Uad[0, T ], we show that the state equation (2.9) admits

a unique solution (x, y, z1, z2, z̃1, z̃2) for any given time T under P .

Observing that (2.9) is a kind of special fully coupled FBSDEP in which σi, fi do not contain

(z1, z2, z̃1, z̃2), then we can give the following theorem which is similar to the main result of [32]

Theorem 2.8. Let (A4) hold or (A1) hold without control u, then there exists an L2-solution

(x, y, z1, z2, z̃1, z̃2) to FBSDEP:





dxt = b̃1
(
t,Θ(t)

)
dt+

2∑

i=1

σi(t, xt)dW
i
t +

2∑

i=1

∫

Ei

fi(t, xt−, e)Ñi(de, dt),

−dyt = g
(
t,Θ(t)

)
dt−

2∑

i=1

zitdW
i
t −

2∑

i=1

∫

Ei

z̃i(t,e)Ñi(de, dt), t ∈ [0, T ],

x0 = x0, yT = φ(xT ),

(2.91)
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such that x satisfies the following equation

xt = x0 +

∫ t

0
b̃1

(
s, xs, θ(s, xs), ∂xθ(s, xs)σ1(s, xs), ∂xθ(s, xs)σ2(s, xs),

θ(s, xs + f1(s, xs, e)) − θ(s, xs), θ(s, xs + f2(s, xs, e)) − θ(s, xs)
)
ds

+

2∑

i=1

∫ t

0
σi(s, xs)dW

i
s +

2∑

i=1

∫ t

0

∫

Ei

fi(s, xs−, e)Ñi(de, ds),

(2.92)

where, under some suitable conditions (see [32]), θ(t, x) is the unique C1,2
b ([0, T ],R)-solution with

bounded ∂xθ and ∂xxθ to the following partial integro-differential equation (PIDE for short):





∂xθ
{
b̃1
(
t, x, θ, ∂xθσ1(t, x), ∂xθσ2(t, x), θ(t, x+ f1(t, x, e)) − θ, θ(t, x+ f2(t, x, e)) − θ

)

−
2∑

i=1

∫

Ei

fi(t, x, e)νi(de)
}
+

1

2

2∑

i=1

∂2
xxθ(σi(t, x))

2

+ g
(
t, x, θ, ∂xθσ1(t, x), ∂xθσ2(t, x), θ(t, x + f1(t, x, e)) − θ, θ(t, x+ f2(t, x, e)) − θ

)

+

2∑

i=1

∫

Ei

(θ(t, x+ fi(t, x, e)) − θ)νi(de) + ∂tθ = 0, θ(T, x) = φ(x),

(2.93)

where θ, ∂tθ, ∂xθ, ∂
2
xxθ are everywhere evaluated at (t, x)(here, we omit the arguments (t, x) for

simplicity). Moreover, y, z1, z2, z̃1, z̃2 are explicitly expressed via the solution θ to PIDE (2.93)

by the formulas

yt = θ(t, xt), zit = ∂xθ(t, xt)σi(t, xt), z̃it = θ(t, xt− + fi(t, xt−, e)) − θ(t, xt−), i = 1, 2, (2.94)

and the L2-solution (x, y, z1, z2, z̃1, z̃2) is unique in M2[0, T ].

Proof. First, defining
˜̃
b1(t, x) = b̃1

(
t, x, θ(t, x), ∂xθ(t, x)σ1(t, x), ∂xθ(t, x)σ2(t, x), θ(t, x+f1(t, x, e))

− θ(t, x), θ(t, x + f2(t, x, e)) − θ(t, x)
)
, the assumption (A4) (or (A1)) and boundedness of

∂xθ, ∂xxθ can guarantee that
˜̃
b1, σ1, σ2, f1, f2 satisfy the Lipschitz condition w.r.t x and

E

∫ T

0

∣∣∣˜̃b1(t, 0)
∣∣∣
2
dt+

2∑

i=1

E

∫ T

0
|σi(t, 0)|2dt+

2∑

i=1

E

∫

Ei

∫ T

0
|fi(t, 0, e)|2νi(de)dt < ∞. (2.95)

Then (2.92) admits a unique solution x. Next, by applying time-dependent Itô’s formula

(Lemma 6, [32]) to θ(t, x) and combining (2.93) satisfied by θ(t, x), we can prove the exis-

tence of solution y, z1, z2, z̃1, z̃2 defined by (2.94) of BSDEP in (2.91). Finally, the proof of

uniqueness is similar to that of [32], so we omit the details.

The idea above mainly motivates us to consider the decoupling function θ, so we study the
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following FBSDEP with random coefficients and initial value x0 = ξ:





x0,ξt = ξ +

∫ t

0
b̃1
(
r, ω,Θ0,ξ(r)

)
dr +

2∑

i=1

∫ t

0
σi(r, ω, x

0,ξ
r )dW i

r

+

2∑

i=1

∫ t

0

∫

Ei

fi(r, ω, x
0,ξ
r−, e)Ñi(de, dr),

y0,ξt = φ(ω, x0,ξT ) +

∫ T

t

g
(
r, ω,Θ0,ξ(r)

)
dr −

2∑

i=1

∫ T

t

zi,0,ξr dW i
r

−
2∑

i=1

∫ T

t

∫

Ei

z̃i,0,ξ
(r,e)

Ñi(de, dr), t ∈ [0, T ],

(2.96)

where coefficients b̃1, σ1, σ2, f1, f2, g and φ are random, and σ1, σ2, f1, f2 are independent of

(y, z1, z2, z̃1, z̃2).

Let 0 ≤ t1 < t2 ≤ T , η be an Ft1-measurable square integrable random variable, and

ϕ(ω, x) be a random field such that ϕ is Ft2-measurable for any fixed x and uniformly Lipschitz

continuous in x with a Lipschitz constant K̄. Consider the following FBSDEP over [t1, t2]:





x0,ξt = η +

∫ t

t1

b̃1
(
r, ω,Θ0,ξ(r)

)
dr +

2∑

i=1

∫ t

t1

σi(r, ω, x
0,ξ
r )dW i

r

+

2∑

i=1

∫ t

t1

∫

Ei

fi(r, ω, x
0,ξ
r−, e)Ñi(de, dr),

y0,ξt = ϕ(ω, x0,ξt2
) +

∫ t2

t

g
(
r, ω,Θ0,ξ(r)

)
dr −

2∑

i=1

∫ t2

t

zi,0,ξr dW i
r

−
2∑

i=1

∫ t2

t

∫

Ei

z̃i,0,ξ(r,e)Ñi(de, dr), t ∈ [t1, t2].

(2.97)

Note that, by applying Theorem 2.1, there exists a constant T̃ (K̄) depending on the Lipschitz

constants in (A4) and Lipschitz constant K̄ of ϕ such that whenever t2 − t1 ≤ T̃ (K̄), FBSDEP

(2.97) admits a unique L2-solution.

Now, we give the following result, whose non-jump case is introduced by Cvitanić and Zhang

[4](see also Lemma 4.1 [21]).

Theorem 2.9. Let (A4) hold, and there exists a random field θ(t, ω, x) such that

(i) θ(T, ω, x) = φ(ω, x);

(ii) For each (t, x), θ is Ft-measurable;

(iii) |θ(t, x1)− θ(t, x2)| ≤ K̄|x1 − x2|, x1, x2 ∈ R;

(iv) For any 0 ≤ t1 < t2 ≤ T such that |t2 − t1| ≤ T̃ (K̄), where T̃ (K̄), depending on the

Lipschitz constants in (A4) and Lipschitz constant K̄, is a sufficient small constant, the unique
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solution to FBSDEP (2.97) over [t1, t2] with terminal condition ϕ(ω, x) := θ(t2, ω, x) satisfies

y0,ξt1
= θ(t1, ω, x

0,ξ
t1

).

Then, for any given T > 0, FBSDEP (2.96) admits a unique L2-solution on [0, T ] and

y0,ξt = θ(t, ω, x0,ξt ).

Proof. Existence. Let 0 = t0 < · · · < tn = T be a partition of [0, T ] such that tk− tk−1 ≤ T̃ (K̄)

for k = 1, . . . , n. Denote x0,ξ,00 := ξ. For k = 1, . . . , n, let (xk, yk, z1,k, z2,k, z̃1,k, z̃2,k) be the

unique solution to the following FBSDEP over [tk−1, tk]:





x0,ξ,ks = x0,ξ,k−1
tk−1

+

∫ s

tk−1

b̃1
(
r, ω,Θ0,ξ,k(r)

)
dr +

2∑

i=1

∫ s

tk−1

σi(r, ω, x
0,ξ,k
r )dW i

r

+

2∑

i=1

∫ s

tk−1

∫

Ei

fi(r, ω, x
0,ξ,k
r− , e)Ñi(de, dr),

y0,ξ,ks = θ(tk, ω, x
0,ξ,k
tk

) +

∫ tk

s

g
(
r, ω,Θ0,ξ,k(r)

)
dr −

2∑

i=1

∫ tk

s

zi,0,ξ,kr dW i
r

−
2∑

i=1

∫ tk

s

∫

Ei

z̃i,0,ξ,k(r,e) Ñi(de, dr).

(2.98)

Define

x0,ξt :=

n∑

k=1

x0,ξ,kt 1[tk−1,tk)(t) + x0,ξ,nT 1{T}(t),

y0,ξt :=

n∑

k=1

y0,ξ,kt 1[tk−1,tk)(t) + y0,ξ,nT 1{T}(t),

zi,0,ξt :=

n∑

k=1

zi,0,ξ,kt 1[tk−1,tk)(t) + zi,0,ξ,nT 1{T}(t), i = 1, 2,

z̃i,0,ξ(t,e) :=

n∑

k=1

z̃i,0,ξ,k(t,e) 1[tk−1,tk)(t) + z̃i,0,ξ,n(T,e) 1{T}(t), i = 1, 2.

(2.99)

Note that we should consider a necessary situation that the jumps occur at the time tk, k =

1, . . . , n. Without loss of generality, we consider that the jump appears at tk and for forward

equation, x0,ξ,kt is an adapted RCLL process on [tk−1, tk], k = 1, . . . , n. Due to the appearance

of jump at tk, it can be understood by the following equation from (2.98):

(i) x0,ξ,k+1
tk

= x0,ξ,ktk
+

∫ tk

tk

b̃1
(
r, ω,Θ0,ξ,k+1(r)

)
dr +

2∑

i=1

∫ tk

tk

σi(r, ω, x
0,ξ,k+1
r )dW i

r

+

2∑

i=1

∫ tk

tk

∫

Ei

fi(r, ω, x
0,ξ,k+1
r− , e)Ñi(de, dr)

= x0,ξ,ktk
,

(2.100)
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(ii) x0,ξ,ktk
= x0,ξ,k−1

tk−1
+

∫ tk

tk−1

b̃1
(
r, ω,Θ0,ξ,k(r)

)
dr +

2∑

i=1

∫ tk

tk−1

σi(r, ω, x
0,ξ,k
r )dW i

r

+

2∑

i=1

∫ tk

tk−1

∫

Ei

fi(r, ω, x
0,ξ,k
r− , e)Ñi(de, dr).

(2.101)

In (i), x0,ξ,k+1
tk

can be regarded as the initial value of x0,ξ,k+1
t on [tk, tk+1]. In (ii), x0,ξ,ktk

can be

regraded as the terminal value of x0,ξ,kt on [tk−1, tk].

Because there exists a jump at tk, the integrals, especially for
∫ tk
tk

∫
Ei
fi(r, ω, x

0,ξ,k+1
r− , e)Ñi(de,

dr) in (i), are equal to 0. However, the integrals, like
∫ tk
tk−1

∫
Ei
fi(r, ω, x

0,ξ,k
r− , e)Ñi(de, dr) in (ii),

are not equal to 0.

In particular, when fi ≡ 1,
∫ tk
tk

∫
Ei
1Ñi(de, dr) = Ñi(Ei, tk) = 0, i.e., the quantity of jump at tk

which is the initial time of [tk, tk+1], is 0 for (i). And
∫ tk
tk−1

∫
Ei
1Ñi(de, dr) = Ñi(Ei, [tk−1, tk]) = 1,

i.e., the quantity of jump on time interval [tk−1, tk] is 1 for (ii), and the jump just occur at tk

which is the terminal time of [tk−1, tk]. We have similar analysis for y0,ξ,kt of the backward

equation.

Based on the above analysis, we have x0,ξ,ktk−1
= x0,ξ,k−1

tk−1
and y0,ξ,ktk−1

= θ(tk−1, ω, x
0,ξ,k
tk−1

) =

θ(tk−1, ω, x
0,ξ,k−1
tk−1

) = y0,ξ,k−1
tk−1

.

Therefore, for any two adjacent intervals, [tk−1, tk] and [tk, tk+1], k = 1, . . . , n− 1, the initial

value of (x0,ξ,k+1, y0,ξ,k+1) at initial tk of current interval [tk, tk+1] is equal to the terminal value

of (x0,ξ,k, y0,ξ,k) at terminal tk of previous interval [tk−1, tk]. Moreover, we can connect these

small pieces naturally and can check straightforwardly that (x0,ξ, y0,ξ, z1,0,ξ, z2,0,ξ, z̃1,0,ξ, z̃2,0,ξ)

solves (2.96).

Uniqueness. The proof is similar to that in [4].

Finally, for any t ∈ [tk−1, tk], consider the FBSDEP on [t, tk], we see that y0,ξt = θ(t, ω, x0,ξt ).

The proof is complete.

Now, we give a sufficient condition for the existence of the random field θ in Theorem 2.9.

Theorem 2.10. Let (A4) hold. b̃1, σ1, σ2, f1, f2 are continuously differentiable in (x, y, z1, z2,

z̃1, z̃2) and assume that

b̃1y +

2∑

i=1

b̃1ziσix +

2∑

i=1

b̃1z̃i

∫

Ei

fixνi(de) = 0. (2.102)

Then there exists a random field θ satisfying the conditions in Theorem 2.9, and consequently

FBSDEP (2.96) admits a unique solution.

Proof. Step 1. Let K denote the Lipschitz constant of b̃1, σ1, σ2, f1, f2, g with respect to

(x, y, z1, z2, z̃1, z̃2) and K0 the Lipschitz constant of φ with respect to x. Denote

K̄ := eK̂T (1 +K0)− 1, (2.103)
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where K̂ := (2+
∑2

i=1 νi(Ei))K2+2K and let T̃ (K̄) be the constant introduced in Theorem 2.9.

Fix a partition 0 = t0 < · · · < tn = T such that ∆tk = tk − tk−1 ≤ T̃ (K̄), k = 1, . . . , n. For each

(t, x) ∈ [tn−1, tn]× R, consider the following FBSDEP on [t, tn]:





xt,xs = x+

∫ s

t

b̃1
(
r, ω,Θt,x(r)

)
dr +

2∑

i=1

∫ s

t

σi(r, ω, x
t,x
r )dW i

r

+

2∑

i=1

∫ s

t

∫

Ei

fi(r, ω, x
t,x
r−, e)Ñi(de, dr),

yt,xs = θ(tn, ω, x
t,x
tn
) +

∫ tn

s

g
(
r, ω,Θt,x(r)

)
dr −

2∑

i=1

∫ tn

s

zi,t,xr dW i
r

−
2∑

i=1

∫ tn

s

∫

Ei

z̃i,t,x(r,e)Ñi(de, dr).

(2.104)

By Theorem 2.1, FBSDEP (2.104) admits a unique solution. Define θ(t, x) := yt,xt , t ∈ [tn−1, tn].

Step 2. Given x1, x2 and t ∈ [tn−1, tn], denote ∆x := x1 − x2, ∆Θ := Θt,x1 − Θt,x2 . Then

∆Θ satisfies the following FBSDEP:




∆xs = ∆x+

∫ s

t

[b̃′1x(r)∆xr + b̃′1y(r)∆yr + b̃′1z1(r)∆z1r + b̃′1z2(r)∆z2r

+ b̃′1z̃1(r)

∫

E1

∆z̃1(r,e)ν1(de) + b̃′1z̃2(r)

∫

E2

∆z̃2(r,e)ν2(de)]dr

+

2∑

i=1

∫ s

t

σ′
ix(r)∆xrdW

i
r +

2∑

i=1

∫ s

t

∫

Ei

f ′
ix(r, e)∆xr−Ñi(de, dr)

∆ys = φ′
x(tn)∆xtn +

∫ tn

s

[g′x(r)∆xr + g′y(r)∆yr + g′z1(r)∆z1r + g′z2(r)∆z2r

+ g′z̃1(r)

∫

E1

∆z̃1(r,e)ν1(de) + g′z̃2(r)

∫

E2

∆z̃2(r,e)ν2(de)]dr

−
2∑

i=1

∫ tn

s

∆zirdW
i
r −

2∑

i=1

∫ tn

s

∫

Ei

∆z̃i(r,e)Ñi(de, dr),

(2.105)

where b̃′1x(r) :=
∫ 1
0 b̃1x(r, ω,Θ

t,x2(r)+λ(Θt,x1(r)−Θt,x2(r)))dλ and b̃′1y(r), b̃
′
1zi

(r), b̃′
1z̃i

(r), σ′
ix(r),

f ′
ix(r, e), g

′
x(r), g

′
y(r), g

′
zi
(r), g′

z̃i
(r), φ′

x(tn), i = 1, 2, have similar definition. Moreover, |αβ(r, e)| ≤
K, for α = b̃1, σ1, σ2, f1, f2 and g, β = x, y, z1, z2, z̃1, z̃2, and |φ′

x(tn)| ≤ K0. Then, FBSDEP

(2.105) also satisfies (A4). Here, we note that FBSDEP (2.105) is on time interval [t, tn], and

all the arguments in Theorem 2.1 and Theorem 2.6 hold by replacing the expectation with

conditional expectation. By Theorem 2.6, we have

E

[
sup

t≤s≤tn

(|∆xs|2 + |∆ys|2) +
2∑

i=1

(∫ tn

t

|∆zis|2ds+
∫ tn

t

∫

Ei

|∆z̃i(s,e)|2νi(de)ds
)∣∣∣∣Ft

]
≤ C|∆x|2,

(2.106)
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where the precise form of constant C will be considered later. In particular, this implies

|θ(t, x1)− θ(t, x2)|2 = |∆yt|2 ≤ E[|∆yt|2|Ft] ≤ E[ sup
t≤s≤tn

|∆ys|2|Ft] ≤ C|∆x|2 (2.107)

i.e.,

|θ(t, x1)− θ(t, x2)| ≤
√
C|x1 − x2|. (2.108)

That is, for t ∈ [tn−1, tn], θ(t, x) is uniformly Lipschitz continuous in x.

Step 3. Let η =
∑m

j=1 xj1Ej
, where x1, · · · , xm ∈ R and E1, · · · , Em ∈ Ft form a partition

of Ω. One can check straightforwardly that Θt,η :=
∑m

j=1Θ
t,xj1Ej

satisfies FBSDEP (2.104)

with initial value xt,ηt := η. In particular, this implies that

yt,ηt =

m∑

j=1

y
t,xj

t 1Ej
=

m∑

j=1

θ(t, ω, xj)1Ej
= θ(t, ω,

m∑

j=1

xj1Ej
) = θ(t, ω, η). (2.109)

Moreover, for general Ft-measurable square integrable η, there exist {ηm,m ≥ 1} taking the

above form such that limm→∞E[|ηm − η|2] = 0. Denote again by Θt,η the unique solution to

FBSDEP (2.104) with initial value xt,ηt = η. By the previous analysis, we obtain that

E[|yt,η − yt,ηm |2] ≤ CE[|η − ηm|2] → 0. (2.110)

Since θ(t, x) is Lipschitz continuous in x, we get

yt,ηt = lim
m→∞

yt,ηmt = lim
m→∞

θ(t, ω, ηm) = θ(t, ω, lim
m→∞

ηm) = θ(t, ω, η). (2.111)

Step 4. We now get a more precise estimate for constant C in (2.108). Since b̃1, σ1, σ2, f1, f2, g

and φ are continuously differentiable, by standard arguments, one can see that θ(t, x) is differ-

entiable in x with θx(t, x) = ∇yt,xt where





∇xs = 1 +

∫ s

t

[b̃1x(r)∇xr + b̃1y(r)∇yr + b̃1z1(r)∇z1r + b̃1z2(r)∇z2r

+ b̃1z̃1(r)

∫

E1

∇z̃1(r,e)ν1(de) + b̃1z̃2(r)

∫

E2

∇z̃2(r,e)ν2(de)]dr

+

2∑

i=1

∫ s

t

σix(r)∇xrdW
i
r +

2∑

i=1

∫ s

t

∫

Ei

fix(r, e)∇xr−Ñi(de, dr)

∇ys = φx(ω, xtn)∇xtn +

∫ tn

s

[gx(r)∇xr + gy(r)∇yr + gz1(r)∇z1r + gz2(r)∇z2r

+ gz̃1(r)

∫

E1

∇z̃1(r,e)ν1(de) + gz̃2(r)

∫

E2

∇z̃2(r,e)ν2(de)]dr

−
2∑

i=1

∫ tn

s

∇zirdW
i
r −

2∑

i=1

∫ tn

s

∫

Ei

∇z̃i(r,e)Ñi(de, dr),

(2.112)

48



where b̃1x(r) := b̃1x(r, ω,Θ(r)) and other terms are defined similarly.

Denote

ŷs : = ∇ys(∇xs)
−1, z̄is := ∇zis(∇xs)

−1, ¯̃zi(s,e) := ∇z̃i(s,e)(∇xs)
−1,

ẑis : = z̄is − σixŷs, ˆ̃zi(s,e) :=
¯̃zi(s,e)(1 + fix)

−1 − ŷsfix(1 + fix)
−1, i = 1, 2.

(2.113)

Applying Itô’s formula, we obtain

d(∇xs)
−1 = −(∇xs)

−1

[
b̃1x + b̃1yŷs +

2∑

i=1

(
b̃1zi z̄

i
s + b̃1z̃i

∫

Ei

¯̃zi(s,e)νi(de) − σ2
ix

−
∫

Ei

f2
ix(1 + fix)

−1νi(de)

)]
ds− (∇xs)

−1
2∑

i=1

σixdW
i
s

− (∇xs)
−1

2∑

i=1

∫

Ei

fix(1 + fix)
−1Ñi(de, ds),

dŷs = −ŷs

[
b̃1x + b̃1y ŷs +

2∑

i=1

(
b̃1zi z̄

i
s + b̃1z̃i

∫

Ei

¯̃zi(s,e)νi(de) − σ2
ix

−
∫

Ei

f2
ix(1 + fix)

−1νi(de)

)]
ds−

[
gx + gy ŷs +

2∑

i=1

gzi z̄
i
s

+
2∑

i=1

gz̃i

∫

Ei

¯̃zi(s,e)νi(de)

]
ds−

2∑

i=1

∫

Ei

fix(1 + fix)
−1 ¯̃zi(s,e)νi(de)ds

−
2∑

i=1

σixz̄
i
sds+

2∑

i=1

ẑisdW
i
s +

2∑

i=1

∫

Ei

ˆ̃zi(s,e)Ñi(de, ds).

(2.114)

Note that z̄is = ẑis + σixŷs, ¯̃z
i
(s,e) =

ˆ̃zi(s,e)(1 + fix) + ŷsfix, i = 1, 2, we obtain

dŷs = −
[
gx +

(
b̃1x + gy +

2∑

i=1

gziσix +

2∑

i=1

gz̃i

∫

Ei

fixνi(de)

)
ŷs

+

(
b̃1y +

2∑

i=1

b̃1ziσix +

2∑

i=1

b̃1z̃i

∫

Ei

fixνi(de)

)
ŷ2s

]
ds

−
2∑

i=1

[
b̃1zi ŷs + gzi + σix

]
ẑisds+

2∑

i=1

ẑisdW
i
s +

2∑

i=1

∫

Ei

ˆ̃zi(s,e)Ñi(de, ds)

−
2∑

i=1

[
(b̃1z̃i ŷs + gz̃i)

∫

Ei

(1 + fix)ˆ̃z
i
(s,e)νi(de) +

∫

Ei

fix ˆ̃z
i
(s,e)νi(de)

]
ds.

(2.115)
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We note that ŷs = θx(s, xs) and is bounded for s ∈ [t, tn] ⊂ [tn−1, tn]. Denote

dP̂ : = exp

{ 2∑

i=1

∫ tn

t

(b̃1zi ŷs + gzi + σix)dW
i
s −

1

2

2∑

i=1

∫ tn

t

|b̃1zi ŷs + gzi + σix|2ds

+

2∑

i=1

∫ tn

t

∫

Ei

log[(b̃1z̃i ŷs + gz̃i + 1)(1 + fix)]Ni(de, ds)

+

2∑

i=1

∫ tn

t

∫

Ei

[1− (b̃1z̃i ŷs + gz̃i + 1)(1 + fix)]νi(de)ds

}
dP,

(2.116)

and introduce

Γs = exp

{∫ s

t

[
b̃1x + gy +

2∑

i=1

gziσix +

2∑

i=1

gz̃i

∫

Ei

fixνi(de)

+

(
b̃1y +

2∑

i=1

b̃1ziσix +

2∑

i=1

b̃1z̃i

∫

Ei

fixνi(de)

)
ŷr

]
dr

}
.

(2.117)

Then we have

ŷt = EP̂

[
Γtn ŷtn +

∫ tn

t

gxΓsds

∣∣∣∣Ft

]
. (2.118)

Note that |ŷtn | = |φx(xtn)| ≤ K0 and combine with condition (2.102)

b̃1x + gy +
2∑

i=1

gziσix +
2∑

i=1

gz̃i

∫

Ei

fixνi(de) +

(
b̃1y +

2∑

i=1

b̃1ziσix +
2∑

i=1

b̃1z̃i

∫

Ei

fixνi(de)

)
ŷr

= b̃1x + gy +
2∑

i=1

gziσix +
2∑

i=1

gz̃i

∫

Ei

fixνi(de)

≤
(
2 +

2∑

i=1

νi(Ei)
)
K2 + 2K = K̂,

(2.119)

thus we have Γs ≤ eK̂(s−t). Then,

ŷt ≤ eK̂(tn−t)K0 +

∫ tn

t

KeK̂(s−t)ds ≤ eK̂(tn−t)K0 + eK̂(tn−t)− 1 = eK̂(tn−t)(K0 +1)− 1, (2.120)

which implies that

|θx(t, x)| ≤ K̃ := eK̂(tn−tn−1)(K0 + 1)− 1, t ∈ [tn−1, tn]. (2.121)

Step 5. We note that K̃ ≤ K̄. Assume that θ is defined on [tk, tn] with |θx(tk, x)| ≤ Kk ≤ K̄.
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Define θ(t, x) := yt,xt for t ∈ [tk−1, tk], k = n− 1, n − 2, · · · , 1, where




xt,xs = x+

∫ s

t

b̃1
(
r, ω,Θt,x(r)

)
dr +

2∑

i=1

∫ s

t

σi(r, ω, x
t,x
r )dW i

r

+

2∑

i=1

∫ s

t

∫

Ei

fi(r, ω, x
t,x
r−, e)Ñi(de, dr),

yt,xs = θ(tk, ω, x
t,x
tk
) +

∫ tk

s

g
(
r, ω,Θt,x(r)

)
dr −

2∑

i=1

∫ tk

s

zi,t,xr dW i
r

−
2∑

i=1

∫ tk

s

∫

Ei

z̃i,t,x(r,e)Ñi(de, dr),

(2.122)

by the analysis in Step 4, we can obtain

|θx(t, x)| ≤ Kk−1 := eK̂(tk−tk−1)(Kk + 1)− 1, t ∈ [tk−1, tk]. (2.123)

By induction, note that Kn = K0, we get

Kk = eK̂(tn−tk)(K0 + 1)− 1 ≤ K̄, k = 1, . . . , n. (2.124)

Therefore, the backward induction can continue until k = 1, and thus we may define θ on

[0, T ] and |θx(t, x)| ≤ K̄ for all t ∈ [0, T ]. Finally, it is clear that θ satisfies the other requirements

of Theorem 2.9 and the existence of θ is proved.

Then next lemma shows the L2-estimation of FBSDEP (2.96).

Lemma 2.7. Let (A4) hold, and θ(t, x) satisfies the conditions in Theorem 2.9. Then we obtain

the L2-estimations of FBSDEP (2.96)

E

[
sup

0≤s≤T

|x0,ξs − x0,ξ̃s |2 + sup
0≤s≤T

|y0,ξs − y0,ξ̃s |2 +
2∑

i=1

∫ T

0
|zi,0,ξs − zi,0,ξ̃s |2ds

+

2∑

i=1

∫ T

0

∫

Ei

|z̃i,0,ξ(s,e) − z̃i,0,ξ̃(s,e)|
2νi(de)ds

∣∣∣∣F0

]
≤ C|ξ − ξ̃|2,

(2.125)

E

[
sup

t≤s≤T

|x0,ξs − x0,ξ̃s |2 + sup
t≤s≤T

|y0,ξs − y0,ξ̃s |2 +
2∑

i=1

∫ T

t

|zi,0,ξs − zi,0,ξ̃s |2ds

+
2∑

i=1

∫ T

t

∫

Ei

|z̃i,0,ξ
(s,e)

− z̃i,0,ξ̃
(s,e)

|2νi(de)ds
∣∣∣∣Ft

]
≤ C|x0,ξt − x0,ξ̃t |2,

(2.126)

where constant C depends on β,K, ρ and L in (A4).

Proof. Based on the idea in the proof of Theorem 2.4, it is easy to prove the two estimations.

Therefore, for any u ∈ Uad[0, T ] and any given terminal time T , under (A1) and the condi-

tions in Theorem 2.9, and combining Theorem 2.9, Lemma 2.7 and Theorem 2.4, there exists a

unique Lβ(β > 2)-solution (x, y, z1, z2, z̃1, z̃2) to state equation (2.9) on [0, T ].
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3 Global Maximum Principle for Partially Observed Optimal

Control Problem of FBSDEPs

In this section, we study the partially observed global maximum principe for the optimal control

problem of FBSDEPs. The main result is an extension of the work in [8] and [38].

3.1 Spike variation

We consider the state equation (2.1), observation equation





dY u
t = b2(t, x

u
t , ut)dt+ σ3(t)dW̃

2
t +

∫

E2

f3(t, e)Ñ
′
2(de, dt), t ∈ [0, T ],

Y u
0 = 0,

(3.1)

and the cost functional (2.4). Noting that b2 is independent of (y, z1t , z
2
t , z̃

1
(t,e), z̃

2
(t,e)) here, com-

paring with (2.3). The general b2 case will not be considered in this section, which is our future

research topic.

According to Section 2, we can transfer the partially observed optimal control problem into

the complete information case with the controlled FBSDEP





dxut = b̃1
(
t, xut , ut

)
dt+

2∑

i=1

σi(t, x
u
t , ut)dW

i
t +

2∑

i=1

∫

Ei

fi(t, x
u
t−, ut, e)Ñi(de, dt),

−dyut = g
(
t, xut , y

u
t , z

1,u
t , z2,ut , z̃1,u(t,e), z̃

2,u
(t,e), ut

)
dt−

2∑

i=1

zi,ut dW i
t −

2∑

i=1

∫

Ei

z̃i,u(t,e)Ñi(de, dt), t ∈ [0, T ],

xu0 = x0, yuT = φ(xuT ),

and (2.7), where b̃1 does not contain (y, z1t , z
2
t , z̃

1
(t,e), z̃

2
(t,e)), which admits a unique solution

(xu, yu, z1,u, z2,u, z̃1.u, z̃2,u, Γ̃u) under P by (A1). Moreover, the cost functional (2.4) becomes

J(u) = E

[ ∫ T

0
Γ̃tl

(
t, xut , y

u
t , z

1,u
t , z2,ut , z̃1,u(t,e), z̃

2,u
(t,e), ut

)
dt+ Γ̃TΦ(x

u
T ) + Γ(yu0 )

]
. (3.2)

Since U is not necessarily convex, we apply the new spike variation technique [38]. Suppose

that ū ∈ Uad is an optimal control, for any t̄ ∈ [0, T ], define uǫ as follows. For s ∈ [0, T ],

uǫs =





u, if (s, ω) ∈ O :=Kt̄, t̄+ ǫK\⋃∞
n=1JTnK,

ūs, otherwise,

where JTnK :=
{
(ω, t) ∈ Ω× [0, T ]|Tn(ω) = t

}
, which is the graph of stopping time Tn when the

jump of the observable process appears, is a progressive set, and u is a bounded FY
t̄
-measurable

function taking values in U . The big difference is that the value of uǫs at Tn(ω) is equal to ūs
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rather than u when some jump appears in (t̄, t̄+ ǫ], that is, some Tn(ω) is in (t̄, t̄+ ǫ]. Moreover,

different from completely observed case and due to technical difficulties, we also assume that

there is no jumps of the unobservable process appearing in (t̄, t̄ + ǫ]. It is easy to show that

uǫ ∈ Uad[0, T ] defined in (2.5).

Denoting by (x̄, ȳ, z̄1, z̄2, ¯̃z1, ¯̃z2) the trajectory of ū and by (xǫ, yǫ, z1,ǫ, z2,ǫ, z̃1,ǫ, z̃2,ǫ) the tra-

jectory of uǫ. For simplicity, for i = 1, 2, for fi, ϕ = b̃1, σi, g, φ and κ = x, y, zi, z̃i, denote

fi(t, e) = fi(t, x̄t, ūt, e), fix(t, e) = fix(t, x̄t, ūt, e), δfi(t, e) = fi(t, x̄t, ut, e)− fi(t, e),

δfix(t, e) = fix(t, x̄t, ut, e) − fix(t, e), ϕ(t) = ϕ(t, Θ̄(t), ūt), ϕκ(t) = ϕκ(t, Θ̄(t), ūt),

δϕ(t) = ϕ(t, Θ̄(t), ut)− ϕ(t), δϕκ(t) = ϕκ(t, Θ̄(t), ut)− ϕκ(t),

δϕ(t,∆1,∆2) = ϕ(t, x̄t, ȳt, z̄
1
t +∆1(t), z̄2t +∆2(t), ¯̃z1, ¯̃z2, ut)− ϕ(t),

δϕκ(t,∆
1,∆2) = ϕκ(t, x̄t, ȳt, z̄

1
t +∆1(t), z̄2t +∆2(t), ¯̃z1, ¯̃z2, ut)− ϕκ(t),

where ∆1(·),∆2(·) are Ft-adapted processes, to be determined later.

Denote Θ̄(t) := (x̄t, ȳt, z̄
1
t , z̄

2
t , ¯̃z

1
(t,e),

¯̃z2(t,e)) and Θǫ(t) := (xǫt , y
ǫ
t , z

1,ǫ
t , z2,ǫt , z̃1,ǫ(t,e), z̃

2,ǫ
(t,e)), and set

ξ1,ǫt := xǫt − x̄t, η1,ǫt := yǫt − ȳt, ζ i,1,ǫt := zi,ǫt − z̄it , λi,1,ǫ
(t,e) := z̃i,ǫ(t,e) − ¯̃zi(t,e), i = 1, 2, (3.3)

we have




dξ1,ǫt =
[
b̃ǫ1x(t)ξ

1,ǫ
t + δb̃1(t)1[t̄,t̄+ǫ]

]
dt+

2∑

i=1

[
σ̃ǫ
ix(t)ξ

1,ǫ
t + δσi(t)1[t̄,t̄+ǫ]

]
dW i

t

+

2∑

i=1

∫

Ei

[
f̃ ǫ
ix(t, e)ξ

1,ǫ
t− + δfi(t, e)1O

]
Ñi(de, dt),

dη1,ǫt = −
[
g̃ǫx(t)ξ

1,ǫ
t + g̃ǫy(t)η

1,ǫ
t +

2∑

i=1

(
g̃ǫzi(t)ζ

i,1,ǫ
t + g̃ǫz̃i(t)

∫

Ei

λi,1,ǫ
(t,e)νi(de)

)

+ δg(t)1[t̄,t̄+ǫ]

]
dt+

2∑

i=1

ζ i,1,ǫt dW i
t +

2∑

i=1

∫

Ei

λi,1,ǫ
(t,e)Ñi(de, dt), t ∈ [0, T ],

ξ1,ǫ0 = 0, η1,ǫT = φ̃ǫ
x(T )ξ

1,ǫ
T ,

(3.4)

where

b̃ǫ1x(t) :=

∫ 1

0
b̃1x(t, x̄t + θ(xǫt − x̄t), u

ǫ
t)dθ,

g̃ǫx(t) :=

∫ 1

0
gx(t, Θ̄(t) + θ(Θǫ(t)− Θ̄(t)), uǫt)dθ,

(3.5)

and σ̃ǫ
ix(t), f̃

ǫ
ix(t, e), g̃

ǫ
y(t), g̃

ǫ
zi
(t), g̃ǫ

z̃i
(t) and φ̃ǫ

x(T ), i = 1, 2 have similar definitions.

Then, by Lβ(β ≥ 2)-estimate of FBSDEPs in Section 2, we get

E

[
sup

0≤t≤T

(|ξ1,ǫt |β + |η1,ǫt |β) +
2∑

i=1

[(∫ T

0
|ζ i,1,ǫt |2dt

)β

2

+

(∫ T

0

∫

Ei

|λi,1,ǫ
(t,e)|2νi(de)dt

) β

2
]]
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≤ CE

[(∫ T

0
δg(t)1[t̄,t̄+ǫ]dt

)β

+

(∫ T

0
δb̃1(t)1[t̄,t̄+ǫ]dt

)β

+
2∑

i=1

(∫ T

0
|δσi(t)1[t̄,t̄+ǫ]|2dt

)β

2

+
2∑

i=1

(∫ T

0

∫

Ei

|δfi(t, e)1O|2Ni(de, dt)

) β

2
]

≤ CE

[(∫ T

0
(1 + |x̄|+ |ȳ|+ |z̄1|+ |z̄2|+ ||¯̃z1||+ ||¯̃z2||+ |ū|+ |u|)1[t̄,t̄+ǫ]dt

)β

+

(∫ T

0
(1 + |x̄|+ |ū|+ |u|)1[t̄,t̄+ǫ]dt

)β

+

(∫ T

0
(1 + |x̄|+ |ū|+ |u|)21[t̄,t̄+ǫ]dt

)β

2

+
2∑

i=1

(∫ T

0

∫

Ei

|δfi(t, e)1O|2Ni(de, dt)

) β

2
]

≤ CE

[(∫ t̄+ǫ

t̄

(1 + |x̄|+ |ȳ|+ |ū|+ |u|)dt
)β

+
2∑

i=1

(∫ t̄+ǫ

t̄

|z̄i|dt
)β

+

2∑

i=1

(∫ t̄+ǫ

t̄

||¯̃zi||dt
)β

+

(∫ t̄+ǫ

t̄

(1 + |x̄|+ |ū|+ |u|)dt
)β

+

(∫ t̄+ǫ

t̄

(1 + |x̄|+ |ū|+ |u|)2dt
)β

2

+
2∑

i=1

(∫ T

0

∫

Ei

|δfi(t, e)1O|2Ni(de, dt)

) β

2
]

≤ C

{
ǫβ−1E

[(∫ t̄+ǫ

t̄

(1 + |x̄|β + |ȳ|β + |ū|β + |u|β)dt
)]

+ ǫ
β

2E

[ 2∑

i=1

(∫ t̄+ǫ

t̄

|z̄i|2dt
)β

2
]

+ ǫ
β

2 E

[ 2∑

i=1

(∫ t̄+ǫ

t̄

∫

Ei

|¯̃zi|2νi(de)dt
) β

2
]
+ ǫ

β

2
−1E

[(∫ t̄+ǫ

t̄

(1 + |x̄|β + |ū|β + |u|β)dt
)]

+

2∑

i=1

E

[(∫ T

0

∫

Ei

|δfi(t, e)1O|2Ni(de, dt)

) β

2
]}

≤ C

{
ǫ
β

2 + ǫβ + (ǫβ + ǫ
β

2 )E

[
sup

0≤t≤T

|x̄|β
]
+ ǫβE

[
sup

0≤t≤T

|ȳ|β
]
+ (ǫβ + ǫ

β

2 ) sup
0≤t≤T

E|ū|β

+ (ǫβ + ǫ
β
2 ) sup

0≤t≤T

E|u|β + ǫ
β
2 E

[ 2∑

i=1

(∫ T

0
|z̄i|2dt

)β
2
]
+ ǫ

β
2E

[ 2∑

i=1

(∫ T

0

∫

Ei

|¯̃zi|2νi(de)dt
) β

2
]

+

2∑

i=1

E

[(∫ T

0

∫

Ei

|δfi(t, e)1O|2Ni(de, dt)

) β

2
]}

≤ O(ǫ
β

2 ) +O(ǫβ),

where we have used that, under (A1), by Theorem 2.2,

E

[
sup

0≤t≤T

|x̄|β + sup
0≤t≤T

|ȳ|β +

2∑

i=1

(∫ T

0
|z̄i|2dt

)β
2

+

2∑

i=1

(∫ T

0

∫

Ei

|¯̃zi|2νi(de)dt
) β

2
]
< ∞.

Noticing that the estimate is derived by subtracting the jump part on O, which means the jump
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term does not influence the order of variation. If not, the part with jump

E

[(∫ T

0

∫

Ei

|δfi(t, e)|21[t̄,t̄+ǫ]Ni(de, dt)

) β

2
]
, i = 1, 2,

is always of order O(ǫ), no matter how large β is. Indeed, we have

E

[(∫ T

0

∫

Ei

|δfi(t, e)|21[t̄,t̄+ǫ]Ni(de, dt)

) β

2
]
≤ CE

[(∫ T

0
(1 + |x̄|+ |ū|+ |u|)21[t̄,t̄+ǫ]Ni(Ei, dt)

) β

2
]
.

Set Is := (1+ |x̄s−|+ |ū|+ |u|)21[t̄,t̄+ǫ], and Jit :=
∫ t

0 IsNi(Ei, ds), then Jit is a pure jump process

and so is J
β
2
it . Moreover, the jump time of J

β
2
i is also a jump time of Ni and the jump size of Ni

is always equal to 1. Therefore we have

J
β

2
iT =

∑

s≤T

(
J

β

2
is − J

β

2
is−

)
=

∑

s≤T

(
J

β

2
is − J

β

2
is−

)
1Ni(Ei,{s})6=0 =

∑

s≤T

(
|Jis− + Is|

β

2 − J
β

2
is−

)
Ni(Ei, {s})

=

∫ T

0

(
|Jis− + Is|

β

2 − J
β

2
is−

)
Ni(Ei, ds) ≤ C

∫ T

0

(
J

β

2
is− + I

β

2
s

)
Ni(Ei, ds).

By the predictability of Ji·− and I, we get

EJ
β

2
iT ≤ CE

∫ T

0

(
J

β

2
is + I

β

2
s

)
ds ≤ CE

∫ T

0
J

β

2
isds+ CE

∫ T

0
(1 + |x̄s|+ |ūs|+ |us|)β1[t̄,t̄+ǫ]ds.

From Gronwall’s inequality, we have

EJ
β
2
iT ≤ CE

∫ t̄+ǫ

t̄

(1 + |x̄s|+ |ūs|+ |us|)βds ≤ O(ǫ).

Therefore, we derive

E

[
sup

0≤t≤T

(|ξ1,ǫt |β + |η1,ǫt |β) +
2∑

i=1

(∫ T

0
|ζ i,1,ǫt |2dt

)β

2

+

2∑

i=1

(∫ T

0

∫

Ei

|λi,1,ǫ
(t,e)|2νi(de)dt

) β

2
]

= O(ǫ
β

2 ) +O(ǫβ).

(3.6)

According to the estimate (3.6) in the above, we could set

xǫt − x̄t = x1t + x2t + o(ǫ), yǫt − ȳt = y1t + y2t + o(ǫ),

zi,ǫt − z̄it = zi,1t + zi,2t + o(ǫ), z̃i,ǫ(t,e) − ¯̃zi(t,e) = z̃i,1(t,e) + z̃i,2(t,e) + o(ǫ), i = 1, 2,
(3.7)

where x1, y1, z1,1, z2,1, z̃1,1, z̃2,1 ∼ O(
√
ǫ) and x2, y2, z1,2, z2,2, z̃1,2, z̃2,2 ∼ O(ǫ).
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3.2 Variational equations

Then, we introduce the first and second order variational equations for the SDEP as follows:

x1t =

∫ t

0
b̃1x(s)x

1
sds+

2∑

i=1

∫ t

0

[
σix(s)x

1
s + δσi(s)1[t̄,t̄+ǫ]

]
dW i

s

+
2∑

i=1

∫ t

0

∫

Ei

fix(s, e)x
1
s−Ñi(de, ds),

(3.8)

x2t =

∫ t

0

[
b̃1x(s)x

2
s +

1

2
b̃1xx(s)(x

1
s)

2 + δb̃1(s)1[t̄,t̄+ǫ]

]
ds

+
2∑

i=1

∫ t

0

[
σix(s)x

2
s +

1

2
σixx(s)(x

1
s)

2 + δσix(s)x
1
s1[t̄,t̄+ǫ]

]
dW i

s

+
2∑

i=1

∫ t

0

∫

Ei

[
fix(s, e)x

2
s− +

1

2
fixx(s, e)(x

1
s−)

2
]
Ñi(de, ds),

(3.9)

with x10 = x20 = 0. Inspired by [8] (or [9]), we guess that zi,1t , z̃i,1(t,e), i = 1, 2 have the following

forms, respectively:

zi,1t = ∆i(t)1[t̄,t̄+ǫ] + zi,1
′

t , z̃i,1(t,e) = ∆̃i(t)1O + z̃i,1
′

(t,e), i = 1, 2, (3.10)

where ∆1(t),∆2(t), ∆̃1(t), ∆̃2(t) are Ft-adapted processes, to be determined later, and impor-

tantly, zi,1
′

t , z̃i,1
′

(t,e), i = 1, 2 have good estimates similarly as x1t . Then

g
(
t, xǫt , y

ǫ
t , z

1,ǫ
t , z2,ǫt , z̃1,ǫ(t,e), z̃

2,ǫ
(t,e), u

ǫ
t

)
− g

(
t, x̄t, ȳt, z̄

1
t , z̄

2
t , ¯̃z

1
(t,e),

¯̃z2(t,e), ūt
)

= g
(
t, x̄t + x1t + x2t , ȳt + y1t + y2t , z̄

1
t +∆1(t)1[t̄,t̄+ǫ] + z1,1

′

t + z1,2t ,

z̄2t +∆2(t)1[t̄,t̄+ǫ] + z2,1
′

t + z2,2t , ¯̃z1(t,e) + ∆̃1(t)1O + z̃1,1
′

(t,e) + z̃1,2(t,e),

¯̃z2(t,e) + ∆̃2(t)1O + z̃2,1
′

(t,e) + z̃2,2(t,e), u
ǫ
t

)
− g(t) + o(ǫ)

= gx(t)(x
1
t + x2t ) + gy(t)(y

1
t + y2t ) +

2∑

i=1

gzi(t)(z
i,1′

t + zi,2t )

+

2∑

i=1

gz̃i(t)

∫

Ei

(z̃i,1
′

(t,e) + z̃i,2(t,e))νi(de) +
1

2
Ξ(t)D2g(t)Ξ(t)⊤

+ δg(t,∆1,∆2, ∆̃1, ∆̃2)1[t̄,t̄+ǫ] + o(ǫ),
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where Ξ(t) :=
[
x1t , y

1
t , z

1,1′

t , z2,1
′

t ,
∫
E1

z̃1,1
′

(t,e)ν1(de),
∫
E2

z̃2,1
′

(t,e)ν2(de)
]
for simplicity. So we can obtain

the following equation for the BSDEP:





−d(y1t + y2t ) =

{
gx(t)(x

1
t + x2t ) + gy(t)(y

1
t + y2t ) +

2∑

i=1

gzi(t)(z
i,1′

t + zi,2t )

+

2∑

i=1

gz̃i(t)

∫

Ei

(z̃i,1
′

(t,e) + z̃i,2(t,e))νi(de) + δg(t,∆1,∆2, ∆̃1, ∆̃2)1[t̄,t̄+ǫ]

+
1

2
Ξ(t)D2gΞ(t)⊤

}
dt

−
2∑

i=1

(zi,1t + zi,2t )dW i
t −

2∑

i=1

∫

Ei

(z̃i,1(t,e) + z̃i,2(t,e))Ñi(de, dt), t ∈ [0, T ],

y1T + y2T = φx(x̄T )(x
1
T + x2T ) +

1

2
φxx(x̄T )(x

1
T )

2,

(3.11)

Next, we need derive the corresponding first and second order variational equations for the

BSDEP. Noticing that the terminal value in (3.11), y1T = φx(x̄T )x
1
T , we guess that y1t = ptx

1
t ,

where (pt, q
1
t , q

2
t , q̃

1
(t,e), q̃

2
(t,e)) satisfies the following adjoint equation:





−dpt = F (t)dt−
2∑

i=1

qitdW
i
t −

2∑

i=1

∫

Ei

q̃i(t,e)Ñi(de, dt), t ∈ [0, T ],

pT = φx(x̄T ),

where the Ft-adapted process F (·) is to be determined.

Applying Itô’s formula to ptx
1
t , we can get





−dy1t =

{
gx(t)x

1
t + gy(t)y

1
t +

2∑

i=1

[
gzi(t)(z

i,1
t −∆i(t)1[t̄,t̄+ǫ])

+ gz̃i(t)

∫

Ei

(
z̃i,1(t,e) − ∆̃i(t)1O

)
νi(de)

]
−

2∑

i=1

qitδσi(t)1[t̄,t̄+ǫ]

}
dt

−
2∑

i=1

zi,1t dW i
t −

2∑

i=1

∫

Ei

z̃i,1(t,e)Ñi(de, dt), t ∈ [0, T ],

y1T = φx(x̄T )x
1
T .

(3.12)

and (pt, q
1
t , q

2
t , q̃

1
(t,e), q̃

2
(t,e)) ∈ N β[0, T ] is the unique solution to the following first order adjoint
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equation:





−dpt =

{
b̃1x(t)pt +

2∑

i=1

σix(t)q
i
t + gx(t) + gy(t)pt +

2∑

i=1

gzi(t)k
i
1(t)

+
2∑

i=1

[
gz̃i(t)

∫

Ei

ki2(t, e)νi(de) +

∫

Ei

Ei

[
fix(t, e)

∣∣P ⊗ B(Ei)
]
q̃i(t,e)νi(de)

]}
dt

−
2∑

i=1

qitdW
i
t −

2∑

i=1

∫

Ei

q̃i(t,e)Ñi(de, dt), t ∈ [0, T ],

pT = φx(x̄T ).

(3.13)

From the deduction above, it is not hard to get the following relationships:

y1t = ptx
1
t , zi,1t = ki1(t)x

1
t + ptδσi(t)1[t̄,t̄+ǫ], z̃i,1(t,e) = ki2(t, e)x

1
t−, i = 1, 2, (3.14)

where

ki1(t) := σix(t)pt + qit, ki2(t, e) := fix(t, e)pt− + q̃i(t,e) + fix(t, e)q̃
i
(t,e), i = 1, 2. (3.15)

Observing (3.10), we obtain

zi,1
′

t = ki1(t)x
1
t , z̃i,1

′

(t,e)
= ki2(t, e)x

1
t−, ∆i(t) = ptδσi(t), ∆̃i(t) = 0, i = 1, 2. (3.16)

Remark 3.1. We notice that, different from the continuous martingale “dW i” terms zi,1t ,

∆̃i(t) = 0, i = 1, 2, that is z̃i,1(t,e) = z̃i,1
′

(t,e), i = 1, 2, which means the “jump term” in the first

order variation has no change. Indeed, inspired by [8] (or [9]), the diffusion term of the first

order variational equation of x should include the term δσi(t)1[t̄,t̄+ǫ], so it is natural to guess

another form of zi,1t in (3.10). However, considering the first order variational equation of x in

our paper, motivated by the new variation technique in [38], the “jump term” does not include

the similar term “δfi(t, e)1O”. Therefore, the form of z̃i,1(t,e) has no need to change like zi,1t in

heuristic derivation, which has been checked in the above discussion.

From (3.11) and (3.12), we introduce the first and second variational equations of the BSDEP
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as follows:




−dy1t =
{
gx(t)x

1
t + gy(t)y

1
t +

2∑

i=1

gzi(t)
(
zi,1t − ptδσi(t)1[t̄,t̄+ǫ]

)
+

2∑

i=1

gz̃i(t)

∫

Ei

z̃i,1(t,e)νi(de)

−
2∑

i=1

qitδσi(t)1[t̄,t̄+ǫ]

}
dt−

2∑

i=1

zi,1t dW i
t −

2∑

i=1

∫

Ei

z̃i,1(t,e)Ñi(de, dt),

−dy2t =

{
gx(t)x

2
t + gy(t)y

2
t +

2∑

i=1

gzi(t)z
i,2
t +

2∑

i=1

gz̃i(t)

∫

Ei

z̃i,2(t,e)νi(de) +
1

2
Ξ̃(t)D2gΞ̃(t)⊤

+ δg(t, ptδσ1(t), ptδσ2(t))1[t̄,t̄+ǫ] +
2∑

i=1

qitδσi(t)1[t̄,t̄+ǫ]

}
dt

−
2∑

i=1

zi,2t dW i
t −

2∑

i=1

∫

Ei

z̃i,2(t,e)Ñi(de, dt), t ∈ [0, T ],

y1T = φx(x̄T )x
1
T , y2T = φx(x̄T )x

2
T +

1

2
φxx(x̄T )(x

1
T )

2,

(3.17)

where Ξ̃(t) =
[

x1
t , y

1
t , z

1,1
t −ptδσ1(t)1[t̄,t̄+ǫ], z

2,1
t −ptδσ2(t)1[t̄,t̄+ǫ],

∫

E1

z̃
1,1
(t,e)ν1(de),

∫

E2

z̃
2,1
(t,e)ν2(de)

]

. It is easy to

check that the first and second order variational equations (3.8), (3.17) admit unique solutions

x1, x2, (y1, z1,1, z2,1, z̃1,1, z̃2,1) and (y2, z1,2, z2,2, z̃1,2, z̃2,2), respectively.

Lemma 3.1. Let (A1) hold, then we have

y1t = ptx
1
t , zi,1t = ki1(t)x

1
t + ptδσi(t)1[t̄,t̄+ǫ], z̃i,1(t,e) = ki2(t, e)x

1
t−, i = 1, 2, (3.18)

where pt satisfies (3.13), and ki1(t), k
i
2(t, e), i = 1, 2, are given by (3.15).

Proof. We introduce the following SDEP:




dx̂1t = b̃1x(t)x̂
1
t dt+

2∑

i=1

[
σix(t)x̂

1
t + δσi(t)1[t̄,t̄+ǫ]

]
dW i

t +
2∑

i=1

∫

Ei

fix(t, e)x̂
1
t−Ñi(de, dt), t ∈ [0, T ],

x̂10 = 0,

which admits a unique solution x̂1t , and set

ŷ1t := ptx̂
1
t , ẑi,1t := ki1(t)x̂

1
t + ptδσi(t)1[t̄,t̄+ǫ], ˆ̃zi,1(t,e) := ki2(t, e)x̂

1
t−, i = 1, 2.

Applying Itô’s formula to ptx̂
1
t , we can get

ŷ1t = φx̂(ˆ̄xT )x̂
1
T +

∫ T

t

{
gx̂(s)x̂

1
s + gŷ(s)ŷ

1
s +

2∑

i=1

gẑi(s)k
i
1(s)x̂

1
s +

2∑

i=1

gˆ̃zi(s)

∫

Ei

ki2(s, e)νi(de)x̂
1
s

−
2∑

i=1

qisδσi(s)1[t̄,t̄+ǫ]

}
ds−

2∑

i=1

∫ T

t

ẑi,1s dW i
s −

2∑

i=1

∫ T

t

∫

Ei

ˆ̃zi,1(s,e)Ñi(de, ds).

It is easy to check that (x̂1, ŷ1, ẑ1,1, ẑ2,1, ˆ̃z1,1, ˆ̃z2,1) solves (3.8) and (3.17), and by Theorem 2.6,

(x̂1, ŷ1, ẑ1,1, ẑ2,1, ˆ̃z1,1, ˆ̃z2,1) = (x1, y1, z1,1, z2,1, z̃1,1, z̃2,1). The proof is complete.
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3.3 First-order and second-order expansions

The following standard estimates of FBSDEPs are needed.

Lemma 3.2. Suppose that (A1) holds, for β ≥ 2, we have the following estimates:

E

[
sup

0≤t≤T

(|x1t |β + |y1t |β) +
2∑

i=1

[(∫ T

0
|zi,1t |2dt

)β
2

+

(∫ T

0

∫

Ei

|z̃i,1(t,e)|
2νi(de)dt

) β
2
]]

= O(ǫ
β
2 ),

E

[
sup

0≤t≤T

|xǫt − x̄t − x1t |2 + sup
0≤t≤T

|yǫt − ȳt − y1t |2 +
2∑

i=1

∫ T

0
|zi,ǫt − z̄it − zi,1t |2dt

]

+E

[ 2∑

i=1

∫ T

0

∫

Ei

|z̃i,ǫ(t,e) − ¯̃zi(t,e) − z̃i,1(t,e)|
2νi(de)dt

]
= o(ǫ),

E

[
sup

0≤t≤T

|xǫt − x̄t − x1t |4 + sup
0≤t≤T

|yǫt − ȳt − y1t |4 +
2∑

i=1

(∫ T

0
|zi,ǫt − z̄it − zi,1t |2dt

)2]

+E

[ 2∑

i=1

(∫ T

0

∫

Ei

|z̃i,ǫ(t,e) − ¯̃zi(t,e) − z̃i,1(t,e)|
2νi(de)dt

)2]
= o(ǫ2).

(3.19)

Proof. By (A1), for any β ≥ 2, we have

E

[
sup

0≤t≤T

|pt|β +

2∑

i=1

(∫ T

0
|qit|2dt

)β

2

+

2∑

i=1

(∫ T

0

∫

Ei

|q̃i(t,e)|2νi(de)dt
) β

2
]
< ∞.

and thus

E

[
sup

0≤t≤T

|x1t |β + sup
0≤t≤T

|y1t |β +

2∑

i=1

[(∫ T

0
|zi,1t |2dt

)β

2

+

(∫ T

0

∫

Ei

|z̃i,1(t,e)|
2νi(de)dt

) β

2
]]

≤ CβE

{ 2∑

i=1

[(∫ T

0
|gzi(t)ptδσi(t)|1[t̄,t̄+ǫ] + |qitδσi(t)|1[t̄,t̄+ǫ]dt

)β

+

(∫ T

0
|δσi(t)1[t̄,t̄+ǫ]|2dt

)β

2
]}

≤ Cβ

{
E

[(∫ t̄+ǫ

t̄

(1 + |x̄|+ |ū|+ |u|)2dt
)β

2
]
+ E

[ 2∑

i=1

(∫ T

0
|gzi(t)ptδσi(t)|1[t̄,t̄+ǫ]dt

)β]

+ E

[ 2∑

i=1

(∫ T

0
|qitδσi(t)|1[t̄,t̄+ǫ]dt

)β]}

≤ Cβ

{
E

[ 2∑

i=1

(∫ T

0
|ptδσi(t)|1[t̄,t̄+ǫ]dt

)β]
+ E

[ 2∑

i=1

(∫ T

0
|qitδσi(t)|1[t̄,t̄+ǫ]dt

)β]}
+O(ǫ

β

2 )

≤ Cβ

{
E

[
sup

0≤t≤T

|pt|β
2∑

i=1

(∫ t̄+ǫ

t̄

|δσi(t)|dt
)β]
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+

2∑

i=1

E

[(∫ t̄+ǫ

t̄

|qit|2dt
)β

2
(∫ t̄+ǫ

t̄

|δσi(t)|2dt
)β

2
]}

+O(ǫ
β

2 )

≤ Cβ

{{
E

[
sup

0≤t≤T

|pt|2β
]} 1

2
{
E

[(∫ t̄+ǫ

t̄

(1 + |x̄|+ |ū|+ |u|)dt
)2β]} 1

2

+
2∑

i=1

{
E

[(∫ t̄+ǫ

t̄

|qit|2dt
)β]} 1

2
{
E

[(∫ t̄+ǫ

t̄

(1 + |x̄|+ |ū|+ |u|)2dt
)β]} 1

2
}
+O(ǫ

β

2 )

≤ Cβ

{
ǫβ−

1
2

{
E

[(∫ t̄+ǫ

t̄

(1 + |x̄|2β + |ū|2β + |u|2β)dt
)]} 1

2

+ ǫ
β

2
− 1

2

2∑

i=1

{
E

[(∫ t̄+ǫ

t̄

|qit|2dt
)β]} 1

2

×
{
E

[(∫ t̄+ǫ

t̄

(1 + |x̄|2β + |ū|2β + |u|2β)dt
)]} 1

2
}
+O(ǫ

β

2 )

≤ Cβ

{
ǫβ + ǫ

β

2

2∑

i=1

{
E

[(∫ t̄+ǫ

t̄

|qit|2dt
)β]} 1

2
}
+O(ǫ

β

2 ) ≤ O(ǫ
β

2 ).

The first estimate in (3.19) holds. We continue to use the notations ξ1,ǫt , η1,ǫt , ζ1,1,ǫt , ζ2,1,ǫt , λ1,1,ǫ
(t,e)

and λ2,1,ǫ
(t,e) in (3.3) and let

ξ2,ǫt := xǫt − x̄t − x1t , η2,ǫt := yǫt − ȳt − y1t , ζ i,2,ǫt := zi,ǫt − z̄it − zi,1t ,

λi,2,ǫ
(t,e) := z̃i,ǫ(t,e) − ¯̃zi(t,e) − z̃i,1(t,e), i = 1, 2, Θ(t,∆1(t)1[t̄,t̄+ǫ],∆

2(t)1[t̄,t̄+ǫ])

:= (x̄t, ȳt, z̄
1
t +∆1(t)1[t̄,t̄+ǫ], z̄

2
t +∆2(t)1[t̄,t̄+ǫ], ¯̃z

1
(t,e),

¯̃z2(t,e)),

(3.20)

thus



dξ2,ǫt =
[
b̃ǫ1x(t)ξ

2,ǫ
t + (b̃ǫ1x(t)− b̃1x(t))x

1
t + δb̃1(t)1[t̄,t̄+ǫ]

]
dt

+

2∑

i=1

[
σ̃ǫ
ix(t)ξ

2,ǫ
t + (σ̃ǫ

ix(t)− σix(t))x
1
t

]
dW i

t

+

2∑

i=1

∫

Ei

[
f̃ ǫ
ix(t, e)ξ

2,ǫ
t− + (f̃ ǫ

ix(t, e)− fix(t, e))x
1
t− + δfi(t, e)1O

]
Ñi(de, dt),

dη2,ǫt = −
[
g̃ǫx(t)ξ

2,ǫ
t + g̃ǫy(t)η

2,ǫ
t +

2∑

i=1

g̃ǫzi(t)ζ
i,2,ǫ
t +

2∑

i=1

g̃ǫz̃i(t)

∫

Ei

λi,2,ǫ
(t,e)νi(de) +Aǫ

1(t)
]
dt

+

2∑

i=1

ζ i,2,ǫt dW i
t +

2∑

i=1

∫

Ei

λi,2,ǫ
(t,e)Ñi(de, dt), t ∈ [0, T ],

ξ2,ǫ0 = 0, η2,ǫT = φ̃ǫ
x(T )ξ

2,ǫ
T + (φ̃ǫ

x(T )− φx(x̄T ))x
1
T ,

where b̃ǫ1x(t), σ̃
ǫ
ix(t), f̃

ǫ
ix(t, e), g̃

ǫ
x(t), g̃

ǫ
y(t), g̃

ǫ
zi
(t), g̃ǫ

z̃i
(t) and φ̃ǫ

x(T ) are defined in (3.5), and

Aǫ
1(t) := δg(t)1[t̄,t̄+ǫ] +

[
g̃ǫx(t)− gx(t)

]
x1t +

[
g̃ǫy(t)− gy(t)

]
y1t +

2∑

i=1

[[
g̃ǫzi(t)− gzi(t)

]
zi,1t

+
[
g̃ǫz̃i(t)− gz̃i(t)

] ∫

Ei

z̃i,1(t,e)νi(de) + gzi(t)∆
i(t)1[t̄,t̄+ǫ] + qitδσi(t)1[t̄,t̄+ǫ]

]
.
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By the Lβ-estimate in Section 2, we have

E

[
sup

0≤t≤T

(|ξ2,ǫt |2 + |η2,ǫt |2) +
2∑

i=1

[ ∫ T

0
|ζ i,2,ǫt |2dt+

∫ T

0

∫

Ei

|λi,2,ǫ
(t,e)|2νi(de)dt

]]

≤ CβE

[∣∣(φ̃ǫ
x(T )− φx(x̄T ))x

1
T

∣∣2 +
(∫ T

0
Aǫ

1(t)dt

)2

+

(∫ T

0

∣∣(b̃ǫ1x(t)− b̃1x(t))x
1
t + δb̃1(t)1[t̄,t̄+ǫ]

∣∣dt
)2

+

2∑

i=1

(∫ T

0

∣∣(σ̃ǫ
ix(t)− σix(t))x

1
t

∣∣2dt
)

+

2∑

i=1

(∫ T

0

∫

Ei

∣∣(f̃ ǫ
ix(t, e) − fix(t, e))x

1
t− + δfi(t, e)1O

∣∣2Ni(de, dt)

)]

≤ Cβ

{
E

[∣∣∣∣
∫ 1

0
φx(x̄T + θ(xǫT − x̄T ))− φx(x̄T )dθ

∣∣∣∣
2

|x1T |2
]
+ E

[(∫ T

0
Aǫ

1(t)dt

)2]

+ E

[(∫ T

0
|(b̃ǫ1x(t)− b̃1x(t))x

1
t + δb̃1(t)1[t̄,t̄+ǫ]|dt

)2]

+

2∑

i=1

E

[(∫ T

0
(σ̃ǫ

ix(t)− σix(t))
2|x1t |2dt

)]

+

2∑

i=1

E

[(∫ T

0

∫

Ei

(f̃ ǫ
ix(t, e) − fix(t, e))

2|x1t−|2 + (δfi(t, e))
2
1ONi(de, dt)

)]}

≤ Cβ,T

{[
E sup

0≤t≤T

|ξ1,ǫt |4
] 1

2
[
E sup

0≤t≤T

|x1t |4
]1

2

+ E

[(∫ T

0
Aǫ

1(t)dt

)2]

+ E

[(∫ T

0
(|ξ1,ǫt |2 + |δb̃1x(t)|21[t̄,t̄+ǫ])|x1t |2dt+ ǫ

∫ t̄+ǫ

t̄

|δb̃1(t)|2dt
)]

+
2∑

i=1

E

[(∫ T

0
(|ξ1,ǫt |2 + |δσix(t)|21[t̄,t̄+ǫ])|x1t |2dt

)]

+
2∑

i=1

E

[(∫ T

0

∫

Ei

(|ξ1,ǫt− |2 + |δfix(t, e)|21O)|x1t−|2 + (δfi(t, e))
2
1ONi(de, dt)

)]}

≤ Cβ,T

{
ǫ2 + E

[(∫ T

0
Aǫ

1(t)dt

)2]
+

2∑

i=1

E

[
sup

0≤t≤T

|x1t |2
∫ t̄+ǫ

t̄

|δσix(t)|2dt
]

+ E

[
sup

0≤t≤T

|ξ1,ǫt |2 sup
0≤t≤T

|x1t |2 + sup
0≤t≤T

|x1t |2
∫ t̄+ǫ

t̄

|δb̃1x(t)|2dt+ ǫ

∫ t̄+ǫ

t̄

|δb̃1(t)|2dt
]

+

2∑

i=1

E

[(∫ T

0

∫

Ei

|x1t−|2|δfix(t, e)|21O + (δfi(t, e))
2
1ONi(de, dt)

)]}

≤ Cβ,T

{
ǫ2 + E

[(∫ T

0
Aǫ

1(t)dt

)2]
+ ǫE

[
sup

0≤t≤T

|x1t |2
]

+

[
E

[
sup

0≤t≤T

|ξ1,ǫt |4
]] 1

2
[
E

[
sup

0≤t≤T

|x1t |4
]] 1

2

+ ǫE

[ ∫ t̄+ǫ

t̄

(1 + |x̄|2 + |ū|2 + |u|2)dt
]}
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≤ Cβ,T

{
ǫ2 + E

[(∫ T

0
Aǫ

1(t)dt

)2]}
.

Next, we give the estimate of E
[( ∫ T

0 Aǫ
1(t)dt

)2]
. In fact, by (A1), we first have

E

[(∫ T

0
x1t (g̃

ǫ
x(t)− gx(t))dt

)2]
≤

{
E

[
sup

0≤t≤T

|x1t |4
]} 1

2
{
E

[(∫ T

0
(g̃ǫx(t)− gx(t))dt

)4]} 1
2

≤ ǫ

{
E

[(∫ T

0
g̃ǫxx(t)ξ

1,ǫ
t + g̃ǫxy(t)η

1,ǫ
t +

2∑

i=1

[
g̃ǫxzi(t)ζ

i,1,ǫ
t + g̃ǫxz̃i(t)

∫

Ei

λi,1,ǫ
(t,e)νi(de)

]

+ δgx(t)1[t̄,t̄+ǫ]dt

)4]} 1
2

≤ ǫC

{
E

[(∫ T

0
ξ1,ǫt + η1,ǫt +

2∑

i=1

[
ζ i,1,ǫt +

∫

Ei

λi,1,ǫ
(t,e)νi(de)

]
+ δgx(t)1[t̄,t̄+ǫ]dt

)4]} 1
2

≤ ǫC

{
E

[
sup

0≤t≤T

(
|ξ1,ǫt |4 + |η1,ǫt |4

)
+

2∑

i=1

[(∫ T

0
|ζ i,1,ǫt |2dt

)2

+

(∫ T

0
||λi,1,ǫ

(t,e)||
2dt

)2]

+ ǫ2
(∫ t̄+ǫ

t̄

|δgx(t)|2dt
)2]} 1

2

≤ ǫC

{
ǫ2 + ǫ4 +

2∑

i=1

E

[(∫ T

0
|ζ i,1,ǫt |2dt

)2

+

(∫ T

0

∫

Ei

|λi,1,ǫ
(t,e)|

2νi(de)dt

)2]} 1
2

≤ O(ǫ2),

where

g̃ǫxa(t) =

∫ 1

0

∫ 1

0
θgxa(t, Θ̄ + λθ(Θǫ − Θ̄), uǫ)dλdθ, a = x, y, z1, z2, z̃1, z̃2,

and g̃ǫya(t), g̃
ǫ
z1a

(t), g̃ǫ
z2a

(t), g̃ǫ
z̃1a

(t), g̃ǫ
z̃2a

(t), for a = x, y, z1, z2, z̃1, z̃2 are defined similarly. More-

over, we have, for i=1,2,

E

[(∫ T

0
zi,1t (g̃ǫzi(t)− gzi(t))dt

)2]
≤ E

[(∫ T

0
|zi,1t |2dt

)(∫ T

0
|(g̃ǫzi(t)− gzi(t))|2dt

)]

≤
{
E

[(∫ T

0
|zi,1t |2dt

)2]} 1
2
{
E

[(∫ T

0
|(g̃ǫzi(t)− gzi(t))|2dt

)2]} 1
2

≤ ǫ

{
E

[(∫ T

0
|(g̃ǫzi(t)− gzi(t))|2dt

)2]} 1
2

≤ O(ǫ2),

and similarly,

E

[(∫ T

0
y1t (g̃

ǫ
y(t)− gy(t))dt

)2]
≤ O(ǫ2),

E

[(∫ T

0

∫

Ei

z̃i,1
(t,e)

νi(de)(g̃
ǫ
z̃i(t)− gz̃i(t))dt

)2]
≤ O(ǫ2), i = 1, 2.
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And

E

[(∫ T

0
gzi(t)ptδσi(t)1[t̄,t̄+ǫ]dt

)2]
≤ E

[
sup

0≤t≤T

|pt|2
(∫ t̄+ǫ

t̄

δσi(t)dt

)2]

≤
{
E

[
sup

0≤t≤T

|pt|4
]} 1

2
{
E

[(∫ t̄+ǫ

t̄

(1 + |x̄|+ |ū|+ |u|)dt
)4]} 1

2

≤ ǫ
3
2C

{
E

[(∫ t̄+ǫ

t̄

(1 + |x̄|4 + |ū|4 + |u|4)dt
)]} 1

2

≤ O(ǫ2), i = 1, 2,

and similarly,

E

[(∫ T

0
δg(t)1[t̄,t̄+ǫ]dt

)2]
≤ O(ǫ2).

However, we only have, for i=1,2,

E

[(∫ T

0
qitδσi(t)1[t̄,t̄+ǫ]dt

)2]

≤ ǫ
1
2

{
E

[(∫ t̄+ǫ

t̄

|qit|2dt
)2]} 1

2
{
E

[(∫ t̄+ǫ

t̄

(1 + |x̄|4 + |ū|4 + |u|4)dt
)]} 1

2

≤ o(ǫ).

Thus, we get the second estimate in (3.19). The third estimate in (3.19) can be proved similarly.

The proof is complete.

Lemma 3.3. Suppose that (A1) holds, then for β ≥ 2, we have the following estimates:

E

[
sup

0≤t≤T

(|x2t |2 + |y2t |2) +
2∑

i=1

[ ∫ T

0
|zi,2t |2dt+

∫ T

0

∫

Ei

|z̃i,2(t,e)|
2νi(de)dt

]]
= o(ǫ),

E

[
sup

0≤t≤T

(|x2t |β + |y2t |β) +
2∑

i=1

[(∫ T

0
|zi,2t |2dt

)β

2

+

(∫ T

0

∫

Ei

|z̃i,2(t,e)|
2νi(de)dt

) β

2
]]

= o(ǫ
β

2 ),

E

[
sup

0≤t≤T

|xǫt − x̄t − x1t − x2t |2 + sup
0≤t≤T

|yǫt − ȳt − y1t − y2t |2 +
2∑

i=1

[ ∫ T

0
|zi,ǫt − z̄it − zi,1t − zi,2t |2dt

+

∫ T

0

∫

Ei

|z̃i,ǫ(t,e) − ¯̃zi(t,e) − z̃i,1(t,e) − z̃i,2(t,e)|
2νi(de)dt

]]
= o(ǫ2).

(3.21)

Proof. We can use the same technique in Lemma 3.2, to obtain the first estimate. How-

ever, we should note that we fail to make the order reach O(ǫ2) due to the appearance of

E
[( ∫ T

0 qitδσi(t)1[t̄,t̄+ǫ]dt
)2]

term, and so does the second estimate. Then, we give the proof of

the third estimate directly. Let

ξ3,ǫt := xǫt − x̄t − x1t − x2t , η3,ǫt := yǫt − ȳt − y1t − y2t ,

ζ i,3,ǫt := zi,ǫt − z̄it − zi,1t − zi,2t , λi,3,ǫ
(t,e) := z̃i,ǫ(t,e) − ¯̃zi(t,e) − z̃i,1(t,e) − z̃i,2(t,e), i = 1, 2,

(3.22)

64



and recall that ξ1,ǫt , η1,ǫt , ζ i,1,ǫt , λi,1,ǫ
(t,e), ξ

2,ǫ
t , η2,ǫt , ζ i,2,ǫt and λi,2,ǫ

(t,e), i = 1, 2 are defined in (3.20). Fur-

ther, we define

Υ̃ǫ
xx(t) := 2

∫ 1

0

∫ 1

0
θΥxx(t, x̄+ λθ(xǫ − x̄), uǫ)dλdθ, for Υ = b̃1, σ1, σ2, f1, f2,

D̃2g
ǫ
(t) := 2

∫ 1

0

∫ 1

0
θD2g(t,Θ(t,∆1

1[t̄,t̄+ǫ],∆
2
1[t̄,t̄+ǫ]) + λθ(Θǫ −Θ(t,∆1

1[t̄,t̄+ǫ],

∆2
1[t̄,t̄+ǫ])), u

ǫ)dλdθ,

and φ̃ǫ
xx(T ) := 2

∫ 1
0

∫ 1
0 θφxx(x̄T + λθ(xǫT − x̄T ))dλdθ, then we have the following equation:





dξ3,ǫt =
[
b̃1x(t)ξ

3,ǫ
t +Bǫ

1(t)
]
dt+

2∑

i=1

[
σix(t)ξ

3,ǫ
t + Cǫ

i1(t)
]
dW i

t

+

2∑

i=1

∫

Ei

[
fix(t, e)ξ

3,ǫ
t− +Dǫ

i1(t, e)
]
Ñi(de, dt),

dη3,ǫt = −
{
gx(t)ξ

3,ǫ
t + gy(t)η

3,ǫ
t +

2∑

i=1

[
gzi(t)ζ

i,3,ǫ
t + gz̃i(t)

∫

Ei

λi,3,ǫ
(t,e)νi(de)

]
+Aǫ

2(t)
}
dt

+

2∑

i=1

ζ i,3,ǫt dW i
t +

2∑

i=1

∫

Ei

λi,3,ǫ
(t,e)Ñi(de, dt), t ∈ [0, T ],

ξ3,ǫ0 = 0, η3,ǫT = φx(x̄T )ξ
3,ǫ
T +

1

2
φ̃ǫ
xx(T )(ξ

1,ǫ
T )2 − 1

2
φxx(x̄T )(x

1
T )

2,

(3.23)

where

Bǫ
1(t) := δb̃1x(t)ξ

1,ǫ
t 1[t̄,t̄+ǫ] +

1

2
b̃ǫ1xx(t)|ξ1,ǫt |2 − 1

2
b̃1xx(t)(x

1
t )

2,

Cǫ
i1(t) := δσix(t)ξ

2,ǫ
t 1[t̄,t̄+ǫ] +

1

2
σ̃ǫ
ixx(t)|ξ1,ǫt |2 − 1

2
σixx(t)(x

1
t )

2,

Dǫ
i1(t, e) := δfix(t, e)ξ

1,ǫ
t 1O +

1

2
f̃ ǫ
ixx(t, e)|ξ1,ǫt |2 − 1

2
fixx(t, e)(x

1
t )

2 + δfi(t, e)1O,

Aǫ
2(t) :=

{
δgx(t,∆

1,∆2)ξ1,ǫt + δgy(t,∆
1,∆2)η1,ǫt +

2∑

i=1

[
δgzi(t,∆

1,∆2)(ζ i,1,ǫt −∆i(t)1[t̄,t̄+ǫ])

+ δgz̃i(t,∆
1,∆2)

∫

Ei

λi,1,ǫ
(t,e)νi(de)

]}
1[t̄,t̄+ǫ] +

1

2
Ξ̌(t)D̃2g

ǫ
(t)Ξ̌(t)⊤ − 1

2
Ξ̃(t)D2g(t)Ξ̃(t)⊤,

Ξ̌(t) :=
[
ξ1,ǫt , η1,ǫt , ζ1,1,ǫt −∆1(t)1[t̄,t̄+ǫ], ζ

2,1,ǫ
t −∆2(t)1[t̄,t̄+ǫ],

∫

E1

λ1,1,ǫ
(t,e)ν1(de),

∫

E2

λ2,1,ǫ
(t,e)ν2(de)

]
.

By the Lβ-estimate of FBSDEP in Section 2, we have

E

[
sup

0≤t≤T

(|ξ3,ǫt |2 + |η3,ǫt |2) +
2∑

i=1

[ ∫ T

0
|ζ i,3,ǫt |2dt+

∫ T

0

∫

Ei

|λi,3,ǫ
(t,e)|2νi(de)dt

]]

≤ CE

[∣∣∣∣
1

2
φ̃ǫ
xx(T )(ξ

1,ǫ
T )2 − 1

2
φxx(x̄T )(x

1
T )

2

∣∣∣∣
2

+

(∫ T

0
Aǫ

2(t)dt

)2

+

(∫ T

0
Bǫ

1(t)dt

)2
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+

2∑

i=1

(∫ T

0
|Cǫ

i1(t)|2dt
)
+

2∑

i=1

(∫ T

0

∫

Ei

|Dǫ
i1(t, e)|2Ni(de, dt)

)]

≤ CE

[∣∣∣∣
1

2
φ̃ǫ
xx(T )

[
(ξ1,ǫT )2 − (x1T )

2
]
+

1

2

[
φ̃ǫ
xx(T )− φxx(x̄T )

]
(x1T )

2

∣∣∣∣
2

+

(∫ T

0
Aǫ

2(t)dt

)2

+

(∫ T

0
Bǫ

1(t)dt

)2

+

2∑

i=1

[(∫ T

0
|Cǫ

i1(t)|2dt
)
+

(∫ T

0

∫

Ei

|Dǫ
i1(t, e)|2Ni(de, dt)

)]]

≤ C

{
E

[∣∣∣∣
1

2
φ̃ǫ
xx(T )ξ

2,ǫ
T (ξ1,ǫT + x1T ) +

1

2

[
φ̃ǫ
xx(T )− φxx(x̄T )

]
(x1T )

2

∣∣∣∣
2

+

(∫ T

0
Aǫ

2(t)dt

)2

+

(∫ T

0
Bǫ

1(t)dt

)2

+
2∑

i=1

[(∫ T

0
|Cǫ

i1(t)|2dt
)
+

(∫ T

0

∫

Ei

|Dǫ
i1(t, e)|2Ni(de, dt)

)]]}

≤ C

{
E

[
|ξ2,ǫT |2|ξ1,ǫT + x1T |2

]
+ E

[
[φ̃ǫ

xx(T )− φxx(x̄T )]
2(x1T )

4

]
+ E

[(∫ T

0
Aǫ

2(t)dt

)2

+

(∫ T

0
Bǫ

1(t)dt

)2

+

2∑

i=1

[(∫ T

0
|Cǫ

i1(t)|2dt
)
+

(∫ T

0

∫

Ei

|Dǫ
i1(t, e)|2Ni(de, dt)

)]]}

≤ C

{{
E

[
sup

0≤t≤T

|ξ2,ǫt |4
]} 1

2
{
E

[
sup

0≤t≤T

|ξ1,ǫt + x1t |4
]} 1

2

+

{
E

[
[φ̃ǫ

xx(T )− φxx(x̄T )]
4

]} 1
2
{
E

[
sup

0≤t≤T

|x1t |8
]} 1

2

+ E

[(∫ T

0
Aǫ

2(t)dt

)2

+

(∫ T

0
Bǫ

1(t)dt

)2

+

2∑

i=1

[(∫ T

0
|Cǫ

i1(t)|2dt
)
+

(∫ T

0

∫

Ei

|Dǫ
i1(t, e)|2Ni(de, dt)

)]]}

≤ C

{
o(ǫ2) + E

[(∫ T

0
Aǫ

2(t)dt

)2

+

(∫ T

0
Bǫ

1(t)dt

)2

+

2∑

i=1

[(∫ T

0
|Cǫ

i1(t)|2dt
)

+

(∫ T

0

∫

Ei

|Dǫ
i1(t, e)|2Ni(de, dt)

)]}
.

(3.24)

Next, we need to give the estimate of E
[( ∫ T

0 Aǫ
2(t)dt

)2]
. In fact,

E

[(∫ T

0
Aǫ

2(t)dt

)2]
= E

[(∫ T

0

[
δgx(t,∆

1,∆2)ξ1,ǫt + δgy(t,∆
1,∆2)η1,ǫt

+

2∑

i=1

[
δgzi(t,∆

1,∆2)(ζ i,1,ǫt −∆i(t)1[t̄,t̄+ǫ]) + δgz̃i(t,∆
1,∆2)

∫

Ei

λi,1,ǫ
(t,e)νi(de)

]]
1[t̄,t̄+ǫ]

+
1

2
Ξ̌(t)D̃2g

ǫ
(t)Ξ̌(t)⊤ − 1

2
Ξ̃(t)D2g(t)Ξ̃(t)⊤dt

)2]
.

(3.25)
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We divide the right hand of (3.25) into several parts to get the following estimates:

E

[(∫ T

0
δgx(t,∆

1,∆2)ξ1,ǫt 1[t̄,t̄+ǫ]dt

)2]
≤ CE

[(∫ t̄+ǫ

t̄

ξ1,ǫt dt

)2]
≤ Cǫ2E

[
sup

0≤t≤T

|ξ1,ǫt |2
]
≤ o(ǫ2),

E

[(∫ T

0
δgzi(t,∆

1,∆2)(ζ i,1,ǫt −∆i(t)1[t̄,t̄+ǫ])1[t̄,t̄+ǫ]dt

)2]

≤ CE

[(∫ t̄+ǫ

t̄

|δgzi(t,∆1,∆2)||(ζ i,2,ǫt + ki1(t)x
1
t )|dt

)2]
≤ CE

[(∫ t̄+ǫ

t̄

|ζ i,2,ǫt + ki1(t)x
1
t |dt

)2]

≤ CǫE

[(∫ t̄+ǫ

t̄

|ζ i,2,ǫt |2dt
)]

+ CǫE

[
sup

0≤t≤T

|x1t |2
(∫ t̄+ǫ

t̄

|ki1(t)|2dt
)]

≤ CǫE

[(∫ T

0
|ζ i,2,ǫt |2dt

)]
+ Cǫ

{
E

[
sup

0≤t≤T

|x1t |4
]} 1

2
{
E

[(∫ t̄+ǫ

t̄

|ki1(t)|2dt
)2]} 1

2

≤ o(ǫ2),

and similarly,

E

[(∫ T

0
δgy(t,∆

1,∆2)η1,ǫt 1[t̄,t̄+ǫ]dt

)2]
≤ o(ǫ2)

E

[(∫ T

0
δgz̃i(t,∆

1,∆2)

∫

Ei

λi,1,ǫ
(t,e)νi(de)1[t̄,t̄+ǫ]dt

)2]
≤ o(ǫ2), i = 1, 2.

Then we consider the last part of (3.25) as follows. In which, we have

E

[(∫ T

0
g̃ǫz1z1(t)[ζ

1,1,ǫ
t −∆1(t)1[t̄,t̄+ǫ]]

2 − gz1z1(t)[z
1,1
t −∆1(t)1[t̄,t̄+ǫ]]

2dt

)2]

≤ E

[(∫ T

0
g̃ǫz1z1(t)

[
(ζ1,1,ǫt −∆1(t)1[t̄,t̄+ǫ])

2 − (z1,1t −∆1(t)1[t̄,t̄+ǫ])
2
]

+ (g̃ǫz1z1(t)− gz1z1(t))
[
z1,1t −∆1(t)1[t̄,t̄+ǫ]

]2
dt

)2]

≤ E

[(∫ T

0
g̃ǫz1z1(t)ζ

1,2,ǫ
t

[
ζ1,2,ǫt + 2k11(t)x

1
t

]
+ (g̃ǫz1z1(t)− gz1z1(t))

[
k11(t)x

1
t

]2
dt

)2]

≤ CE

[(∫ T

0
g̃ǫz1z1(t)ζ

1,2,ǫ
t

[
ζ1,2,ǫt + 2k11(t)x

1
t

]
dt

)2

+

(∫ T

0
(g̃ǫz1z1(t)− gz1z1(t))

[
k11(t)x

1
t

]2
dt

)2]

≤ CE

[(∫ T

0
ζ1,2,ǫt

[
ζ1,2,ǫt + 2k11(t)x

1
t

]
dt

)2]

+ E

[
sup

0≤t≤T

|x1t |4
(∫ T

0
(g̃ǫz1z1(t)− gz1z1(t))|k11(t)|2dt

)2]

≤ CE

[(∫ T

0
|ζ1,2,ǫt |2dt

)2]
+ CE

[(∫ T

0
ζ1,2,ǫt k11(t)x

1
t dt

)2]

+ E

[
sup

0≤t≤T

|x1t |4
(∫ T

0
(g̃ǫz1z1(t)− gz1z1(t))|k11(t)|2dt

)2]

67



≤ o(ǫ2) + CE

[
sup

0≤t≤T

|x1t |2
(∫ T

0
ζ1,2,ǫt k11(t)dt

)2]

+ E

[
sup

0≤t≤T

|x1t |4
(∫ T

0
(g̃ǫz1z1(t)− gz1z1(t))|k11(t)|2dt

)2]

≤ o(ǫ2) + CE

[
sup

0≤t≤T

|x1t |2
(∫ T

0
|ζ1,2,ǫt |2dt

)(∫ T

0
|k11(t)|2dt

)]

+

{
E

[
sup

0≤t≤T

|x1t |8
]} 1

2
{
E

[(∫ T

0
(g̃ǫz1z1(t)− gz1z1(t))|k11(t)|2dt

)4]} 1
2

≤ o(ǫ2) +

{
E

[
sup

0≤t≤T

|x1t |6
]} 1

3
{
E

[(∫ T

0
|ζ1,2,ǫt |2dt

)2]} 1
2
{
E

[(∫ T

0
|k11(t)|2dt

)6]} 1
6

+ ǫ2
{
E

[(∫ T

0
(g̃ǫz1z1(t)− gz1z1(t))|k11(t)|2dt

)4]} 1
2

≤ o(ǫ2),

and similarly, we have

E

[(∫ T

0
g̃ǫxx(t)|ξ1,ǫt |2 − gxx(t)|x1t |2dt

)2]
≤ o(ǫ2)

E

[(∫ T

0
g̃ǫyy(t)|η1,ǫt |2 − gyy(t)|y1t |2dt

)2]
≤ o(ǫ2)

E

[(∫ T

0
g̃ǫz̃iz̃i(t)

∣∣∣∣
∫

Ei

λi,1,ǫ
(t,e)νi(de)

∣∣∣∣
2

− gz̃iz̃i(t)

∣∣∣∣
∫

Ei

z̃i,1(t,e)νi(de)

∣∣∣∣
2

dt

)2]
≤ o(ǫ2), i = 1, 2,

and the other cross terms have the same estimate.

Then, we give the estimates of E
[( ∫ T

0 Bǫ
1(t)dt

)2]
, E

[( ∫ T

0 |Cǫ
i1(t)|2dt

)]
and

E
( ∫ T

0

∫
Ei
|Dǫ

i1(t, e)|2Ni(de, dt)
)
, respectively. In fact, we have

E

[(∫ T

0
Bǫ

1(t)dt

)2]
= E

[(∫ T

0
δb̃1x(t)ξ

1,ǫ
t 1[t̄,t̄+ǫ] +

1

2
b̃ǫ1xx(t)|ξ1,ǫt |2 − 1

2
b̃1xx(t)|x1t |2dt

)2]

≤ CE

[(∫ T

0
δb̃1x(t)ξ

1,ǫ
t 1[t̄,t̄+ǫ]dt

)2]

+ CE

[(∫ T

0

1

2
b̃ǫ1xx(t)(|ξ1,ǫt |2 − |x1t |2) +

1

2
(b̃ǫ1xx(t)− b̃1xx(t))|x1t |2dt

)2]

≤ CE

[
sup

0≤t≤T

|ξ1,ǫt |2
(∫ t̄+ǫ

t̄

δb̃1x(t)dt

)2]
+ CE

[(∫ T

0

1

2
b̃ǫ1xx(t)ξ

2,ǫ
t (ξ1,ǫt + x1t )dt

)2]

+ CE

[(∫ T

0

1

2
(b̃ǫ1xx(t)− b̃1xx(t))|x1t |2dt

)2]

≤ Cǫ2E

[
sup

0≤t≤T

|ξ1,ǫt |2
]
+ CE

[
sup

0≤t≤T

|ξ2,ǫt |2 sup
0≤t≤T

(ξ1,ǫt + x1t )
2

]

+ CE

[
sup

0≤t≤T

|x1t |4
(∫ T

0

1

2
(b̃ǫ1xx(t)− b̃1xx(t))dt

)2]
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≤ o(ǫ2) + C

{
E

[
sup

0≤t≤T

|ξ2,ǫt |4
]} 1

2
{
E

[
sup

0≤t≤T

(ξ1,ǫt + x1t )
4

]} 1
2

+

{
E

[
sup

0≤t≤T

|x1t |8
]} 1

2
{
E

[(∫ T

0

1

2
(b̃ǫ1xx(t)− b̃1xx(t))dt

)4]} 1
2

≤ o(ǫ2),

E

[(∫ T

0
|Cǫ

i1(t)|2dt
)]

= E

[(∫ T

0
|δσix(t)ξ2,ǫt 1[t̄,t̄+ǫ] +

1

2
σ̃ǫ
ixx(t)|ξ1,ǫt |2 − 1

2
σixx(t)(x

1
t )

2|2dt
)]

≤ CE

[(∫ T

0
|δσix(t)|2|ξ2,ǫt |21[t̄,t̄+ǫ] + |1

2
σ̃ǫ
ixx(t)(|ξ1,ǫt |2 − |x1t |2) +

1

2
(σ̃ǫ

ixx(t)− σixx(t))(x
1
t )

2|2dt
)]

≤ CE

[ ∫ t̄+ǫ

t̄

|δσix(t)|2|ξ2,ǫt |2dt
]

+ CE

[(∫ T

0
|1
2
σ̃ǫ
ixx(t)(|ξ1,ǫt |2 − |x1t |2)|2 + |1

2
(σ̃ǫ

ixx(t)− σixx(t))(x
1
t )

2|2dt
)]

≤ CǫE

[
sup

0≤t≤T

|ξ2,ǫt |2
]
+CE

[(∫ T

0
|ξ2,ǫt |2(ξ1,ǫt + x1t )

2dt

)]

+ CE

[
sup

0≤t≤T

|x1t |4
∫ T

0
(σ̃ǫ

ixx(t)− σixx(t))
2dt

]
≤ o(ǫ2),

and

E

[(∫ T

0

∫

Ei

|Dǫ
i1(t, e)|2Ni(de, dt)

)]

= E

[(∫ T

0

∫

Ei

|δfix(t, e)ξ1,ǫt−1O +
1

2
f̃ ǫ
ixx(t, e)|ξ1,ǫt− |2 − 1

2
fixx(t, e)(x

1
t−)

2 + δfi(t, e)1O|2Ni(de, dt)

)]

≤ E

[(∫ T

0

∫

Ei

|δfix(t, e)ξ1,ǫt−1O +
1

2
f̃ ǫ
ixx(t, e)(|ξ1,ǫt− |2 − |x1t−|2)

+
1

2
(f̃ ǫ

ixx(t, e)− fixx(t, e))(x
1
t−)

2 + δfi(t, e)1O|2Ni(de, dt)

)]

≤ E

[(∫ T

0

∫

Ei

|δfix(t, e)|2|ξ1,ǫt− |21O +
∣∣∣1
2
f̃ ǫ
ixx(t, e)(|ξ1,ǫt− |2 − |x1t−|2)

∣∣∣
2

+
∣∣∣1
2
(f̃ ǫ

ixx(t, e) − fixx(t, e))(x
1
t−)

2
∣∣∣
2
+ |δfi(t, e)|21ONi(de, dt)

)]

≤ E

[ ∫ T

0

∫

Ei

E

[
|ξ2,ǫt− |2(ξ1,ǫt− + x1t−)

2 + (f̃ ǫ
ixx(t, e) − fixx(t, e))

2(x1t−)
4

∣∣∣∣P ⊗ B(Ei)
]
νi(de)dt

]

≤ E

[
sup

0≤t≤T

|ξ2,ǫt |2 sup
0≤t≤T

|ξ1,ǫt + x1t |2
]

+ E

[
sup

0≤t≤T

|x1t |4
∫ T

0

∫

Ei

E

[
(f̃ ǫ

ixx − fixx)
2

∣∣∣∣P ⊗ B(Ei)
]
νi(de)dt

]
≤ o(ǫ2).

Thus, from (3.24), the third estimate in (3.21) holds. The proof is complete.

Then we give the variation equation for Γ̃ and its estimates. For simplicity, we rewrite
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reduced (2.7) as follows:





dΓ̃u
t = b̃2(t, x

u
t , Γ̃

u
t , ut)dW

2
t +

∫

E2

f4(t, x
u
t−, Γ̃

u
t−, e)Ñ2(de, dt), t ∈ [0, T ],

Γ̃u
0 = 1,

(3.26)

where
b̃2(t, x

u
t , Γ̃

u
t , ut) := Γ̃u

t σ
−1
3 (t)b2(t, x

u
t , ut),

f4(t, x
u
t−, Γ̃

u
t−, e) := Γ̃u

t−(λ(t, x
u
t−, e)− 1).

Similarly, we first have the following results.

Lemma 3.4. For the solution Γ̃ to (3.26), we have

E

[
sup

0≤t≤T

|Γ̃u
t |β

]
< ∞, ∀β ∈ R, u ∈ Uad[0, T ],

and for any β ≥ 2,

E

[
sup

0≤t≤T

|xut |β
]
≤ C

(
1 + sup

0≤t≤T

E
[
|ut|β

])
, E

[
sup

0≤t≤T

|yut |β
]
≤ C

(
1 + sup

0≤t≤T

E
[
|ut|β

])
,

E

[ 2∑

i=1

(∫ T

0
|zi,ut |2dt

)β

2

+
2∑

i=1

(∫ T

0

∫

Ei

|z̃i,ut |2νi(de)dt
) β

2
]
≤ C

(
1 + sup

0≤t≤T

E
[
|ut|β

])
.

From this, the expansions for b̃2, f4 are given as follows:

b̃2(t, x
ǫ
t , Γ̃

ǫ
t , u

ǫ
t)− b̃2(t) = b̃2x(t)(x

1
t + x2t ) + b̃2Γ̃(t)(Γ̃

1
t + Γ̃2

t ) +
1

2

[
x1t , Γ̃

1
t

]
D2b̃2(t)

[
x1t , Γ̃

1
t

]⊤

+ δb̃2(t)1[t̄,t̄+ǫ] + δb̃2x(t)x
1
t1[t̄,t̄+ǫ] + δb̃2Γ̃(t)Γ̃

1
t1[t̄,t̄+ǫ] + o(ǫ),

f4(t, x
ǫ
t , Γ̃

ǫ
t , e)− f4(t, e) = f4x(t, e)(x

1
t + x2t ) + f4Γ̃(t, e)(Γ̃

1
t + Γ̃2

t )

+
1

2

[
x1t , Γ̃

1
t

]
D2f4(t, e)

[
x1t , Γ̃

1
t

]⊤
+ o(ǫ).

Then we have





dΓ̃1
t =

[
b̃2x(t)x

1
t + b̃2Γ̃(t)Γ̃

1
t + δb̃2(t)1[t̄,t̄+ǫ]

]
dW 2

t +

∫

E2

[
f4x(t, e)x

1
t− + f4Γ̃(t, e)Γ̃

1
t−

]
Ñ2(de, dt),

dΓ̃2
t =

[
b̃2x(t)x

2
t + b̃2Γ̃(t)Γ̃

2
t +

1

2

[
x1t , Γ̃

1
t

]
D2b̃2(t)

[
x1t , Γ̃

1
t

]⊤
+ δb̃2x(t)x

1
t1[t̄,t̄+ǫ]

+ δb̃2Γ̃(t)Γ̃
1
t1[t̄,t̄+ǫ]

]
dW 2

t +

∫

E2

[
f4x(t, e)x

2
t− + f4Γ̃(t, e)Γ̃

2
t−

+
1

2
[x1t−, Γ̃

1
t−]D

2f4(t, e)[x
1
t−, Γ̃

1
t−]

⊤
]
Ñ2(de, dt), t ∈ [0, T ],

Γ̃1
0 = 0, Γ̃2

0 = 0,

and the following result holds.
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Lemma 3.5. For β ≥ 2, by (A1), we have

E

[
sup

0≤t≤T

|Γ̃1
t |β

]
= O(ǫ

β

2 ), E

[
sup

0≤t≤T

|Γ̃2
t |β

]
= O(ǫβ),

E

[
sup

0≤t≤T

|Γ̃ǫ
t − ¯̃Γt − Γ̃1

t |2
]
= O(ǫ2), E

[
sup

0≤t≤T

|Γ̃ǫ
t − ¯̃Γt − Γ̃1

t − Γ̃2
t |2

]
= o(ǫ2).

3.4 Adjoint equations and the maximum principle

Let l̃(t,Θu(t), Γ̃u
t , ut) := Γ̃u

t l(t,Θ
u(t), ut), Φ̃(xuT , Γ̃

u
T ) := Γ̃u

TΦ(x
u
T ), and the cost functional (3.2)

can be rewritten as

J(u) = E

{∫ T

0
l̃
(
t,Θu(t), Γ̃u

t , ut
)
dt+ Φ̃(xuT , Γ̃

u
T ) + Γ(yu0 )

}
. (3.27)

Therefore, the expansion of l̃, Φ̃ and Γ can be given as:

l̃
(
t, xǫt, y

ǫ
t , z

1,ǫ
t , z2,ǫt , z̃1,ǫ(t,e), z̃

2,ǫ
(t,e), Γ̃

ǫ
t , u

ǫ
t

)
− l̃(t)

= l̃x(t)(x
1
t + x2t ) + l̃y(t)(y

1
t + y2t ) +

2∑

i=1

[
l̃zi(t)(z

i,1′

t + zi,2t ) + l̃z̃i(t)

∫

Ei

(z̃i,1(t,e) + z̃i,2(t,e))νi(de)

]

+
1

2
χ(t)D2 l̃(t)χ(t)⊤ + l̃Γ̃(t)(Γ̃

1
t + Γ̃2

t ) + δl̃(t,∆1,∆2)1[t̄,t̄+ǫ] + o(ǫ),

Φ̃(xǫT , Γ̃
ǫ
T )− Φ̃(x̄T ,

¯̃ΓT )

= Φ̃x(x̄T ,
¯̃ΓT )(x

1
T + x2T ) + Φ̃Γ̃(x̄T ,

¯̃ΓT )(Γ̃
1
T + Γ̃2

T ) +
1

2

[
x1T , Γ̃

1
T

]
D2Φ̃(T )

[
x1T , Γ̃

1
T

]⊤
+ o(ǫ),

Γ(yǫ0)− Γ(ȳ0) = Γy(ȳ0)(y
1
0 + y20) +

1

2
Γyy(ȳ0)(y

1
0)

2 + o(ǫ),

where χ(t) =
[
x1t , y

1
t , z

1,1′

t , z2,1
′

t ,
∫
E1

z̃1,1(t,e)ν1(de),
∫
E2

z̃2,1(t,e)ν2(de), Γ̃
1
t

]
. Then the expansion of cost

functional (3.27) is given by

J(uǫ)− J(ū) = E

{∫ T

0

[
l̃x(t)(x

1
t + x2t ) + l̃Γ̃(t)(Γ̃

1
t + Γ̃2

t ) + l̃y(t)(y
1
t + y2t )

+
2∑

i=1

l̃zi(t)(z
i,1′

t + zi,2t ) +
2∑

i=1

l̃z̃i(t)

∫

Ei

(z̃i,1
(t,e)

+ z̃i,2
(t,e)

)νi(de) +
1

2
χ(t)D2 l̃(t)χ(t)⊤

+ δl̃(t,∆1,∆2)1[t̄,t̄+ǫ]

]
dt+ Φ̃x(x̄T ,

¯̃ΓT )(x
1
T + x2T ) + Φ̃Γ̃(x̄T ,

¯̃ΓT )(Γ̃
1
T + Γ̃2

T )

+
1

2

[
x1T , Γ̃

1
T

]
D2Φ̃(T )

[
x1T , Γ̃

1
T

]⊤
+ Γy(ȳ0)(y

1
0 + y20) +

1

2
Γyy(ȳ0)(y

1
0)

2

}
+ o(ǫ).

(3.28)

Then we introduce the new adjoint equations for x1+x2, y1+ y2, z1,1+ z1,2, z2,1+ z2,2, z̃1,1+
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z̃1,2, z̃2,1 + z̃2,2 and Γ̃1 + Γ̃2:




dht =
[
l̃y(t) + htgy(t)

]
dt+

2∑

i=1

[
l̃zi(t) + htgzi(t)

]
dW i

t

+

2∑

i=1

∫

Ei

[
l̃z̃i(t) + ht−gz̃i(t)

]
Ñi(de, dt),

−drt =

[
l̃Γ̃(t) + s2t b̃2Γ̃ +

∫

E2

E2

[
f4Γ̃(t, e)|P ⊗ B(E2)

]
s̃2(t,e)ν2(de)

]
dt

−
2∑

i=1

sitdW
i
t −

2∑

i=1

∫

Ei

s̃i(t,e)Ñi(de, dt),

h0 = Γy(ȳ0), rT = Φ̃Γ̃(x̄T ,
¯̃ΓT ),

(3.29)





−dmt =

[
l̃x(t) + htgx(t) +mtb̃1x(t) +

2∑

i=1

ni
tσix(t) + s2t b̃2x(t)

+

2∑

i=1

∫

Ei

Ei

[
fix(t, e)|P ⊗ B(Ei)

]
ñi
(t,e)νi(de)

+

∫

E2

E2

[
f4x(t, e)|P ⊗ B(E2)

]
s̃2(t,e)ν2(de)

]
dt

−
2∑

i=1

ni
tdW

i
t −

2∑

i=1

∫

Ei

ñi
(t,e)Ñi(de, dt), t ∈ [0, T ]

mT = Φ̃x(x̄T ,
¯̃ΓT ) + hTφx(x̄T ),

(3.30)

with unique solution (h,m, n1, n2, ñ1, ñ2, r, s1, s2, s̃1, s̃2) ∈ Mβ [0, T ] ×N β [0, T ]. Applying Itô’s

formula to mt(x
1
t + x2t )− ht(y

1
t + y2t ) + rt(Γ̃

1
t + Γ̃2

t ), and by (3.28), we have

J(uǫ)− J(ū) = E

{∫ T

0

[(
−

2∑

i=1

[
l̃ziptδσi(t) + htgziptδσi(t)− ni

tδσi(t)

]

+ htδg(t,∆
1,∆2) + δl̃(t,∆1,∆2) +mtδb̃1 + s2t δb̃2

)
1[t̄,t̄+ǫ] +

1

2
mtb̃1xx(x

1
t )

2

+

2∑

i=1

[
1

2
ni
tσixx(x

1
t )

2 + ni
tδσixx

1
t1[t̄,t̄+ǫ]

]
+

1

2
s2t [x

1
t , Γ̃

1
t ]D

2b̃2(t)[x
1
t , Γ̃

1
t ]
⊤

+ s2t δb̃2xx
1
t1[t̄,t̄+ǫ] + s2t δb̃2Γ̃Γ̃

1
t1[t̄,t̄+ǫ] +

1

2
χ(t)D2 l̃(t)χ(t)⊤ +

1

2
htΞ(t)D

2g(t)Ξ(t)⊤

+
1

2

2∑

i=1

∫

Ei

Ei

[
fixx(t, e)

∣∣P ⊗ B(Ei)
]
ñi
(t,e)νi(de)(x

1
t )

2

+
1

2

∫

E2

[x1t , Γ̃
1
t ]E2

[
D2f4(t, e)

∣∣P ⊗ B(E2)
]
[x1t , Γ̃

1
t ]
⊤s̃2(t,e)ν2(de)

]
dt

+
1

2
hTφxx(x̄T )(x

1
T )

2 +
1

2
Φ̃xx(x̄T ,

¯̃ΓT )(x
1
T )

2 + Φ̃xΓ̃(x̄T ,
¯̃ΓT )x

1
T Γ̃

1
T

}
+ o(ǫ).

(3.31)
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Then we apply Itô’s formula to x1t Γ̃
1
t to obtain

d(x1t Γ̃
1
t ) =

[
b̃1x(t)x

1
t Γ̃

1
t + σ2x(t)b̃2x(t)(x

1
t )

2 + σ2x(t)b̃2Γ̃x
1
t Γ̃

1
t + σ2x(t)δb̃2(t)x

1
t1[t̄,t̄+ǫ]

+ b̃2x(t)δσ2(t)x
1
t1[t̄,t̄+ǫ] + b̃2Γ̃(t)δσ2(t)Γ̃

1
t1[t̄,t̄+ǫ] + δσ2(t)δb̃2(t)1[t̄,t̄+ǫ]

+

∫

E2

E2

[
f2x(t, e)f4x(t, e)|P ⊗ B(E2)

]
ν2(de)(x

1
t )

2

+

∫

E2

E2

[
f2x(t, e)f4Γ̃(t, e)|P ⊗ B(E2)

]
ν2(de)x

1
t Γ̃

1
t

]
dt

+
[
σ1xx

1
t Γ̃

1
t + δσ1(t)Γ̃

1
t1[t̄,t̄+ǫ]

]
dW 1

t +
[
b̃2x(x

1
t )

2 + b̃2Γ̃x
1
t Γ̃

1
t + δb̃2(t)x

1
t1[t̄,t̄+ǫ]

+ σ2xx
1
t Γ̃

1
t + δσ2(t)Γ̃

1
t1[t̄,t̄+ǫ]

]
dW 2

t +

∫

E1

f1x(t, e)x
1
t−Γ̃

1
t−Ñ1(de, dt)

+

∫

E2

[
f4x(t, e)(x

1
t−)

2 + f4Γ̃(t, e)x
1
t−Γ̃

1
t− + f2x(t, e)x

1
t−Γ̃

1
t−

+ f2x(t, e)f4x(t, e)(x
1
t−)

2 + f2x(t, e)f4Γ̃(t, e)x
1
t−Γ̃

1
t−

]
Ñ2(de, dt).

We continue to give its adjoint equation as follows:





−dαt =

[
lx(t) + ly(t)pt +

2∑

i=1

[
lzik

i
1(t) + lz̃i

∫

Ei

ki2(t, e)νi(de) + σixβ
i
t

]

+ s2t b̃2xΓ̃(t) + b̃1xαt + σ2x(t)b̃2Γ̃(t)αt + b̃2Γ̃(t)β
2
t

+

∫

E1

E1

[
f1x(t, e)|P ⊗ B(E1)

]
ν1(de) +

∫

E2

[
E2

[
f4xΓ̃(t, e)

∣∣P ⊗ B(E2)
]
s̃2(t,e)

+ E2

[
f4Γ̃(t, e) + f2x(t, e)f4Γ̃(t, e) + f2x(t, e)

∣∣P ⊗ B(E2)
]
β̃2
(t,e)

]
ν2(de)

+

∫

E2

E2

[
f2x(t, e)f4Γ̃(t, e)

∣∣P ⊗ B(E2)
]
ν2(de)αt

]
dt

−
2∑

i=1

βi
tdW

i
t −

2∑

i=1

∫

Ei

β̃i
(t,e)Ñi(de, dt), t ∈ [0, T ],

αT = Φ̃xΓ̃(x̄T ,
¯̃ΓT ),

(3.32)

which admits a unique solution (α, β1, β2, β̃1, β̃2) ∈ N β[0, T ]. Then applying Itô’s formula to

αtx
1
t Γ̃

1
t , and combining with (3.31), we get

J(uǫ)− J(ū) = E

{∫ T

0

[(
−

2∑

i=1

[
l̃ziptδσi(t) + htgziptδσi(t)− ni

tδσi(t)

]

+ htδg(t,∆
1,∆2) + δl̃(t,∆1,∆2) +mtδb̃1 + s2t δb̃2

)
1[t̄,t̄+ǫ] +

1

2
mtb̃1xx(x

1
t )

2

+

2∑

i=1

[
1

2
ni
tσixx(x

1
t )

2 + ni
tδσixx

1
t1[t̄,t̄+ǫ]

]
+

1

2
s2t b̃2xx(t)(x

1
t )

2 + s2t δb̃2xx
1
t1[t̄,t̄+ǫ]
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+
1

2

2∑

i=1

∫

Ei

Ei

[
fixx(t, e)

∣∣P ⊗ B(Ei)
]
ñi
(t,e)ν1(de)(x

1
t )

2 + s2t δb̃2Γ̃Γ̃
1
t1[t̄,t̄+ǫ]

+
1

2

∫

E2

E2

[
f4xx(t, e)

∣∣∣P ⊗ B(E2)
]
s̃2(t,e)ν2(de)(x

1
t )

2 +
1

2
(x1t )

2Ψ0(t)D2 l̃(t)Ψ0(t)⊤

+
1

2
(x1t )

2htΨ(t)D2g(t)Ψ(t)⊤ + σ2x(t)b̃2x(t)αt(x
1
t )

2 + σ2x(t)αtx
1
t δb̃21[t̄,t̄+ǫ]

+ b̃2xαtx
1
t δσ21[t̄,t̄+ǫ] + b̃2Γ̃αtΓ̃

1
t δσ21[t̄,t̄+ǫ] + δσ2(t)δb̃2αt1[t̄,t̄+ǫ]

+

∫

E2

E2

[
f2x(t, e)f4x(t, e)|P ⊗ B(E2)

]
ν2(de)(x

1
t )

2 + δσ1(t)β
1
t Γ̃

1
t1[t̄,t̄+ǫ] + b̃2xβ

2
t (x

1
t )

2

+ δb̃2β
2
t x

1
t1[t̄,t̄+ǫ] + δσ2(t)β

2
t Γ̃

1
t1[t̄,t̄+ǫ] +

∫

E2

E2

[
f4x(t, e)β̃

2
(t,e) + f2x(t, e)f4x(t, e)

× β̃2
(t,e)

∣∣P ⊗ B(E2)
]
ν2(de)(x

1
t )

2

]
dt+

1

2

[
Φ̃xx(x̄T ,

¯̃ΓT ) + hTφxx(x̄T )
]
(x1T )

2

}
+ o(ǫ),

(3.33)

where in (3.33) Ψ(t) :=
[
1, p, k11 , k

2
1 ,
∫
E1

k12(t, e)ν1(de),
∫
E2

k22(t, e)ν2(de)
]
and Ψ0(t) :=

[
1, p, k11 , k

2
1 ,∫

E1
k12(t, e)ν1(de),

∫
E2

k22(t, e)ν2(de), 0
]
.

Observing the above equation, we apply Itô’s formula to (x1t )
2 to get

d(x1t )
2 =

[
2b̃1x(t)(x

1
t )

2 +
2∑

i=1

[
σ2
ix(x

1
t )

2 + (δσi(t))
2
1[t̄,t̄+ǫ] + 2σixx

1
t δσi1[t̄,t̄+ǫ]

]

+
2∑

i=1

∫

Ei

Ei

[
f2
ix(t, e)

∣∣P ⊗ B(Ei)
]
νi(de)(x

1
t )

2

]
dt+

2∑

i=1

{[
2σix(t)(x

1
t )

2

+ 2δσix
1
t1[t̄,t̄+ǫ]

]
dW i

t +

∫

Ei

[
2fix(t, e) + f2

ix(t, e)
]
(x1t−)

2Ñi(de, dt)
}
,

then we introduce the adjoint equation for (x1t )
2 as follows





− dPt =

{
Ψ0(t)D2l̃(t)Ψ0(t)⊤ + s2t b̃2xx(t) + 2σ2x(t)b̃2x(t)αt + htΨ(t)D2g(t)Ψ(t)⊤

+mtb̃1xx(t) + 2b̃2x(t)β
2
t + 2b̃1x(t)Pt +

2∑

i=1

[
ni
tσixx(t) + 2σix(t)Q

i
t + σ2

ix(t)Pt

]

+

2∑

i=1

∫

Ei

[
Ei

[
fixx(t, e)

∣∣P ⊗ B(Ei)
]
ñi
(t,e) + Ei

[
2fix(t, e) + f2

ix(t, e)
∣∣P ⊗ B(Ei)

]
Q̃i

(t,e)

+ Ei

[
f2
ix(t, e)

∣∣P ⊗ B(Ei)
]
Pt

]
νi(de) +

∫

E2

[
E2

[
f4xx(t, e)

∣∣P ⊗ B(E2)
]
s̃2(t,e)

+ E2

[
2f4x(t, e) + 2f2x(t, e)f4x(t, e)

∣∣P ⊗ B(E2)
]
β̃2
(t,e)

+ E2

[
2f2x(t, e)f4x(t, e)

∣∣P ⊗ B(E2)
]
αt

]
ν2(de)

}
dt

−
2∑

i=1

Qi
tdW

i
t −

2∑

i=1

∫

Ei

Q̃i
(t,e)Ñi(de, dt), t ∈ [0, T ],

PT = hTφxx(x̄T ) + Φ̃xx(x̄T ,
¯̃ΓT ),

(3.34)
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which admits a unique solution (P,Q1, Q2, Q̃1, Q̃2) ∈ N β[0, T ]. Applying Itô’s formula to Pt(x
1
t )

2

and combining (3.33), we have

J(uǫ)− J(ū) = E

{∫ T

0

[(
−

2∑

i=1

[
l̃ziptδσi(t) + htgziptδσi(t)− ni

tδσi(t)
]

+ htδg(t,∆
1,∆2) + δl̃(t,∆1,∆2) +mtδb̃1 + s2t δb̃2 + δσ2(t)δb̃2αt

+
1

2
(δσ1(t))

2Pt +
1

2
(δσ2(t))

2Pt

)
1[t̄,t̄+ǫ] +

(
n1
t δσ1xx

1
t + n2

t δσ2xx
1
t + s2t δb̃2xx

1
t

+ s2t δb̃2Γ̃Γ̃
1
t + σ2x(t)αtx

1
t δb̃2 + b̃2xαtx

1
t δσ2 + b̃2Γ̃αtΓ̃

1
t δσ2 + δσ1(t)β

1
t Γ̃

1
t + δb̃2β

2
t x

1
t

+ δσ2(t)β
2
t Γ̃

1
t + σ1x(t)x

1
tPtδσ1(t) + σ2x(t)x

1
tPtδσ2(t) + δσ2(t)Q

2
tx

1
t

+ δσ1(t)Q
1
tx

1
t

)
1[t̄,t̄+ǫ]

]
dt

}
+ o(ǫ).

(3.35)

We can check that

E

∫ T

0

(
n1
t δσ1xx

1
t + n2

t δσ2xx
1
t + s2t δb̃2xx

1
t + s2t δb̃2Γ̃Γ̃

1
t + σ2xαtx

1
t δb̃2 + b̃2xαtx

1
t δσ2

+ b̃2Γ̃αtΓ̃
1
t δσ2 + δσ1β

1
t Γ̃

1
t + δb̃2β

2
t x

1
t + δσ2β

2
t Γ̃

1
t + σ1xx

1
tPtδσ1

+ σ2xx
1
tPtδσ2 + δσ2Q

2
tx

1
t + δσ1Q

1
tx

1
t

)
1[t̄,t̄+ǫ]dt = o(ǫ),

therefore, we have

J(uǫ)− J(ū) = E

{∫ T

0

(
−

2∑

i=1

[
l̃ziptδσi(t) + htgziptδσi(t)− ni

tδσi(t)−
1

2
(δσi(t))

2Pt

]

+ htδg(t,∆
1,∆2) +mtδb̃1 + δl̃(t,∆1,∆2) + s2t δb̃2 + δσ2(t)δb̃2αt

)
1[t̄,t̄+ǫ]dt

}
+ o(ǫ) ≥ 0,

(3.36)

i.e.,

E
[ 2∑

i=1

[
− (l̃zi + htgzi)pt + ni

t

]
δσi(t) + htδg(t,∆

1,∆2) + δl̃(t,∆1,∆2) +mtδb̃1 + s2t δb̃2

+ δσ2(t)δb̃2αt +

2∑

i=1

1

2
(δσi(t))

2Pt

∣∣∣FY
t

]
≥ 0, a.e. t ∈ [0, T ], P -a.s.,

(3.37)

Define the Hamiltonian function

H(t, x, y, z1, z2, z̃1, z̃2, Γ̃; p, h,m, n1, n2, s2, α, P, u)

:=

2∑

i=1

[
− (l̃zi + htgzi)pt + ni

t

]
σi(t, x, u) +

2∑

i=1

[1
2
σ2
i (t, x, u)Pt − σi(t, x, u)σi(t)Pt

]

+ htg
(
t, x, y, z1 + p(σ1(t, x, u) − σ1(t)), z

2 + p(σ2(t, x, u) − σ2(t)), z̃
1, z̃2, u

)

+ l̃
(
t, x, y, z1 + p(σ1(t, x, u) − σ1(t)), z

2 + p(σ2(t, x, u)− σ2(t)), z̃
1, z̃2, Γ̃, u

)

+mtb̃1(t, x, u) + s2t b̃2(t, x, Γ̃, u) + (σ2(t, x, u)− σ2(t))(b̃2(t, x, Γ̃, u)− b̃2(t))αt,

(3.38)
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the maximum conditions (3.37) is equivalent to

E
[
H(t, x̄, ȳ, z̄1, z̄2, ¯̃z1, ¯̃z2, ¯̃Γ; p, h,m, n1, n2, s2, α, P, u) −H(t)

∣∣FY
t

]
≥ 0,

a.e. t ∈ [0, T ], P -a.s.,
(3.39)

where H(t) = H(t, x̄, ȳ, z̄1, z̄2, ¯̃z1, ¯̃z2, ¯̃Γ; p, h,m, n1, n2, s2, α, P, ū).

The main result in this paper is the following theorem.

Theorem 3.1. Let (A1)-(A3) hold, and ū be an optimal control, (x̄, ȳ, z̄1, z̄2, ¯̃z1, ¯̃z2, ¯̃Γ) be

the corresponding solution to the FBSDEP (2.1) and (3.26). Then the maximum condition

(3.39) holds, where (p, q1, q2, q̃1, q̃2) satisfies (3.13), (h,m, n1, n2, ñ1, ñ2, r, s1, s2, s̃1, s̃2) satisfies

(3.29),(3.30), (α, β1, β2, β̃1, β̃2) satisfies (3.32) and (P,Q1, Q2, Q̃1, Q̃2) satisfies (3.34).

Remark 3.2. Theorem 3.1 is a new partially observed maximum principle which, in fact, can

not be covered by any other results in the existing literature but can cover many existing results

in some special cases. In fact, in (2.1), (2.3) and (2.4) of our problem,

(1) considering the LQ case, if σ2 = f1 = f2 = b2 = σ3 = f3 ≡ 0 with z2 = z̃1 = z̃2 ≡ 0,

Theorem 3.1 reduces to Theorem 4.1 of [9] if b, σ are independent of backward components (Y,Z).

Interestingly, we could find some new and important relationships when making comparisons

with the existing literature.

(2) If σ2 = f1 = f2 = b2 = σ3 = f3 = l = Φ ≡ 0, Γ(y) = y, g is independent of (z2, z̃1, z̃2)

with z2 = z̃1 = z̃2 ≡ 0, and the Hamiltonian function (3.38) reduces to

H̃(t, x, y, z1; p̃, h,m, n1, P̃ , u) = (−htgz1 p̃t + n1
t )σ1(t, x, u) +mtb1(t, x, u)

+ htg(t, x, y, z
1 + p̃(σ1(t, x, u)− σ1(t)), u) +

1

2
σ2
1(t, x, u)P̃t − σ1(t, x, u)σ1(t)P̃t.

(3.40)

For avoiding confusion, we reset the solutions to (3.13) and (3.34) as (p̃, q̃1) and (P̃ , Q̃1). Then

Theorem 3.1 reduces to Theorem 2 of Hu [8], the global maximum principle of completely observed

case for decoupled FBSDEs with the following relations hold:

pt = p̃t, qt = q̃1t , ptht = mt, htqt + fzptht = n1
t ,

Ptht = P̃t, htQt + fzPtht = Q̃1
t ,

(3.41)

and maximum condition have the relation

1

ht

[
H̃(t, x̄, ȳ, z̄1; p̃, h,m, n1, P̃ , u)− H̃(t, x̄, ȳ, z̄1; p̃, h,m, n1, P̃ , ū)

]

= H(t, x̄, ȳ, z̄, u, p, q, P )−H(t, x̄, ȳ, z̄, ū, p, q, P ) ≥ 0

(3.42)

where the generator g = f , (p̃t, q̃
1
t ), ht, (mt, n

1
t ), (P̃t, Q̃

1
t ) satisfy (3.13),(3.29),(3.30) and (3.34),

respectively. And (pt, qt), (Pt, Qt) satisfy (15), (16) and H is defined in (44) in [8].
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(3) If σ2 = f1 = f2 = b2 = σ3 = f3 ≡ 0, φ(x) = yT (deterministic), l, g are independent

of (z2, z̃1, z̃2) with z2 = z̃1 = z̃2 ≡ 0, and the corresponding Hamiltonian function (with convex

control domain) reduces to:

H(t, x, y, z1, p, h,m, n1, u) = [−(lz1 + htgz1)pt + n1
t ]σ1(t, x, u) +mtb1(t, x, u)

+ htg(t, x, y, z
1 + p(σ1(t, x, u) − σ1(t)), u) + l(t, x, y, z1 + p(σ1(t, x, u) − σ1(t)), u).

(3.43)

In our paper, adjoint equation (p, q) is deduced by the relation between y1 and x1 due to its

coupling at T with yT = φ(xT ). However, when we degenerate to the case yT = yT being

deterministic, it is natural that p disappears. Then Theorem 3.1 reduces to Theorem 4.4 of Peng

[25], the local maximum principle of completely observed case for decoupled FBSDEs with the

following relations:

ht = qt, mt = pt, n1
t = kt,

Hu(t, x̄, ȳ, z̄
1, h,m, n1, ū) = Hu(x̄, ȳ, z̄, ū, p, k, q, t),

(3.44)

where ht,mt, n
1
t satisfy (3.29),(3.30), and qt, pt, kt satisfy (4.12) and H is defined in the [25].

Noting the backward state equation, we can ensure that the relation can be built equivalently

when the generators g between our setting and [25] exist a minus sign.

(4) If σ2 = f2 = b2 = σ3 = f3 = g = φ = Γ ≡ 0, l is independent of (y, z1, z2, z̃1, z̃2) with

y = z1 = z2 = z̃1 = z̃2 ≡ 0, and the corresponding Hamiltonian function H reduces to:

H(t, x,m, n1, P, u)

= n1
tσ1(t, x, u) + l(t, x, u) +mtb1(t, x, u) +

1

2
σ2
1(t, x, u)Pt − σ1(t, x, u)σ1(t)Pt.

(3.45)

Then Theorem 3.1 reduces to Theorem 5.2 of Song et al. [38], the global maximum principle of

completely observed case for SDEPs with the following relation

(m,n1, ñ1) = (p, q, k), (P̃ ,Q1, Q̃1) = (P,Q,K), (3.46)

where, for avoiding confusion, we reset (P̃ ,Q1, Q̃1) as the solution to the reduced second adjoint

equation (3.34), (m,n1, ñ1) satisfies the redecued equation (3.30), and (p, q, k), (P,Q,K) satisfy

(5.1),(5.2) in [38], respectively.

(5) If the control domain is convex, σ2 = f2 = b2 = σ3 = f3 ≡ 0, g, l are independent

of (z2, z̃2) with z2 = z̃2 ≡ 0, Theorem 3.1 reduces to Theorem 2.1 of Shi and Wu [33], the

local maximum principle of completely observed case for FBSDEPs with h = −p, (m,n1, ñ1) =

(q, k,R), where h, (m,n1, ñ1) satisfy (3.29),(3.30), and pt, (qt, kt, R(t,e)) satisfy (7) in [33].

Remark 3.3. As mentioned in Remark 2.2, for the partially observed case, we can also de-

generate and cover the following cases and obtain its equivalence under two different kinds of

frameworks. In fact, in (2.1), (2.3) and (2.4) of our problem,
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(1) if the control domain is convex, f1 = f2 = f3 ≡ 0, σ3 ≡ 1, b2 is independent of

(y, z1, z2, z̃1, z̃2, u), l, g are independent of (z̃1, z̃2) with z̃1 = z̃2 ≡ 0, Theorem 3.1 reduces to

Theorem 2.1 of Wang et al. [44], the local maximum principle of partially observed case for

FBSDEs with correlated Brownian noises with the following important relations:

Γ̃t = Zt, b2(·, ·) = h(·, ·), ht = −ptZt, (rt, s
1
t , s

2
t ) = (Pt, Qt, Q̃t),

mt = qtZt, n1
t = ktZt, n2

t = h(t, x̄)qtZt + k̃tZt,
(3.47)

and the reduced maximum conditions also have the following equivalent relations

E
[
Hu(t, x̄, ȳ, z̄

1, z̄2, ¯̃Γ;h,m, n1, n2, s2, ū)
∣∣FY

t

]

= Ē
[
Hu(t, x̄, ȳ, z̄, ¯̃z, ū; p, q, k, k̃, Q̃)

∣∣Yt

]
= 0, with Ē ≡ Eū,

(3.48)

where Γ̃ is the Radon-Nikodym derivative in the second framework (for our setting), and Z is the

Radon-Nikodym derivative in the first framework ([44]). h, (r, s1, s2), (m,n1, n2) satisfy (3.29),

(3.30), and (P,Q, Q̃), p, (q, k, k̃) satisfy (2.3), (2.4) in [44] in which the Hamiltonian function

H is defined. Therefore, in the non-Poisson case, the equivalence between the two kinds of

frameworks can be proved with the relations above.

(2) If f1 = f2 = f3 = g = φ = Γ ≡ 0, σ3 ≡ 1, l, b2 are independent of (y, z1, z2, z̃1, z̃2)

with y = z1 = z2 = z̃1 = z̃2 ≡ 0, Theorem 3.1 reduces to Theorem 2.1 of Tang [39], the global

maximum principle of partially observed case for SDEs with correlated Brownian noises with the

following relations:

mt = ρtqt, n1
t = ρtkt, n2

t = ρtqth(t, x̄, ū) + ρtk̃t,

rt = rt, s1t = Rt, s2t = R̃t,

αt = qt, β1
t = kt, β2

t = k̃t,

Pt = ρtQt, Q
1
t = ρtKt, Q2

t = ρtQth(t, x̄, ū) + ρtK̃t,

(3.49)

where (r, s1, s2), (m,n1, n2), (α, β1, β2), (P,Q1, Q2) satisfy (3.29),(3.30), (3.32) and (3.34), re-

spectively and (r,R, R̃), (q, k, k̃), (Q,K, K̃) satisfy (2.23), (2.24) and (2.25) in [39], respectively.

Similarly, due to the equivalent transformation between these two kinds of frameworks, we

can direct give the following reduced cases:

(3) if σ1 is independent of u, σ2 = f1 = f2 = f3 ≡ 0, σ3 ≡ 1, l, b2 are independent of

(y, z1, z2, z̃1, z̃2), g is independent of (z2, z̃1, z̃2) with z2 = z̃1 = z̃2 ≡ 0, Theorem 3.1 reduces to

Theorem 2.1 of Wang and Wu [43], the global maximum principle of partially observed case for

FBSDEs;

(4) if the control domain is convex, σ2 = f1 = f2 = f3 ≡ 0, σ3 ≡ 1, b2 is independent of

(y, z1, z2, z̃1, z̃2), l, g are independent of (z2, z̃1, z̃2) with z2 = z̃1 = z̃2 ≡ 0, Theorem 3.1 reduces

to Theorem 2.3 of Wu [50], the local maximum principle of partially observed case for FBSDEs;

(5) if the control domain is convex, σ2 = f2 = f3 ≡ 0, σ3 ≡ 1, l, g are independent of

(z2, z̃2), b2 is independent of y, z1, z2, z̃1, z̃2 with z2 = z̃2 ≡ 0, Theorem 3.1 reduces to Theorem
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1 of Xiao [55] with h independent of (y, z, r), the local maximum principle for FBSDEPs with

Brownian-noised observation;

(6) if the control domain is convex, f2 = f3 = g = φ = Γ ≡ 0, σ3 ≡ 1, l, b2 are independent

of (y, z1, z2, z̃1, z̃2) with y = z1 = z2 = z̃1 = z̃2 ≡ 0, Theorem 3.1 reduces to Theorem 2 of Xiao

[56], the local maximum principle for SDEPs with correlated Brownian noise;

(7) if σ2 = f1 = f2 = f3 = g = φ = Γ ≡ 0, σ3 ≡ 1, l, b2 are independent of (y, z1, z2, z̃1, z̃2)

with y = z1 = z2 = z̃1 = z̃2 ≡ 0, Theorem 3.1 reduces to Theorem 2.1 of Li and Tang [18], the

global maximum principle of partially observed case for SDEs;

(8) if σ1 = σ2 = f2 = f3 = g = φ = Γ ≡ 0, σ3 ≡ 1, l, b2 are independent of (y, z1, z2, z̃1, z̃2)

and y = z1 = z2 = z̃1 = z̃2 ≡ 0, Theorem 3.1 reduces to Theorem 2.1 of Tang and Hou [40], the

global maximum principle for point processes with Brownian-noised observation.

Remark 3.4. However, Theorem 3.1 could not cover results in Shi and Wu [33] or Hu et al.

[9], since their controlled systems are fully coupled FBSDEs. Moreover, results in Wu [49] and

Yong [66] could not be covered either, since unknown parameters have to be involved.

4 Partially Observed Linear Quadratic Optimal Control Prob-

lem of FBSDEPs

In this section, as applications, we study a partially observed LQ optimal control problem of

FBSDEPs, and obtain the state estimate feedback form of the optimal control with the filtering

technique with random jumps.

4.1 Problem Formulation and Verification Theorem

Consider the following linear state equation





dxut =
[
b11(t)x

u
t + b12(t)ut + b13(t)

]
dt+

[
σ11(t)x

u
t + σ12(t)ut + σ13(t)

]
dW 1

t

+
[
σ21(t)x

u
t + σ22(t)ut + σ23(t)

]
dW̃ 2

t +

∫

E1

[
f11(t, e)x

u
t− + f12(t, e)

]
Ñ1(de, dt)

+

∫

E2

[
f21(t, e)x

u
t− + f22(t, e)

]
Ñ ′

2(de, dt),

−dyut =

[
g11(t)x

u
t + g12(t)y

u
t + g13(t)z

1,u
t + g14(t)z

2,u
t +

∫

E1

g15(t, e)z̃
1,u
(t,e)

ν1(de)

+

∫

E2

g16(t, e)z̃
2,u
(t,e)ν2(de) + g17(t)ut + g18(t)

]
dt− z1,ut dW 1

t − z2,ut dW 2
t

−
∫

E1

z̃1,u(t,e)Ñ1(de, dt) −
∫

E2

z̃2,u(t,e)Ñ2(de, dt), t ∈ [0, T ],

xu0 = x0, yuT = φ11x
u
T + φ12,

(4.1)

79



and observation equation





dYt = b22(t)dt+ σ3(t)dW̃
2
t +

∫

E2

f3(t, e)Ñ
′
2(de, dt), t ∈ [0, T ],

Y0 = 0,

(4.2)

where we set b2(t, x, u) = b22(t), which is independent of x and u. The cost functional is given

as a quadratic form:

J(u) = Ē

[ ∫ T

0
l11(t)(ut)

2dt+ (yu0 )
2

]
. (4.3)

Here, l11(t) > 0 and we set U = (−∞,−1] ∪ [1,+∞). We assume that all the coefficients are

deterministic functions, |σ3|−1, |f3(t, e)|−1 exist and are bounded. As Section 3, under the new

probability measure P , the state equation (4.1) becomes





dxut =

[(
b11(t)− σ−1

3 (t)b22(t)σ21(t)−
∫

E2

(λ11(t, e) − 1)f21(t, e)ν2(de)
)
xut

+
(
b12(t)− σ−1

3 (t)b22(t)σ22(t)
)
ut + b13(t)− σ−1

3 (t)b22(t)σ23(t)

−
∫

E2

(λ11(t, e) − 1)f22(t, e)ν2(de)

]
dt

+

2∑

i=1

[
σi1(t)x

u
t + σi2(t)ut + σi3(t)

]
dW i

t

+

2∑

i=1

∫

Ei

[
fi1(t, e)x

u
t− + fi2(t, e)

]
Ñi(de, dt)

−dyut =

[
g11(t)x

u
t + g12(t)y

u
t + g13(t)z

1,u
t + g14(t)z

2,u
t +

∫

E1

g15(t, e)z̃
1,u
(t,e)ν1(de)

+

∫

E2

g16(t, e)z̃
2,u
(t,e)ν2(de) + g17(t)ut + g18(t)

]
dt−

2∑

i=1

zi,ut dW i
t

−
2∑

i=1

∫

Ei

z̃i,u(t,e)Ñi(de, dt), t ∈ [0, T ],

xu0 = x0, yuT = φ11x
u
T + φ12.

(4.4)

Applying Theorem 3.1 in the previous section, the maximum condition for the optimal control

is as follows:

E
[
[n1

tσ12(t) + n2
tσ22(t) + 2l11(t)

¯̃Γtūt + g17(t)ht + (b12(t)− σ−1
3 (t)b22(t)σ22(t))mt](u− ūt)

+ [l11(t)
¯̃Γt +

1

2
(σ2

12(t) + σ2
22(t))Pt](u− ūt)

2
∣∣∣FY

t

]
≥ 0, a.e. t ∈ [0, T ], P -a.s.

(4.5)
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where we only consider that λ(t, x, e) = λ11(t, e), which is independent of x. Moreover, we know

that the candidate optimal control ū should satisfy

E
[
l11(t)

¯̃Γtu
2
t +

[
σ12(t)n

1
t + σ22(t)n

2
t + g17(t)ht + (b12(t)− σ−1

3 (t)b22(t)σ22(t))mt

]
ut

+
1

2
σ2
12(t)Ptu

2
t − σ2

12(t)Ptūtut +
1

2
σ2
22(t)Ptu

2
t − σ2

22(t)Ptūtut

∣∣∣FY
t

]

≥ E

[
l11(t)

¯̃Γtū
2
t +

[
σ12(t)n

1
t + σ22(t)n

2
t + g17(t)ht + (b12(t)− σ−1

3 (t)b22(t)σ22(t))mt

]
ūt

− 1

2
σ2
12(t)Ptū

2
t −

1

2
σ2
22(t)Ptū

2
t

∣∣∣FY
t

]
, ∀u ∈ U, a.e. t ∈ [0, T ], P -a.s.

(4.6)

Then we have

ūt =





µt, µt ∈ (−∞,−1] ∪ [1,+∞),

1, 0 ≤ µt < 1,

−1, −1 < µt < 0,

(4.7)

with

µt := −1

2
(l11(t)

¯̃Γt)
−1

[
σ12(t)n̂

1
t + σ22(t)n̂

2
t + g17(t)ĥt + (b12(t)− σ−1

3 (t)b22(t)σ22(t))m̂t

]
, (4.8)

where κ̂t := E[κt|FY
t ] are optimal estimates for κ = h,m, n1, n2, and (h,m, n1, n2, ñ1, ñ2) satis-

fies the following linear FBSDEP:





dht = g12(t)htdt+ g13(t)htdW
1
t + g14(t)htdW

2
t +

∫

E1

g15(t, e)ht−Ñ1(de, dt)

+

∫

E2

g16(t, e)ht−Ñ2(de, dt)

−dmt =

{
g11(t)ht +

(
b11(t)− σ−1

3 (t)b22(t)σ21(t)−
∫

E2

(λ11(t, e)− 1)f21(t, e)ν2(de)
)
mt

+

2∑

i=1

[
σi1(t)n

i
t +

∫

Ei

fi1(t, e)ñ
i
(t,e)νi(de)

]}
dt

−
2∑

i=1

ni
tdW

i
t −

2∑

i=1

∫

Ei

ñi
(t,e)Ñi(de, dt), t ∈ [0, T ],

h0 = 2ȳ0, mT = φ11hT .

(4.9)

Before we represent the optimal control ū as a form of state estimate feedback based on the

known information filtration FY
t , we should verify that the candidate control is indeed optimal.

Proposition 4.1. The ūt defined by (4.7) is an optimal control.

Proof. It is easy to check the optimality of (4.7) by common technique, and we omit the details.
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4.2 State Filtering Estimate

In this section, we aim to obtain the state estimate feedback of the optimal control ū in the

filtering form. Moreover, we wish to get a more explicit form by introducing some ODEs.

First, assuming that mt = Π1
tht, t ∈ [0, T ], with Π1

T = φ11, and applying Itô’s formula to

Π1
tht, where Π is deterministic function, we achieve

dmt =
[
Π1

t g12(t)ht + Π̇1
tht

]
dt+Π1

t g13(t)htdW
1
t +Π1

t g14(t)htdW
2
t

+

∫

E1

Π1
t g15(t, e)ht−Ñ1(de, dt) +

∫

E2

Π1
t g16(t, e)ht−Ñ2(de, dt).

(4.10)

Comparing this with the coefficients in the second equation of (4.9), we have

n1
t = Π1

t g13(t)ht, n2
t = Π1

t g14(t)ht, ñ1
(t,e) = Π1

t g15(t, e)ht−, ñ2
(t,e) = Π1

t g16(t, e)ht−, (4.11)

and
Π1

t g12(t)ht + Π̇1
tht + g11(t)ht +

(
b11(t)− σ−1

3 (t)b22(t)σ21(t)

−
∫

E2

(λ11(t, e)− 1)f21(t, e)ν2(de)
)
mt + σ11(t)n

1
t + σ21(t)n

2
t

+

∫

E1

f11(t, e)ñ
1
(t,e)ν1(de) +

∫

E2

f21(t, e)ñ
2
(t,e)ν2(de) = 0, t ∈ [0, T ].

(4.12)

Substituting (4.11) into (4.12), we have
[
Π1

t g12(t) + Π̇1
t + g11(t) +

(
b11(t)− σ−1

3 (t)b22(t)σ21(t)

−
∫

E2

(λ11(t, e)− 1)f21(t, e)ν2(de)
)
Π1

t + σ11(t)Π
1
t g13(t) + σ21(t)Π

1
t g14(t)

+

∫

E1

f11(t, e)Π
1
t g15(t, e)ν1(de) +

∫

E2

f21(t, e)Π
1
t g16(t, e)ν2(de)

]
ht = 0, t ∈ [0, T ].

(4.13)

If we introduce the following ODE:




Π̇1
t +

[
g12(t) + b11(t)− σ−1

3 (t)b22(t)σ21(t) +

∫

E2

(g16(t, e)− λ11(t, e) + 1)f21(t, e)ν2(de)

+ σ11(t)g13(t) + σ21(t)g14(t) +

∫

E1

f11(t, e)g15(t, e)ν1(de)

]
Π1

t + g11(t) = 0, t ∈ [0, T ],

Π1
T = φ11,

(4.14)

noting (4.7), (4.8), then the optimal control in U = (−∞,−1] ∪ [1,+∞) becomes

ūt = −1

2
L(Π1

t )ĥt, a.e. t ∈ [0, T ], P -a.s., (4.15)

where we set

L(Π1
t ) := (l11(t)Γ̃t)

−1
[
σ12(t)Π

1
t g13(t) + σ22(t)Π

1
t g14(t) + g17(t) + (b12(t)− σ−1

3 (t)b22(t)σ22(t))Π
1
t

]
.
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Putting (4.15) into (4.4), we get




dx̄t =

{[
b11(t)− σ−1

3 (t)b22(t)σ21(t)−
∫

E2

(λ11(t, e)− 1)f21(t, e)ν2(de)
]
x̄t

− 1

2

[
b12(t)− σ−1

3 (t)b22(t)σ22(t)
]
L(Π1

t )ĥt + b13(t)− σ−1
3 (t)b22(t)σ23(t)

−
∫

E2

(λ11(t, e) − 1)f22(t, e)ν2(de)

}
dt+

2∑

i=1

[
σi1(t)x̄t −

1

2
σi2(t)L(Π

1
t )ĥt

+ σi3(t)

]
dW i

t +

2∑

i=1

∫

Ei

[
fi1(t, e)x̄t− + fi2(t, e)

]
Ñi(de, dt),

x̄0 = x0,

(4.16)





−dȳt =

[
g11(t)x̄t + g12(t)ȳt + g13(t)z̄

1
t + g14(t)z̄

2
t +

∫

E1

g15(t, e)¯̃z
1
(t,e)ν1(de)

+

∫

E2

g16(t, e)¯̃z
2
(t,e)ν2(de)−

1

2
g17(t)L(Π

1
t )ĥt + g18(t)

]
dt

−
2∑

i=1

z̄itdW
i
t −

2∑

i=1

∫

Ei

¯̃zi(t,e)Ñi(de, dt), t ∈ [0, T ],

ȳT = φ11x̄T + φ12,

(4.17)

and the observation equation becomes




dYt = σ3(t)dW
2
t +

∫

E2

f3(t, e)Ñ2(de, dt), t ∈ [0, T ],

Y0 = 0.

(4.18)

We conjecture that

ȳt = Π2
t x̄t +Π3

tht + ηt, (4.19)

with Π2
T = φ11,Π

3
T = 0, ηT = φ12. Applying Itô’s formula, we have

dȳt =

{[
b11(t)− σ−1

3 (t)b22(t)σ21(t)−
∫

E2

(λ11(t, e)− 1)f21(t, e)ν2(de)

]
Π2

t x̄t

− 1

2

[
b12(t)− σ−1

3 (t)b22(t)σ22(t)
]
Π2

tL(Π
1
t )ĥt +

[
b13(t)− σ−1

3 (t)b22(t)σ23(t)

−
∫

E2

(λ11(t, e) − 1)f22(t, e)ν2(de)

]
Π2

t + Π̇2
t x̄t +Π3

t g12(t)ht + Π̇3
tht + η̇t

}
dt

+

[
σ11(t)Π

2
t x̄t −

1

2
Π2

tσ12(t)L(Π
1
t )ĥt + σ13(t)Π

2
t +Π3

t g13(t)ht

]
dW 1

t

+

[
σ21(t)Π

2
t x̄t −

1

2
Π2

tσ22(t)L(Π
1
t )ĥt + σ23(t)Π

2
t +Π3

t g14(t)ht

]
dW 2

t

+

∫

E1

[
Π2

t f11(t, e)x̄t− + f12(t, e)Π
2
t + g15(t, e)Π

3
tht−

]
Ñ1(de, dt)
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+

∫

E2

[
Π2

t f21(t, e)x̄t− + f22(t, e)Π
2
t + g16(t, e)Π

3
tht−

]
Ñ2(de, dt). (4.20)

Comparing this with the second equation in (4.17), we get

z̄1t = σ11(t)Π
2
t x̄t −

1

2
Π2

tσ12(t)L(Π
1
t )ĥt + σ13(t)Π

2
t +Π3

t g13(t)ht,

z̄2t = σ21(t)Π
2
t x̄t −

1

2
Π2

tσ22(t)L(Π
1
t )ĥt + σ23(t)Π

2
t +Π3

t g14(t)ht,

¯̃z1(t,e) = Π2
t f11(t, e)x̄t− + f12(t, e)Π

2
t + g15(t, e)Π

3
tht−,

¯̃z2(t,e) = Π2
t f21(t, e)x̄t− + f22(t, e)Π

2
t + g16(t, e)Π

3
tht−,

(4.21)

and
[
b11(t)− σ−1

3 (t)b22(t)σ21(t)−
∫

E2

(λ11(t, e)− 1)f21(t, e)ν2(de)

]
Π2

t x̄t

− 1

2

[
b12(t)− σ−1

3 (t)b22(t)σ22(t)
]
Π2

tL(Π
1
t )ĥt +

[
b13(t)− σ−1

3 (t)b22(t)σ23(t)

−
∫

E2

(λ11(t, e) − 1)f22(t, e)ν2(de)

]
Π2

t + Π̇2
t x̄t +Π3

t g12(t)ht + Π̇3
tht + η̇t + g11(t)x̄t

+ g12(t)
[
Π2

t x̄t +Π3
tht + ηt

]
+ g13(t)

[
σ11(t)Π

2
t x̄t −

1

2
Π2

tσ12(t)L(Π
1
t )ĥt + σ13(t)Π

2
t

+Π3
t g13(t)ht

]
+ g14(t)

[
σ21(t)Π

2
t x̄t −

1

2
Π2

tσ22(t)L(Π
1
t )ĥt + σ23(t)Π

2
t +Π3

t g14(t)ht
]

+

∫

E1

g15(t, e)
[
Π2

t f11(t, e)x̄t + f12(t, e)Π
2
t + g15(t, e)Π

3
tht

]
ν1(de) +

∫

E2

g16(t, e)
[
Π2

t f21(t, e)x̄t

+ f22(t, e)Π
2
t + g16(t, e)Π

3
tht

]
ν2(de)−

1

2
g17(t)L(Π

1
t )ĥt + g18(t) = 0, t ∈ [0, T ].

(4.22)

Taking E[·|FY
t ] on both sides of (4.19), (4.21) and (4.22), we have

ˆ̄yt = Π2
t
ˆ̄xt +Π3

t ĥt + ηt,

ˆ̄z1t = σ11(t)Π
2
t
ˆ̄xt + (Π3

t g13(t)−
1

2
Π2

tσ12(t)L(Π
1
t ))ĥt + σ13(t)Π

2
t ,

ˆ̄z2t = σ21(t)Π
2
t
ˆ̄xt + (Π3

t g14(t)−
1

2
Π2

tσ22(t)L(Π
1
t ))ĥt + σ23(t)Π

2
t ,

ˆ̃̄z1(t,e) = Π2
t f11(t, e)ˆ̄xt− + f12(t, e)Π

2
t + g15(t, e)Π

3
t ĥt−,

ˆ̃̄z2(t,e) = Π2
t f21(t, e)ˆ̄xt− + f22(t, e)Π

2
t + g16(t, e)Π

3
t ĥt−,

(4.23)

and
{[

b11(t)− σ−1
3 (t)b22(t)σ21(t)−

∫

E2

(λ11(t, e) − 1)f21(t, e)ν2(de)

]
Π2

t + Π̇2
t + g11(t)

+ g13(t)σ11(t)Π
2
t + g14(t)σ21(t)Π

2
t +

∫

E1

g15(t, e)f11(t, e)ν1(de)Π
2
t

+

∫

E2

g16(t, e)f21(t, e)ν2(de)Π
2
t + g12(t)Π

2
t

]
ˆ̄xt

84



+

[
Π̇3

t +Π3
t g12(t)−

1

2
(b12(t)− σ−1

3 (t)b22(t)σ22(t))Π
2
tL(Π

1
t )−

1

2
g13(t)Π

2
tσ12(t)L(Π

1
t )

− 1

2
g14(t)Π

2
tσ22(t)L(Π

1
t ) + g213(t)Π

3
t + g214(t)Π

3
t +

∫

E1

g215(t, e)ν1(de)Π
3
t

+

∫

E2

g216(t, e)ν2(de)Π
3
t −

1

2
g17(t)L(Π

1
t ) + g12(t)Π

3
t

]
ĥt

+

[
b13(t)− σ−1

3 (t)b22(t)σ23(t)−
∫

E2

(λ11(t, e)− 1)f22(t, e)ν2(de)

]
Π2

t

+ η̇t + g12(t)ηt + g13(t)σ13(t)Π
2
t + g14(t)σ23(t)Π

2
t +

∫

E1

g15(t, e)f12(t, e)ν1(de)Π
2
t

+

∫

E2

g16(t, e)f22(t, e)ν2(de)Π
2
t + g18(t) = 0, t ∈ [0, T ].

(4.24)

Applying Theorem A.2 in the Appendix to (4.16),(4.17) and (4.9), we get the forward-

backward stochastic differential filtering equations (FBSDFEs for short) of (ˆ̄x, ˆ̄y, ˆ̄z2, ˆ̃̄z2, ĥ):





dˆ̄xt =

{[
b11(t)− σ−1

3 (t)b22(t)σ21(t)−
∫

E2

(λ11(t, e) − 1)f21(t, e)ν2(de)

]
ˆ̄xt

− 1

2

[
b12(t)− σ−1

3 (t)b22(t)σ22(t)
]
L(Π1

t )ĥt + b13(t)− σ−1
3 (t)b22(t)σ23(t)

−
∫

E2

(λ11(t, e)− 1)f22(t, e)ν2(de)

}
dt

+
[
σ21(t)ˆ̄xt −

1

2
σ22(t)L(Π

1
t )ĥt + σ23(t)

]
dW 2

t

+

∫

E2

[
f21(t, e)ˆ̄xt− + f22(t, e)

]
Ñ2(de, dt),

dĥt = g12(t)ĥtdt+ g14(t)ĥtdW
2
t +

∫

E2

g16(t, e)ĥt−Ñ2(de, dt),

−dˆ̄yt =

{[
g11(t) + g13(t)σ11(t)Π

2
t +

∫

E1

g15(t, e)f11(t, e)ν1(de)Π
2
t

]
ˆ̄xt + g12(t)ˆ̄yt

+
[
g13(t)σ13(t) +

∫

E1

g15(t, e)f12(t, e)ν1(de)
]
Π2

t + g14(t)ˆ̄z
2
t

+

∫

E2

g16(t, e)
ˆ̃̄z2(t,e)ν2(de) +

[(
g213(t) +

∫

E1

g215(t, e)ν1(de)
)
Π3

t

− 1

2
g13(t)σ12(t)L(Π

1
t )Π

2
t −

1

2
g17(t)L(Π

1
t )
]
ĥt + g18(t)

}
dt

− ˆ̄z2t dW
2
t −

∫

E2

ˆ̃̄z2(t,e)Ñ2(de, dt), t ∈ [0, T ],

ˆ̄x0 = x0, ĥ0 = 2ˆ̄y0, ˆ̄yT = φ11 ˆ̄xT + φ12.

(4.25)

Note that the innovation process W̄ 2 ≡ W 2. Moreover, Π2,Π3 and η are the solutions to the
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following ODEs, respectively:




Π̇2
t +

[
b11(t)− σ−1

3 (t)b22(t)σ21(t)−
∫

E2

(λ11(t, e) − 1)f21(t, e)ν2(de) + g13(t)σ11(t)

+ g14(t)σ21(t) +

∫

E1

g15(t, e)f11(t, e)ν1(de) +

∫

E2

g16(t, e)f21(t, e)ν2(de) + g12(t)

]
Π2

t

+ g11(t) = 0, t ∈ [0, T ],

Π2
T = φ11,

(4.26)





Π̇3
t +

[
2g12(t) + g213(t) + g214(t) +

∫

E1

g215(t, e)ν1(de) +

∫

E2

g216(t, e)ν2(de)

]
Π3

t

− 1

2

[
b12(t)− σ−1

3 (t)b22(t)σ22(t) + g13(t)σ12(t) + g14(t)σ22(t)

]
L(Π1

t )Π
2
t

− 1

2
g17(t)L(Π

1
t ) = 0, t ∈ [0, T ],

Π3
T = 0,

(4.27)





η̇t + g12(t)ηt +

[
b13(t)− σ−1

3 (t)b22(t)σ23(t)−
∫

E2

(λ11(t, e) − 1)f22(t, e)ν2(de)

]
Π2

t

+ g13(t)σ13(t)Π
2
t + g14(t)σ23(t)Π

2
t +

∫

E1

g15(t, e)f12(t, e)ν1(de)Π
2
t

+

∫

E2

g16(t, e)f22(t, e)ν2(de)Π
2
t + g18(t) = 0, t ∈ [0, T ],

ηT = φ12.

(4.28)

From (4.14) and (4.26), we find that Π1
t = Π2

t , for t ∈ [0, T ]. Therefore, we have

ˆ̄y0 = Π1
0x0 +Π3

0ĥ0 + η0 = Π1
0x0 + 2Π3

0
ˆ̄y0 + η0, (4.29)

i.e.,

ˆ̄y0 = (1− 2Π3
0)

−1(Π1
0x0 + η0), ĥ0 = 2(1 − 2Π3

0)
−1(Π1

0x0 + η0). (4.30)

And it is not hard to get the explicit form of ĥt:

ĥt = ĥ0 exp

{∫ t

0

[
g12(s)−

1

2
g214(s) +

∫

E2

(ln(1 + g16(s, e)) − g16(s, e))ν2(de)

]
ds

+

∫ t

0
g14(s)dW

2
s +

∫ t

0

∫

E2

ln(1 + g16(s, e))Ñ2(de, ds)

}
.

(4.31)

Then, the optimal control (4.15) in U = (−∞,−1] ∪ [1,+∞) has an explicit form:

ūt = −L(Π1
t )(1− 2Π3

0)
−1(Π1

0x0 + η0) exp

{∫ t

0

[
g12(s)−

1

2
g214(s) +

∫

E2

(ln(1 + g16(s, e))

− g16(s, e))ν2(de)

]
ds+

∫ t

0
g14(s)dW

2
s +

∫ t

0

∫

E2

ln(1 + g16(s, e))Ñ2(de, ds)

}
,

a.e. t ∈ [0, T ], P -a.s.,

(4.32)

86



where Π1,Π3, η are the solutions to (4.14), (4.27), (4.28), respectively, and Π1
0,Π

3
0, η0 are the

corresponding values at initial time t = 0.

5 Concluding remarks

In this paper, we have derived a global maximum principle for progressive optimal control of

partially observed forward-backward stochastic systems with random jumps. Compared to [8],

we extend it to the case with partial information and random jumps. Compared to [38], we

extend it to the partially observed forward-backward stochastic system. Compared to [18], we

extend it to the forward-backward system with random jumps. Compared to [40], we extend it

to the forward-backward system with both Brownian motion and Poisson martingale measure.

We should notice that, different from [18] and [40], we extend the continuous observation equa-

tion into discontinuous case, in which Brownian motion and Poisson random measure are both

considered. Meanwhile, by using the technique introduced by [21], and extending it into the

case with jumps, then combining with the random field method, the Lβ-solution to fully coupled

FBSDEPs and its Lβ(β ≥ 2)-estimate under some assumptions are given to prepare for the max-

imum principle, and the non-linear filtering equation for partially observed stochastic system

with random jumps, Theorem A.2, is derived for obtaining the optimal control’s state estimate

feedback for the LQ case. Also, different from the work in [57], we extend it to the general non-

linear forward-backward system and observation equation with Poisson random measure, where

the control domain is non-convex, instead of the LQ stochastic system with Poisson process.

Moreover, we have given an explicit form of the optimal control by introducing some ODEs.

Global maximum principles for optimal control of fully coupled FBSDEPs and of mean-field’s

type FBSDEs are very challenging and interesting to research. We will work on these topics in

the near future.

Appendix: Non-linear Filtering Equation of SDEPs

Consider the following signal-observation system:





ht = h0 +

∫ t

0
Hsds + yt,

Yt = Y0 +

∫ t

0
As(ω)ds +

∫ t

0
Bs(Y )dW 2

s +

∫ t

0

∫

E2

Cs−(Y, e)Ñ2(de, ds),

(A.1)

where

yt ≡
2∑

i=1

∫ t

0
bi,s(ω)dW

i
s +

2∑

i=1

∫ t

0

∫

Ei

ci,s(ω, e)Ñi(de, ds)
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is a one-dimensional RCLL square integrable martingale with y0 = 0 and b1,s(ω)(b2,s(ω)) :

[0, T ] × Ω → R is G/B(R) measurable, c1,s(ω, e)(c2,s(ω, e)) : [0, T ] × Ω × E1(E2) → R is G ⊗
B(E1)(B(E2))/B(R) measurable.

On a given filtered probability space (Ω,F , (Ft), P ), (W 1
t ,W

2
t ) is a two-dimensional standard

Ft-Brownian motion and (Ñ1(de, dt), Ñ2(de, dt)) is a standard Poisson martingale measure with

Ñi(de, dt) = Ni(de, dt) − νi(de)dt, νi(Ai) < ∞,∀Ai ∈ Ei, where Ni(de, dt) is Poisson random

measure with ENi(de, dt) = νi(de)dt, i=1,2.

We need the following assumption.

(H1) At(ω) : [0, T ] × Ω → R is G/B(R) measurable, Bt(Y ) := B(t, Yr, r ≤ t) : [0, T ] ×
D([0, T ];R) → R is G⊗B(D([0, T ];R))/B(R)-measurable and for each t ≥ 0, Bt(Y ) is B(D([0, T ];

R))/B(R)-measurable. Ct(Y, e) := C(t, Yr, e, r ≤ t) : [0, T ] × D([0, T ];R) × E2 → R is G ⊗
B(D([0, T ];R)) ⊗ B(E2)/B(R)-measurable. We set Ct−(Y, e) := C(t, Yr, e, r < t), where Y is an

Ft-adapted RCLL process, then Ct−(Y, e) is Ft-E2-predictable, where we define D([0, T ];R) as

the totality of RCLL maps from [0, T ] to R.

The following result belongs to Situ [37].

Theorem A.1. Assume that (h, Y ) is an Ft-adapted solution to (A.1) and for all T > 0,

E

∫ T

0
|As(ω)|ds < ∞, E

∫ T

0
|Bs(Y )|2ds < ∞, E

∫ T

0

∫

E2

|Cs(Y, e)|2ν2(de)ds < ∞, (A.2)

and B−1 exists and is bounded. Then

(1) M̄t :=
∫ t

0 B
−1
s− (Y )

[
dYs − πs(A)ds

]
is a locally square integrable martingale on the probability

space (Ω,F , (FY
t ), P ) and the observation equation of (A.1) can be rewritten as

Yt = Y0 +

∫ t

0
πs(A)ds +

∫ t

0
Bs−(Y )dM̄s. (A.3)

(2) Furthermore, M̄t = W̄ 2
t +

∫ t

0

∫
E2

B−1
s−(Y )Cs−(Y, e)Ñ2(de, ds), where πs(A) := E

[
As|FY

s

]
,

W̄ 2
t =

∫ t

0 B
−1
s (Y )(As−πs(A))ds+W 2

t is a Brownian motion on (Ω,F , (FY
t ), P ), and Ñ2(de, dt)

is an FY
t -adapted standard Poisson martingale measure.

Usually, we call W̄ 2
t and Ñ2(de, ds) the innovation processes for W 2

t and Ñ2(de, ds). There-

fore, the observation equation becomes

Yt = Y0 +

∫ t

0
πs(A)ds +

∫ t

0
Bs(Y )dW̄ 2

s +

∫ t

0

∫

E2

Cs−(Y, e)Ñ2(de, ds). (A.4)

Before giving our main theorem, we need the following lemmas, similar to [37].

Lemma A.1.
{
E
[
yt
∣∣FY

t ]
}
t≥0

is an FY
t -adapted square integrable martingale.

Lemma A.2.
{
E
[ ∫ t

0 Hsds
∣∣FY

t

]
−

∫ t

0 πs(H)ds
}
t≥0

is an FY
t -adapted square integrable martin-

gale.
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Lemma A.3. There exists an f(s, ω) ∈ M2
FY

t

[0, t] and a g(s, ω, e) ∈ F 2
FY

t

[0, t] such that

E
[
h0

∣∣FY
t

]
+ E

[ ∫ t

0
Hsds

∣∣∣∣FY
t

]
+ E

[
yt
∣∣FY

t

]
−

∫ t

0
πs(H)ds

= π0(h) +

∫ t

0
f(s, ω)dW̄ 2

s +

∫ t

0

∫

E2

g(s, ω, e)Ñ2(de, ds).

(A.5)

Hence

πt(h) = E
[
h0

∣∣FY
t

]
+ E

[ ∫ t

0
Hsds

∣∣∣∣FY
t

]
+ E

[
yt
∣∣FY

t

]

= π0(h) +

∫ t

0
πs(H)ds +

∫ t

0
f(s, ω)dW̄ 2

s +

∫ t

0

∫

E2

g(s, ω, e)Ñ2(de, ds),

(A.6)

where M2
FY

t

[0, t] is the space of FY
t -predictable stochastic processes satisfying E

∫ t

0 |f(s, ω)|2ds
< ∞, and F 2

FY
t

[0, t] is that of FY
t -E2-predictable stochastic processes satisfying E

∫ t

0

∫
E2

|g(s, ω, e)|2
ν2(de)ds < ∞.

Next, we give the non-linear filtering equation of partially observed SDEP system as follows.

Theorem A.2. Assume that (1) |Bt(x)|2 + ||Ct(x, e)||2 ≤ c0(1 + |x|2),∀x ∈ D([0, T ];R) with

some constant c0, and C−1 exists. For any T < ∞, E
∫ T

0 |As(ω)|2ds < ∞.

(2) B−1 exists and is bounded. |Bt(x1) − Bt(x2)|2 + ||Ct(x1, e) − Ct(x2, e)||2 ≤ k|x1 − x2|2 for

any x1, x2 ∈ D([0, T ];R) and t ≥ 0.

(3) E|h0|2 < ∞, E|Y0|2 < ∞, E
∫ T

0 |Hs|2ds < ∞, E
[
sup0≤t≤T |ht|2

]
< ∞, for all T < ∞. Then

the optimal filter πt(h) := E
[
ht
∣∣FY

t

]
will satisfy the following non-linear filtering equation:

πt(h) = π0(h) +

∫ t

0
πs(H)ds+

∫ t

0

[
πs(b2) +B−1

s (Y )(πs(Ah) − πs(A)πs(h))
]
dW̄ 2

s

+

∫ t

0

∫

E2

πs−(c2)Ñ2(de, ds), P -a.s.

(A.7)

Proof. Let ỹt :=
∫ t

0 f(s, ω)dW̄
2
s +

∫ t

0

∫
E2

g(s, ω, e)Ñ2(de, ds), and let

zt :=

∫ t

0
λ1
s(Y )dW̄ 2

s +

∫ t

0

∫

E2

λ2
s(Y, e)Ñ2(de, ds),

where λ1
t (Y ) is a scalar-valued bounded FY

t -adapted stochastic process and λ2
s(Y, e) is any given

one-dimensional FY
t -E2-predictable stochastic process. Then z is an FY

t -predictable square

integrable martingale.

Applying Itô’s formula to ỹtzt, we have

E[ỹtzt] = E

∫ t

0
λ1
s(Y )f(s, ω)ds + E

∫ t

0

∫

E2

λ2
s(Y, e)g(s, ω, e)ν2(de)ds. (A.8)
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On the other hand, since ỹt = πt(h)− π0(h)−
∫ t

0 πs(H)ds ∈ FY
t , then we have

E[ỹtzt] = E[πt(h)zt]− E[π0(h)zt]− E

[ ∫ t

0
πs(H)dszt

]

= E

[
htzt −

∫ t

0
Hszsds

]
.

(A.9)

Since W̄ 2
t =

∫ t

0 B
−1
s− (Y )(As − πs(A))ds +W 2

t , we get

zt = z̃t +

∫ t

0
λ1
s(Y )B−1

s− (Y )(As − πs(A))ds, (A.10)

where z̃t =
∫ t

0 λ
1
s(Y )dW 2

s +
∫ t

0

∫
E2

λ2
s(Y, e)Ñ2(de, ds). Then (A.9) becomes

E[ỹtzt] = E

[
htz̃t −

∫ t

0
Hsz̃sds

]
+ E

[
ht

∫ t

0
λ1
s(Y )B−1

s− (Y )(As − πs(A))ds

−
∫ t

0
Hs

∫ s

0
λ1
u(Y )B−1

u−(Y )(Au − πu(A))duds

]
.

(A.11)

Here, we should note that z̃ is an Ft-adapted square integrable martingale w.r.t. P . Note that

E[z̃th0] = E
[
E[z̃th0|F0]

]
= E[z̃0h0] = 0, (A.12)

and

E

[ ∫ t

0
z̃sHsds

]
= E

[ ∫ t

0
E[z̃t|Fs]Hsds

]
= E

[ ∫ t

0
E[z̃tHs|Fs]ds

]

= E

[ ∫ t

0
z̃tHsds

]
= E

[
z̃t

∫ t

0
Hsds

]
.

(A.13)

Therefore, we have

E

[
htz̃t −

∫ t

0
Hsz̃sds

]
= E

[
z̃t(ht − h0)− z̃t

∫ t

0
Hsds

]

= E

[
z̃t(ht − h0 −

∫ t

0
Hsds)

]
= E[z̃tyt]

= E

[
z̃t

2∑

i=1

(∫ t

0
bi,s(ω)dW

i
s +

∫ t

0

∫

Ei

ci,s(ω, e)Ñi(de, ds)

)]

= E

〈∫ t

0
λ1
s(Y )dW 2

s ,

∫ t

0
b2,s(ω)dW

2
s

〉

+ E

〈∫ t

0

∫

E2

λ2
s(Y, e)Ñ2(de, ds),

∫ t

0

∫

E2

c2,s(ω, e)Ñ2(de, ds)

〉

= E

∫ t

0
λ1
s(Y )b2,s(ω)ds+ E

[ ∫ t

0

∫

E2

λ2
s(Y, e)E2

[
c2,s(ω, e)

∣∣P ⊗ B(E2)
]
ν2(de)ds

]
,

(A.14)
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and

E

[
ht

∫ t

0
λ1
s(Y )B−1

s (Y )(As − πs(A))ds

]

= E

[ ∫ t

0
λ1
s(Y )B−1

s (Y )(As − πs(A))(ht − hs)ds

]

+ E

[ ∫ t

0
λ1
s(Y )B−1

s (Y )(Ashs − πs(A)hs)ds

]

= E

[ ∫ t

0
λ1
s(Y )B−1

s (Y )(As − πs(A))(ht − hs)ds

]

+ E

[ ∫ t

0
λ1
s(Y )B−1

s (Y )(πs(Ah) − πs(A)πs(h))ds

]
.

(A.15)

Notice that ht − hs =
∫ t

s
Hudu+ yt − ys, then we have

E

[ ∫ t

0
λ1
s(Y )B−1

s (Y )(As − πs(A))(ht − hs)ds

]

= E

[ ∫ t

0
λ1
s(Y )B−1

s (Y )(As − πs(A))(yt − ys)ds

]

+E

[ ∫ t

0
λ1
s(Y )B−1

s (Y )(As − πs(A))

∫ t

s

Hududs

]

= E

[ ∫ t

0
λ1
s(Y )B−1

s (Y )(As − πs(A))E
[
(yt − ys)|Fs

]
ds

]

+E

[ ∫ t

0

∫ u

0
λ1
s(Y )B−1

s (Y )(As − πs(A))dsHudu

]

= E

[ ∫ t

0

∫ u

0
λ1
s(Y )B−1

s (Y )(As − πs(A))dsHudu

]
.

(A.16)

Combining (A.15) with (A.16), we get

E

[
ht

∫ t

0
λ1
s(Y )B−1

s (Y )(As − πs(A))ds

]
− E

[ ∫ t

0

∫ u

0
λ1
s(Y )B−1

s (Y )(As − πs(A))dsHudu

]

= E

[ ∫ t

0
λ1
s(Y )B−1

s (Y )(πs(Ah)− πs(A)πs(h))ds

]
.

(A.17)

Substituting (A.14) and (A.17) into (A.11), we have

E[ỹtzt] = E

[ ∫ t

0
λ1
s(Y )

(
b2,s(ω) +B−1

s (Y )(πs(Ah) − πs(A)πs(h))

)
ds

]

+ E

[ ∫ t

0

∫

E2

λ2
s(Y, e)E2[c2,s(ω, e)|P ⊗ B(E2)]ν2(de)ds

]

= E

[ ∫ t

0
λ1
s(Y )

(
πs(b2) +B−1

s (Y )(πs(Ah)− πs(A)πs(h))

)
ds

]

+ E

[ ∫ t

0

∫

E2

λ2
s(Y, e)E2[πs(c2)|P ⊗ B(E2)]ν2(de)ds

]
.

(A.18)
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Compared this to (A.8), we get

f(s, Y ) = πs(b2) +B−1
s (Y )

(
πs(Ah) − πs(A)πs(h)

)
,

g(s, Y, e) = E2

[
πs−(c2)

∣∣P ⊗ B(E2)
]
= πs−(c2).

(A.19)

By Lemma A.3, we can derive (A.7). The proof is complete.
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