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Primordial black holes (PBHs) have been proposed to explain at least a portion of dark matter.
Observations have put strong constraints on PBHs in terms of the fraction of dark matter which
they can represent, fPBH, across a wide mass range – apart from the stellar-mass range of 20M⊙

<
∼

MPBH
<
∼ 100M⊙. In this paper, we explore the possibility that such PBHs could serve as point-

mass lenses capable of altering the gravitational-wave (GW) signals observed from binary black hole
(BBH) mergers along their line-of-sight. We find that careful GW data analysis could verify the
existence of such PBHs based on the fitting factor and odds ratio analyses. When such a lensed GW
signal is detected, we expect to be able to measure the redshifted mass of the lens with a relative
error ∆MPBH/MPBH

<
∼ 0.3. If no such lensed GW events were detected despite the operation

of sensitive GW detectors accumulating large numbers of BBH mergers, it would translate into a
stringent constraint of fPBH

<
∼ 10−2

− 10−5 for PBHs with a mass larger than ∼ 10M⊙ by the
Einstein Telescope after one year of running, and fPBH

<
∼ 0.2 for PBHs with mass greater than

∼ 50M⊙ for advanced LIGO after ten years of running.

I. INTRODUCTION

Dark matter accounts for around a quarter of the total
energy density based on the standard cosmological model
[1]. However, its nature is still vastly unknown. One pos-
sible explanation for this is that dark matter consists of
primordial black holes (PBHs) formed in the early Uni-
verse [e.g. 2–8], which can act as massive astrophysical
compact halo objects.

The fraction of PBHs to the total amount of dark
matter, fPBH, whose mass range crosses ∼ 33 orders of
magnitude, has been constrained by various observations
(e.g. see Carr et al. [9] and references therein). More
specifically, strong limits on the abundance of PBHs have
been placed in the mass range 10−6 − 20M⊙ due to the
non-detection of microlensing events from nearby galax-
ies [10, 11], and in the range > 100M⊙ from the observa-
tion of wide halo binaries and ultra-faint dwarf galaxies
[12–14], and the cosmic microwave background [15, 16].

However, only weak constraints have been placed in
the window 20M⊙

<∼ MPBH
<∼ 100M⊙. Intriguingly,

this mass range is consistent with that of the black holes
(BHs) recently detected by the LIGO and Virgo obser-
vatories [17–23]. Therefore, it has been proposed that
PBHs, as cold dark matter, could form binaries to ac-
count for the observed gravitational wave (GW) events
[24]. Moreover, great progress has been made to probe
the PBHs in this mass range [25–28]. For example, it is
suggested that the lensing effect on the light curves of fast
radio bursts (FRBs) [25] and gamma-ray bursts (GRBs)

[27] can constrain fPBH. Yet it should be noted that the
distances of FRBs and GRBs are usually unknown.

It is also suggested that lensing of GWs can be used
to study PBHs [e.g. 28–30]. Lensing of GW has been
studied for different situations in terms of lens properties
[e.g. 28, 30–46]. Yet up to now, no compelling evidence
for lensing has been found in the observed GW signals
[47, 48]. For lenses of Schwarzschild radii smaller than
or comparable to the GW wavelength, diffraction [e.g.
31, 32, 37] and interference [e.g. 33, 34, 38] effects can be
important, although the magnification may be insignifi-
cant. In the case of ground-based detectors with frequen-
cies f ∼ 10 − 103 Hz, lenses with mass <∼ 102 − 105M⊙

can lead to such wave effects. If a fraction of dark mat-
ter is made up of PBHs with a mass of ∼ 20 − 100M⊙,
microlensing events by diffusely distributed PBHs would
be expected. There are also cases where the macrolens-
ing effect induced by the cosmic structures hosting those
PBHs, such as galaxies and clusters, may be of impor-
tance. And such macrolensing effect can be further influ-
enced by the microlensing effect by individual PBHs at
sufficiently large magnification [30, 41, 45].

In this paper, we explore the possibility of prob-
ing stellar-mass PBHs through their strong gravitational
lensing effect on GW events produced by the mergers of
binary black holes (BBHs). We assume the PBHs are
uniformly distributed in the Universe and focus on their
microlensing effect. To quantify the difference between
the lensed and unlensed waveforms, the residual of SNR
is used as an indicator in previous research [e.g. 28]. One
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can, in principle, adopt the full Bayesian model selection
method to distinguish the lensed signal from the unlensed
[e.g. 38, 39, 47, 48], which would be too time-consuming
for a rate study. Therefore, we adopt a criterion based on
the fitting factor [e.g. 41, 45], which is suitable for such
rate study. But we validate our choice through a com-
parison between the Bayesian model selection and the
fitting factor. As the lens model involves more parame-
ters, a model selection criterion such as the odds ratio,
which penalizes more complicated models, is a more de-
sirable approach. By validating through the odds ratio
calculation, we can perform a fast calculation on top of
the fitting factor and obtain conservative constraints.
The third-generation GW detectors, such as Einstein

Telescope (ET) [49] and Cosmic Explorer [50], could de-
tect GW events at large distances, underlining their great
potential for placing stringent constraints on fPBH. Fur-
thermore, compared with the constraining effect of mi-
crolensing on FRBs and GRBs, the advantage of GW
events is that the luminosity distance of GW events can
be obtained from GW data. Consequently, the lensing of
GW events can constrain the PBH fraction more straight-
forwardly and effectively. In section II, we study the lens-
ing effect on a GW signal, which involves the wave effects.
In Section III, we show how to distinguish the lensed GW
signal from the unlensed one. We study the lensing prob-
ability in Section IV and present the constraint on fPBH

in Section V. Our conclusion and discussion are shown in
Section VI.

II. THE EFFECT OF GRAVITATIONAL

LENSING ON A GW SIGNAL

The inspiral-merger-ringdown GW waveform from a
BBH merger event can be described by a phenomeno-
logical GW waveform model [51]. Considering that the
BBH system consists of two BHs with redshifted masses
m1(1 + zS) and m2(1 + zS), the waveform in the fre-
quency domain can be described as h(f, θp, θa), where
f is the GW frequency, θp comprises the intrinsic pa-
rameters that describe the phase – including the red-
shift of the BBH system zS, the redshifted total mass
MBBH,z = MBBH(1 + zS) = (m1 + m2)(1 + zS), sym-
metric mass ratio η = m1m2/(m1 +m2)

2, dimensionless
effective spin parameter χ, and the nominal coalescence
time and phase t0, φ0, which serve as two integration
constants (see Eq. 1 in Ajith et al. [51]). Note the effect
of spin misalignment is not included in this waveform
model [52]. And θa includes the extrinsic parameters
that describe the amplitudes only, i.e. the distance of
the source in the observation frame D, the sky position
(θ, φ), the polarization angle (ψ), and the inclination
angle (ι) of the binary system. Throughout this paper,
the waveform models are calculated by averaging over all
these four angles (θ, φ, ψ, ι).
Up-to-now, more than forty BBH merger events have

been officially reported by LIGO and Virgo Collaboration

[17–23, 53–55]. Throughout this paper, we adopt aver-
aged representative values of η = 0.238 and χ = 0.024
from the GWTC-1 catalog that presents GW events de-
tected during the first and second observing runs [23].
These values are also roughly consistent with results from
the second LIGO Virgo catalog, GWTC-2 [55]. The spe-
cific choice of these parameters does not change our con-
clusions significantly but does greatly simplify our anal-
ysis. With the symmetric mass ratio and the spin pa-
rameter fixed, the signal-to-noise ratio (SNR, denoted
by ρ) depends only on the total mass and the redshift.
A horizon redshift (zS,c) is then defined at which the
GW event with critical mass MBBH,c will have a SNR
ρ(MBBH,c, zS,c) = 8.
We focus on the microlensing effect due to stellar-

mass PBHs, where their Schwarzschild radii are compa-
rable to the GW wavelength. We adopt a wave-optics
treatment to calculate the modification due to lensing
[33, 34, 56, 57]. When the gravitational wave signal prop-
agates under the gravitational field of a point-mass lens
with mass ML at redshift zL, the modified waveform is

hl(f, θl, θp, θa) = F (f, θl)h(f, θp, θa), (1)

where the amplification function is [33, 56],

F (f, θl) = exp
[πw

4
+ i

w

2

(

ln
(w

2

)

− 2φm(y)
)]

×Γ

(

1− i

2
w

)

1F1

(

i

2
w, 1;

i

2
wy2

)

, (2)

and θl includes the lensing parameters (ML,z, y), w =
8πML,zf , ML,z = ML(1 + zL) is the redshifted mass
of the point-mass lens, φm(y) = (xm − y)2/2 − lnxm,

xm = (y +
√

y2 + 4)/2, y = β/βE is the angular im-
pact parameter normalized by the angular Einstein ra-
dius βE , and 1F1 is the confluent hyper-geometric func-
tion. We show two examples in Fig. 1, where the original
(unlensed) waveforms are obtained by setting MBBH,z =
20M⊙ (case 1), 42.5M⊙ (case 2), η = 0.238, χ = 0.024.
While the lensed waveforms are calculated with param-
eters ML,z = 42.5M⊙ and y = 0.1. It indicates that the
lensing effect is more significantly at higher frequencies.

III. DISTINGUISHING THE LENSING EFFECT

WITHIN GW DATA

Once a GW event is detected, one can search for
the possible microlensing effect by replacing the un-
lensed templates with the lensed ones. Suppose that
there is a lensed GW signal with a waveform hl =
F (f, θl)h(f, θp, θa) received by the detectors while both
the unlensed waveform templates (h′(f, θ′p, θ

′
a)) and

lensed templates (hl) are used in the data analyses. We
adopt the Fitting Factor (denoted by FF , with FF ≤ 1)
and the odds ratio to indicate the capability of identi-
fying the microlensing effect following previous research
[e.g. 33, 34, 38, 39, 45]. The FF is initially used to de-
scribe the match between different waveform models, or
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FIG. 1. The original, lensed, and best-matched (using FF
analyses) waveforms for two cases with BBH mass MBBH,z =
20M⊙ (case 1), 42.5M⊙ (case 2). We fixed η = 0.238, χ =
0.024, ML,z = 42.5M⊙, and y = 0.1.

between waveform models and true signals [e.g. 51, 58–
64]. Here it is defined as the maximum match between
the lensed GW waveform and the unlensed waveform
(h′(θ′p, θ

′
a)) over the template bank [e.g. 33, 34, 39, 45],

FF = max
θ′

p,θ
′

a

(

h′(θ′p, θ
′
a)
∣

∣

∣
hl

)

√

(h′|h′)(hl|hl)
, (3)

where the noise-weighted inner product of the waveform
is

(h1|h2) = 4Re

∫ ∞

0

h1(f)h
∗

2(f)
df

S(f)
, (4)

and S(f) is the power spectrum density (PSD) of the
detector. In this work we perform two case studies by
adopting the PSDs of the advanced LIGO (aLIGO) [65]
and of the ET-D [49, 50].
To calculate the FF , we simultaneously vary the pa-

rameters t0, φ0, MBBH,z, η, χ of the unlensed wave-
form (h′) over the template bank to obtain the best-
matched waveform. As discussed in Section II, we
fixed the parameters η and χ to their average val-
ues based on the GWTC-1 and GWTC-2 catalogs, so
that the lensed waveform and the FF are mainly de-
termined by the lensing parameters and the redshifted
BBH mass, i.e. hl = F (f,ML,z, y)h(f,MBBH,z), and
FF = FF (MBBH,z,ML,z, y). Two exemplary cases of
FF analyses are presented in Fig. 1, which shows that
there is only a little difference between the best-matched
waveforms obtained through FF analyses (Eq. 3) and
the original unlensed waveforms, consistent with previ-
ous research [34, 66, 67]. We then study the evolution
of FF over large parameter space. As examples, we
show the dependence of FF with y and ML,z for several

cases of the redshifted mass MBBH,z = 20, 42.5, 60 M⊙

in Fig. 2. The BBH parameters act on FF mainly
through the maximum frequency of the BBH merger
source fmax ∝ M−1

BBH,z [51]. The PBH lens distorts the
waveformmore strongly at higher frequencies, so that the
FF correlates with MBBH,z positively. Also for higher
redshifted lens mass ML,z or smaller impact parameter
y, the waveform tends to be more significantly distorted,
so that the FF has a negative correlation withML,z, and
a positive correlation with y as shown in Fig. 2. Note
however for y <∼ 0.1, the FF changes very slowly, and is
almost invariant.
The threshold at which two waveform models can be

distinguished is usually set to FF = 0.97; this corre-
sponds to a loss of less than 10% of signals [39, 51, 60–
64]. This threshold is introduced to indicate the effec-
tiveness of template models of GWs from BBH mergers.
However, calculations of the Akaike Information Crite-
ria (AIC; [68]) indicates that this threshold will gener-
ally lead to a |∆AIC| > 6.9 between the lensed and un-
lensed waveforms as shown in the Appendix A. And the
odds ratio analysis, as will be shown below, also support
the validity of this threshold. Therefore, we also adopt
this threshold. The available parameter space for distin-
guishable lensing signals is then obtained by numerically
searching for the critical parameters that makes

FF (MBBH,z,ML,z, yc) = 0.97, (5)

in the parameter space of MBBH,z,ML,z > 10M⊙ and
yc ∈ [0.01, 2]. We find the threshold can be met in all
cases for the impact parameter and the redshifted lens
mass satisfying

yc ≈ 0.1− 0.3 and ML,z ≈ (1.0− 1.6)MBBH,z. (6)

As examples, the cases for GW events with mass
MBBH,z = 20, 42.5, 60 M⊙ are shown in Fig. 2.
The above result shows that GW events of mass

MBBH,c within their horizon redshift (zS,c) can be used to
probe PBHs of redshifted massML,z

>∼MBBH,c(1+zS,c).
While for GW events of massMBBH > MBBH,c at zS,c will
have higher SNR than the events of MBBH = MBBH,c.
The effect of the SNR on the distinguishability is not
included in the FF analysis, while it has been found
that it can help to amplify and differentiate the lens-
ing effect. Thus, following Ref. [38], we adopt the odds
ratio analysis to include this SNR effect, where we use
lnL ≈ −ρ2(1 − FF ) to construct the likelihood [69].
Maximizing the likelihood reduces the mismatch of the
waveforms, and the best match is consistent with [70].
We set the minimum requirement to recognize the lensed
signal to be

logOdds(MBBH,z,ML,z, yc) = 4. (7)

For a given event of MBBH,z ≥ MBBH,c(1 + zS,c), we
solve the above equation numerically by calculating the
probability for the best combination of parameters for the
lensed and unlensed events using the likelihood and its
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FIG. 2. The fitting factor (FF ) as a function y (top panel)
or ML (bottom panel) based on the PSD of aLIGO. We fixed
η = 0.238 and χ = 0.024. While the BBH mass is chosen to
be MBBH,z = 20, 42.5, 60 M⊙. Three different cases with
lensing object mass ML,z = 20, 42.5, 60 M⊙ are shown in
top panel, and three different cases with impact parameter
y = 0.05, 0.1, 0.5 are presented in bottom panel. The black
line is the benchmark value of FF = 0.97.

corresponding odds ratio similar to [38], which works as a
threshold of when a distinctive lensed model is achievable
with a FF = 0.97. And we find that it returns similar
thresholds to the FF , i.e.

yc ≈ 0.1− 0.3 and ML,z ∼ MBBH,c(1 + zS,c), (8)

This conforms with the FF analyses (Eq. 6). In Fig. 3,
we show an example of our odds ratio analysis with y =
0.1. The GW events are assumed to be located at the
horizon redshift to make ρ(MBBH,z = 42.5M⊙) = 8.0,
so that the high-mass events are of SNRs ρ > 8. The
behavior of the odds ratio is quite similar in each case,
showing that the lensing effect is easier to identify for
more massive lenses. And overall, the analysis indicates
that the lensing effect by PBHs of ML,z

>∼ MBBH,c(1 +
zS,c) can be distinguished for the GW events of MBBH ≥
MBBH,c at zS,c.

To summarize, for a given redshift zS,c, we
can calculate the critical mass MBBH,c by solving
ρ(MBBH,c, zS,c) = 8. While the FF and odds ratio anal-
yses show that all the detectable GW events within zS,c
(i.e. those of MBBH ≥ MBBH,c) can be used to probe
the possible lensing effect by point-mass lenses if their
redshifted mass satisfy ML,z ≥MBBH,c(1 + zS,c).

50 60 70 80 90 100
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Od
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MBBH, z = 42.5M⊙ ,⊙SNR=8.0
MBBH, z = 62.5M⊙ ,⊙SNR=10.7
MBBH, z = 82.5M⊙ ,⊙SNR=13.1
MBBH, z = 102.5M⊙ ,⊙SNR=15.3

FIG. 3. We fixed η = 0.238, χ = 0.024, and the BBH mass
is chosen to be MBBH,z = 42.5, 62.5, 82.5, 102.5 M⊙. These
sources are assumed at the same redshift (zS,c) so that the
SNRs of the unlensed signals are SNR = 8.0, 10.7, 13.1, 15.3.
The Odds ratios are calculated for different ML,z based on the
PSD of aLIGO and y = 0.1.

IV. THE LENSING PROBABILITY

We now consider the probability of observing a lensed
GW event. We adopt the merger rate density with the
form R(z) = R0(1 + z)λ, while R0 = 52.9+55.6

−27.0 Gpc−3

yr−1, and for the quite uncertain parameter λ, we adopt
two values (0.9+9.8

−10.8 and 6.5+9.1
−9.3), based on the results

presented in GWTC-1 [71]. We also study the case of
λ ∼ 3, which relates to the observed star formation rate
[72].
We model the mass function of BBHs following The

LIGO Scientific Collaboration and the Virgo Collabora-
tion [71],

p(m1,m2) ∝ m−α
1 qβ , (9)

where α = −1.6+1.5
−1.7 [71, 73], q = m2/m1, β = 6.7+4.8

−5.9,
Mmin ≤ m2 ≤ m1 ≤ Mmax, Mmin = 5M⊙ is the
minimum mass obtained from both theoretical predic-
tions and observations [74–79], and the maximum mass
is 42+12

−5 M⊙ [71, 80, 81][82].
The lensing optical depth for a GW source at redshift

zS is given by [57]

τ(fPBH, zS,ML,c) =
3
2fPBHΩDM

∫ zS
0

dzL
∫ yc

0
dy (1+zL)

2

H(zL)/H0

H0DA(zL,zS) DA(zL)
cDA(zS)

2y, (10)

where the dark matter density ΩDM and the Hubble con-
stant H0 are taken from the recent Planck observations
[1]. The Hubble parameter and angular diameter dis-
tance at redshift z are H(z) and DA(z). Note this ex-
pression assumes that PBHs are distributed uniformly in
the Universe.
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The expected lensing event number by PBHs is then
given by

NL(fPBH) =
∫ zS,c
0

dzS
∫Mmax

m1,min

dm1

∫m1

m2,min

dm2

R(zS)
dVc

dzS
p(m1,m2)τ(fPBH, zS,ML,c)

Tobs

1+zS
, (11)

where m1,min = max[Mmin, 0.5MBBH,c], m2,min =
max[Mmin,MBBH,c−m1], Vc is the comoving volume, and
Tobs is the observational time. The lensing probability is
calculated with (1 − e−τ ) ≈ τ . Since the BBH merger
rate formed by stellar black holes is likely to decrease at
the redshift z > 3 [83, 84], we assume R(z > 3) = 0 for
ET-D. Therefore, the actual rate for ET-D can be higher
if a non-zero merger rate at z > 3 is considered.

V. RESULTS

Using the formalism presented in the previous section,
we now demonstrate how future GW observations would
lead to a tight constraint on the ratio fPBH. The expected
lensing event number is NL ∝ fPBH, if a null detection

of lensing is obtained after a period of observational run,
one can place a constraint from NL(fPBH) < 1. The con-
straint is mostly sensitive to the redshifted lensed mass
MPBH,z = MPBH(1 + z), and to obtain the direct con-
straint on the PBH, we concentrate on the effective mass
MPBH = MPBH,z/(1 + zeff), where the effective redshift
is defined as

zeff =

∫

zSR(zS)τ(zS)
dVc
dzS

/

∫

R(zS)τ(zS)
dVc
dzS

. (12)

As shown in Eq. (6 and 8), the lensing effect can only be
identified for ML,z

>∼ MBBH,c(1 + zS,c), while the BBH
merger events are of mass MBBH ≥ 2Mmin = 10M⊙ in
our model. Consequently, the PBHs that can be con-
strained would also have mass MPBH ≥ 10M⊙.
The lensing events (NL) also depends on the impact

parameter, i.e. NL ∝ y2c . Adopting yc = 0.1 as an ex-
ample, we show the constraints on fPBH in Fig. 4 for
different choices of rate parameter λ, where the observa-
tion time is assumed to be Tobs = 1 yr for the Einstein
Telescope (ET), and Tobs = 10 yrs for the aLIGO. For
the case of aLIGO, we obtain a fPBH < 0.2(yc/0.1)

−2

for MPBH > 50M⊙. For the case of ET-D, on the other
hand, we can expect from a null result a very tight con-
straint of fPBH < (10−2−10−5)(yc/0.1)

−2 for PBHs with
mass > 10M⊙.
However, once a lensed GW signal is identified from

observational data, the best-fitted values and errors can
be obtained for the model parameters. We now examine
the relative errors of lensing parameters from GW ob-
servation. We adopt the root-mean-square (rms) errors
∆θp by inversing the Fisher Information Matrix (FIM,

denoted by Γij), i.e. ∆θip =
√
Σii with Σi,j =

(

Γ−1
)ij

.
The FIM is given by [33, 86, 87],

Γij = 4Re

∫

df

S(f)

∂h∗l (f)

∂θip

∂hl(f)

∂θjp
. (13)
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FIG. 4. The constraint on the ratio fPBH as a function MPBH

is shown for the aLIGO and ET-D. The threshold is adopted
at yc = 0.1 and ML,z

>
∼ 1.3MBBH,z. The regions below the

corresponding curves indicate that NL(fPBH) ≤ 1. We also
show the current constraint on fPBH from the SNe lensing
data [85], EROS [11], and Eridanus II [13, 14].

For a wide range of parameters that we are interested
in, we found ∆ML,z/ML,z

<∼ 0.3 and ∆y/y <∼ 13. One
can see that a good parameter estimation for the lens
mass can be obtained. In the limit of geometrical op-
tics, it is found that ∆ML,z/ML,z and ∆y/y are inversely
proportional to the SNR [33], therefore better parameter
estimation is expected if the lensed event is detected at
higher SNR.

VI. CONCLUSION AND DISCUSSION

In this paper, we have explored the possibility of de-
tecting PBHs by searching for their microlensing effect
on GW events. We assumed an uniform space distribu-
tion for the PBHs in the Universe, and fixed η = 0.238
and χ = 0.024 for the BBH merger events following the
GWTC-1 [23] and GWTC-2 catalogs [55]. The crite-
ria, FF = 0.97 and logOdds = 4, are used to indicate
whether such lensing signals are distinguishable. We used
the Fisher information matrix to assess the precision of
parameter estimation, under the positive detection sce-
nario for a lensed GW event, where the PBH mass can
be obtained with a relative error ∆MPBH/MPBH

<∼ 0.3.
In the case of a null detection of such events over a

long observational time, we obtained tight constraints on
fPBH – especially in the third-generation GW detector
era. We found that, after one year of running, the ET-D
can provide a very tight constraint of fPBH

<∼ (10−2 −
10−5)(yc/0.1)

−2 for MPBH
>∼ 10M⊙. For aLIGO, on the

other hand, the constraint is fPBH
<∼ 0.2(yc/0.1)

−2 for
PBHs with a mass greater than ∼ 50M⊙ after ten years
of running, weaker than that in Ref. [28]. This is because
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we use a more conservative and realistic choice for the
distinguishability criterion, as discussed in Section I. The
FF and odds-ratio analyses show that yc ≈ 0.1 − 0.3.
It can be seen that if one adopts a lensing parameter
of yc = 0.1, a significant improvement can be obtained
upon the recently updated constraints from the lensing of
type Ia supernovae, namely, fPBH

<∼ 0.35 [85]. And this
constraint can be even tighter if a significant fraction of
the GW events are detected with higher SNR.

It should be noted that we ignored the macrolensing
effect from the structures hosting PBHs, such as galax-
ies and dark-matter halos. This treatment is appropri-
ate for the low-mass dark-matter halos, such as those
with mass (106 − 108)M⊙, but in the presence of strong
macrolensing by hosting galaxies, the microlensing effect
can be significantly modified. In this case, the caustic
shape of a point-mass lens would change from a single
point to a diamond shape, leading to the formation of
more images [e.g. 30, 41], and thus Eq. (2) needs to be
modified. Recently, Cheung et al. 2021 [45] studied this
effect in details and considered the microlensing effect in
the presence of strong macrolensing, where the microlens
is placed within the Einstein radius of the macrolens.
In this case, the microlensing amplification factor can
change significantly from that of an isolated microlens in
the high-frequency (> 200 Hz) band, as shown in their
Fig. 4. And thus the FF behavior is slightly different
from our result. In their Fig. 9, the mismatch, which can
be treated as 1−FF , is found to be of variation at some
lens mass, and impact parameter. As from our result, the
mismatch will be 1−FF >∼ 0.03 when Eq. (6) is satisfied.
With zS = 1, MBBH = 60M⊙, and zL = 0.5 in [45], this
requires to ML

>∼ (80− 128)M⊙ and y < 0.1− 0.3, which
is also consistent with the high mismatch part of their
Fig. 9.

Besides, stars in hosting galaxies could induce stel-
lar microlensing. For strong macrolensing by Milky-
Way-like galaxies, its probability may approach PMicro ∼
10−2PMacro [e.g. 38], where PMacro is the macrolensing
probability. For a typical strong macrolensing proba-
bility of PMacro ∼ 10−4, the associated microlensing a
probability of PMicro ∼ 10−6. While for more massive
hosting galaxies, this rate may be enhanced significantly
[e.g. 38]. As such, if the stellar lensing effect cannot be
distinguished from the point-mass lensing effect from the
data analysis, the constraint on PBH abundance may be
contaminated. Consequently, a more accurate treatment
involving all these effects is required to improve the con-
straint on PBHs. This will be examined more in further
work.

Nevertheless, by collaborating with space-borne GW
detectors, such as TianQin [88–90], laser interferometer
space antenna (LISA) [91], and/or deci-hertz interfer-
ometer GW observatory (DECIGO) [92], it will become
possible to study such lensed events through multi-band
GW observation. This approach will have the potential
to significantly further improve the constraint on fPBH.
Space-borne GW detectors are expected to observe the

early inspiral signals of BBH systems months to years
before their final merger, thus allowing the determina-
tion of their intrinsic parameters with very high precision.
Since the lensing affects the GW waveform differently at
different frequencies, lensing will result in an obvious in-
consistency between the best-fit parameters derived from
space-borne and ground-based facilities – thus providing
a clear indicator for the existence of lensing.
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Appendix A: Validity of the FF=0.97 threshold

If the lensing effect is ignored in the matched filter-
ing analysis of GW signals, the best-matched waveform
hs(f, θp + δθp) would be shifted from the true param-
eter h(f, θp)F (f, θl) by an amount of δθp. Meanwhile,
the parameters estimated from the data analyses are ac-
companied by uncertainties of ∆θp, which are calculated
with the Fisher Information Matrix (Eq. 13) here. We
consider a case with ρ = 8 for the original unlensed GW
waveform with MBBH,z = 42.5M⊙ and use the PSD of
aLIGO. Then we study how much difference is induced
by a lensing object with y = 0.1 and ML,z

>∼ 44M⊙

(corresponding to FF <∼ 0.97). We found that the best-
matched waveform (i.e. the ‘shifted’ waveform) corre-
sponds to ρs ≃ 8, effectively no obvious difference. This
can also be seen in Fig. 1, where the best-matched wave-
forms mimic the original unlensed waveforms. But we
found that the lensing effect could alter these intrinsic
parameters in some cases, especially for the symmetry
mass ratio, whose shifted values would be larger than the
rms error, i.e. δη >∼ ∆η. However, if we take into consid-
eration the lensing effect, we found the lensed waveform
would be of ρl >∼ 11, which means the failure of including
the lensing effect would greatly decrease the SNR.
Also, we can study the AIC [68] for the ‘shifted’ wave-

form model and the lensed waveform model. A differ-
ence of 6 in the AIC is generally considered as strong
evidence in favor of the model with a lower AIC [93].
The AIC depends on the likelihood function lnΛ(h1) =
(ho|h1)− 0.5(h1|h1) [94] of the waveform h1,

AIC(h1) = −2 lnΛ(h1) + 2k = −2(ho|h1) + (h1|h1) + 2k,
(A1)

where we assume that a lensed GW signal is received
by the detector, i.e. ho = hl is the signal, and k is the
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number of the parameters in the model. For the lensed
waveform, we have AIC(hl) = −ρ2l + 2kl; while for the
‘shifted’ waveform, we obtain AIC(hs) = −2FF ∗ ρlρs +
ρ2s + 2ks. The difference is then

∆AIC = AIC(hl)−AIC(hs) = −ρ2l −ρ2s+2FF ∗ρlρs+4,
(A2)

where the lensed waveform has two more parameters

(ML,z, y), thereby kl − ks = 2. Taking y = 0.1 and
ML,z

>∼MBBH,z for different values of MBBH,z, we found
this difference is generally ∆AIC ≤ −6.9 for the lensed
events with FF ≤ 0.97. This also confirms that the
lensed waveform can be distinguished by real data anal-
ysis.
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