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Rotating Kerr-Newman space-times in Metric-Affine Gravity
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We present new rotating vacuum configurations endowed with both dynamical torsion and non-
metricity fields in the framework of Metric-Affine gauge theory of gravity. For this task, we con-
sider scalar-flat Weyl-Cartan geometries and obtain an axisymmetric Kerr-Newman solution in
the decoupling limit between the orbital and the spin angular momentum. The corresponding
Kerr–Newman–de Sitter solution is also compatible with a cosmological constant and additional
electromagnetic fields.

I. INTRODUCTION

The recent discoveries of gravitational waves and the first evidence of the shadow observed from a supermassive
black hole in M87 have opened a new era for black hole physics [1–4]. General Relativity (GR) predicts that the
simplest rotating black hole solution can be described by three main parameters: its mass, angular momentum and
electric charge. Since at astrophysical scales it is expected that this electric charge is almost negligible, the most
common way to describe a rotating black hole solution is by the Kerr space-time, which is fully determined by its
mass and angular momentum [5]. A vast number of studies concerning astrophysical observations are based on this
solution since it can describe different observations in a good agreement [6–9]. In fact, even though the assumption of
static and spherically symmetric space-times can provide us a good understanding on the physics of compact objects,
the search of stationary rotating solutions turns out to be essential for a full phenomenological assessment in terms
of a realistic configuration [10, 11].
There are different evidences from observations to theory pointing out that GR does not constitute the final theory

of gravity. Some indications are for example: the growing tension in observations of the value of the expansion of the
universe determined by the Hubble constant H0, the problem of dark energy and dark matter, or its inconsistency
at the quantum level [12–16]. This leads to consider further extensions and modifications of GR (see [17–19] for
recent reviews on this topic). In particular, the establishment of the gauge principles in the realm of post-Riemannian
geometry displays the torsion and nonmetricity tensors sourced by the hypermomentum of matter as new properties
of the gravitational field, which gives rise to the formulation of Metric-Affine Gauge theory of gravity (MAG) [20–22].
The study of axial symmetry in MAG is not so vast due to its complexity. Exact solutions have been found in certain

models assuming the so-called triplet ansatz and other prolongation techniques [23–25]. Recently, the authors of this
work followed a different approach based on consistency constraints and found a new spherically symmetric solution
with independent dynamical torsion and nonmetricity fields beyond the triplet ansatz [26]. This result generalises the
previous findings obtained in the Poincaré gauge framework of MAG, where it was shown that the vacuum structure of
GR is modified in the presence of a Coulomb-like dynamical torsion [27, 28] (see [29] for a consistent thermodynamic
analysis and [30] for a natural extension including parity odd terms). Thereby, the aim of this work is to study axial
symmetry and to obtain new rotating black hole solutions in the metric-affine geometry described by MAG.
This work is organised as follows. In Sec. II we briefly describe the general features of metric-affine geometry and

the model with higher order corrections recently proposed to display the independent dynamical behaviour of the
torsion and nonmetricity fields. Then, in Sec. III A we set the invariance conditions of stationary and axisymmetric
post-Riemannian geometries, and perform a decomposition into propagating and non-propagating modes, in order to
present a consistent method for solving the field equations of the model and simplifying the problem. This allows
us to obtain in Sec. III B a new Kerr-Newman (KN) black hole solution with torsion and nonmetricity, under the
assumption that the coupling between the orbital and the spin angular momentum of the solution is small. Finally, we
conclude our main results in Sec. IV. We work in the natural units c = G = 1 with the metric signature (+,−,−,−).
Geometric quantities with a tilde on top denote that they are computed with respect to a general affine connection
whereas quantities without a tilde denote that they are computed with respect to the Levi-Civita connection. On the
other hand, Latin and Greek indices refer to anholonomic and coordinate basis, respectively.
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II. METRIC-AFFINE GRAVITY WITH DYNAMICAL TORSION AND NONMETRICITY

The formulation of gravity within an affinely connected metric space-time allows the post-Riemannian degrees of
freedom present in a general affine connection to be considered as additional properties of the gravitational interaction.
Specifically, such a general affine connection provides not only curvature changes in the geometry of the space-time
but also torsion and nonmetricity deformations defined as follows:

T λ
µν = 2Γ̃λ

[µν] , (1)

Qλµν = ∇̃λgµν . (2)

Then, the covariant derivative of an arbitrary vector vλ can be split into a Riemannian contribution and a distortion
tensor

∇̃µv
λ = ∇µv

λ +Nλ
ρµv

ρ , (3)

which encodes the torsion and nonmetricity pieces as the sum of the so-called contortion and disformation tensors

Nλ
ρµ = Kλ

ρµ + Lλ
ρµ , (4)

with

Kλ
ρµ =

1

2
(T λ

ρµ − Tρ
λ
µ − Tµ

λ
ρ) , (5)

Lλ
ρµ =

1

2
(Qλ

ρµ −Qρ
λ
µ −Qµ

λ
ρ) . (6)

The corrections modify not only the definition of the covariant derivative but also its commutation relations, which
provide the notion of the intrinsic curvature in terms of the affine connection

[∇̃µ, ∇̃ν ] v
λ = R̃λ

ρµν v
ρ + T ρ

µν ∇̃ρv
λ , (7)

where

R̃λ
ρµν = ∂µΓ̃

λ
ρν − ∂ν Γ̃

λ
ρµ + Γ̃λ

σµΓ̃
σ
ρν − Γ̃λ

σνΓ̃
σ

ρµ . (8)

The presence of torsion and nonmetricity in the space-time requires gauging the external degrees of freedom con-
sisting of translations, rotations, dilations and shears by means of the affine group A(4, R) = R4

⋊GL(4, R) [20–22].
Indeed, a gauge approach to gravity is successfully formulated when the unitary irreducible representations of particles
are linked to the geometry of the space-time. In particular, the absence of spinor representations for general coordinate
transformations demands an anholonomic spin connection as the fundamental quantity for the introduction of spinor
fields into the geometry of the space-time, which in the framework of MAG is associated with the general metalinear
group GL(4, R) [31, 32].
Thereby, the nontrivial structure of the group A(4, R) allows the dynamical behaviour of torsion and nonmetricity

to be performed in terms of a large number of geometric invariants in the gravitational action. Specifically, in the
case of Weyl-Cartan geometry the traceless parts of the nonmetricity tensor vanish and this tensor is fully ascribed
to the so-called Weyl vector

Wµ =
1

4
Qµν

ν . (9)

Then, the gauge group A(4, R) is reduced to the inhomogeneous Weyl group IW (1, 3) and it is possible to define
the following model based on scalar-flat Weyl-Cartan geometries to display such a behaviour conforming a black hole
solution within a spherically symmetric space-time [26]:

S =
1

64π

∫

d4x
√−g

[

− 4R− 6d1R̃λ[ρµν]R̃
λ[ρµν] − 9d1R̃λ[ρµν]R̃

µ[λνρ] + 8 d1R̃[µν]R̃
[µν]

+
1

8
(32e1 + 13d1) R̃

λ
λµνR̃

ρ
ρ
µν − 7d1R̃[µν]R̃

λ
λ
µν
]

. (10)
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Such a black hole solution must satisfy the following field equations, derived from the variations of the Expres-
sion (10) with respect to the vierbein field and the anholonomic connection:

0 = 2Gµ
ν + 16πL̃ δµ

ν + 2d1

(

R̃ν
λρµR̃

[λρ] + R̃λ
ν
µρR̂

[λρ] + R̃λµR̃
[νλ] + R̂λµR̂

[νλ]
)

+
d1
2
R̃λρσµ

[(

4R̃[νσ]λρ − 2R̃[λρ]νσ − R̃[λν]ρσ − R̃[ρσ]λν − R̃[ρν]σλ − R̃[σλ]ρν
)

− 4
(

R̃(ρν)λσ − R̃(λσ)ρν + R̃(λν)ρσ − R̃(ρσ)λν
)]

− 4e1R̃
λ
λσµR̃

ρ
ρ
σν , (11)

0 = 2d1

[

∇ρ

(

gµνR̃[λρ] − gλνR̂[µρ] + gλρR̂[µν] − gµρR̃[λν]
)

+Nρµ
ρR̃

[λν] −Nρλ
ρR̂

[µν]

+Nνλ
ρR̂

[µρ] −Nνµ
ρR̃

[λρ] +Nµ
ρ
λR̂[ρν] −Nλ

ρ
µR̃[ρν]

]

+
d1
2

(

∇ρ +Wρ

)[(

4R̃[ρν]λµ − 2R̃[λµ]ρν − R̃[µν]λρ + R̃[λν]µρ − R̃[λρ]µν + R̃[µρ]λν
)

− 4
(

R̃(µν)λρ − R̃(λρ)µν + R̃(νλ)µρ − R̃(ρµ)λν
)]

− 4e1g
λµ∇ρR̃σ

σρν

+
d1
2
Nλ

σρ

[(

4R̃[ρν]σµ − 2R̃[σµ]ρν − R̃[µν]σρ + R̃[σν]µρ − R̃[σρ]µν + R̃[µρ]σν
)

− 4
(

R̃(µν)σρ − R̃(σρ)µν + R̃(νσ)µρ − R̃(ρµ)σν
)

+ 4gµνR̃[σρ]
]

+
d1
2
Nµ

σρ

[(

4R̃[ρν]λσ − 2R̃[λσ]ρν − R̃[σν]λρ + R̃[λν]σρ − R̃[λρ]σν + R̃[σρ]λν
)

− 4
(

R̃(σν)λρ − R̃(λρ)σν + R̃(νλ)σρ − R̃(σρ)λν
)

− 4gλνR̂[σρ]
]

, (12)

where L̃ represents the quadratic order of the Lagrangian density. It is worthwhile to stress that the algebraic structure
of the inhomogeneous Weyl group generally provides a more complex dynamics for the geometric degrees of freedom
of the space-time, in comparison with the one provided by the compact classical groups of internal symmetries [33].
In particular, in the present MAG model the dynamical behaviour of the torsion and nonmetricity fields is described
in the gravitational action (10) by the field strength tensors

R̃λ
[µνρ] = ∇̃[µT

λ
ρν] + T σ

[µρ T
λ
ν]σ , (13)

R̃[µν] =
1

2
R̃λ

λµν + ∇̃[µT
λ
ν]λ +

1

2
∇̃λT

λ
µν − 1

2
T λ

ρλT
ρ
µν , (14)

R̃λ
λµν = 4∇[νWµ] , (15)

which describe the deviation of the Bianchi identities of GR provided by Weyl-Cartan geometry. In any case, the
explicit relation between the antisymmetric part of the Ricci tensor and the homothetic component of the curvature
tensor present in Expression (14) clearly indicates that the former contains propagating terms of both torsion and
nonmetricity tensors, which can also be implicitly present in Expression (13) by means of the torsion tensor itself
(i.e. in terms of dynamical constraints involving certain irreducible modes of torsion that suppress their propagating
behaviour). Accordingly, depending on their dynamical contribution to the gauge field strength tensors, the irreducible
parts of the torsion tensor, namely the trace vector Tµ = T ν

µν , the axial vector Sµ = εµλρνT
λρν , and the traceless and

pseudotraceless tensor tλµν = Tλµν− 1
3 (gλνTµ − gλµTν)− 1

6 ελρµνS
ρ, can be split into propagating and non-propagating

modes, respectively denoted by a bar and a circle on top:

Tµ = T̊µ + T̄µ , (16)

Sµ = S̊µ + S̄µ , (17)

tλµν = t̊λµν + t̄λµν . (18)

The latter can be characterised by pure gauge configurations with vanishing or degenerate field strength tensors, which
allows us to express the nontrivial antisymmetrized part of the curvature tensor as a general sum of a degenerate
homothetic curvature and an independent dynamical component:

R̃λ
[µνρ] = R̊λ

[µνρ] + R̄λ
[µνρ] , (19)

with R̊λ
[µνρ] = αR̃σ

σ[µνδρ]
λ and α is a constant. The consideration of this decomposition for the present model shall

allow us to clarify the construction of axisymmetric solutions, as is shown in the following section.



4

III. AXIAL SYMMETRY AND ROTATING SPACE-TIMES IN METRIC-AFFINE GRAVITY

A. Invariance conditions and structure of the solution

The geometry of stationary and axisymmetric space-times is characterised by two Killing vectors ∂t and ∂ϕ, which
generate time translations and rotations around a symmetry axis, respectively. Accordingly, the latter defines a
regular two-dimensional timelike surface of fixed points where it vanishes and provides a metric structure which is
invariant under the action of the rotation group SO(2) [34, 35]. Given the fact that these two Killing vectors are not
orthogonal to each other, it is possible to write the most general stationary and axisymmetric space-time in a specific
gauge with only one nonvanishing off-diagonal component gtϕ [36]:

ds2 = Ψ1(r, ϑ) dt
2 − dr2

Ψ2(r, ϑ)
− r2Ψ3(r, ϑ)

[

dϑ2 + sin2 ϑ(dϕ−Ψ4(r, ϑ)dt)
2
]

, (20)

where (t, r, ϑ, ϕ) denote spherical coordinates and {Ψi}4i=1 are four arbitrary functions depending on r and ϑ. For the
present MAG model, the scalar-flatness condition fulfilled by the gravitational action (10) means that the Riemannian
scalar curvature vanishes, which represents a strong geometrical constraint involving the metric tensor alone and
therefore restricts the form of Expression (20). In particular, the KN space-time describes a geometry compatible
with a charged rotating mass fulfilling the constraint R = 0, which constitutes the minimal extension that one can
consider for the study of rotation and axial symmetry in the present model. Thereby, by assuming Boyer-Lindquist
coordinates (t̃, r̃, ϑ̃, ϕ̃) 1

t = t̃ , r =

√

r̃2 + a2 sin2 ϑ̃ , cosϑ =
r̃

r
cos ϑ̃ , ϕ = ϕ̃ , (21)

the line element (20) and the tetrad fields in the orthonormal gauge can be set as follows:

ds2 = Ψ(r, ϑ) dt2 − r2 + a2 cos2 ϑ

(r2 + a2 cos2 ϑ)Ψ(r, ϑ) + a2 sin2 ϑ
dr2 −

(

r2 + a2 cos2 ϑ
)

dϑ2

− sin2 ϑ
[

r2 + a2 + a2 (1−Ψ(r, ϑ)) sin2 ϑ
]

dϕ2 + 2a (1−Ψ(r, ϑ)) sin2 ϑ dtdϕ , (22)

eaµ =









1/
√

grr(r, ϑ) 0 0 − a sin2 ϑ/
√

grr(r, ϑ)

0
√

grr(r, ϑ) 0 0

0 0
√
r2 + a2 cos2 ϑ 0

− a sinϑ/
√
r2 + a2 cos2 ϑ 0 0

(

r2 + a2
)

sinϑ/
√
r2 + a2 cos2 ϑ









, (23)

where Ψ(r, ϑ) = 1 − (2mr − k)/(r2 + a2 cos2 ϑ) depends on the mass m, the orbital angular momentum (per unit
mass) a and a constant parameter k, which in the Einstein-Maxwell model of GR can be related to electric and
magnetic charges. In the realm of metric-affine geometry with independent metric, torsion and nonmetricity fields,
the invariance defined by the Killing vectors can be in any case extended to post-Riemannian quantities, in such
a way that the corresponding curvature tensor fulfills the same symmetries. Then, the conditions provided by the
vanishment of the Lie derivatives of the torsion and nonmetricity tensors under the time and axial Killing vectors of
stationary and axisymmetric space-times are realised by

Tλµν = Tλµν(r, ϑ) , (24)

Wµ = Wµ(r, ϑ) . (25)

Therefore, the number of degrees of freedom involved for the resolution of the field equations (11) and (12) is
twenty four for the torsion sector and four for the Weyl vector, which means that additional assumptions must be
considered in order to obtain an axisymmetric configuration. In this regard, the aforementioned decomposition (16)
into propagating and non-propagating modes can be considered to construct such solutions and simplify the problem,

1 Note that we assume Boyer-Lindquist coordinates in the following, and accordingly we omit the use of tilde in our coordinates notation.
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since the anholonomic connection must obey the same type of structure, in virtue of its correspondence with the affine
connection:

ωab
µ =

3
∑

i=1

ωab
i µ , (26)

where

ωab
1 µ = ea λ e

bρ
(

Γλ
ρµ + K̊λ

1 ρµ

)

+ ea λ ∂µ e
bλ , (27)

ωab
2 µ = ea λ e

bρ
(

K̊λ
2 ρµ + Lλ

ρµ

)

, (28)

ωab
3 µ = ea λ e

bρK̄λ
ρµ . (29)

In particular, concerning the non-propagating part of the post-Riemannian degrees of freedom, the first component
ω1 of the anholonomic connection is set to generate vanishing field strength tensors, whereas ω2 provides a homothetic
field strength tensor associated with the scale part of the Weyl group and accordingly the antisymmetric contribution
of the Weyl vector to the spin connection must be compensated by an auxiliary vector mode of torsion, which gives
rise to a degenerate homothetic component in the antisymmetrized part of the curvature tensor. Additionally, the
component ω3 is aimed to describe the independent parts of the field strength tensors yielded by the torsion field.
In the first case, the condition for a vanishing antisymmetrized part of the curvature tensor can then be written as

∇̃[µT̊
λ
1 ρν] + T̊ σ

1 [µρ T̊
λ
1 ν]σ = 0 , (30)

but due to the high complexity of axial symmetry in metric-affine geometry it is not possible to obtain directly
a general solution for the components of the torsion tensor constrained by this equation and one has to consider
additional assumptions, which allow a solution to be found. Following these lines, we assume the premise that the
anholonomic connection ω1 related to these torsion components takes Minkowski values in a certain local frame and
does not depend on any of the physical parameters of the solution (namely the mass, orbital angular momentum, and
spin and dilation charges), in such a way that its contribution to the field strength tensors is identically zero and the
MAG model coincides with GR in the absence of propagating modes. The construction requires then the existence of a
local Lorentz transformation fitting this property in the spin connection, which for the same type of scalar-flat models
studied with spherically symmetric conditions was shown to be the case [26–28], whereas for rotating axisymmetric
space-times involves a further generalisation, as shown below.
In the first place, it is straightforward to check that the Minkowski space-time expressed in Boyer-Lindquist coor-

dinates is recovered by the line element (22) and the orthonormal frame (23) if Ψ(r, ϑ) = 1, in such a way that the
underlying metric structure is flat. By contrast, from a mathematical point of view the torsion tensor is not subject
to a unique specific form, but constrained by the vanishment of its field strength tensors (13) and (14), as well as by
the boundary conditions presented in the spherically symmetric case [26–28]. In this sense, the additional assumption
of a local frame where the corresponding non-propagating part ω̂1 of the spin connection, denoted by hat to indicate
that is evaluated in the rotated frame, does not depend on any of the physical parameters of the solution allows us
to set these boundary conditions as its Minkowski values in the Lorentz Lie algebra, namely

ω̂1 =
1

2
(J1̂2̂ − J0̂2̂) dϑ+

1

2
sinϑ [(J1̂3̂ − J0̂3̂) + 2 cotϑJ2̂3̂] dϕ , (31)

where Jab are the generators of local Lorentz rotations. Then, the transition to a KN type of geometry can be
performed by considering the existence of a more general rotated basis ϑa = Λa

b e
b depending on the metric function

Ψ(r, ϑ), where the underlying spin connection ω̂1 associated with the KN geometry preserves its Minkowski values (31).
Thereby, the search of the non-propagating part of torsion with vanishing field strength tensors that satisfy the
boundary conditions obtained in the spherically symmetric case is reduced to the obtainment of the rotated frame
that fulfills the following equation:

ϑb
[ρ|Fa

1 b|µν] = 0 , (32)

with Fa
1 bµν = ∂µω̂

a
1 bν − ∂ν ω̂

a
1 bµ+ ω̂a

1 cµ ω̂
c
1 bν − ω̂a

1 cν ω̂
c
1 bµ. The achievement of the complete solution requires then to

find the additional propagating parts ω̂2 and ω̂3 of the spin connection, which provide nontrivial field strength tensors
satisfying the field equations (11) and (12).
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B. Rotating black hole solution

In general, a Lorentz matrix contains up to six degrees of freedom and can be expressed as a multiplication of six
linear transformations, namely the Lorentz boosts and the space rotations:

Λa

b =









1 0 0 0
0 cosα3 − sinα3 0
0 sinα3 cosα3 0
0 0 0 1









×









1 0 0 0
0 cosα2 0 − sinα2

0 0 1 0
0 sinα2 0 cosα2









×









1 0 0 0
0 1 0 0
0 0 cosα1 − sinα1

0 0 sinα1 cosα1









×









cosh β3 0 0 sinh β3

0 1 0 0
0 0 1 0

sinh β3 0 0 cosh β3









×









cosh β2 0 sinh β2 0
0 1 0 0

sinhβ2 0 cosh β2 0
0 0 0 1









×









cosh β1 sinh β1 0 0
sinh β1 cosh β1 0 0

0 0 1 0
0 0 0 1









. (33)

Accordingly, our construction requires the existence of certain values for the parameters {αi}3i=1 and {βi}3i=1 which
preserve the structure of the spin connection (31) in a local frame for the non-propagating sector of the solution. In
particular, such a Lorentz matrix can be split into a first transformation Λ

∣

∣

sph
parametrised by the Lorentz boost

β̃1 = arccosh

(

Ψ(r, ϑ) + 1

2
√

Ψ(r, ϑ)

)

, (34)

which fits the spherically symmetric parts of the vierbein and the spin connection with vanishing field strength tensors,
and a second transformation Λ

∣

∣

axi
which fits the axisymmetric parts, namely

Λa
b = Λa

c

∣

∣

axi
Λc

b

∣

∣

sph
. (35)

Concerning the spherically symmetric branch, it is worthwhile to stress that any rotated basis provided by a Lorentz
boost with an arbitrary value of β1 is compatible with the spin connection (31) and fulfills the constraint (32).
Nevertheless, by setting this parameter as (34) in the mentioned branch, the resulting tuple (ϑa

µ, ω̂
a
1 bµ) respects the

regularity of the torsion tensor [26–28]. On the other hand, the specific form of the axisymmetric part is subject to
the resolution of the Expression (32). The computation of this expression in terms of a general Lorentz matrix (33)
gives rise to the following system of equations:

0 = cosα2 sinhβ1(cosα1 coshβ2 sinhβ3 + sinα1 sinhβ2) + sinα2 coshβ1 , (36)

0 =

√

(r2 + a2 cos2 ϑ)Ψ(r, ϑ) + a2 sin2 ϑ
[

cosα2 coshβ1 (cosα1 coshβ2 sinhβ3 + sinα1 sinhβ2) + sinα2 sinhβ1

]

− a sinϑ cosα1 cosα2 coshβ3 , (37)

0 = sinhβ1

[

sinhβ2 (cosα1 cosα3 − sinα1 sinα2 sinα3)− coshβ2 sinhβ3 (cosα1 sinα2 sinα3 + sinα1 cosα3)
]

+cosα2 sinα3 coshβ1 , (38)

0 =

√

(r2 + a2 cos2 ϑ)Ψ(r, ϑ) + a2 sin2 ϑ
{

coshβ1

[

coshβ2 sinhβ3 (cosα1 sinα2 sinα3 + sinα1 cosα3)

+ sinhβ2 (sinα1 sinα2 sinα3 − cosα1 cosα3)
]

− cosα2 sinα3 sinhβ1

}

− a sinϑ coshβ3(cosα1 sinα2 sinα3 + sinα1 cosα3) , (39)

which turns out to be overdetermined. Nevertheless, if we set β1 = β̃1 and α1 = α3 = β2 = 0, then this system is
reduced to the equations

0 = cosα2 sinhβ3 sinh β̃1 + sinα2 cosh β̃1 , (40)

0 =

√

(r2 + a2 cos2 ϑ)Ψ(r, ϑ) + a2 sin2 ϑ
(

cosα2 sinhβ3 cosh β̃1 + sinα2 sinh β̃1

)

− a sinϑ cosα2 coshβ3 , (41)

which are solved by the parameters

α2 = arccos





√

4(r2 + a2 cos2 ϑ)Ψ2(r, ϑ)− a2(1−Ψ(r, ϑ))2 sin2 ϑ

2Ψ(r, ϑ)
√
r2 + a2 cos2 ϑ



 , (42)

β3 = arccosh





2
√

(r2 + a2 cos2 ϑ)Ψ2(r, ϑ) + a2 sin2 ϑΨ(r, ϑ)
√

4(r2 + a2 cos2 ϑ)Ψ2(r, ϑ) − a2(1−Ψ(r, ϑ))2 sin2 ϑ



 . (43)



7

In any case, it is worthwhile to stress that the spin connection (31) has a residual gauge invariance provided by
the parameters α1 and β1, in such a way that Eq. (32) is preserved for any gauge transformation defined by them.
Therefore, the Lorentz matrix that solves Eq. (32) can be described by the product of an axisymmetric part depending
on the parameters (42) and (43), and a spherically symmetric part given by the parameter (34):

Λa
b =







coshβ3 0 0 sinhβ3

− sinα2 sinhβ3 cosα2 0 − sinα2 coshβ3

0 0 1 0
cosα2 sinhβ3 sinα2 0 cosα2 coshβ3






×









cosh β̃1 sinh β̃1 0 0

sinh β̃1 cosh β̃1 0 0
0 0 1 0
0 0 0 1









. (44)

The existence of this matrix allows us to set the rotated basis ϑa = Λa
b e

b where the first components of the spin
connection of the solution acquire the Minkowski values (31). In this sense, these components represent the Minkowski
part of the spin connection, in such a way that all the field strength tensors of the model as well as the field equations
(11) and (12) identically vanish if the spin connection is reduced to this part. The next step then consists of finding
the propagating parts of the spin connection provided by the dynamical torsion and nonmetricity tensors. In the
present case, the latter is reduced to a Weyl vector with both electric and magnetic components that preserve the
invariance condition (25), which sets such components into the trace parts of the spin connection:

Wµ = − 1

2
ω̂a

aµ , (45)

with Wµ = (w1 (r, ϑ) , w2 (r, ϑ) , w3 (r, ϑ) , w4 (r, ϑ)). According to the decomposition (16), any other contribution of
this vector to the antisymmetric part of the spin connection in the rotated basis

ω̂
[ab]
2 µ = ϑa

λ ϑ
bρK̊λ

2 ρµ − 1

4
ϑ[a

µϑ
b]νWν , (46)

can be straightforwardly cancelled out by a non-propagating vector mode of torsion T̊ ν
2 = (3/2)W ν , in such a way that

the dynamical degrees of freedom of nonmetricity are appropriately encoded in the mentioned trace. In agreement with
the decomposition (19), the antisymmetrized part of the curvature tensor then acquires a nonvanishing component

R̊λ
[µνρ] =

1
4 R̃

σ
σ[µνδρ]

λ and the dynamical contribution provided by the Weyl vector in the Lagrangian is reduced to

an effective term e1/(16π)R̃
λ
λµνR̃

ρ
ρ
µν . This means that the symmetric component in the indices λ and µ of Eq. (12)

turns out to describe the propagation of the nonmetricity field in the present model and is reduced to the expression

∇µR̃
λ
λ
µν = 0 , (47)

which constitutes a Maxwell equation for the homothetic part of the curvature tensor. The procedure to find the
corresponding solution can be applied as follows. First, we notice that despite of the cumbersome explicit form of
the resulting equations in axial symmetry, they can be expressed in a relatively compact way that facilitates their
resolution. Specifically, the components with ν = 1 and ν = 2 can be written as a combination involving the radial
and polar components of the Weyl vector

0 = [∂ϑw2(r, ϑ)− ∂rw3(r, ϑ)]F1(r, ϑ) + ∂ϑ [∂ϑw2(r, ϑ) − ∂rw3(r, ϑ)]F2(r, ϑ) , (48)

0 = [∂ϑw2(r, ϑ)− ∂rw3(r, ϑ)]F3(r, ϑ) + ∂r [∂ϑw2(r, ϑ)− ∂rw3(r, ϑ)]F4(r, ϑ) , (49)

where {Fi(r, ϑ)}4i=1 are functions including the parameter a and Ψ(r, ϑ). Then, the following condition satisfies
straightforwardly the mentioned equations:

∂ϑw2(r, ϑ) = ∂rw3(r, ϑ) . (50)

Note that this expression does not determine univocally the components of the Weyl vector, but one has to impose
an additional constraint to set their values (e.g. a specific value for the quadratic scalar derived from this vector or
for any of the mentioned components). For simplicity, here we consider the case where w3(r, ϑ) = 0, which allows us
to set the value of the radial component as a trivial generalisation of the spherically symmetric solution

w2(r, ϑ) = − κd,er

(r2 + a2 cos2 ϑ)Ψ(r, ϑ) + a2 sin2 ϑ
, (51)

where κd,e is an integration constant. Additionally, the remaining equations with ν = 0 and ν = 3 can be expressed
as
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0 = G1(r, ϑ)Ψ(r, ϑ) +G2(r, ϑ)Ψ
2(r, ϑ) +G3(r, ϑ) + 4au2(r, ϑ)Ψ3(r, ϑ)

[

a ∂rrw1(r, ϑ) sin
2 ϑ+ ∂rrw4(r, ϑ)

]

+4a
[

a ∂rw1(r, ϑ) sin
2 ϑ+ ∂rw4(r, ϑ)

] [

u(r, ϑ)Ψ(r, ϑ) + 2a2 sin2 ϑ
]2

∂rΨ(r, ϑ) sin2 ϑ

+16
(

r2 + a2
)

∂ϑΨ(r, ϑ)
[(

r2 + a2
)

∂ϑw1(r, ϑ) + a ∂ϑw4(r, ϑ)
]

, (52)

0 = G4(r, ϑ)Ψ(r, ϑ) +G5(r, ϑ)Ψ
2(r, ϑ) +G6(r, ϑ) + 64a ∂ϑΨ(r, ϑ)

[(

r2 + a2
)

∂ϑw1(r, ϑ) + a ∂ϑw4(r, ϑ)
]

+16
[

a ∂rw1(r, ϑ) sin
2 ϑ+ ∂rw4(r, ϑ)

] [

u(r, ϑ)Ψ(r, ϑ) cscϑ+ 2a2 sinϑ
]2

∂rΨ(r, ϑ)

+ 16u2(r, ϑ)Ψ3(r, ϑ)
(

a ∂rrw1(r, ϑ) + ∂rrw4(r, ϑ) csc
2 ϑ
)

, (53)

where u(r, ϑ) = 2
(

r2 + a2 cos2 ϑ
)

and {Gi(r, ϑ)}6i=1 are cumbersome expressions depending on a, w1(r, ϑ) and w4(r, ϑ).
In order to solve these two equations, we demand from the time and azimuth components of the Weyl vector to
be independent from the metric function Ψ(r, ϑ), which can be easily achieved by vanishing the terms related to
∂ϑΨ(r, ϑ), ∂rΨ(r, ϑ) and Ψ3(r, ϑ), namely

0 =
(

r2 + a2
)

∂ϑw1(r, ϑ) + a ∂ϑw4(r, ϑ) , (54)

0 = a ∂rw1(r, ϑ) sin
2 ϑ+ ∂rw4(r, ϑ) . (55)

A straightforward integration of these expressions yields

w1(r, ϑ) = w1b(r)−
aw4(r, ϑ)

r2 + a2
, (56)

w4(r, ϑ) =

(

r2 + a2
) (

w4b(ϑ)− 2aw1b(r) sin
2 ϑ
)

2(r2 + a2 cos2 ϑ)
, (57)

where w1b(r) and w4b(ϑ) are integration functions to be determined by vanishing the rest of terms of the equations
(52) and (53). By replacing these relations in the mentioned equations, we find that they are reduced to the following
system of ordinary differential equations involving the integration functions:

w′′
1b(r) =

aw4b(ϑ) + aw′
4b(ϑ) cotϑ− 2rw′

1b(r)
(

r2 + a2 cos(2ϑ)
)

− a2w1b(r)(3 + cos(2ϑ))

(r2 + a2) (r2 + a2 cos2 ϑ)
, (58)

w′′
4b(ϑ) =

4a sin2 ϑ
[

2(a2 − r2)w1b(r) − aw4b(ϑ)− 2r
(

r2 + a2
)

w′
1b(r)

]

+ w′
4b(ϑ)

(

2r2 + 3a2 cos(2ϑ)− a2
)

cotϑ

2 (r2 + a2 cos2 ϑ)
,

(59)

which finally provides

w1b(r) =
κd,er − aγκd,m

r2 + a2
, w4b(ϑ) = 2κd,m (cosϑ− γ) , (60)

where κd,m and γ are integration constants. Thereby, following this procedure the Maxwell equation (47) turns out
to admit a type of monopole solution for the Weyl vector:

w1(r, ϑ) =
κd,er − a κd,m cosϑ

r2 + a2 cos2 ϑ
, w2(r, ϑ) = − κd,er

(r2 + a2 cos2 ϑ)Ψ(r, ϑ) + a2 sin2 ϑ
,

w3(r, ϑ) = 0 , w4(r, ϑ) = κd,m

(

r2 + a2

r2 + a2 cos2 ϑ
cosϑ− γ

)

− a
κd,er sin

2 ϑ

r2 + a2 cos2 ϑ
. (61)

The integration constants κd,e and κd,m represent then electric and magnetic dilation charges, respectively. The
additional constant γ can be normalised as γ = ±1 for the corresponding northern and southern hemispheres sur-
rounding the monopole, given the fact that the contribution of the Weyl vector in the trace part of the spin connection
is defined up to a gauge transformation and the regularity of magnetic monopoles under a topological description
[37, 38]. On the other hand, it is straightforward to note that the antisymmetric part of the field equation (12) is not
in general reduced to a simple Maxwell equation for the torsion sector but contains additional nonlinear terms that in
the axisymmetric case require a nontrivial coupling between the spin charge κs and the orbital angular momentum a
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in the solution to fulfill the equation. In the simplest scenario defined as the decoupling limit of these two quantities,
they are constrained by the relation |aκs| ≪ 1 and a Coulomb-like dynamical part of the torsion tensor

T̄ ϑ
ϕt = − T̄ϕ

ϑt sin
2 ϑ = − T̄ ϑ

ϕrΨ(r, ϑ) = T̄ϕ
ϑrΨ(r, ϑ) sin2 ϑ =

κs sinϑ

r
+O(aκs) , (62)

provides a Maxwell equation for the corresponding field strength tensors

∇λR̃
λ
[ρµν] = 0 , (63)

∇µR̃
[µν] = 0 , (64)

together with the closure conditions

∇[σR̃λρµν] = 0 , (65)

∇[λR̃µν] = 0 , (66)

with R̃λρµν ≡ R̃λ[ρµν] and R̃µν ≡ R̃[µν]. Then, the resulting terms of Eq. (12) can be expressed as powers of aκs and
consistently dismissed if |aκs| ≪ 1. The remaining field equation (11) sets the metric function Ψ(r, ϑ) relating the
constant parameter k and the hypermomentum charges as follows:

Ψ(r, ϑ) = 1−
2mr −

[

d1κ
2
s − 4e1(κ

2
d,e + κ2

d,m)
]

r2 + a2 cos2 ϑ
. (67)

Collecting all the parts of the solution, the full anholonomic connection expressed in the local frame provided by
the Lorentz transformation (44) turns out to acquire the following form:

ω̂ =

3
∑

i=1

ω̂i , (68)

with

ω̂1 =
1

2

(

L[1̂2̂] − L[0̂2̂]

)

dϑ+
1

2
sinϑ

[

(

L[1̂3̂] − L[0̂3̂]

)

+ 2 cotϑL[2̂3̂]

]

dϕ , (69)

ω̂2 =
1

2
ηabLab

{

− κd,er − aκd,m cosϑ

r2 + a2 cos2 ϑ
dt+

aκd,er sin
2 ϑ+ κd,m

[

±
(

r2 + a2 cos2 ϑ
)

−
(

r2 + a2
)

cosϑ
]

r2 + a2 cos2 ϑ
dϕ

+
κd,er

(r2 + a2 cos2 ϑ)Ψ(r, ϑ) + a2 sin2 ϑ
dr

}

, (70)

ω̂3 = − κs

r

[

dt− dr

Ψ(r, ϑ)

]

L[2̂3̂] , (71)

where Lab are the generators of the group GL(4, R) and ηab = diag (1,− 1,− 1,− 1). The non-propagating irreducible
modes of torsion can then be expressed as the sum of a first set of pieces related to vanishing field strength tensors

T̊1µ = 2ϑa
λ
(

∂[λϑ
a
µ] + ω̂a

1 b[λ ϑ
b
µ]

)

, (72)

S̊1µ = 2εµλ
νρϑa

λ
(

∂[ρϑ
a
ν] + ω̂a

1 b[ρ ϑ
b
ν]

)

, (73)

t̊1λµν =
2

3
ηab

{

2ϑa
λ

(

∂[νϑ
b
µ] + ω̂b

1 c[ν ϑ
c
µ]

)

+ ϑa
µ

(

∂[νϑ
b
λ] + ω̂b

1 c[ν ϑ
c
λ]

)

− ϑa
ν

(

∂[µϑ
b
λ] + ω̂b

1 c[µ ϑ
c
λ]

)

+ gσρϑa
σ

[

gλµ
(

∂[ρϑ
b
ν] + ω̂b

1 c[ρ ϑ
c
ν]

)

− gλν
(

∂[ρϑ
b
µ] + ω̂b

1 c[ρ ϑ
c
µ]

)]

}

, (74)

and an additional vector mode

T̊2µ = − 3

4
ω̂a
2 aµ , (75)

which gives rise to a degenerate homothetic component in the curvature tensor. On the other hand, the propagating
modes of the torsion tensor can be written as

S̄µ = 2εµλ
νρϑa

λ
(

∂[ρϑ
a
ν] + ω̂a

3 b[ρ ϑ
b
ν]

)

, (76)
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t̄λµν =
2

3
ηab
[

2ϑa
λ

(

∂[νϑ
b
µ] + ω̂b

3 c[ν ϑ
c
µ]

)

+ ϑa
µ

(

∂[νϑ
b
λ] + ω̂b

3 c[ν ϑ
c
λ]

)

− ϑa
ν

(

∂[µϑ
b
λ] + ω̂b

3 c[µ ϑ
c
λ]

)]

. (77)

All these pieces provide the following field strength tensors of the post-Riemannian gravitational interaction:

R̃σ
σµν = 4∇[νWµ] , (78)

R̃λ
[µνρ] =

1

4
R̃σ

σ[µνδρ]
λ + R̄λ

[µνρ] , (79)

R̃[µν] =
1

4
R̃σ

σµν + R̄[µν] , (80)

R̄λ
[µνρ] =

1

6
ελ σ[ρν∇µ]S̄

σ +∇[µt̄
λ
ρν] +

1

4
ελ ωσ[ρ t̊

σ
1 µν]S̄

ω − 1

18
εσµνρT̊

λ
1 S̄

σ , (81)

R̄[µν] =
1

12
ελ σµν∇λS̄

σ +
1

2
∇λ t̄

λ
µν . (82)

Any nonlinearity arising from the coupling between the orbital and the spin angular momentum is expected to
generate deviations from the expressions (63)-(66) and require further corrections in the geometry of the space-time.
In any case, it is worthwhile to stress that the aforementioned expressions do not involve the fulfillment of the field
equations of the model, but they constitute a particular property which is realised by the solution in the decoupling
limit.
Additionally, the solution can be generalised to include a nonvanishing cosmological constant Λ and electromagnetic

fields with electric and magnetic charges qe and qm, which at the same time are decoupled from the general linear
connection under the assumption of the minimal coupling principle. Such a natural extension can be obtained in the
limit |aκs| ≪ 1 by modifying the Lorentz parameters, as well as the metric tensor and the Weyl vector as follows:

α2 = arccos





√

4(r2 + a2 cos2 ϑ)Ψ2(r, ϑ)− a2(1−Ψ(r, ϑ))2 sin2 ϑ− 1
3a

4Λ (1 + Ψ(r, ϑ))
2
sin2 ϑ cos2 ϑ

2
√

(r2 + a2 cos2 ϑ)Ψ2(r, ϑ)− 1
3a

4ΛΨ(r, ϑ) sin2 ϑ cos2 ϑ



 , (83)

β3 = arccosh





2
√

(r2 + a2 cos2 ϑ)Ψ2(r, ϑ) + a2 sin2 ϑΨ(r, ϑ)
√

4(r2 + a2 cos2 ϑ)Ψ2(r, ϑ)− a2(1 −Ψ(r, ϑ))2 sin2 ϑ− 1
3a

4Λ (1 + Ψ(r, ϑ))
2
sin2 ϑ cos2 ϑ



 , (84)

w1(r, ϑ) =
κd,er − a κd,m cosϑ

r2 + a2 cos2 ϑ
, w2(r, ϑ) = − κd,er

(r2 + a2 cos2 ϑ)Ψ(r, ϑ) + a2 sin2 ϑ
,

w3(r, ϑ) = 0 , w4(r, ϑ) = κd,m

(

r2 + a2

r2 + a2 cos2 ϑ
cosϑ− γ

)

− a
κd,er sin

2 ϑ

r2 + a2 cos2 ϑ
, (85)

ds2 =
(

Ψ(r, ϑ)− 1

3

a4Λ cos2 ϑ sin2 ϑ

r2 + a2 cos2 ϑ

)

dt2 − r2 + a2 cos2 ϑ

(r2 + a2 cos2 ϑ) Ψ(r, ϑ) + a2 sin2 ϑ
dr2 − r2 + a2 cos2 ϑ

1 + 1
3a

2Λ cos2 ϑ
dϑ2

− sin2 ϑ

[

r2 + a2 + a2(1 −Ψ(r, ϑ)) sin2 ϑ+
a2Λ cos2 ϑ

(

r2 + a2
)2

3 (r2 + a2 cos2 ϑ)

]

dϕ2

+2a sin2 ϑ

[

1−Ψ(r, ϑ) +
a2Λ

(

r2 + a2
)

cos2 ϑ

3 (r2 + a2 cos2 ϑ)

]

dtdϕ , (86)

with Ψ(r, ϑ) = 1 −
{

2mr −
[

q2e + q2m + d1κ
2
s − 4e1(κ

2
d,e + κ2

d,m)
]

+ 1
3Λr

2(r2 + a2)
}

/(r2 + a2 cos2 ϑ). As can be seen,
the corrections provided by the torsion and nonmetricity tensors act in the metric tensor as the ones depending on
the electromagnetic charges and it is possible to collect all the contributions along with the cosmological constant
within a common space-time. Nevertheless, the balance between the hypermomentum charges is not restricted to any
particular constraint and remarkably a branch with a negative effective correction of the KN geometry may occur
and cancel out the inner Cauchy horizon in the presence of torsion and nonmetricity, in contrast to the ordinary
counterpart of GR [39].
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IV. CONCLUSIONS

In the present work, we have analysed axial symmetry in the framework of MAG and obtained a new rotating
black hole solution with dynamical torsion and nonmetricity fields. Indeed, we have shown that despite the highly
nonlinear character of the field equations and the number of unknown axisymmetric components of the metric, torsion
and nonmetricity tensors, it is possible to perform a decomposition into propagating and non-propagating modes to
strongly simplify the problem and reach the solution. This procedure contrasts with different methods successfully
applied in previous literature to generate rotating black hole solutions in GR and other theories of gravity from their
corresponding nonrotating counterparts, such as the Newman-Janis algorithm [40, 41], which in the present framework
do not provide a solution since both the tetrad field and the anholonomic connection of the group GL(4, R) must be
extended in an independent way.
The resulting configuration describes a KN metric-affine geometry sourced by electric and magnetic dilation charges

related to the nonmetricity tensor, as well as by a spin charge related to the torsion tensor. The latter is constrained by
the relation |aκs| ≪ 1, which characterises the decoupling limit between the orbital and the spin angular momentum
of the solution. In this sense, from a phenomenological point of view, the solution can be used to represent the
asymptotic gravitational field of a rotating black hole or compact star formed in a metric-affine regime with scale
invariance [39], whose spin charge is much lower than the external rotation, or vice versa (i.e. in such a way that
the constraint |aκs| ≪ 1 holds). As is shown, the dynamics of torsion and nonmetricity alters the geometry of the
space-time, which means that additional modifications provided by a strong coupling between the orbital and the
spin angular momentum are expected to appear for unconstrained values of a and κs, even in the Riemannian sector
described by the metric tensor. In fact, the existing correspondence between the geometry of the space-time and the
hypermomentum of matter sets the framework of MAG as the main candidate to describe a gravitational spin-orbit
interaction beyond the standard approach of GR. Research on the strong coupling regime beyond the KN space-time
is currently underway.
On the other hand, we also obtain the generalised Kerr-Newman-de Sitter solution in the presence of a cosmological

constant and external electromagnetic fields, by analogy with the standard case. In this sense, a canonical metric
structure for the most general type D solution of the Einstein-Maxwell model depending on the NUT charge and the
acceleration parameter is also expected to hold in the present case [42, 43]. Further research following these lines will
be addressed in future works.
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[21] M. Blagojević and F. W. Hehl, eds., Gauge Theories of Gravitation: A Reader with Commentaries. World Scientific,
Singapore, 2013.

[22] F. Cabral, F. S. Lobo, and D. Rubiera-Garcia, “Fundamental Symmetries and Spacetime Geometries in Gauge Theories
of Gravity: Prospects for Unified Field Theories,” Universe 6 (2020) no. 12, 238, arXiv:2012.06356 [gr-qc].

[23] E. J. Vlachynsky, R. Tresguerres, Y. N. Obukhov, and F. W. Hehl, “An axially symmetric solution of metric-affine
gravity,” Class. Quant. Grav. 13 (1996) 3253–3260, arXiv:gr-qc/9604035.

[24] F. W. Hehl and A. Macias, “Metric-Affine gauge theory of gravity. 2. Exact solutions,”
Int. J. Mod. Phys. D 8 (1999) 399–416, arXiv:gr-qc/9902076.

[25] P. Baekler and F. W. Hehl, “Rotating black holes in metric-affine gravity,” Int. J. Mod. Phys. D 15 (2006) 635–668,
arXiv:gr-qc/0601063.

[26] S. Bahamonde and J. G. Valcarcel, “New models with independent dynamical torsion and nonmetricity fields,”
JCAP 09 (2020) 057, arXiv:2006.06749 [gr-qc].

[27] J. A. R. Cembranos and J. G. Valcarcel, “New torsion black hole solutions in Poincaré gauge theory,”
JCAP 01 (2017) 014, arXiv:1608.00062 [gr-qc].

[28] J. A. R. Cembranos and J. Gigante Valcarcel, “Extended Reissner–Nordström solutions sourced by dynamical torsion,”
Phys. Lett. B 779 (2018) 143–150, arXiv:1708.00374 [gr-qc].
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