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New Binary Cross Z-Complementary Pairs

With Large CZC Ratio

Hui Zhang, Cuiling Fan, Sihem Mesnager

Abstract

Cross Z-complementary pairs (CZCPs) are a special kind of Z-complementary pairs (ZCPs) having

zero autocorrelation sums around the in-phase position and end-shift position, also having zero cross-

correlation sums around the end-shift position. CZCPs can be utilized as a key component in designing

optimal training sequences for broadband spatial modulation (SM) systems over frequency-selective

channels. In this paper, we focus on designing new CZCPs with large cross Z-complementary ratio

(CZCratio). A construction framework of CZCPs with large ZCZ ratio are proposed by using the

Turyn’s method on some seed CZCPs and GCPs. By choosing suitably the seed CZCPs, we obtain

16 classes of new CZCPs with large CZCratio. Especially, if the GCP is strengthened, our resultant

CZCPs have the maximum CZCratio ≈
M−1

M
for M ∈ {6, 12, 24, 28}. We also obtain optimal CZCPs

with new parameters (28, 13), (48, 23) and (56, 27), which can be extended to (48N, 23N)-CZCPs

and (56N, 27N)-CZCPs respectively for any Golay number N .

Keywords: Cross Z-complementary pairs (CZCPs), Golay complementary pairs (GCPs), Turyn’s

Method, Spatial modulation (SM).

I. INTRODUCTION

In 1951, M.J. Golay [1] found that infrared multislit spectrometry, a device which isolates a desired

radiation with a fixed single wavelength from background radiation (with many different wavelengths),

can be designed with the aid of a special class of pairs of sequences, which is widely known as

Golay complementary pair (GCP). GCPs are pairs of sequences whose aperiodic autocorrelation sums

(AACSs) are zero everywhere, except at the zero shift [1]. Binary GCPs are only known to exist for

even lengths of the form 2α10β26γ (where α, β and γ are nonnegative integers)[8]. Due to its scarity,

Fan et al. [11] relaxed the autocorrelation constraint of GCPs, and introduced binary Z-complementary

pair (ZCP), which is a pair of sequences whose AACSs are zero within a zone around the zero shift

position, called zero correlation zone (ZCZ). Compared with binary GCPs, binary ZCPs can have more

flexible lengths. Actually, binary ZCPs are shown to available for all lengths [13]. GCPs and ZCPs

have found many applications in wireless communications which include optimal channel estimation
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UMR 7539, CNRS, 93430 Villetaneuse, and also with the Télécom Paris, 91120 Palaiseau, France. Email: smesnager@univ-
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in multiple-input multiple-output (MIMO) fequency-selective channels [4], radar[17], and peak power

control in orthogonal frequency division multiplexing (OFDM) [3],[15], etc.

Spatial modulation (SM) is a special class of MIMO technique, which optimizes multiplexing

gain with complexity and performance [9],[12] and [16]. The main difference of SM system with a

traditional MIMO is that is equipped with a single radio-frequency (RF) chain, which prevents the

transmitter from using simultaneous pilot transmission over all the transmit antennas. Consequently,

it implies that dense training sequences proposed in [5]-[7] for traditional MIMO are not applicable

in SM systems. Although an identity matrix has been employed for joint channel estimation and data

detection in SM systems [14], extension to frequency-selective channels is not straightforward.

To deal with this problem, recently Liu et al. [18] proposed a new class of sequence pairs called

cross Z-complementary pairs (CZCPs), each displaying certain ZCZ properties for both their AACSs

and aperiodic cross-correlation sums (ACCSs) where the formal definition will be given in Section

II. They pointed out that CZCPs can be utilized as a key component in designing optimal training

sequences for broadband SM systems over frequency-selective channels [18].

In [18], Liu et al. pointed out that the ZCZ width of a CZCP is no more than N/2, where N

is the sequence length, and a CZCP is called perfect if it achieves the maximum ZCZ width N/2.

Perfect CZCPs are actually special GCPs, called strengthened GCPs, whose length are very limited.

For example, binary perfect CZCPs exist only for lengths of the form 2α+110β26γ , where α, β, γ ≥ 0

[18], [21]. To define the optimality of CZCPs, Adhikary et al. [20] introduced the concept of cross

Z-complementary ratio (CZCratio), which is defined as CZCratio = Z/Zmax, where Z is the actual

ZCZ width, and Zmax is the possible maximum achievable ZCZ width for a given sequence length

N . If CZCratio = 1, the CZCP is called optimal, which means that the maximum ZCZ width can be

achievable. Note that Z = Zmax = N/2 only when CZCPs are perfect, thus for binary non-perfect

CZCPs, we will let Zmax = N/2 − 1 for CZCratio calculation. The fact that N is even was pointed

out in [18] for binary CZCPs. In the following, we use the notation (N,Z)-CZCP to denote a CZCP

having sequence length N and ZCZ width Z .

A systematic construction of optimal CZCPs is challenging. Besides perfect CZCPs, binary optimal

CZCPs were only known to exist for length 6, 12, 14 and 24 [18], [20]. Therefore, constructions of

CZCPs with large CZCratio are desired. In [18], Liu et al. proposed constructions of binary perfect

CZCPs with length 2α+110β26γ (α, β, γ ≥ 0) or 2m (m ≥ 2), via special types of binary GCPs or

generalized Boolean functions (GBFs) respectively. In [20], Adhikary et al. applied insertion function

or GBFs to obtain binary CZCPs of lengths 2m +2(m ≥ 3), 2α10β26γ +2(α ≥ 1), 10β +2, 26γ +2

and 10β26γ + 2 respectively. Their resultant CZCPs all have CZCratio ≈ 1/2. They also proposed

an optimal construction of binary (12, 5)-CZCP and (24, 11)-CZCP using binary Barker sequences,

which leaded to (12N, 5N)-CZCPs and (24N, 11N)-CZCPs, where N is the length of a GCP. Based

on some structural properties of GCPs in [19], Fan et al. [21] proposed new sets of binary CZCPs

with parameters (10β , 4 × 10β−1), (26γ , 12 × 26γ−1), (10β26γ , 12 × 10β26γ−1) respectively. These

CZCPs are all GCPs. In [22], by applying Boolean functions (BFs), Huang et al. constructed binary

(2m−1+2v+1, 2π(v+1)−1+2v−1)−CZCPs (0 ≤ v ≤ m−3, m ≥ 4) having CZCratio ≈ 2/3. In [23],
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binary CZCPs of lengths 2N were constructed from a binary ZCPs with even-length N . The largest

CZCratio of their resultant CZCPs are approximately 6/7. Quaternary CZCPs were also constructed

by utilizing binary CZCPs in [23]. A summary of known binary (N,Z)-CZCPs (with maximum Z)

are listed in Table 3.

In this paper, we also focus on designing binary CZCPs with large CZCratio. A construction

framework of CZCPs is proposed by applying Turyn’s method on some seed CZCPs and GCPs (see

Theorem 1). By choosing suitably the seed CZCPs, we can obtain 16 classes of binary CZCPs with

length MN which are listed in Table 3. Here M ∈ {6, 12, 24, 28} and N is the length of some GCP.

Especially, if the GCP is strengthened, our resultant CZCPs have the maximum CZCratio ≈
M−1
M ,

till date. The choices of seed (M, M2 − 1)-CZCPs are technical, i.e., they are not only optimal,

but satisfy that the absolute value of AACS at N/2 time shift is 2. This property implies that our

seed CZCPs have better AACSs and ACCSs distributions than the CZCPs with same parameters in

[18], [20] (See Table 1). Besides, if further let N = 2 in our construction, the seed CZCPs lead

to optimal (2M,M − 1)-CZCPs with M ∈ {6, 12, 24, 28}. We emphasize that optimal CZCPs with

parameters (28, 13), (48, 23) and (56, 27) have never been reported before in the literature, and also can

be extended to (28N, 13N)-CZCP, (48N, 23N)-CZCP and (56N, 27N)-CZCP via Turyn’s method,

respectively. Here N is the length of a GCP.

The rest of the paper is organized as follows. In Section II, we give some basic notations and

definitions which will be needed in this paper. Section III is the core of the paper in which we present

the main construction for designing CZCPs with large CZC ratio. Some properties of optimal CZCPs

are also deduced. Section IV concludes this paper.

II. PRELIMINARIES

Let us fix the following notations, which will be used throughout the paper:

• N is an even integer.

• a = (a0, a1, · · · , aN−1) denotes a binary sequence of length N , with with ai ∈ {1,−1} for any

0 ≤ i ≤ N − 1.

• ←−a = (aN−1, aN−2, · · · , a0) denotes the reverse of the sequence a.

• −a = (−a0,−a1, · · · ,−aN−1) denotes the negation of sequence a.

• a⊗ b denotes the kronecker product of sequence a and b.

• 0N denotes the all-zero vector of length N .

• 1 and −1 are denoted by + and −, respectively.

• A number of the form 2α10β26γ(α, β, γ ≥ 0) is called a Golay number.
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A. Z-Complementary Pair

Definition 1. The aperiodic cross-correlation function (ACCF) of two binary sequences a and b of

length N at time-shift u is defined as

ρ(a,b;u) =



























N−1−u
∑

i=0
aibi+u, 0 ≤ u ≤ N − 1;

N−1+u
∑

i=0
ai−ubi, 1−N ≤ u < 0;

0, |u| ≥ N.

If a = b, ρ(a,a;u) is often written as ρ(a;u), and called the aperiodic autocorrelation function

(AACF) of a at time-shift u.

The following are some basic correlation properties.

Lemma 1. ([10],[20]) Let a and b be two binary sequences of length N . Then for any 0 ≤ u ≤ N−1,

1) ρ(b,a;u) = ρ(a,b;−u);

2) ρ(a;u) = ρ(←−a ;u);

3) ρ(a,
←−
b ;u) = ρ(b,←−a ;u).

Definition 2. For two sequence a and b of length N , if

ρ(a;u) + ρ(b;u) = 0, for any 0 < |u| < Z ,

then the pair (a,b) is called a Z-complementary pair with zero correlation zone (ZCZ) width Z ,

denoted by an (N,Z)-ZCP. Note that the (N,Z)-ZCP is reduced to the Golay sequence pair (GCP)

by taking Z = N .

B. Cross Z-Complementary Pair

Cross Z-complementary pairs (CZCPs) are special ZCPs. In contrast to ZCPs, CZCPs deals with

cross-correlation sums in addition to calculating autocorrelation sums.

Definition 3. ([18]) For positive integers N and Z with Z ≤ N , two intervals are defined as T1 ,

{1, 2, · · · , Z} and T2 , {N − Z,N − Z + 1, · · · , N − 1}. Then a sequence pair (a,b) of length N

is called an (N,Z)− CZCP if it satisfies the following two conditions:

C1 : ρ(a;u) + ρ(b;u) = 0, for |u| ∈ T1 ∪ T2;

C2 : ρ(a,b;u) + ρ(b,a;u) = 0, for |u| ∈ T2.
(1)

Note that a CZCP has two symmetric zero autocorrelation zones (ZACZs), and one tail-end zero

cross-correlation zone (ZCCZ). There exists an upper bound on the ZCZ width mentioned in [18].

Lemma 2. ([18]) An (N,Z)-CZCP satisfies Z ≤ N/2. When N is even and Z = N/2, the CZCP is

called perfect or the strengthened GCP. Otherwise it is called non-perfect when Z < N/2.

Due to the scarcity of perfect CZCPs, Adhikary et al. [20] introduced the following definition and

re-categorise the CZCPs.
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Definition 4. ([20]) The cross Z-complementary ratio (CZCratio) of an (N,Z)−CZCP is defined as

CZCratio =
Z

Zmax
,

where Zmax denotes the possible maximum achievable ZCZ width for a given sequence length N .

Obviously CZCratio ≤ 1. When CZCratio = 1 which implies that Zmax is achieved, such CZCP is

called optimal.

A perfect CZCP is obviously an optimal CZCP satisfying Zmax = N/2 and N is a Golay number.

Since binary GCPs are only known to exist for very limited lengths. In this paper, we will focus on

the constructions of binary non-perfect (N,Z)-CZCPs for which N is even but not a Golay number.

Thus Zmax ≤ N/2 − 1. For a easy comparison with known CZCPs, we always let Zmax = N/2− 1

for CZCratio calculation when Zmax is unobtainable in this paper.

Similar to ZCPs, there also exist some invariance operations of CZCPs, such as interchange, negation

or reverse. That is, if (a,b) is a (N,Z)-CZCP, then so are (c1a, c2b), (c1b, c2a) or (c1
←−
b , c2

←−
a ), where

c1, c2 ∈ {1,−1} [18]. These CZCPs are all called equivalent.

The difference between ZCPs and CZCPs is the cross-correlation property. For binary sequence

pairs, there were some coclusions for the C2 condition in Definition 3 as follows.

Lemma 3. ([18]) Let (a,b) be a binary (N,Z)-CZCP. Then for any i = 0, 1, · · · , Z − 1,

ai =
a0
b0

bi and aN−1−i = −
a0
b0

bN−1−i.

Lemma 4. ([22]) Let a and b be two binary sequences of length N . If for any i = 0, 1, · · · , Z − 1,

ai =
a0
b0

bi and aN−1−i = −
a0
b0

bN−1−i.

Then

ρ(a,b;u) + ρ(b,a;u) = 0, for |u| ∈ {N − Z,N − Z + 1, · · · , N − 1}

III. NEW BINARY CZCPS WITH LARGE CZC RATIO

In this section, we will propose a construction framework of CZCPs by applying Turyn’s method

on some seed ZCPs and GCPs. By choosing suitably the seed CZCPs, we can obtain new CZCPs with

large CZC ratio. Before then, we first introduce the Turyn’s method on GCPs and CZCPs respectively,

and a property about some optimal CZCPs, which will be used in our construction.

Lemma 5. ([2]) Let A , (a,b) and B , (c,d) be the first and the second binary GCPs of lengths

N and M , respectively. Then (s, t) , Turyn(A,B) is a GCP of length NM , where

s = c⊗
a+ b

2
−
←−
d ⊗

b− a

2
,

t = d⊗
a+ b

2
+←−c ⊗

b− a

2
.

Lemma 6. ([20]) Let A , (a,b) be a GCP of length N and B , (c,d) be an (M,Z) − CZCP.

Then (s, t) , Turyn(A,B) is an (NM,NZ)− CZCP.
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Lemma 7. Let (c,d) be a binary optimal (M, M2 − 1)−CZCP, where M is not a Golay number. If
(

cM

2
−1 −

d0
c0

dM

2
−1

)(

cM

2

+
d0
c0

dM

2

)

= 0, (2)

then the distribution of the absolute values of the AACSs is

(|ρ(c;u) + ρ(d;u)|)M−1
u=0 =

(

2M,0M

2
−1, 2,0M

2
−1

)

. (3)

Proof. The optimality of the CZCP implies that we only need to compute the value of the AACS of

(c,d) at the time shift u = M/2, i.e.,

ρ(c;
M

2
) + ρ(d;

M

2
) =

M

2
−1
∑

i=0

(

cici+M

2

+ didi+M

2

)

=

M

2
−2
∑

i=1

(

cici+M

2

+ didi+M

2

)

+
(

c0cM

2

+ d0dM

2

+ cM

2
−1cM−1 + dM

2
−1dM−1

)

= c0cM

2

+ d0dM

2

+ cM

2
−1cM−1 + dM

2
−1dM−1

= c0

(

cM

2

+
d0
c0

dM

2

)

+ cM−1

(

cM

2
−1 −

d0
c0

dM

2
−1

)

,

where that last two equations are obtained by Lemma 3 since di

ci
= −dM−1−i

cM−1−i
for any 0 ≤ i ≤ M

2 − 2.

Note that the sequences are binary. This implies

cM

2

+
d0
c0

dM

2

, cM

2
−1 −

d0
c0

dM

2
−1 ∈ {0, 2,−2}

which can not be zero at the same time, otherwise the CZCP is a GCP and M is a Golay number,

which is a contradiction to the supposition. Thus, if
(

cM

2
−1 −

d0
c0

dM

2
−1

)(

cM

2

+
d0
c0

dM

2

)

= 0,

then ρ(c; M2 ) + ρ(d; M2 ) = ±2. The proof is now completed.

Remark 1. By computer search, we obtain optimal (M, M2 −1)-CZCPs satisfying Lemma 7 of lengths

6, 12, 24 and 28, which are listed in Table 1. We should emphasis that the optimal (28, 13)-CZCP

has never been reported in the literature before, and although other CZCPs of the same parameters

had already been appeared in [18] and [20], our CZCPs have better AACSs and ACCSs distributions

which are also listed in Table 1: For example, for CZCPs with lengths 6 and 12, the AACSs at the

time shift M
2 of our CZCPs are ±2, whereas the same values of those CZCPs in [18] and [20] are

±4; For CZCPs with length 24, the maximum absolute value of ACCSs of our CZCP is 4, whereas

the same value of that CZCP in [18] is 24.

Now we are ready to present the main construction of CZCPs.

Theorem 1. Let A , (a,b) be a binary (N,Z)-CZCP, which is also a GCP. Let B , (c,d) be a

binary optimal (M, M2 − 1)-CZCP, where M is not a Golay number. If
(

a0
b0

+ 1

)(

cM

2
−1 −

c0
d0

dM

2
−1

)

+

(

a0
b0
− 1

)(

cM

2

+
c0
d0

dM

2

)

= 0, (4)
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Table 1 Optimal CZCPs of lengths 6, 12, 24 and 28

KM (M,Z)

(

c

d

) (

ρ(c)(u) + ρ(d)(u)

ρ(c,d)(u) + ρ(d, c)(u)

)M−1

u=0

K6 (6, 2)

(

+−−−−+

+−+++−

) (

12, 02,−2, 02

−4,−4, 0, 2, 02

)

K12 (12, 5)

(

+++−++++−−+−
+++−+−−−++−+

) (

24, 05,−2, 05

−4, 0, 4, 0, 4, 0, 2,05

)

K24 (24, 11)

(

+−++−+++−−−−−−−−++−−+−+−
+−++−+++−−−+++++−−++−+−+

) (

48, 011, 2,011

−4, 0,−4, 0,−4, 0,−4, 0,−4, 0,−4, 0,−2, 011

)

K28 (28, 13)

(

++−+−++−−−−−+−−−−+−−++−−−+−+

++−+−++−−−−−+++++−++−−+++−+−

) (

56, 013,−2, 013

−4, 0, 4, 0,−12, 0, 4, 0,−12, 0,−12, 0, 4, 0, 2, 013

)

then (s, t) , Turyn(A,B) is a binary (MN, (M2 − 1)N + Z)-CZCP.

Especially, the distribution of the absolute values of the AACSs is

(|ρ(s;u) + ρ(t;u)|)MN−1
u=0 = (2MN,0MN

2
−1, 2N,0MN

2
−1).

Proof. Define si = (si,0, si,1, · · · , si,N−1), ti = (ti,0, ti,1, · · · , ti,N−1) for any i = 0, 1, . . . ,M − 1, as
{

si =
ci+dM−1−i

2 a+ ci−dM−1−i

2 b;

ti =
di−cM−1−i

2 a+ di+cM−1−i

2 b.
(5)

Then s = (s0, s1, . . . , sM−1) and t = (t0, t1, . . . , tM−1) by Lemma 5.

By Lemma 6, (s, t) is an (MN, (M2 − 1)N)-CZCP. We want to extend the CZC width to (M2 −

1)N + Z , which can be achieved in the following two steps:

Step 1: Cross-correlation property.

By Lemma 3, the structures of (a,b) and (c,d) satisfy that

aj =
a0
b0

bj , aN−1−j = −
a0
b0

bN−1−j for any 0 ≤ j ≤ Z − 1,

and

ci =
c0
d0

di, dM−1−i = −
c0
d0

cM−1−i for any 0 ≤ i ≤
M

2
− 2.

Thus from (5), we can easily obtain that

sk =
c0
d0

tk, sM−1−k = −
c0
d0

tM−1−k for any 0 ≤ k ≤
M

2
− 2.

We also obtain that for any 0 ≤ j ≤ Z − 1,






sM

2
−1,j =

cM
2

−1
+dM

2

2 aj +
cM

2
−1

−dM
2

2 bj =
aj

2

[

cM

2
−1

(

a0

b0
+ 1
)

+ dM

2

(

1− a0

b0

)]

tM

2
−1,j =

dM
2

−1
−cM

2

2 aj +
dM

2
−1

+cM
2

2 bj =
aj

2

[

dM

2
−1

(

a0

b0
+ 1
)

− cM

2

(

1− a0

b0

)] (6)

and






sM

2
,N−1−j =

cM
2

+dM
2

−1

2 aN−1−j +
cM

2

−dM
2

−1

2 bN−1−j =
aN−1−j

2

[

cM

2

(

1− a0

b0

)

+ dM

2
−1

(

a0

b0
+ 1
)]

tM

2
,N−1−j =

dM
2

−cM
2

−1

2 aN−1−j +
dM

2

+cM
2

−1

2 bN−1−j =
aN−1−j

2

[

dM

2

(

1− a0

b0

)

− cM

2
−1

(

a0

b0
+ 1
)]

.
(7)

Thus if (4) is satisfied, we have

sM

2
−1,j =

c0
d0

tM

2
−1,j and sM

2
,N−1−j = −

c0
d0

tM

2
,N−1−j for any 0 ≤ j ≤ Z − 1,
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which implies that by Lemma 4,

ρ(s, t;u) + ρ(t, s;u) = 0, for any |u| ∈

{(

M

2
+ 1

)

N − Z, · · · ,MN − 1

}

.

Step 2: Autocorrelation property.

Set u = k1N + k2 with 0 ≤ k1 ≤M − 1 and 0 ≤ k2 ≤ N − 1. Then by Lemma 5, we only need

to prove that

ρ(s;u) + ρ(t;u) = 0

for any k1 = M
2 − 1, 1 ≤ k2 ≤ Z and k1 = M

2 , N − Z ≤ k2 ≤ N − 1. By Definition 1, Lemma 1

and some elementary operations (the exact computation is tedious and already been appeared in the

proof of Lemma 6 in [20], so we omit it here), we have

ρ(s;u) + ρ(t;u) =
1

2

(

ρ(c; k1) + ρ(d; k1)
)(

ρ(a; k2) + ρ(b; k2)
)

+
1

2

(

ρ(c; k1 + 1) + ρ(d; k1 + 1)
)(

ρ(a;N − k2) + ρ(b;N − k2)
)

,

which is equal to 0 for any k2 6= 0, since (a,b) is a GCP. Therefore in fact we obtain

ρ(s;u) + ρ(t;u) = 0 for any u 6= 0, MN
2 .

Note that (2) can be obtained from (4), thus by Lemma 7, we have

∣

∣ρ(s; MN
2 ) + ρ(t; MN

2 )
∣

∣ = 1
2

∣

∣ρ(c; M2 ) + ρ(d; M2 )
∣

∣× 2N = 2N.

The proof is now completed according to the above two steps.

Remark 2. 1) By the equivalent operations for binary sequence pairs, (a,−b) for example, we can

fix a0 = −b0 for the GCP in Theorem 1. Now condition (4) is reduced to cM

2

+ c0
d0

dM

2

= 0. Moreover

cM

2
−1−

c0
d0

dM

2
−1 6= 0, otherwise the CZCP is a GCP and M is a Golay number. Therefore by Lemma

3, the structure of (c,d) becomes (c, c0
d0

d
′) with

(

c

d
′

)

=

(

c0, . . . , cM

2
−2, cM

2
−1, cM

2

, cM

2
+1, · · · , cM−1

c0, . . . , cM

2
−2, −cM

2
−1, −cM

2

, −cM

2
+1, · · · , −cM−1

)

.

All the optimal CZCPs in Table 1 satisfy this condition.

2) Since any GCP is some (N,Z)-CZCP where Z ≥ 1 is a number related with N [20], thus the

resultant CZCPs obtained in Theorem 1 have larger CZCZ width than those CZCPs obtained only by

Lemma 6. Therefore, we can adopt different GCPs to obtain many new CZCPs.

Lemma 8. ([18], [21]) There exists a binary (N,Z)-CZCP, which is also a GCP, for the following

parameters:

1) N = 2α+110β26γ , Z = N
2 with α, β, γ ≥ 0;

2) N = 10β+1, Z = 2N
5 with β ≥ 0;

3) N = 26γ+1, Z = 6N
13 with γ ≥ 0;

4) N = 10β26γ+1, Z = 6N
13 with β, γ ≥ 0.

According to Theorem 1, Lemma 8 and the optimal CZCPs in Table 1, we can immediately obtain

the following conclusion.
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Corollary 1. For M ∈ {6, 12, 24, 28}, there exist CZCPs with the following parameters:

1) (MN, (M−1)N
2 )-CZCPs, with N = 2α+110β26γ (α, β, γ ≥ 0);

2) (MN, (5M−6)N
10 )-CZCPs, with N = 10β+1 (β ≥ 0);

3) (MN, (13M−14)N
26 )-CZCP , with N = 26γ+1 (γ ≥ 0);

4) (MN, (13M−14)N
26 )-CZCP , with N = 10β26γ+1 (β, γ ≥ 0).

Especially, when N = 2, there exist optimal (2M,M − 1)-CZCPs which are listed in Table 2.

Proof. The optimal (2M,M − 1)-CZCPs in Table 2 are obtained by adopting the GCP (a,b) =

((+,−), (−,−)) and the seed CZCPs in Table 1 in Theorem 1.

Table 2 The optimal CZCPs obtained by seed CZCPs of lengths 6, 12, 24 and 28

KM (M,Z)

(

c

d

)

K12 (12, 5)

(

−−++++++−++−
−−+++−+−+−−+

)

K24 (24, 11)

(

+−−−+−++−−−−−−+−−++++−++

+−−−+−++−−−+−+−++−−−−+−−

)

K48 (48, 23)

(

+−−++−−−+++−−−−−++++++++++−+−+−++−+−++−++−++−−++

+−−++−−−+++−−−−−+++++++−+−+−+−+−−+−+−−+−−+−−++−−

)

K56 (56, 27)

(

−−+−−++−+++−−−−+++++−++++−++++++−+−−−+−+−−+−++−+++−−+++−
−−+−−++−+++−−−−+++++−++++−+−+−−−+−+++−+−++−+−−+−−−++−−−+

)

Table 2(Continue) The optimal CZCPs obtained by seed CZCPs of lengths 6, 12, 24 and 28

KM (M,Z)

(

ρ(c)(u) + ρ(d)(u)

ρ(c,d)(u) + ρ(d, c)(u)

)M−1

u=0

K12 (12, 5)

(

24, 05,−4, 05

0, 8, 0,−4, 0,−4, 0, 05

)

K24 (24, 11)

(

48, 011,−4, 011

0, 0, 0,−4, 0,−12, 0, 20, 0, 4, 0, 4, 0, 011

)

K48 (48, 23)

(

96, 023, 4,023

0, 40, 0,−12, 0,−4, 0,−12, 0,−4, 0,−12, 0, 4, 0,−12, 0,−4, 0,−4, 0, 4, 0,−4, 0, 023

)

K56 (56, 27)

(

112, 027,−4,027

0, 16, 0, 4, 0,−12, 0, 20, 0, 4, 0, 12, 0, 28, 0,−20, 0,−4, 0,−4, 0,−4, 0,−12, 0,−4, 0,−4, 0, 027

)

Remark 3. Note that the optimal (48, 23)-CZCP and (56, 27)-CZCP have never been reported in

the literature before. Thus by Lemma 6, we can immediately obtain new (48N, 23N)-CZCP and

(56N, 27N)-CZCP, where N is a Golay number.

In the end of this section, we illustrate Theorem 1 by the example below.

Example 1. Let (a,b) be a (10, 4)-CZCP and also a GCP of length 10 as

a = (−−+−+−++−−),

b = (+ +−+++++−−);

and (c,d) be the optimal (6, 2)-CZCP in Table 1. By Turyn’s method, we can obtain (s, t) as follows:

s = (e,− −−−++−−+−−−, f),

t = (e,+ −++−−−−+−+−,−f),
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where

e = (+ +−+++++−−−−+−−−−−++−−+−),

f = (−−++++−+−+−−++−−+−+−++−−).

The sums of AACF and ACCF of s and t are listed, respectively, as follows:

(ρ(s;u) + ρ(t;u))59u=0 = (120,029,−20,029),

(ρ(s, t;u) + ρ(t, s;u))59u=0 = (0, 16, 8, 8, 8, 8, 24, 8,−8,−20, 0,−16, 8,−4, 8, 12,−8,−4, 8,

4, 0, 4, 8,−4,−8, 0,−4,−4,−4,−4, 0, 0,−4, 0,−4,−4,024).

Hence, (s, t) is a binary (60, 24)-CZCP, which coincides with the conclusion of Theorem 1.

IV. CONCLUSIONS

Table 3 Summary of “best” CZCPs

Ref. ( Length, CZCZ ) Constraints CZCratio Remark

[18]
(2m, 2m−1) m ≥ 2 1 GBFs

(2N,N) N = 2α10β26γ 1 GCP

[20]

(2m−1 + 2, 2m−3 + 1) m ≥ 4 1
2

GBFs

(2× 10β + 2, 4× 10β−1 + 1) β ≥ 1 ≈ 2
5

Insertion function(2× 26γ + 2, 12× 26γ−1 + 1) γ ≥ 1 ≈ 6
13

(2× 10β26γ + 2, 12× 10β26γ−1 + 1) γ ≥ 1 ≈ 6
13

(12, 5), (24, 11) − 1 Barker sequence

(12N, 5N), (24N, 11N) N = 2α10β26γ ≈ 5
6
,≈ 11

12
Kronecker product

[21]

(10β+1, 4× 10β) β ≥ 0 ≈ 4
5

GCP and Kronecker product(26γ+1, 12× 26γ) γ ≥ 0 ≈ 12
13(10β26γ+1, 12× 10β26γ) γ ≥ 0

[22] (2m−1 + 2v+1, 2π(v+1)−1 + 2v − 1) m ≥ 4, 0 ≤ v ≤ m− 3 ≈ 2
3

BFs

[23]

(2m+2 + 2m+1, 2m+1 − 1) − ≈ 2
3

ZCP and concatenation

(2m+4 + 2m+3 + 2m+2, 2m+3 − 1) − ≈ 4
7

(4N + 4, 3N/2)

N = 2α10β26γ
≈ 3

4

(28N, 12N − 1) ≈ 6
7

(24N, 10N − 1) ≈ 5
6

Table 1 (M, M
2

− 1) M ∈ {6, 12, 24, 28} 1 Computer search

Theorem 1 (MN, (M
2

− 1)N + Z) N = 2α10β26γ , Z ≥ 1

Kronecker product

Corollary 1

(MN, (M−1)N
2

) N = 2α+110β26γ ≈ M−1
M

(MN, (5M−6)N
10

) N = 10β+1 ≈ 5M−6
5M

(MN,
(13M−14)N

26
)

N = 26γ+1

≈ 13M−14
13MN = 10β26γ+1

(48, 23), (56, 27) − 1

Remark 3
(48N, 23N)

N = 2α10β26γ
≈ 23

24

(56N, 27N) ≈ 27
28

Table 4 Summary of optimal CZCPs with length N ≤ 100 and not a Golay number

ref. 6 12 14 24 28 48 56

[18]
√ √ √ √

[20]
√ √

This paper
√ √ √ √ √ √

In this paper, we proposed a construction framework of binary CZCPs by applying Turyn’s method

on some seed CZCPs and GCPs (Theorem 1). By choosing suitably the seed CZCPs, we obtained 16
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classes of binary CZCPs with length MN , where M ∈ {6, 12, 24, 28} and N is some GCP number. A

summary of known binary CZCPs (with possible maximum Z) were listed in Table 3. It is easy to see

that our CZCPs have the largest ZCZ ratio by comparison with other CZCPs with the same lengths

known in literature. Especially, if the GCP is strengthened, our resultant CZCPs have the maximum

CZCratio ≈
M−1
M , till date. Besides, if further let N = 2 in our construction, the seed CZCPs lead

to optimal (2M,M − 1)-CZCPs with M ∈ {6, 12, 24, 28}. We emphasize that the optimal CZCPs

with parameters (28, 13), (48, 23) and (56, 27) have never been reported in the literature, and can be

extended to new (28N, 13N)-CZCP, (48N, 23N)-CZCP and (56N, 27N)-CZCP via Turyn’s method

respectively, where N is any Golay number.

Note that the choice of seed optimal (M, M2 −1)-CZCPs in Theorem 1 is technical, i.e., they are not

only optimal, but have the least absolute value 2 of AACS at the time shift M
2 . This implies that most

optimal CZCPs obtained by recursive constructions can not be used in our construction. Therefore, a

problem is natually proposed:

Does there exist other constructions of optimal (M, M2 − 1)-CZCPs (c,d) satisfying the following

structure
(

c

d

)

=

(

c0, . . . , cM

2
−2, cM

2
−1, cM

2

, · · · , cM−1

c0, . . . , cM

2
−2, −cM

2
−1, −cM

2

, · · · , −cM−1

)

,

where M is not a Golay number?

Several tables are listed in our paper: Table 1 contains the optimal seed CZCPs satisfying condition

(2) with length 6, 12, 24 and 28; Table 2 includes the optimal CZCPs with lengths 12, 24, 48 and

56 obtained from the CZCPs in Table 1; Table 3 makes a summary of known “best” CZCPs in the

literature; and Table 4 summarizes the lengths N for known optimal CZCPs, where N ≤ 100 and is

not a Golay number.
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