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A Direct Construction of GCP and Binary CCC of
Length Non-Power of Two

Praveen Kumar, Sudhan Majhi, Subhabrata Paul

Abstract—Golay complementary pairs (GCPs) and complete
complementary codes (CCCs) have found a wide range of
practical applications in coding, signal processing and wireless
communication due to their ideal correlation properties. In fact,
binary CCCs have special advantages in spread spectrum com-
munication due to their simple modulo-2 arithmetic operation,
modulation and correlation simplicity, but they are limited in
length. In this paper, we present a direct construction of GCPs,
mutually orthogonal complementary sets (MOCSs) and binary
CCCs of non-power of two lengths to widen their application
in the recent field. First, a generalised Boolean function (GBF)
based truncation technique has been used to construct GCPs
of non-power of two lengths. Then Complementary sets (CSs)
and MOCSs of lengths of the form 2™~ ! +2™~3 (m > 5) and
om=1 4 9m=2 4 9m=4 (; > 6) are generated by GBFs. Finally,
binary CCCs with desired lengths are constructed using the union
of MOCSs. The row and column sequence peak to mean envelope
power ratio (PMEPR) has been investigated and compared with
existing work. The column sequence PMEPR of resultant CCCs
can be effectively upper bounded by 2.

Index Terms—Complementary set (CS), complete complemen-
tary set (CCC), generalised Boolean function (GBF), Golay
complementary pair (GCP), mutually orthogonal complementary
set (MOCS)

I. INTRODUCTION

HE Golay complementary pairs (GCPs) were first in-

troduced by Golay [1]. The aperiodic auto-correlation
sum (AACS) of a GCP diminishes to zero for all time
shifts except at zero. The sequences in a GCP are known
as Golay sequences. The idea of GCP is further extended
to the complementary set (CS) by Tseng and Liu [2]. A
CS is a set of M (> 2) sequences of length N with the
property that their AACS sum is zero for all non-zero time
shifts. Tseng and Liu also proposed the concept of (K, M, N)-
mutually orthogonal complementary set (MOCS), which is a
collection of K CSs each of having M sequences of length N,
such that any two distinct CSs are orthogonal to each other,
and follows the property K < M [3]. For a special case,
when the set size of MOCS achieves its upper bound, i.e.,
K = M, it is known as a set of complete complementary code
(CCC) and is denoted by (K, K, N)-CCC [4]. Due to the ideal
correlation properties and optimal set size, CCCs have found
their application in next-generation multi-carrier code division
multiple access (MC-CDMA) [5]-[9]. Apart from this, CCCs
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are utilized in optimal channel estimation in multiple-input
and multiple-output (MIMO) frequency-selective fading chan-
nels [10], MIMO radar [11], [12], cell search in orthogonal
frequency division multiplexing (OFDM) systems [13], and
data hiding [14]. In spread spectrum communication, the
binary CCC is preferred compared to non-binary CCC due
to its simple modulo-2 arithmetic operation, modulation and
correlation simplicity.

Due to modulo-2 arithmetic operation, binary sequences are
easy to implement electronically. The modulo-2 arithmetic is
isomorphic with the use of {£1} which simplifies both the
modulation and correlation processes. However, it is difficult
in many cases to get flexible lengths for binary sequences. It
has been proved in [15] that binary GCPs exist for only even
length. Binary Z-complementary pairs (ZCPs) were introduced
by Fan et al. in [16] and they also proved that ZCPs exists for
all possible lengths. Several constructions of binary ZCPs of
different lengths are proposed in [17], [18]. Construction of
binary CSs of non-power of two lengths can be found in [19].

In the year 1999, Davis and Jedwab have proposed a direct
construction of 2"-ary (h € N) GCPs of length 2™ (m € N)
using generalised Boolean functions (GBFs) [20]. Paterson
extended the idea of 2"-ary GCPs to g¢-ary (for even ¢)
GCPs [21]. The construction of GCPs of length 20108267
(o, B,7 € N) is provided by using repeated application of
Turyn’s construction [22]. In [21], Paterson has also proposed
a GBFs based construction of CSs of length 2. In the recent
development GBFs based construction of CSs with more flexi-
ble lengths have been proposed in [23]-[27]. CSs with flexible
lengths are of interest to OFDM systems where numbers of
subcarriers are varied, i.e., non-power of two adopted by
the LTE system. A direct and generalised construction of
polyphase CSs is proposed in [28] and it has low peak to
mean envelope power ratio (PMEPR).

In [29], Rathinakumar and Chaturvedi proposed a direct
construction of CCCs of length 2™ by extending the Paterson’s
idea of CSs generation. A number of direct constructions
of CCCs with lengths 2™ are presented in [8], [30]-[32].
Several GBFs based constructions of Z-complementary code
sets (ZCCSs) of non-power of two lengths are proposed in the
literature [33]-[38], to extend the number of users in ZCCS
based MC-CDMA system compared to that of CCC based
MC-CDMA system. Apart from the GBFs based construction,
MOCSs with non-power of two lengths can be constructed by
using different systematic methods, which include reversals,
negations, interleaving, concatenations etc. [2], [39]. In the
same way, Das et al. presented the construction of MOCSs and
binary CCCs of different lengths by using paraunitary (PU)



matrices [40]-[42]. PU matrix based construction of ZCCSs
has been proposed in [43]. However, the sequence or code
generated through these indirect methods may not be friendly
for hardware generation due to their large space and time
requirements. In [44], [45] direct construction of MOCSs with
non-power of two lengths have been proposed, where the set
size is upper bounded by half of the number of constituent
sequences in a CS, i.e., K < M/2. In addition, the authors
presented an open problem of direct construction of CCCs with
non-power of two lengths in [44]. Recently, Sarkar et al. has
proposed the construction of CCCs of lengths pi"' p5'* - - - p/**
(where p;’s are prime and m;’s are positive integers), using
multivariable functions (MVFs) [46]. This direct construction
can generate g-ary CCCs of all possible lengths. However, in
the case of ¢ = 2, only binary CCC of length in the form 2™
(m € Z) can be constructed [46]. So, the direct construction
of GCPs and binary CCCs of non-power of two lengths is still
an open problem.

By motivation of the open problem in [44], [46], in this
paper, direct construction of GCPs, MOCSs and binary CCCs
of length 2m~1 4+ 2m=3 (; > 5) and 2! 4+ 2m—2 4 gm—4
(m > 6) have been proposed. Using the idea of graphs
corresponding to the quadratic part of GBFs, GCPs of non-
power of two lengths are constructed. For obtaining a GCP, the
graph of the quadratic part of f has the property that deleting
some vertices and all of their corresponding edges of the graph
results in a path. In order to obtain sequences of non-power of
two lengths, GBF based truncation technique is used. The idea
has been further extended to generate CSs of non-power of two
lengths. Using deleted vertices of the quadratic part of GBF,
we rearrange the GBFs corresponding to the CS, and different
GBF arrangements result in MOCSs of lengths non-power of
two. Finally, binary CCC of non-power of two lengths has
been constructed using the union of two MOCSs.

The remaining paper is organized as follows. Basic nota-
tions and definitions are provided in Section II. In sections III,
IV and V the constructions of GCPs, MOCSs and binary CCCs
of length non-power of two are given respectively. Section VI
describes how to build additional non-power two-length GCPs,
MOCSs, and CCCs. Section VII provides the row and column
sequence PMEPR of the proposed CCCs. Finally, concluding
remarks are provided in Section VIII.

II. NOTATIONS AND DEFINITIONS

In this section, the preliminaries, notations, and immediate
results required for our proposed construction are discussed.
Definition 1: Let d = (do,d1,...,dny—1) and e =
(eo,€1,...,en—1) be two length N complex-valued se-
quences then the aperiodic cross-correlation function (ACCF)
between d and e at a shift s (s € Z) can be defined as
N—-1-s

k=0 dk~e’,;+s, 0<s<N-1,
C(d,e)(s) =& Son ) dissef, —N+1<s< -1,
0, |s| > N,
ey
where ()* is the complex conjugate operator. When d and e

are equal, it is known as aperiodic auto-correlation function
(AACF) of e and is denoted by A(e)(s).

We can also define the ACCF and AACF of Z, valued
sequences by defining a one-one correspondence between
Z4 valued sequence e=(eg,€q,...,eny—1) and the complex-
valued sequence e'=(ep, e}, ..., ey_;), where e/, = w® and
w = exp (2mv/—1/q) is gth root of unity. So if d and e are
Z4 valued sequences then we define their ACCF C(d, e)(s)
and AACF A(e)(s) respectively as ACCF and AACF of the
corresponding complex-value sequence d’ and e’.

Definition 2: A set of M sequences e’ e!,... e
of length N, is said to be a CS if

A () (s)+A(e') (s)+ -

_JMN, s=0,
=10,

otherwise .
For M = 2, it is known as a GCP.

Definition 3: Consider a set £ = {EO,E1,~- 7EK*I},
where each set EP consists of M sequences, i.e., EP =
{ef. e, -~ ,eh,_;}, and length of each sequence €] is N,
where 0 <p< K—1and 0 <] < M —1. The set & is called
an MOCS, denoted by (K, M, N)-MOCS, if the ACCF of EP
and EP satisfies

¢ (BB (s) = Mic (enef) ()
n= @)
_|MN, s=0,p=1p,
L

otherwise ,
where 0 < p,p’ < K —1; K, M and N are known as the
set size, flock size and sequence length respectively. For a
(K, M, N)-MOCS, the set size is always smaller than the flock
size, i.e., K < M. For the special case when K = M, the
MOCS is called a CCC of order K and length N, and is
denoted by (K, K, N)-CCC.

M—1"aach

+A (eM_l) (s)

A. Generalised Boolean function

A GBF f in m binary variables yo,y1,...,Ym—1 18
a function from {0,1}™ to Z;, where ¢ > 2 is an
even integer. A monomial of degree r is defined as the

product of any r variables among Yo, Y1,-..,Ym—1. SO
there are ».'" (™) = 2™ monomials, namely 1,yo,y1,
sy Ym—1,YoY1,YoY2, - - - s Ym—2Ym—15-- - YoY1 " - Ym—1-

With the linear combination of these 2™ monomials and by
taking coefficient from Z,, a GBF can be expressed uniquely.
In the expression of a GBF of order r, there exist at least one
highest-degree monomial of order r with non-zero coefficient.

Corresponding to a GBF f of m variables yo,y1,---,Ym—1,
length 2™ Z,-valued vector is expressed as
f:(f07f17"'7f2m71)7 (3)

where f; = f(io,%1,.--,4m—1) and (ip,%1,...,4m—1) is the
binary vector representation of 7. A complex-valued vector f/
is associated with every f by f/ = w/i. When it is clear from
the context, only f is used to refer to both. Corresponding to
a GBF f with m variables the sequence f is of length 2.

We can restrict the domain of GBF to get sequences of
length non-power of two. Let us define a set A which is a



subset of {0,1}™. So, depending upon the domain A we can
get different length sequences corresponding to GBF f. By a,,
we mean the binary vector representation of positive integer
a in m components.

Example 1: Let f : A — Zs be defined as f(yo,y1,y2) =
Yoy1 + Y2, where A = {03,13,...,53}, then the sequence
corresponding to f is (1,1,1,—1, 1 ,—1), which is of length
6. Similarly, if we define A = {33,437 ..., T3}, then we get
the sequence (—1,—1,—1,—1,1), which is of length 5.

B. Graph of Quadratic form of GBF
Let @ : {0,1}™ — Z, be a GBF of order 2 defined by

Z TijYiYys “4)

0<i<j<k

Q(yanla"'7ym 1

where k < m and ¢;; € Z,. We associate a labeled graph
G(Q) corresponding to the GBF (@, on k vertices by repre-
senting the vertices of G(Q) by 0,1,...,m — 1 and joining
two vertices ¢ and j by an edge labeled ¢;; if and only if
gi; 7 0. In the case, ¢ = 2, g;; can only take values either
0 or 1, so every edge is labelled 1 and by convention, edge
labels are omitted in this case . From any given graph G(Q)
of this type, the quadratic form @ can be easily and uniquely
recovered. A graph G(Q) is called a path on k vertices if
the number of edges is exactly one less than the number of
vertices, and each edge is labelled ¢/2. For k = 1, this is
a trivial path and for k > 2, this type of path is known as
the Hamiltonian path. For 2 < k < m, a path on k vertices
corresponds to a quadratic form of the type

k—1
q
5 : 0; Yn(a—1)Yr(a)s &)
where 7 is a permutation of the set {0,1,...,

k—1}.

C. Restricted Boolean function

Let f : A C {0,1} — Z, be a GBF in variables
Y0 Y1, Ym—1 and Y = (YpoYp, =~ Yp,_, ) Where 0 < pg <
p1 < - < pg—1 <m.Letc= (cc1---cp—1) be a binary

word of length k, ie., ¢; € {0,1}. Then the vector f|y—c
is defined to be the complex-valued vector with component
i= Z;"':_Ol i;27 equal to w/(i0sitsim=1) if i, = ¢, for each
0 < a < k, and equal to O otherwise. As a convention, if y
and c are null (i.e., of length 0), then f |y:C represents the
complex-valued vector associated with f.

Lemma 1 ( [29]): Let f,g: A C {0,1}™ — Z, be GBFs
in variables vyo,Y1,...,Ym—1. Let y = (ypoyp1 ~~ypk71)
where 0 < py < p1 < < pr—1 < m and ¢ =
(coc1 - -+ ck—1) be a binary word of length k. Further let us
denote z = (2j,2;, -+~ 2i,_,) where 0 < iy < ip < -+ <
ii—1 < m be a set of indices not in {pg,p1,...,Pr—1}-
Then for a binary vector n = (ngn -+ -ng_1), the following

equality holds
C(flyzer 9ly=n) ) = 30 € (Flysce, » Olysnes ) (5)-
(©)

Lemma 2 ( [21]): Let f : A C {0,1} — Z, be a GBF
in variables yo, 41, - ,¥m—1. Let y and c are as defined in
Lemma 1, then AACF is given by

) =D A(flyme) 9+ D € (flyme, + flyme,) (5):

ci1#c2 7

III. PROPOSED CONSTRUCTION OF GCPs

In this section, we provide a GBFs based construction of
GCPs for non-power of two lengths. Unless otherwise stated,
this section and subsequent sections assume m > 5.

Suppose Q : {0,1}™* — Z, is the quadratic form in

variables zg, 21, ..., 2m_5, 1.€.,
Q (20,21, 2m—5) = Z 4ijZi%j- ®)
0<i<j<m—4
For any ¢, ¢; € Z4, we define a GBF
m—>5
=Q+ ) ez te ©)
i=0

Using the notation zZ; = 1 — z; and f; defined in (9), the
proposed GBF f : A — Z, is defined as

f=f+
q _ L
+ 5% (Zm—1 (Zm—2Zm—3Zm—a + Zm—22m—3)
+Z'rn—12m—22m—3) )

where A = {0,,,1,,,... (2™ 1 +2m73 — 1), }.

We will first prove a special case when the quadratic part
of f given in (10) is zero.

Lemma 3: Let the quadratic part @ of f|,—. be identically
equal to zero and G (Q|,_.) has a single vertex labeled /3,
where z = (2p,, Zpys - -+ Zp,_) a0d € = (coc1 -+ Cm—g) be
a (m — 5) length binary vector. Then

(Flames (£ + 525+ ¢) a=c) -

forms a GCP of length om—149m=3 \ith exactly 20 non-zero
elements.

Proof: Since f1|,—c is a function containing only one
variable zg, so f1lz=c gives exactly 2 non-zero elements in
the sequence. The binary variables z,,—4,2m—3,2m—2 and
Zm—1 remain unaffected by z = c, and since the length of
the sequence is 10 X 2m=4 5o the function f |z=c takes non-
zero values in exactly 20 components numbered kam—4 +
3262, 0 < k < 9 and 20 + k27 4+ZJ#CJ ,
0 < k < 9. These non-zero terms are placed in increasing
order as follows

7Zm 1 (Zm 4 (Zm 3 + Zm— 2) + Zm72zm73)

(10)

(1)

0 ) )

—w’, W w
5

)

Y WS WY ¥ Y
{w YW L,wWhLWw, =W, y —W W

Y o,0 Y 0 Y v [ g
ywhLhw, —whL,w, —Ww 7“‘]7“‘]77‘*}7‘*}77“}};

where v and § are the values tal_<en by the function fi|,—. at
Diepci2) and 20 + 37 5 ¢;27 respectively.



The function (f1 + 225+ c’) |z=c takes values v + ¢’ and
0+ § + ¢ at positions 33, ¢;2) and 2° + 37, 4 cj.-2j
respectively. So the 20 non-zero components of the function
(f + Z23 + ') |s=c at positions mentioned above are placed
in increasing order as follows

! ’ !’ ! ! ’ U
{w'erc , 7w6+c 7w'y+c , 7w6+c , 7w'y+c ’w5+c ,w'y+c

./ N . N N N
, _wé-‘rc , _w'y-‘rc , _w5+c 7OJ’Y+C , _wé-‘rc , _w'y-‘rc

_w5+c/ _w’y+c/ _w6+c/ w'y—i—c' w5+c/ w'y-i—c/ w5+c’} )
The non-zero value of the AACF of the vectors corresponding
to f|,—c and (f + 225+ c’) |z=c occurs only at shifts s =
E2m=4 428 0<k<9and s =k2"*-20, 1 <k <.
For s = k2™ 4 4+ 26 and 0 < k < 9, the AACF of the above

two functions are expressed as
A (fla=c) () = tgw” (w‘s)* = tpw? 0, (12)
and

A ((f + %zﬁ + c’) \zzc) (s) = trpo ¢ (fw‘”d)*

—d
= —tpw?7°,

(13)

where t; is some constant.
Similarly for s = k2m—4 _ 28 and 1 < k < 9, the above
can be written as

A (fla=e) () = t/pw’® (W)* =t/ 7, (14)

and

A((£+ 22+ ¢) la=e) (5) = a(=w™+) (™)
= —t/kwé_’y,

15)
where t;, is some constant. So the AACS is zero for all s # 0,
and hence the result follows. ]
Some notations are defined below for proving the general case
of construction of GCPs of non-power of two length. Let 0 <
po < p1 < -+ < prg—1 < m — 4, be a list of k£ indices,
where 0 < k < m —5 and z = (2p,,2p;,-- - %p_, ). Let
the remaining m — 4 — k indices between 0 to m — 5 be
0<ipg<t1 < <t <m—4.Letc = (6061 .- ’Ck—l)
be a k length binary vector.

Theorem 1: Let us consider the restricted function f|,—¢
that is obtained by restricting the variables 2z, ,0 < a <k <
m — 5, of GBF f in (10) with the property that G (Q|,_.)
is a path. Let 5, and (32 be the two end vertices of the path
G(Q|,_.) when 0 < k < m — 5. In case of k = m — 5,
G (Q|,_.) has only a single vertex labeled 3 = (; = fha.
Then for any ¢’ € Z,, the complex-valued vectors f|,—. and
(f + %28, + ) |=c forms a GCP of length 2™~ 4 2m 3,

Proof: We prove the result using induction on k, where
the statement of the theorem is taken as an inductive hypothe-
sis. The case when & = m—25, follows directly from Lemma 3.
Now, let the theorem be true when z contains k + 1 variables,
and we consider the case for k variables, where 0 < k < m—5.
When G (Q|,_.) is a path, the non-zero components of
function f are determined by the values of function f|,—c

in variables (Zioa Zigy ey Rl _k_5r*m—4; fm—3; Tm—2; Z’m—l) .

So for some permutation = of {0,1,...,m — k — 5} and
€0,Cly -+ - Cm—k—5,C € Zq, we get the function

f|z:c (Zioa Zigy ey R _k_5r “m—4; Zm—3, m—2; Zm—l)
m—k—6 m—k—>5

q
T2 D i iy T D CaFi TC
a=0 a=0

q _ o
5 Zininns) (Zm—1(Zm—2Zm—3Zm—at2m—22m—3) +2m—-1

2m722m73)+%2m71 (2m74 (zm73+sz2)+sz2zm73) .

(16)

The higher order terms in (16) is utilized frequently, so for
simplicity, it is denoted by R as follows

q _ _ _
Rziziﬂm,k,& (Zm—1(Zm—2Zm—3Zm—a~+2m—22m-3) +2Zm—1
_ _ q _ _
Zm722m73)+§zm71 (Zm74 (Zm73+sz2)+zm72zm73) .

a7
Now, the aim is to prove that the sequences f|,—. and
(f + %Ziw(0> + c’) |z=c, Where ¢’ € Z, is arbitrary, forms a
GCP of length 2™~1 4 2m=3_If s # 0 is chosen arbitrarily,
then the sum of AACF of the sequences is given by

A(fla=e) (5) + A (£ + F200 +¢) lome ) ()
=A(g1)(s) + A(g2)(s) +C(g1,92)(s) + C(g2, 91)(s)

+ A(g3)(s) + A(ga)(s) + C(g3, 94)(5) + C(ga, 93)(32i8)

where gl:ﬂzziw(o) —c0» 93 = (f + 321, + ) |Zzi7r(0):60’
g2 = f|zz7~,w(0) =cl> 94 = (f + %Ziw(o) + C/) |ZZ«;7r 0) =cl-

The non-zero components of the vector g; are deriveé from
a function h; by substituting z;_ @ = 0 in the function f|,—
in (16). For 0 < k < m — 7, the function h; is given by

h1 ‘z:c (Z’iﬁ(o) Rin(1)r 9 Rin(m—k—5) ,Zm_4,2m_3,Z,,L_Q,Zm_l)
q m—k—6 m—k—>5
T2 D i Finn T D Calige tCHR

a=1 a=1

(19)
While for kK = m — 6, it is given by

hi (Zz',,([)) 1y Rin(1)r 03 Pl (m—k—s5)1 #m—4> Zm—3; Fm—2) mel)
= clziﬂ(l) +c+ R,
(20)
Similarly, by substituting z; , = 1 in the function f lz=c>
function hs is obtained which yields the non-zero components
of the vector gs. The function hs is given by

h2 (Zi.,\.(o) ) Zi,,(l)a ceey Zi,,(m,k,m y Am—4s Zm—3, Fm—2) Z’m—l)
=hy+ Zi (1) + co.
(21)
To easily calculate the AACF of g, we consider the vector
gh as
1 a.,

92 - (f + 221.,\-(1) + CO) |ZZiﬂ_(0):CO . (22)
Substituting z = ¢ and Zip = 0 in (22) the function h; +
%ziﬂ 1 T¢o is obtained which is identical to hsy. In component
i, the value of the vector go is the same as the value of the
vector g4 in the position i —2=© (i.e., in non-zero positions,



g2 is simply a shift of g5). Therefore, the vectors g, and gh
have identical AACFs. Now, consider the pair

g1 = f|qu‘,7((0):C0a (23)

and

q
g/2 = (f + 52%(1) + CO) ‘zziﬂ(o) =c0- (24)

From the above, it is observed that g; corresponds to a GBF
h1 such that the graph of the quadratic part of h; is a path on
m — k — 5 vertices. Additionally, either i.(q) is an end vertex
of this path, or kK = m — 6 and it is the single vertex in the
graph. By the inductive hypothesis, g; and g5 forms a GCP,
hence for s # 0, the sum of AACF of g; and ¢} is

Alg1)(s) + Alga)(s) = 0. (25)

Since, A(g2)(s) = A(gb)(s) for every s, the sum of AACF
g1 and go is expressed as

A(g1)(s) + A(g2)(s) = 0.

From the definitions, we have g3 = w® g1 and g4 = —w go. It
follows that A(g3)(s) = A(g1)(s) and A(g4)(s) = A(g2)(s),
so from (26), the sum of AACF g3 and g4 is

(26)

Algs)(s) + Alga)(s) = 0. @27)
Also, the ACCF between g3 and g4 is defined as
Clas 0)(s) = Cr. " @)(s) e
= —C(g1,92)(5)-
So the sum of ACCFs of g1, g2 and g3, g4 is
C(g1, + C(gs,
(91, 92)(s) + C(g3, 94)(s) (29)

= C(92,91)(s) +C(gs,93)(s) = 0.

So, from (26)-(29), the sum in (18) is zero. Since s #

0 has been chosen arbitrary, it follows that f|,—. and

(f + %28, + ) |=c forms a GCP of length 2m~! 4 2m~3,

|

Example 2: For m = 8 and g = 2, consider the 5th order
GBF f:{0g,1g,...,1595} — Z5 defined as

f =z0z1 4+ 2129 + 2223 + 2320 + 2022 + 2123 + 20 + 21
+ 22 + 23 + 27 (24 (25 + 26) + 2625) + 22 (27 (262524

+Z6Z5) =+ 272625) . 30)

The graph G(Q) (quadratic part of f) is given in Fig. 1.

3 2

Fig. 1: The graph of quadratic part @) of f

By substituting zgz3 = 00 ( deleting vertices zg, 23), we get
G (Q|z923=00) is a path. So by Theorem 1, f|,,z2,=00 and
(f+ 21+ 1) |2925=00 forms a GCP of length 160, which is
not the form of 2.

IV. PROPOSED CONSTRUCTION OF MOCSS

In this section, we have proposed a direct construction of
2% CSs of length 2™~! 4 2m~3 with the property that any
two CSs are mutually orthogonal to each other.

Let @ and f be defined in (8) and (10) respectively (¢ = 2).
For 0 <t < 2%, 0 <k <m—5, the ordered set S; (with the
natural order induced by the binary vector (aagay - - ag—1))
is defined as

k—1

k—1
Sy = {f+ Zaazpa + Znazpa +azg, 1 a,aq € {0,1}},
a=0 a=0

(3D
where t = ZZ;E Ny 2%
“1” represents a vector all of whose component is one and ¢
denotes addition modulo 2.

Theorem 2: Suppose that G(Q) contains a set of K < m—5
distinct vertices labeled pg, p1, . . ., px—1 With the property that
deleting those k vertices and all their edges results in a path.
Let 81 and 35 be the two end vertices of the path. In case of
single vertex let 51 = 82 = . Then for any 0 < ¢t < 2%, the
set S; is a CS. Also for the case ¢’ # t, the sets Sy and S;
are MOCSs.

Proof: Since each S; for 1 <t < 2F is a permutation of
So, so proving Sy is a complementary set is sufficient to show
that for any 0 < t < 2F, the set S; is a CS.
Let z = (2py2p, ---2p,_,) and a = (agay...ag—1). So
a-z= Za;o GaZp,. Now from Lemma 2, for s # 0, sum
of AACF can be expressed as

STA(fta-ztazs)(s)=Li+ L, (32)
where
L= S A((f +a-z+azs) lc) (),  (33)
and

Ly = Z ZZO((f+a'Z+aZﬂ2)|Z:CN

ci1#ce2 a a

(34)
(f +a-z+azp,)ls=c,) ().

The graph of the function (Q + a - z) |,—. is a path for any
choice of ¢ and a. So from Theorem 1, for every ¢ and a
the vectors (f +a-2)|,=c and (f +a-z + 23,) |z=c forms
a GCP of length 2™~ +2™m=3, Hence the term L; in (33) is
zero. For fixed values of cq, co and a, consider the inner sum
of Lo is expressed as

ZC (f ta-z+azg,) ls=c,, (f +a -2+ azp,) la=c,) (5)-
) (35)



Now, the vector z contains all the terms of a-z. So for the
fixed values of cq,co and a we have,
(f +a-z+ aZ[32) |Z=Cj
_Jej=(f+azp,)ls=c;, Whena-c;=0 (mod 2),
T e, when a-c¢; =1 (mod 2).
(36)
Therefore for the fixed values of cq,co and a, from (35) and
(36) ACCF values are obtained as

C((f+a'z+a252) |z:c1,(f—|—a~z—|—a252) ‘chz) (8)

C(e1,e2), when a-cy =a-cz =0 (mod 2),

_ )C(—e1,—ez), whena-c; =a-cz =1 (mod 2),
" ) C(e1,—ez), whena-c1=0 (mod 2),a-cz=1 (mod 2),
C(—e1,e2), whena-c;=1(mod 2),a-c2=0 (mod 2).
(37
Since, C(e1,e2) = C(—e1,—e2) and C(ey,—e2) =

C(—ey,e2), the above can be re-expressed as

C((f+a~z+azﬁ2) |Z:Cw(f+a'z+azﬁ2) |ZiC2) (S)

_ {C(el,e2)7

when a- ¢y =a-cy (mod 2),
C(e1,—ez), whena-cy #a-cg (mod 2).

(38)
ZC ((f ta-z+ a'zﬂz) |Z:CI7 (f+a z+ CLZB2) |Z:‘32> (S)

= Z C(el,ez)(S)— Z C(elve2)<8>‘
a-ci#a-cz (mod 2)

a-ci=a-cz (mod 2)
(39)
Due to the fact that ¢; # c2, €1 + ¢2 # 0 (mod 2), and so
the linear functional a - (c; + c2) (mod 2) takes each value
0 and 1 precisely 2F=1 times, i.e., an equal number of times.
So, from (39) the inner sum of L5 is zero and so is L,. Hence
it is proved that S; is a CS of size 2.
Now, let n = (ngny---ng_1), t = Z(k;%)na?)‘ and t' =
S2F71 0/ 22 Tt needs to proven that for ¢ # ', S; and Sy are
mutually orthogonal. From Lemma 1, the sum of ACCF can
be written as

ZC(f—I—(a—i—n) “Z+ azg,,
aa (40)

f+(@a+n') z+az,)(s) =M + M,
where
= Z Z C((f+(a+mn) -z+az,)|sc,
a,a cy7#cs “4n
(f+(a+n) z+azs,)s=c,) (5),
and
My=3 % C((f+(a+n) z+azs)lae
a,a c (42)

(f +(a+n) z+azs,) |s=c) (5).
For the fixed c;, co and a, we consider the following sum of
M,
> C((f+(a+n) 2+ azs,) |,

a

(f+(a+n)-z+azp,) |a=c,) (5)

=Y C((f+(a+mn)-c1+azs,) ls=c,

(f +(a+n) c2 +azs,) |a=c,) (5)
=

(f+n' z+az,)la=c,) (5)
=C ((f +n-z+ azﬂz) |Z=C17

(f + n-z+ az[gQ) lz=c,) () Z(il)a-(q@m).

(43)
Since ¢1 # ca, so the function a- (cy @ cg) in (43) takes
values 0 and 1 equal number of times and hence (43) vanishes
for all s.

Now for the fixed a and c consider the following sum of
M,

(DR ((f + -2+ azp,) la=cy

Y C(f+(a+mn) -z+azg,) |,
(@) ot azs) leee) ()
=Y C((f+(@a+mn)-c+az,) |

(F + (@t 0) e+ az5) lome) 5)
=SS+ (4 n) e+ azg,) b,
(F + a252) loe) 5)

Zc

= (=)@ CA(flomc) (5) + A((f + 25.) lo=c) (5). (44

From Theorem 1, the above sum in (44) is zero for all s # 0.
For s = 0, AACF is given by

A(fla=e) (8) = A((f + 28,) la=e) ()

for ¢ € Z%, substituting this back in (44), we get the sum of
ACCEF as

ZC((f+(n+n’)~c+az52)|z:C,

1)(em?) +a25,) la=c, (f + azp,) la=c) ()

=2om=k=4 (45)

(46)
(f +azs,) lz=c) (0) = (—1)men)c gm—k=3,

Here t # t’' is considered, which implies n # n’, and hence
n®n’ # 0. So the linear functional (n ® n’) - ¢ (regarded as
a function of c) is not equivalent to the zero function. As a
result, it is balanced, i.e., the values 0 and 1 are taken equal
number of times by the function as c varies. Hence the sum

Sty gnkit g

c

(47)

]

Remark 1:[23, Th. 4] generates CSs of length gm—14 9m=3
and set size 4 for v = m — 3, which is covered by Theorem 2
of our proposed construction by taking k = 2.

Remark 2: By taking v = m—3, [24, Th. 4] and ¢t = m — 3,
[27, Th. 3] generates CSs of length 2! +2™~3 and set size
2F+1 The proposed construction of CSs in Theorem 2 covers
these special cases of [23], [27] .



TABLE I: Comparison of the proposed MOCS construction
with [44], [45]

Ref. Parameters Based on Length(N) Constraint
3 + :
K okt pzr . me1 4 ot m k.t eZt, m>2k<m,

[44] (2F, 281 N) GBF of order 2 2! +2 0<K <t<m-1Lk <k—-1
[45] (2F, 2741 N) GBF of order 2 2™ 4 2 mkteZ, 0<t<k<m

r om=T 1 gm= m,k€Z",m>5

N ok+1 ok+1 Ar 5 5 sm 2

Theorem 2 | (25+1 2841 N) | GBF of order > 2 T T T ke 2 S 6

TABLE 1 compares the proposed constructions of MOCSs with
the existing direct constructions of [44], [45].

Example 3: Let us consider the same GBF as given in
Example 2, and the deleted vertices are also same, i.e., 2q, 23.
Then the set,

So={f,f+z,f+z,f+z+z,f+z 48)
Stz [+t f+23+21+ 207,

is a CS of size 8 and sequence length 160, which is not of the
form of 2. Similarly the sets S; for 0 < ¢ < 4, which are
the permutations of the set Sy, are also CS of size 8, with the
property that any two different CSs are mutually orthogonal
to each other.

V. PROPOSED CONSTRUCTION OF CCCs

In this section first we construct a mate of the MOCSs pro-
posed in section IV. Then binary CCCs of length 2™~ 1 42m~3
are constructed by union of these two MOCSs through GBFs.
For a given GBF f in (10), GBF f : B — Z, is defined as

f(Zo,Zl,...,Z7,L_1) :f(io,il,...,fm_l), 49)
where B = {0,1}"\ {0, 15, ..., (272 + 273 — 1), }.

Lemma 4: Let us assume a set of k¥ < m—>5 distinct vertices
labelled with the property that deleting that set of vertices and
all the edges transform G(Q) into a path. Let 1 and (2 be
the two end vertices of this path. In case of k¥ = m — 5, the
single vertex of the graph is denoted by 81 = B2 = 8. Then

for each 0 < t < 2F, the ordered set S; given by

k—1 k—1
{f+ D aZp, + Y naZp, +azs, 10,00 € {0,1}} 7

a=0 a=0 (50)
is a CS of size 281, where f is defined in (49). Further, for
t' # t, Sy and S, are MOCSs, where the natural order is
induced from the binary vector (aagay - - ag—1).

The next theorem gives CCCs of length 2m~1 4 2m=3,
Theorem 3: Let the sets S; and S; be defined in Theorem
2 and Lemma 4 respectively, then

{Sp:0<t<2bU{S;:0<t <2v}, (51)

forms a (26+1,2k+1 9m—1 4 9m=3).CCC,

Proof: It will be shown that CSs S;, and S;, are mutually
orthogonal to each other. The sum of ACCF of these CSs can
be expressed as

Y C(f+(a+n) -z+zs, [+ (a+n') 2)(s)

a

+C(f+(a+n).z),(f+(a+n/>.z+zﬁ2) (s)
:Z Z C((f—f—(a—l—l’l)'z-‘rZﬁsz:Cl,

(f+ (a+ n/) Z) ‘z:02) (s)

+C((f+(a+n)- -z

) |Z:C17

(f+(@+n')-Z+ 23,) |z=c,) (5) = M(say)
(52)

For a given c; and cg, consider the following sum of the first
term in (52)

ZC ((f + (a+ n) "Z+ 2/32) |Z=c17

(f+ (a+ nl) : 2) ‘z:02> (s)
=Y C((f+(@a+m)-z+23,) loes,

a

(f+@+n)-(1-2)) =) ()
=C ((f + Zﬂz) |Z=Cla (f|zz‘32) (S)
Z ((_1)1’1'01@“"(32 . (_1)(a@n’)~1 . (_l)a-(clEBCQ))

=C ((f + 252) lz=c1 (f_|2202) (s)
. (_l)n»cl@n’-CQGBn'-l Z(_l)a'(m@(zz@l).
a
(53)
The above sum in (53) vanishes whenever (¢; @ c2) # 1. So,
the first correlation term in (52) is zero whenever c¢; and co

are equal. Thus, summing (53) over all ¢; # ca, the above
term further can be simplified as

S C((f +282) lamers (Flames) (5)

c17#c2
cy+cop=1

. (71)n~c1@n’~cQ€Bn’-12k

- ZC ((f + 28,) lz=c» (f|z:(c@1)) (s)
S(—1)tok L (—qmedn”(180)

- ZC ((f + 252) |Z:Ca (f|z:(c§91)) ($)2k : (71)(1“@“/)'(:,

(54)
From Lemma 1, the inner sum of (54) can be further simplified
as

C ((f + Zﬁz) |z:m .ﬂz:(c@l ) (5)
=C ((-f + 232) ‘zzﬁ27007 f|zz[32 (6691)0) 5)

f + Z,Bz |z2527c07 f|zz/;2 (e®1)1 S

(
e )(
( (f + 28,) |zz[32—c17f|zz/32 c@l)o) 5)
el )(

f =+ Zﬁg |zz/32_cla f|zz52—(c®1)1 5



=C (f\zzﬁz —c0, f'zz52=(c@1)0) (s)
€ (lazanmeos Flazsy =i ) (5)
= € (flazay=ets Flazy e ) (5)
€ (lazay=ets Flozsy=eein ) (5)

Similarly, the second term of the correlation in (52) becomes
> C((f+ (d+n)2) o=,
d

(f+(@a+n') - Z+28,) ls=c,) (5)
- ZC (f|z=c’ (f+ 2/32) |z:(c®1)) (5) -2k (_1)(11@“/)@-

(55)

The inner sum of (56) can be simplified as o
C (f|z=m (f+ 252) |z:(c@1)) (s)
=C (f|z252200a f|zz/32:(c®1)0) (s)

- (flzzﬁ,z:co, f\zzﬁzz(c@m) (s) (57)

+C (flzzﬁzzchf\zzﬁzz(c@l)o) (s)

Y (flz%:cl,f\z%:(c@l)l) (s)-

So from (54), (55), (56) and (57) we get the value of M in
(52) as

M = 22 (C <f|ZZg2:co, f_|zz,32=(c@1)0) (s)

—C (f|zz[;2:cla f‘zzlg2=(c$l)1) (8)) : Qk : (71)(n®b ).C~

(58)

Since G(Q|z=c) is a path, so for some permutation 7 of

{0,1,...,m — k — 5} and cq,c € Z, the function f|,—c

obtained by substituting z = ¢ in f should be of the form
m—k—6

m—k—>5
flz:c = Z Zr(a)fr(a+1) + Z CaZrn(a) +c
a=0 a=0

+Z7'r(m—k—5) (mel (Zm722m732m74 +Zm72zm73) +Zm—1

Zm—QZm—S) + Zrn—l (2m—4 (Zm,—3 + Zm—2) + Zm—QZm—S) .

(59
Let h1l and h2 be the function obtained from f by substituting
z =c, 23, = 0 and z = c, zg, = 1 respectively. Further

without loss of generality let S = =(0). Then both the

function can be expressed as

m—k—6 m—k—>5
hl = Z Zr(a)fr(a+1) + Z CaZrn(a) +c+ Ra (60)
=0

a=1 a=
()70

and ha = h1 + z7(1) + co- 61)

The functions h1 and h2 give non-zero components of the
complex vectors e; = f\zzb —co and ex = f|z2ﬁ2 —c1 Tespec-
tively. Similarly, ho and h; give the non-zero components
of the vector f|zzB2:(c€91)0 and f|zzﬂ2:(c@1)1 respectively.
For any complex-valued sequences e; and es the following
identity holds

C (el,ég) (S) = C (ez,él) (8) (62)

Using the above identity, we get,
C (f|z2ﬁ2:c07 .f_|zzB2=(cEBl)0) (S)
=C (f|2262:c17 .f_lzzg2:(c€B1)1> (S)a

which shows that M in (58) is zero, and hence the result
follows from (52). |

Example 4: Let us consider the set S; for 0 < t < 4 as
defined in Example 3. Now for the same GBF defined in
Example 2, using Lemma 4 construct a MOCS S; (0 <t < 4)
of length 160 as

(63)

{f_+ agzg + a123 +ngzg +nizs + azy : a,ap,a1 € {0, 1}} y
(64)
where t = 192° + n;2!. Then from Theorem 3

{Sp:0<t<4U{S:0<t <4}, (65)

is a (8, 8,160)-CCC.
In TABLE 11, the proposed construction of CCC is compared
with the existing construction CCC on different parameters.

VI. CONSTRUCTION OF SEQUENCES OF LENGTH
2m—1 +2m—2 + 2m—4

In this section, we have extended our proposed construction
to provide GCPs, MOCSs and binary CCCs of length 2™~ ! +
2m72 4 2m74.

Consider an integer m > 6, for any c, ¢; € Z,, we define a
function

m—6
f1(20, 21, -, 2m—6) = Q+ Y iz + ¢, (66)
i=0
where @ is the quadratic part in variables zg, z1, . . .
Now, we define the GBF f: A — Z, as

y Zm—6-

F=1fi + 32,
(Zm—lzm—Q + Zm,—lzm—Q (Zm—3+zm—32m—4zm—5))
q  _ _ _ _ _
+ 5 (Z’m—lznz—Q (Zm—3z7rL—4Zm—5 + Z7n—3zm—4z’rn—5)
+Zm—1zm—2 (2771—3Zm,—5 +Zm—32m—4+zm—4 (Zm—SZm—5
+Zm—52m—5)) + Zm—lzm—Q (Zm—42m—5 + Zm—3%m—4
+2m73zm74zm75 + melzm722m732mf4)) )
(67)
where A = {0y, 1y, (2™ 4 2m72 p2m4 1)
Also we define the GBF f : B — Zs as

f(ZOaZh" -7277171)7 (68)

where B = {0,1}"\ {0, 1,5, ..., (2™73 + 274 — 1), }
and z; = 1 — z;. Now, by replacing the GBF f used in the
above Theorems, by the function f defined in (67), we can
generate GCP, CS and CCC of length 2m~1 4 2m—2 4 gm—4
(m > 6), from Theorem 1, Theorem 2, Theorem 3, respec-
tively.

Remark 3: The direct construction of MOCSs of length
2m—119m=3 are available in [44] (for t = 2™~3), but MOCSs
of lengths 2m~1 4 2m=2 4 2m=4 (;; > 6) has never been
reported in the literature.

~7Zm71) = f(fo,gl, ..



TABLE II: Comparison of the proposed CCC construction with [8], [29]-[32], [46]

Ref. Parameters Phase Based on Length(N) Constraints

[8] (FFI 2FFT N [ ¢ > 2, ¢ is even GBF of order >2 | 2™ m,k€ZT, m>1

[29] (2FFT2FFI N) | ¢ > 2, ¢ is even GBF of order 2 om m,k€ZT, m>1

[30] (2F,2F N) q > 2, qis even GBF of order >2 | 2™ kEmeZt,m>1,k<m

[31] (2FFT 2“1 ,N) | ¢>2,qiseven GBF of order 2 om mkeZT m>1,1<k<m-—1

[32] (2F,2F 'N) q>2,qis even GBF of order 2 2m mkeZT, m>3,1<k<m

[46] ]\/[(i[pf\zfg N)pA q = lem(p1,p2,--.,Pk,7) | MVF of order 2 PPy ppt r,m; € ZT, p; is prime, 1 <1 < k,
! gm—T 4 gm=3 m,k€Z T, m>5

Theorem 3 | (2k+1 2k+1 N) | 2 GBF of order > 2 g1 92 97T | k€ ZF, m > 6

Example 5: For m = 8 and ¢ = 2, let us consider the GBF
f:{0g,1s,...,2085} — Zo defined as
f:ZOZl =+ Z0%2 + Z122 =+ z1 (2726 + 2726 (25 —+ 252423))
+ (2726 (Zoza23 + 2524%3) + Z726 (2523 + 2524 + 24 (Z523

+2323)) + 2726 (ZaZ3 + 2524 + Z52423 + 2726257%4)) -
(69)
In this example, after deleting vertex zo, f forms a path, so
the sets

={f+apz2 +az : a,ag, € {0,1}}, (70)

and S = {f + apz2 + azo + 22 : a,a0 € {0,1}}, (71)
are MOCSs of length 208. Similarly the sets

So = {f +aoZ + azo : a, a9, € {0,1}}, (72)

and Sy = {f 4+ aoZ2 + azo + 22 : a, a9, € {0,1}}, (73)

are MOC_Ss 9f length 208 and hence their union i.e., the set
{So, S1, So, S1} forms a (4,4,208)-CCC.

VII. PMEPR oF MOCSs AND CCCs

In this section, the row and column sequence PMEPR of the
sequences generated by Theorem 2, Theorem 3 and MOCSs
and CCCs constructed in the section Vlare investigated. The
PMEPR of the CCC-MC-CDMA system is determined by the
column sequences of the complementary matrices when each
complementary code is arranged as a matrix [8]. Thus, in this
section, the column sequence PMEPR of constructed MOCSs
and CCCs is effectively bound by 2.

Since the row sequences of S; forms a CS of size 2k,
its PMEPR is upper bounded by 2*. The column sequence
PMEPR of the CCC generated from Theorem 3 can be
bounded above by 2 by adding a suitable constant. For GBFs
f,g and constants c¢,c; and co, it can be easily verified that
A(f+0¢) = A(f) and C (f + 1,9+ c2) = C(f, g2,
For a permutation " of {0, 1, ..., k—1}, the set (matrix) Sy of
(31) is redefined by adding the constant ZZ;}) At () Or' (at1)

k—1 k—1
{f + Z AaZp, + Z NaZp, T aZp,+

a=0 a=0

oo 74)
Zdﬂl(a)aﬂl(a+1) ta,0q € {071}} s
a=0

where ¢ = E’; Bna2a Adding the same constant to the
set Sy and noting that AACS remains unchanged and ACCS

changes by a constant, so the new set is still a CCC with
same parameters. It can be observed from (74) that the :th
column of S; can be obtained by fixing z = (i, i1, ..., tm—1),
0 <z < 2m 1 4 9m=3 So jth column of the matrix S, is
dependent on a function ¢ defined as

- o

where C is a constant (independent of a). Since any column se-
quence of the matrix S; is obtained by a GBF, whose graph is a
path consisting of k& vertices. Hence, from [20] the ith column
of Sy is a Golay sequence, and so its PMEPR is upper bounded
by 2. Similarly it can be verified that the column sequence
PMEPR of S; is also upper bounded by 2. So the maximum
column sequence PMEPR of (2F+1 2k+1 gm=14 gm=3).
CCC, can be suitably upper bounded by 2. The same is true
for <2k+1) 2k’+1’ 27n—1 + 2m—2 + 27”_4)-CCC.

Remark 4: There exist PU matrix based construction of
CCCs of length non-power of two [40]-[42], but their col-
umn sequence PMEPR are high compared to the proposed
construction.

k-1

YO (at1) T Z aqlp, +azg, +C, (75)
a=0

VIII. CONCLUSION

In this paper, we have proposed a direct and generalized
construction of GCP and binary CCC of non-power of two
lengths by using higher-order GBFs. The resultant CCCs can
be obtained directly from GBFs without using other tedious
sequence operations. The non-power of two length binary
CCCs directly constructed using GBFs finds many applications
in wireless communication due to its simple modulo-2 arith-
metic operation, modulation and good correlation properties.
Column sequence PMEPR of the proposed CCC can be
effectively reduced to be upper bounded by 2. The construction
of MOCSs of non-power of two lengths is also provided in
this paper. The proposed work solved the open problem cited
in [44], [46]. The work is compared with existing literature.
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