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Abstract

We study spectral graph convolutional neural networks (GCNNs), where filters are defined
as continuous functions of the graph shift operator (GSO) through functional calculus. A
spectral GCNN is not tailored to one specific graph and can be transferred between different
graphs. It is hence important to study the GCNN transferability: the capacity of the network
to have approximately the same repercussion on different graphs that represent the same
phenomenon. Transferability ensures that GCNNs trained on certain graphs generalize if the
graphs in the test set represent the same phenomena as the graphs in the training set.

In this paper, we consider a model of transferability based on graphon analysis. Graphons
are limit objects of graphs, and, in the graph paradigm, two graphs represent the same phe-
nomenon if both approximate the same graphon. Our main contributions can be summarized
as follows: 1) we prove that any fixed GCNN with continuous filters is transferable under
graphs that approximate the same graphon, 2) we prove transferability for graphs that ap-
proximate unbounded graphon shift operators, which are defined in this paper, and, 3) we
obtain non-asymptotic approximation results, proving linear stability of GCNNs. This ex-
tends current state-of-the-art results which show asymptotic transferability for polynomial
filters under graphs that approximate bounded graphons.

1 Introduction

CNNs [22] have shown great performances in a variety of tasks on data defined on Euclidean
domains. In recent years, there has been a growing interest in machine learning on non-Euclidean
data, and especially, data represented by graphs, leading to graph convolutional neural networks
(GCNNs). Typically, GCNNs fall under two categories: spatial and spectral methods. Spatial-
based approaches define graph convolutions by information propagation in the spatial domain.
Spectral-based methods define convolutions in the frequency domain, taking inspiration from
the classical Euclidean convolution theorem as follows. First, a frequency domain is defined for
graphs by generalizing the Fourier transform on them. Then, graph convolutions are defined as
element-wise multiplication in the graph frequency domain. In this paper, we study the functional
calculus approach 9, 20, 25, 3] for filtering, which bridges the gap between the spatial and spectral
methods. Even though the functional calculus GCNNs are defined as spectral methods, they can
be implemented directly in the spatial domain by applying filters on the graph shift operator
(GSO). For a survey on spectral and spatial graph neural networks, we refer to [8] and [35].

In the functional calculus approach, the filters of the GCNN are defined via scalar functions
h: R — R applied on the GSO A via functional calculus, namely, as h(A) (see Subsection 2.2
for more details). The functions h are parameterized by some trainable parameters. For example,
when h are polynomials or rational functions, the trainable parameters are the coefficients of
h [9, 25]. Any GCNN is defined by its underlying filters h, which are not linked to a specific
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graph. This means that an individual GCNN can be used to process any signal on any graph by
plugging different GSOs A, corresponding to different graphs, in the filters h of the GCNN.

In multi-graph settings, the datasets consist of a set of signals defined on different graphs. Since
the test set may consist of different graphs than the training set, the GCNN should generalize to
graphs unseen during training. To guarantee a good generalization capability, it is desirable to
show that the GCNN is transferable between graphs. In [23], the notion of GCNN transferability
was described as follows: a GCNN is transferable, if, whenever two graphs represent the same
phenomenon, the GCNN has approximately the same repercussion on both graphs. Transferability
promotes generalization, since we may encounter a graph that realizes some phenomenon in the
training set, and then encounter a different graph representing the same phenomenon in the test
set. Having learned how to cope with the first realization of the phenomenon, the network handles
its other versions well. For example, in a dataset of mesh graphs, surfaces are the underlying
phenomena. If a filter is learned on one mesh-graph, discretizing a surface, it is desirable to show
that the same filter has approximately the same effect on a different mesh-graph, discretizing the
same surface.

Transferability is analyzed formally using a modeling paradigm that was introduced in [23].
First, we require a mathematical model of “two graphs representing the same phenomenon.”
Second, a notion that a fixed GCNN “has approximately the same repercussion on two graphs” is
needed. Equipped with two such mathematical definitions, one can formulate rigorously and prove
transferability. Some examples of transferability frameworks are the stability approach [24, 17, 18,
16, 10], the sampling approach [23, 19], and the graphon approach [30]. Each framework differs
in the way it formalizes the transferability paradigm. In Subsection 1.2 we survey transferability
frameworks from the literature. In this work, we extend and generalize the graphon transferability
approach.

1.1 Comparison with Other Works

The approach we consider in this paper for modelling graphs that represent the same phenomenon
is called the graphon approach. Graphons [7] are limit objects of sequences of weighted graphs.
In some sense, a graphon can be thought of as an adjacency matrix, or GSO, of a graph with
a continuous node index set. The continuous node index set is typically taken to be [0,1], and
a graphon is formally a function W : [0,1]> — [0,1]. The value W (x,y) is interpreted as the
probability of having an edge between the nodes x and y, or as the weight of the edge (x,y). To
model graphs that represent the same phenomenon, the graphon approach relies on the notion of
homomorphism density. Given a simple graph F, informally, the homomorphism density t(F, Q)
is the probability that F' occurs as a substructure of the graph G (see Definition 3.1 for a precise
formulation). Similarly, the homomorphism density ¢(F,W) is also defined for graphons (see
Definition 3.3 and [7]). In the graphon approach, two graphs G; and G2 represent the same
phenomenon if for every simple graph F' we have t(F,G1) ~ t(F,G2). The sequence of graphs
(Gyp)n converges to the graphon W if for every simple graph F, t(F, G,,) — t(F,W).

In this subsection, we compare our transferability results with other related transferability
results [19, 28, 31, 30, 32], which also use the graphon approach. The analysis of transferability of
GCNNSs in the graphon approach in the papers [19, 28, 31, 30, 32] consists of two steps: 1) given
a sequence of graphs G,, and a graphon W, first prove that G,, converges to W, and 2) given a
filter h and a sequence of graphs G,, converging to a graphon W, prove that the graph filter h(G,,)
converges to the graphon filter h(W) (see Definition 2.2 for more detail). The first step is treated
already in other works, e.g., [6, 7, 21] show that sampling random graphs from a graphon with
increasing number of nodes leads to convergence, and [32] shows that graphs that are sampled in
a regular grid from the graphon converge to the graphon. Hence, in this paper we only focus on
the second step of the analysis.

We have already seen that analyzing transferability in the graphon approach consists of per-
forming an approximation analysis. For this, one can consider various types of assumptions on the
object of study. We call topological assumptions any construction that depends on the topology or
metric of the underlying space. For example, assuming that a function f : [0,1]> — R is Lipschitz



means that we treat the space [0, 1] as a metric space. A measure theoretic assumption treats the
underlying space as a measure space. For example, assuming that a function f : [0,1]? — R is
only measurable or square-integrable implies that we treat the space [0, 1] only as a measure space,
not as a topological. Since there is a natural measure space associated with topological spaces,
namely its Borel space, assuming only measure theoretic assumption gives more general results
than topological assumptions.

To analyze the transferability of GCNN filters in the graphon approach it is important to
not assume any topological constraints on the graphon. By this, the graphon approach relies
purely on measure-theoretical objects defined on the atom-free standard probability space [0, 1]
equipped with the Lebesgue measure. A well-known fact is that every atom-free standard space
is isomorphic up to a measure-preserving isomorphism. Standard probability spaces cover a large
class of possible spaces, e.g., R", C™, every Lie group with countable components, every Polish
space and standard Borel space with atom-free probability measure. In particular, since there is
no notion of dimension in measure theory, the space [0, 1] is equivalent as a probability space to a
rich class of probability spaces over topological spaces of any dimension. Hence, if no topological
constraints are assumed for the graphon and the graphon signal, the transferability results hold
for all atom-free standard probability space.

The related works [28, 31, 30] consider only measure-theoretical assumptions on the graphon
but show transferability without giving rates of converges. The papers [19, 32] show transferability
with rates of converges, but impose strong topological constraints on the graphon. Our work is
the first to derive transferability bounds with rate of convergence, while treating graphon purely
in a measure theoretic setting, which makes our results very general.

In the following, we recall in more detail the related works [28, 31, 30, 19, 33, 32] and compare
them to our results. The authors in [28, 31, 30] consider simple graphs that are represented by
their adjacency matrix. It is shown that polynomial filters are asymptotically transferable for a
sequence of graphs that converges to a graphon with weights in [0,1]. The assumptions on the
considered graphons are purely measure-theoretical, and thus generalize to any atom-free standard
probability space. However, the approach in [28, 31, 30] does not give any rates of convergence for
the transferability results. They are moreover restricted only to polynomial filters, while filters
in practice are often non-polynomial [25, 3]. We generalize these results by allowing graphs with
arbitrary GSOs, having possibly negative weights, which includes graph Laplacians. We also allow
general unbounded graphons, which we define in this paper in Definition 4.8, and any continuous
filter (not just polynomials). Furthermore, we obtain convergence rates while only considering a
pure measure theoretic construction (no topological constraints).

Too derive a rate of convergence, [19, 33, 32] consider a framework in which a sequence of graphs
is sampled from a template graphon. The authors show that highly regular filters (polynomials or
analytic functions) applied to such a sequence of graphs converge to the filter applied to template
graphon. This result holds only under strong topological constraints on the limit graphon and the
graphon signal (e.g., Lipschitz continuity). Thus, the transferability results (that include rates of
convergence) in [19, 33, 32] do not generalize to all atom-free standard probability spaces and to
general measurable graphon (that can for example be discontinuous everywhere).

In contrast, we prove transferability with rates of convergence while assuming no topological
constraints on the graphon and on the graphon signal. In particular, our theory then applies to
underlying spaces of any dimension and irregular graphons that need only be measurable and can
even be discontinuous everywhere. While other papers use basic linear algebra to derive their
results, we generalize and improve the theory by using tools from graphon theory and functional
analysis, in particular, functional calculus and operator Lipschitz functions [2].

1.2 Survey of GCNN Transferability Approaches

In this subsection, we survey different approaches for defining “two graphs represent the same
phenomenon” and a fixed filter having “approximately the same repercussion” on two graphs.



Stability Under Small Graph Perturbations

This framework allows studying the transferability of graphs sharing the same node set. Here, two
graphs represent the same phenomenon if their GSOs are small perturbations of each other. The
notion of “small perturbation” is modeled differently in different works. Moreover, the change in
repercussion of the filter due to the perturbation of the GSO is also defined in various ways. The
first work that considered this framework was by Levie et al. in [24]. There, the perturbation of
the GSO is defined in the induced lo-norm sense, between the GSO A; and its perturbed version
A,. The repercussion error of the filter was also defined by the induced ls-norm. Given a function
h from the so-called Cayley smoothness class, and assuming that [|A; — Asll2 < 1, the following
stability result was proven

[h(A1) = h(Az)ll2 < Cl|AL — Azla, (1)

where the constant C' > 0 depends on h and [|A||s.

Similar results were also proven in [18], where graphs are assumed to be simple. The authors
show that polynomial and low-pass filters are stable to arbitrary perturbations, in the sense that
[|A1 — Asllz <1 does not need to be assumed in (1). Furthermore, if the structural change of the
graph consists of adding and deleting edges, the authors constrain the GSO error || A1 — Azl by
interpretable properties directly related to this structural change. In [10], Gama et al. consider
weighted graphs with GSOs. The authors showed stability of Lipschitz continuous polynomial
filters in a similar setting as (1). The difference with respect to the previous papers is that the
measure of graph perturbation is the norm distance, minimized over all permutations of the node
set of As.

Closely related to stability of GCNNs, [4, 5] also studied the robustness of some GCNNs on
simple graphs. The authors provided certificates that guarantee that GCNNs are stable in a
semi-supervised graph or node classification task. The authors guarantee that the classification
of nodes and graphs remains correct while structurally perturbing the input graph or perturbing
the nodes’ input features. The structural perturbations are the deletion or addition of edges. The
repercussion error of a fixed GCNN is defined either pointwise on a single node of interest, or
the classification outcome for the whole graph. The definition of the GCNN in these papers was
restricted to a subclass of spectral methods.

Transferability Under Sampling From Latent Spaces

A major drawback of analyzing transferability of GCNNs under GSO perturbations is the as-
sumption that the graphs share the same node set. In contrast, in the sampling approach to
transferability, graphs are assumed to represent the same phenomenon if their nodes are sampled
from the same underlying latent space, which is typically a metric, topological, or measure space
M. This allows comparing graphs of arbitrary sizes and topologies. In [23], Levie et al. introduce a
framework where graph nodes and GSOs are sampled from a “continuous” underlying model. The
model consists of a measure space M and a continuous Laplacian £, which is a self-adjoint opera-
tor with discrete spectrum. The repercussion of a filter is treated in the “sampling—interpolation”
approach. It is assumed that two latent sampling operators S; and S exist for the two graphs
G171 and G2, which describe how the graph data is generated from the latent space. For example,
the nodes of the graph can be assumed to belong to a latent space, and sampling evaluates signals
defined over the latent space on these sample nodes, to generate a graph signal. Conversely, two
interpolation operators Ry and Rs take graph signals and return signals over the topological space.
For a fixed filter h, the transferability error of the filter on graph signals sampled from a latent
continuous signal ¢ € L*(M) is defined as [|[R1h(A1)S19 — Roh(A2)S2v||L2(my- It is shown that
the transferability error of the filter is bounded by the transferability of the Laplacian and the



consistency error, i.e.,
| R1A(A1)S1) — Roh(B2)Sath| 2y < C1 > 1£% — RyA;Sivpl|2(m)
j=1,2

+Cy > 0 = RS 2 (amy-

7j=1,2

(2)

Based on this inequality, the authors develop a transferability inequality for end-to-end GCNNs.
Moreover, it was shown that the right-hand-side of (2) is small when the graphs are sampled
randomly from the latent space, hence proving transferability for randomly generated graphs.

A related approach was proposed in [19], where the authors consider random graph models. A
random graph model is a tuple of a compact metric space equipped with a probability measure and
a “continuous” shift operator, defined as a graphon. The probability measure is used to sample
nodes, and the graphon is used to sample edges, to generate a graph from the continuous model.
The stability of analytic filters and GCNNs to small deformations of the underlying random graph
model was proved.

Transferability Between Graphs Converging to the Same Graphon

Ruiz et al. first used the graphon framework in [30] to define a transferability analysis of graph
filters. In that work, the repercussion of a polynomial filter A is measured in an asymptotic sense,
using the notion of signal induction. For a signal x € R", its induced graphon signal 1 € L?[0, 1]
is a piecewise constant representation of x over the continuous index set [0, 1] (see Definition 3.11).
Furthermore, a graphon W induces the integral operator Ty f(u) := fol W (u,v) f(v)dv. The result
is given in [30, Theorem 4] and can be stated informally as follows.

Theorem 1.1 (informal). Let h be a polynomial Lipschitz continuous filter and (G,), be a se-
quence of graphs with adjacency matrices (Ay)n. Suppose that G, converges in the homomor-
phism density sense to the graphon W. Let x, € R™ be a sequence of graph signals converging
to the graphon signal y € L?[0,1] in the sense that the induced signals ¥y, converge to vy, i.e.,
1Vx, — yllL2(0,1) 2% 0. Denote z, = h(A,/n)x, for n € N. Then, the output of the graph
filters converges in the induction sense to the output of the graphon filter, namely,

¢z, — W(Tw)yll L2, —= 0.

[28, 19, 32] consider transferability of GCNNs under sampling from a graphon W. The au-
thors consider a sampling procedure leading to a graph sequence G,, that converges to W in the
homomorphism density sense (see Definition 3.4). The main results then show, under topological
restrictions on the graphon, the graphon signal and the filter, that the output of the graph filters
converge in the induction sense to the output of the graphon filter, similarly to Theorem 1.1.

As described in Subsection 1.1, related transferability results in the graphon approach are
either purely asymptotic while generalizing to other standard probability spaces, or a rate of
convergence is calculated, but the results do not generalize to other standard probability spaces
since the graphon is assumed to be a Lipschitz continuous function.

1.3 Summary of our Main Contribution

We consider in this paper dense graphs, namely, graphs in which the number of edges is of order
of the number of nodes squared. Graphons are the natural limit object of such graphs.

Definition 1.2. Given a graph G with n nodes and GSO A, we define the graph weight matrix
(GWM) A as the matriz
A =nA. (3)



The relation (3) is interpreted as follows. GSOs A define how graphs operate on graph signals.
To accommodate the transferability between dense graphs of different sizes, GSOs are assumed to
be roughly normalized in the induced {?>-norm. On the other hand, GWMs describe the probability
of each edge in the graph to exist, in case the entries of the GWM are in [0, 1]. Accordingly, GWMs
are roughly normalized in the entry-wise infinity norm. This motivates Definition 1.2.

The way to compare how graphs of different sizes operate on signals in the graphon approach
is by inducing their GWMs to graphons. Given a GWM A, its induced graphon W4 is a piecewise
continuous representation of the matrix A over the continuous index set [0,1] [7]. The graphon shift
operator (GRSO) corresponding to the graphon W is defined as the integral operator Ty f(u) :=
fol W (u,v)f(v)dv. GRSOs are the limit objects of GSOs. Since filters h(A) are GSOs themselves,
and since GSOs and GWMs are related by (3), the notation W,,;,(a) means the graphon induced
by the GWM corresponding to the GSO h(A). Hence, given two graphs of size n; and ns, the
way to compare h(A1) to h(Asz) is by

||TW711}L(A1) - Tanh,(Az) ||L2[071]—>L2[071]'

In this work we generalize Theorem 1.1 in [30] by allowing graphs with arbitrary GSOs, general
unbounded graphon shift operators with values in R, and general continuous filters. Another im-
portant contribution is that we derive non-asymptotic transferability bounds without any topolog-
ical assumptions. We moreover consider end-to-end graph convolutional networks. We summarize
our contributions as follows.

Asymptotic Transferability

A common approach in data science for studying and comparing graphs is counting motifs, which
are substructures of the graphs, namely, simple graphs (see, e.g., [12, Section 2.1.1]). Since
homomorphism densities can be interpreted as the density of motifs in a graph (see Subsection
3.1), we choose the notion of homomorphism densities to model graphs that represent the same
phenomenon. On the other hand, when doing signal processing, graph filters act on graph signals
as operators. Thus, when comparing the repercussion of a filter realized on different graphs, we
consider the L?-induced operator norm of the induced GRSOs and the L?-norm of the induced
graphon signals. Since our transferability framework is built on these two definitions, namely,
homomorphism densities and L2-induced operator norms, we note that they are closely related:
convergence in homomorphism density is equivalent (up to relabelling of the graphs’ nodes) to
convergence in the L?-induced operator norm (see Theorem 3.10).

We prove asymptotic transferability for continuous filters in the following sense, that we for-
mulate here informally, and write rigorously in Theorem 5.2.

Theorem 1.3 (informal). Let (G,), be a sequence of graphs with GSOs (A,),. Suppose that
G, converges to a graphon W : [0,1] x [0,1] — R in the homomorphism density sense (see
Definition 3.4). Let h: R — R be a continuous filter with h(0) = 0. Then the, by h(A,,) induced,

integral operators (TW;L(AH))H converge to the graphon filter h(Tw ) in operator norm, namely,

n—oo

1Tw, s, — P(Tw )l L2j0,1)—L2[0,1) —— 0.

In fact, Theorem 1.3 with h(x) = x shows that convergence of graphs in homomorphism density
implies convergence of the induced GRSOs in operator norm. Theorem 1.3 can be interpreted as
a tranferability result between graphs as follows. Let € > 0 be a desired error tolerance for the
repercussion error of the filter h. There exists a large enough N such that for every m,n > N, by
the triangle inequality,

1TW,niany = TWainan lz20,01- 220,17 < €

Here, we interpret A,, and A,, as a pair of arbitrary GSOs that represent the same phenomenon
in the homomorphism density sense.



Approximation Rate

Theorem 1.3 shows asymptotic transferability in a very general setting, but with no convergence
rate. In Theorem 1.4 we present non-asymptotic transferability bounds under some assumption on
the filter. We give the following informal result, which we formulate rigorously in Proposition 5.6.

Theorem 1.4 (informal). Let h € C be such that h' is Lipschitz and h(0) = 0. Suppose that G4
and Go are graphs with n1 and ne nodes respectively, represented by the GSOs A1 and As. Let
Ay and As be the GWMs corresponding to Ay and As. Then

1Tw, nayy = IWayniag l2210.01-12100) < CllTwa, — Twa, 220,115 22(0,1]5
where C' € N is a constant that depends on the filter h.

We mention that in our setting the graphs do not need to be of the same size and can be
represented by arbitrary symmetric matrices. Furthermore, we allow more general filters than
polynomials.

Graphs Approximating Unbounded Graphon Shift Operators

GRSOs cannot represent all important limit objects of graph shift operators, e.g., Laplace-Beltrami
operators. To allow such examples, we define unbounded graphon shift operators (unbounded
GRSOs) — self-adjoint unbounded operators that become GRSOs when restricted to their Paley-
Wiener spaces. As opposed to the similar approach in [23], we allow an accumulation point at 0
in the spectrum of the unbounded GRSO, which allows treating a richer family of operators. The
following theorem is an informal version of Theorem 5.11.

Theorem 1.5 (informal). Let h : R — R be a function with additional assumptions given in
Theorem 5.11. Let (Gy), be a sequence of graphs with GSOs (Ay,)n, converging to an unbounded
GRSO L. Then, for every A >0

[P (M) Tw,

nh(An)

Pr(N) = R(L) || L2(0.1) - 12(0,1] ——= 0,

where Pr(\) is the projection onto the space of band limited signals on the band [—\, \], also called
the Paley-Wiener space associated with L (see Definition 4.7).

1.4 Overview

In Section 2 we give an introduction to graph shift operators and graph filters. Section 3 starts
by introducing convergence for sequences of graphs. Then, graphons and graphon shift operators,
limit objects of convergent sequences of graphs and GSOs, are discussed. The notation and most
results cited there are from [27]. We introduce our transferability framework and the framework
to analyze unbounded GRSOs in Section 4. In Section 5, we present the main results about
transferability of graph filters and GCNNs. In the Appendix, we provide proofs and theoretical
backgrounds. The foundations of graphons are given in A.2.

2 Graph Convolutional Neural Networks (GCNN)

In this section, we recall basic definitions of graphs with GSOs and the definition of functional
calculus filters.

2.1 Graph Shift Operators

There are various ways to represent the structure of a graph G. In this work, we consider rep-
resenting G by symmetric matrices A € R™*™, which are called graph shift operators (GSOs) or
graph Laplacians. Accordingly, we use the following definition of a graph.



Definition 2.1. A graph G with GSO A s a triplet G = (V,E, A) where V = {1,...,n} is the
node set, B C V x 'V is the edge set, and A € R"*™ is a symmetric matriz called the GSO.

In practice, graphs in datasets are given by an adjacency matrix W, with entries in [0, 1] if
the graph is weighted, and in {0, 1} if it is unweighted. In practical deep learning, one typically
modifies the “raw data” adjacency matrix W and constructs a GSO A with entries in R. Some
common choices for A are the combinatorial and the symmetric graph Laplacians or the graphs’
adjacency matrix itself. The filters are then defined with respect to A. In our analysis, we assume
that the graph is already given with the GSO A, no matter how it was constructed from the
“raw data” W. The graph weight matrix GWM, not to be confused with the raw GSO, is defined
directly from A as A = nA (see Definition 1.2).

2.2  Graph Filters

In this subsection, we recall the definition of functional calculus filters, as described in [23]. For a
graph G with GSO A € R"*", a graph signal x = (x;)_; € C" is a vector where z; is called the
feature of the i'th node. Given x,y € C", the inner product between x and y is defined to be

n
(x,¥)cr = Z TiYi-
i=1

Definition 2.2. Let G be a graph with a GSO A, and let {\;, ¢; j=1 be the eigenvalues and
eigenvectors of A.

(1) A filter is a continuous function h: R — R.

(2) The realization of the filter h(A) is defined to be the operator

n

h(A)x =" h(N)(x, 6;)¢;, (4)

j=1
applied on any graph signal x € C".

For brevity, we often call h(A) simply a filter. As an example, for a rational function

5o A"

h()\) = Zn=0"n"
W > o Fm AT

it is easy to see that

N M -1
h(A) = (Z hnA"> - (Z kmAm> : (5)
n=0 m=0

Thus, the polynomial filters in [20, 9] and rational filters in [25, 3] are examples of functional
calculus filters (4).

2.3 Spectral Graph Convolutional Neural Networks

Similarly to CNNs, a GCNN is defined as a deep convolutional architecture with three main
components per layer: a set of graph filters, a non-linear activation function and optionally pooling.
In this work, we study architectures without pooling. Example applications are semi-supervised
node classification and node regression.

GCNNSs are defined by realizing a spectral convolutional neural network (SCNN) on a graph.
SCNNs are defined independently of a particular graph topology and can be even applied on
non-graph data, namely, graphons, as we explain in Subsection 3.4.



Definition 2.3. Let L € N denote the number of layers. Let I} € N denote the number of features
in the layer 1 € {1,...,L}. For each | € {1, ....,L}, let Hy := (/’Lik)jgpl_’kSFlil € (C(R))FixFia
be an array of filter functions and M; = (mfk)jgpl,kgplfl € RfvxFier g matriz. Let p: R — R
be a continuous function that we call the activation function. Then, the corresponding spectral
convolutional neural network (SCNN) ¢ is defined to be

¢ = (H,M, p) := ((Hy){~y, (My)[y, p). (6)

In comparison to the single filter case in Section 2.2, a graph signal is not restricted to be
an element in C™. We consider feature maps given by a tuple of graph signals, i.e., by a x :=
(xF)iL, € C"*Fi where Fj € N is the feature dimension.

Definition 2.4. Let G be a graph with GSO A and ¢ be an SCNN, as defined in Definition 2.3.
For each l € {1,..., L}, we define gblA as the mapping that maps input feature maps to the feature
maps in the l-th layer, i.e.,

¢lA c O XL x s xg = (Xf)fL ™
with
_ Fi—y o
x{ = (Y mi* i (A)(xf-1). &
k=1

forje{l,...,Fi} and xo = x. We write ¢pa = gbg and call it the realization of ¢ on the graph G
with GSO A. Furthermore, we define gblA as the mapping that maps input features to the feature
maps in the l-th layer before applying the activation function in the l-th layer, i.e.,

P 1 €0 CIT xRy = (%))
with
Fi1
i ik ik _
X = mihi"(A)(0a ("),
k=1
forje{l,...,F}.

For brevity, we typically do not distinguish between an SCNN and its realization on a graph.

3 Graphon Analysis

In this section, we recall the notion of a graphon, which we describe informally as limit objects
of sequences of graphs in Subsection 1.2. The definition of convergence in the graphon setting
is based on homomorphism numbers, which we recall in Subsection 3.1. We give the definition
of graphs converging to graphons in Subsection 3.2. In Subsection 3.3 we discuss shift operators
acting on the space of graphons.

3.1 Homomorphism Numbers

Lovész and Szegedy introduce in [26] the following definition.

Definition 3.1. Let F = (V(F), E(F)) be a simple graph and G a graph with GSO A and node
set V(G). Let A =nA be the GWM of G.

(1) Given a map ¢ : V(F) — V(G), we define the homomorphism number

homy(F,G) = [  Aww.ww):
(u,v)EE(F)



(2) We define the homomorphism number

hom(F,G) = Z homy (F, G), 9)
GV (F)=V(G)

where the sum goes over all maps ¢ : V(F) — V(G).

(3) The homomorphism density with respect to the graph G is a function t(-,G) that assigns to
each simple graph F' the following value

_ |hom(F,G)|

(10)

Let us give an interpretation for the homomorphism numbers. Suppose that G is a simple
graph with adjacency matrix W € {0, 1}"*" and GWM A = W. We recall that a homomorphism
between two graphs is an adjacency-preserving mapping between their nodes. Then, homy (F, G) is
one if ¢ is a homomorphism and zero otherwise. hom(F, G) counts the number of homomorphisms
of F into G. Since |[V(G)|IVU) is the total number of maps between the nodes of F and G,
the homomorphism density ¢(F,G) gives the probability that a random map from F to G is a
homomorphism. We interpret F' as a simple substructure, called a motif, so that hom(F,G)
counts how many times the motif F appears in G. If G is a weighted graph with weights in [0, 1],
interpreted as the probability of edges to exist, then hom(F, G) is the probability of the motif F
to appear in G. For further interpretations, see [27, Chapter 5.3].

3.2 Graphons

The seminal work [26] studied sequences of graphs G,, such that for every motif F' the parameter
t(F,G,) converges. Graphons were shown to be the natural limit object of such sequences.

Definition 3.2. A graphon is a bounded, symmetric and measurable function W : [0,1]x[0,1] — R
L. We denote the space of all graphons by W. Let T' > 0. The subspace Wr C W is defined as the
set of all graphons W € W such that |W (u,v)| <T for every (u,v) € [0,1] x [0, 1].

Graphons are interpreted as the spaces from which graphs are sampled, and to which graphs
are embedded in order to compare them. Since in applications we only observe the graphs, we call
the graphon corresponding to a graph its latent space. We do not distinguish between functions
that are almost everywhere equal. The way graphons are seen as limit objects of graphs is via the
homomorphism density of graphons.

Definition 3.3. For a graphon W and a simple graph F = (V, E), the homomorphism density of
F in W is defined as

HE W) = / T Wi uy) ] dus (11)
0.1 i jer i€V
where n is the number of nodes in F.

Since the integral can be interpreted as a continuous analogue to the sum, (11) is a continuous

analogue to the homomorphism density for graphs with GSO, and interpreted as the density of
the motif F' in . We next recall a notion of convergence of sequences of graphs [26, Section 2.2].

Definition 3.4. Let (G,)n be a sequence of graphs with GSOs and GWMs
(An)n.

(1) We say that (Gy)n is a bounded sequence if there exists a constant C' > 0 such that || A, || < C
for every n € N.

IGraphons can be defined over any atom-free standard probability space (see Subsection 1.1).

10



(2) We say that (Gy,)n is convergent in homomorphism density, if for all simple graphs F the
sequence (t(F,Gyp))n is convergent.

The following theorem, taken from [6, Theorem 3.8 and Corollary 3.9], shows that graphons
are natural limit objects of convergent sequences of graphs.

Theorem 3.5 ([6, Theorem 3.8 and Corollary 3.9]). For every bounded sequence of graphs (Gp)n
with GSO that converges in homomorphism density, there exists a graphon W € W such that for
every simple graph F

t(F,Gy) =225 t(F,W).

Remark 3.6. If (G,,), is convergent according to Definition 3.4, then given the graphon W from
Theorem 3.5, we say that (Gy,), converges to W in homomorphism density and write G, SN

n—oo

W. Conversely, given a graphon W € W, there exists a sequence of graphs (G,), such that

Gy s W. The sequence (Gy)n can be constructed by first sampling i.i.d. uniform random
n—roo

points and then using the values of W to define the GWM (see [6, Theorem 4.5]).

n—r00

Remark 3.7. In the following, we only consider a sequence of graphs (G,), with v(G,) —— oo,
where v(Gy) denotes the number of nodes of G,. For simplicity of notation, we assume that

v(Gy) =n.

In the following, we describe a method for defining a graphon corresponding to the graph G
using the notion of induced graphons. For this, we define for every n € N the standard partition
Pn={P1,...,P,} of [0,1] by the sub-intervals P, = [k — 1/n,k/n) for k=1,...,n

Let x4 denote the characteristic function of a subset A C [0, 1], i.e

1, forued
Xa(u) =
0 else.

We use characteristic functions to define the induction of a graph to a graphon.

Definition 3.8. Let G be a graph with GSO A and GWM A and n nodes. The graphon Wa
induced by G is defined as

Z A ZJ)XP»L XPJ( ) (12)

i,j<n
With Definition 3.8, we clearly have

for every graph G with GWM A and every simple graph F. We recall that GSOs A and filters
h(A), which are GSOs themselves, are related to GWMs by (3). Hence, we use the notation
Wah(a) to describe the graphon induced by the GWM corresponding to the GSO h(A).

Next we discuss a setting for performing signal processing with graphons, using L?-norms.
The space of graphon signals is defined as L2[0,1]. In the context of signal processing, we define
convergence of graphons by interpreting them as kernel operators. For this, we recall that in
Subsection 1.3 we defined the graphon shift operator (GRSO) corresponding to the graphon W €
W as the operator

Twip(v / W (v, u)(u)du(u) (14)

for signals 1 € L?[0,1]. The operator norm of Ty is closely related to convergence in homomor-
phism density. To understand this relation, we define the relabeling of a graph by a permutation
.

2 We note that we could use any partition P ={P1,...,P,} such that u(P;) = 1/n for every i = 1,...,n and
[0,1] is the disjoint union of all element in P.

11



Definition 3.9. Let G be a graph with GSO A and edge set E. We define llg as the set of
all permutations of the node set of G. Let m € Ilg. The graph w(G) is defined as the graph
7(G) = (w(V),n(E), n(A)) with GSO where (i,j) € w(E) if there exists an edge (k,1) € E such
that (m(k),n(l)) = (i,7). The GSO is defined by T(A) = (0n(i),x(s))ij, where A = (055)i ;. We
call T(@) the relabeled graph.

The following result relates convergence in homomorphism density to the operator norm.

Theorem 3.10. Let (G,,)n a sequence of graphs with GSOs (Ay,)y and (Ay)n be the corresponding
sequence of GWMs. Let W € W satisfy Gy, S W. Let (Wa, )n be the sequence of graphons
n—roo
induced by (Grn)n. Then, there exists a sequence of permutations (my)n such that | Tw, .. —

TWHLQ[O,l]%LQ[O,l] M—O% 0.

Theorem 3.10 follows from a well-known result in graphon theory (see A.2). In fact, the
converse direction in Theorem 3.10 is also true, showing the equivalence between convergence in
homomorphism density and convergence of the induced GRSOs in the L?-induced operator norm
up to relabelling of the nodes.

We now follow a similar route as Ruiz et al. in [30] to define convergence of graph signals to
graphon signals. Given a sequence of graph signals (x,,), on graphs (G,,), with a growing number
of nodes, we can interpret graphon signals as the limit of the graph signal sequence. We recall the
definition of induced graphon signals from graph signals [30].

Definition 3.11. Let x € C" be a signal on a graph G. The graphon signal 1x € L*(J) induced

by x is defined as
)= ijXPj (u). (15)
j<n
We then define the following set of admissible permutations.

Definition 3.12. Let (G,,)n be a sequence of graphs with GSOs and corresponding GWMs (A ).
Let W € W satisfy G, 2 W. The set of admissible permutations is defined as
n—oo

P = {(mn)n € (g, ) || Tw, ca,y = Tl 201200 == 0}

Theorem 3.10 ensures that the set of admissible permutations is not empty. We use the set of
admissible permutations to define convergence of graph signals to graphon signals.

Definition 3.13. Let (G,)n be a sequence of graphs with GSOs and (xy)n a sequence of graph
signals. We say that (X,)n converges to a graphon signal 1 € L2[0,1] if there exists a graphon

W such that G, B W and for some admissible permutation (7,), € P
n—r 00

n—oo

[, () — ©llL2p0,1) = 0. (16)

. I
We write x,, — .

n—roo

3.3 Graphon Shift Operators and Graphon Filters

We define realizations of filters acting on graphon signals using GRSOs. Since W is symmetric,
Tw is a self-adjoint Hilbert-Schmidt operator, and hence has a discrete eigendecomposition.

Definition 3.14. Let h: R — R be a filter. Let W € W, and let Ty be the associated GRSO. Let
{A\j,®j}; be the eigendecomposition (with possibly repeating eigenvalues and orthonormal eigen-
vectors) of Tw. The realization of the filter h(Tyw) is defined as

h(Tw )t = Zh )(¥; 65)¢
for ¢ € L*[0,1].

12



Similarly to graph filters, we often call h(Ty ) simply a filter.

Example 3.15. If h(\) = >0, piN /3" @A is a rational function, the filter h(Tyw) is given
by

n m -1
h(Tw) = ijTijv <Z qiTéV> )
=0 i=0

3.4 Graphon Convolutional Neural Networks (GCNNon)

In this subsection, we define graphon convolutional neural networks (GCNNons). The GCNNon
architecture can be defined equivalently to the one of GCNNSs, given in Subsection 2.3. GCNNons
are defined equivalently to GCNNs, given in Subsection 2.3, by applying an SCNN on a GRSO
and a graphon signal. The construction is akin to WNNs in [32] and continuous GCNs in [19].
Nevertheless, we have fewer constraints on the filters and the graphon.

Let ¢ be SCNN. Let W € W be a graphon and Ty the GRSO from (14). Similarly to GCNN,
we define the mapping (b%,v by only replacing the discrete GSO by the GRSO Ty and propagating
square-integrable functions instead of discrete graph signals in Definition 2.4. This means that
the GCNNon is based on vector valued signals ¢ := (1/)9)51:1 € (L%[0,1])" that we call graphon
features maps, as inputs and outputs.

4 The Transferability Framework

Induced signals and induced graphons provide a framework to compare the repercussion of filters
acting on graphs that approximate the same graphon. Given two graphs G1,Go with GSOs
Ay € RM*™M Ay € R™X"2 ) we compare the repercussions of the filters h(A;) and h(As) as
follows. We map the filters into the latent space by defining the induced graphons W, j(a,) and
Wi,h(as). Then, the repercussion error of the filters h(A;) and h(As) in the latent space is
defined by

17w, neayy = TWooniag 220,15 22(0,1)-

For graph signals x; € C" and xo € C"* with [[¢)x, — ¥x,| 20,1 sufficiently small, the
repercussion error of the filter outputs of h(A;) and h(As) is defined by

l¥n(an)x: — Yh(as)xsllL2[0,1]-
In this section, we develop tools for analyzing the above repercussion errors and extend the analysis
to accommodate unbounded operators on graphon signals.
4.1 The Spaces of Induced Graphons and Induced Signals

We study in this subsection the relation between the space of graph signals C™ and its image under
the induction operation of Definition 3.11. The image space of the induction operator is a space
of step functions.

Definition 4.1. Forn € N, we define the space of step functions [0,1]/P,, C L?[0,1] as [0,1]/P,, =
Span{XPw SRR XPn}

The following lemma can be easily verified.

Lemma 4.2. For n € N, the correspondence x +— 1y, defined in Definition 3.11, between the
space C™ and [0,1]/Py, is an isomorphism. Further, it holds

1 1
%HXHC’@ = |l¥xllL2j0,1) and g<X=Y><C" = (¥x, Yy) 12[0,1]

for all x,y € C".
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Lemma 4.3. Let G be a graph with GSO A and associated GWM A. Denote the eigendecomposi-
tion of A by {\',x"}"_,. Then, Tw, admits the eigendecomposition {\', \/ni: }7_1U{0, 1, }o s
where the eigenvectors are an orthonormal basis for L*[0,1].

Proof. Let {\!,x*}"_, denote the eigendecomposition of the GSO A with [A\;| < [A2] < ... < |\,
Let N € {1,...,n}. Then, for almost every u € [0, 1],

Ty (Ve ) () = / Wi 3 xe)xe @A) xp, @) )do

0 k,l<n j<n

-3 e (u)/ (Vi Y xp, (0)xp (0) Agn ) )dv

k<n 0 1,j<n

1
S e, (1) / (Vi S X, (0) Agegy2

k<n 0 j<n

Z XP, (U)%\/ﬁ Z Ay

k<n i<n

= Z xp, (w)v/n Z Ay

k<n i<n

=V > xp WAV = AV e (u).

k<n

Hence, for every eigenvalue-eigenvector pair (AV,x™V) of A, (AV, \/ni)yn~) is one of Ty, . Since
the image of Tw, is [0, 1]/P, and the induced signals {\/nix1,...,/nix=} form an orthonormal
basis for [0,1]/P,,, there can not exist any other non-zero eigenvalue. O

The following lemma shows that given a graph G with GSO A and corresponding GWM A,
we can either first induce it to the graphon space W4, then build the GRSO Ty, and the filter
h(Tw, ), or first apply the discrete filter on the GSO h(A) and, only then, induce it to the graphon
space.

Proposition 4.4. Let G be a graph with GSO A and corresponding GWM A. Let h: R — R be
continuous with h(0) = 0. Then, h(Ta) =Tw,

h(A)*

Proof. Let {\,x*}"_; denote the eigendecomposition of A. Then, h(A) admits the eigendecom-
position {h(A"),x"};_;. By Lemma 4.3, the eigendecomposition of Ty, , », is {h(X'), v/nihxi }iy
with infinitely many eigenvectors corresponding to the kernel {0,v;}52,, ;.

We compare this to the eigendecomposition of h(Tw, ). By Lemma 4.3, Ty, has eigendecompo-
sition {\’, v/nibyi }; with infinitely many eigenvectors corresponding to the kernel {0, 1, }o g
Then, the eigendecomposition of h(Tw, ) is given by {h(A), v/nihxi }ioy U {h(0), 1152, 1. The
condition h(0) = 0, leads to h(Tw,) = Tw, O

h(ay*
The condition h(0) = 0 in Proposition 4.4 can be removed if we restrict the input signals to
induced graphon signals 14, instead of studying Ty, and h(Tw,) on the whole space L?(J).

h(A)

Proposition 4.5. Let G be a graph with GSO A and corresponding GWM A. Let h : R — R be

a continuous function. Then, for every signal x € C"

wh(A)x = h(TWA)ww (17)

Proof. Similarly to the calculations and notations from the proof of Proposition 4.4, we can write

n

h(A)x =Y " h(N)(x,x")cnx’

i=1

14



and
h(TWA>1/)x = Z h(/\l)<1/}Xa \/ﬁwxi>L2(J)\/ﬁ1/}xi
=1

for x € C". By Definition 3.11 of induced signals, we have

1/}h(A)x :Z Z )XX (CnI —Zh XX (CnZX] j
j i=1

= Z X x° (C’”/)xl = Zh 1/JX7\/_1/}X1>L2 )\/_1/}x7L

The second to last equation holds by Remark 4.2. O

4.2 General Unbounded Shift Operator

Graphon shift operators cannot represent all important limit objects of GSOs. An important
example are filters in Euclidean domains, which are the backbone of standard convolutional neural
networks.

Example 4.6. Let D denote the space of 1-periodic functions on R with absolutely continuous
first derivative, equipped with the L*[0, 1] inner product. Let A be the Laplace operator,

A:D—D, fw——f"

Let h be a function and (hy,), = (h(472n?)),,. Define the Euclidean circular convolution operator?
Ch by
Cnf = f = (Z hne2m’n(»))

for any input signal f. Operators of this kind exhaust the space of all circular convolution operators
with even kernels. By the convolution theorem, this can be written in the frequency domain as

Applying the inverse Fourier transform leads to
Cnf = fuhne®™™0) = h(A)f.

This means that Fuclidean circular convolution operators can be written as functional calculus
filters of the Laplace operator.

We consider a discretization of [0,1] by a grid. The grid is a graph, defined by connecting
each grid point to its neighbors by edges. This means that [0, 1], with a grid, are a special case
of a graphon latent space and a graph. In this subsection, we show algorithmic alignment of
GCNNons with CNNs on Euclidean data, where filters are defined by functional calculus of the
Laplace operator as described in Example 4.6. The Laplace operator is not bounded, so there
exists no graphon W with A = Ty,. To be able to treat discrete grid convolutions as graph
convolutions approximating A, our analysis should allow unbounded GRSOs. We first define the
Paley-Wiener spaces of self-adjoint operators.

3A circular convolution in L?[0,1] between f and g is defined by f * q(z f() )q(z — y)dy, where values of
q outside [0, 1] are taken from the periodic extension of g.
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Definition 4.7. Let L be a self-adjoint operator with spectrum consisting only of eigenvalues.
Denote the eigenvalues, eigenspaces, and projections upon the eigenspaces of £ by {\;, Wj, P;}jen.
For each X\ > 0, we define the \’th Paley-Wiener space of L as

PWe(N) = @{W; | 1A] < A}
jEN
The spectral projection Pz () upon PWp(A) is defined by
PcA)= > P

[Ai1<A

Definition 4.8. Let £ be a self-adjoint operator defined on a dense subset of L*[0, 1], with spectrum
consisting only of eigenvalues. We say that L is an unbounded graphon shift operator (unbounded
GRSO) if it is self-adjoint and for every A > 0, there exists a graphon W» € W such that

LPr(N) = Tyya. (18)
The following proposition can be easily verified.

Proposition 4.9. A self-adjoint operator L with spectrum o(L) = {1, \a,...} consisting only
of eigenvalues is an unbounded GRSO if and only if the eigenvalues in each compact interval are
square summable, i.e., for everya <b e R

Z A2 < 0.

Xeo(L)N[a,b]
Next, we define convergence of GSOs to unbounded graphon shift operators.

Definition 4.10. Let (G,,), be a sequence of graphs with GSOs (Ay,)n and (Ay)» be the associated
sequence of GWMs. We say that (Gy,), converges to the unbounded GRSO L if there exists a
sequence of permutations (7y,)n such that for every A € R

[P (A)Tw

mn (An)

Pr(A) = LPc(N)|L20,11-22(0,1) —— 0. (19)
We write Gy, v, L.
n—oo
In the following example, we show that the classical Laplace operator is an unbounded GRSO.

Example 4.11. Let A be the Laplace operator from Ezxzample 4.6. The spectrum of A consists
only of eigenvalues, given by

a(A) =40, A2 An?2% . An?k?, .. 3.

The corresponding eigenvectors e* ™ form the classical Fourier basis. For every a < b € R, the
intersection o(A) N la,b] is a finite set. Hence, by Proposition 4.9, the Laplace operator A is an
unbounded GRSO.

There exists a sequence of graphs approximating the Laplace operator in the sense of Defini-
tion 4.10. The construction of the approximating sequence of graphs can be taken from the proof
of Proposition 4.12, showing a more general result.

Proposition 4.12. Let £ be an unbounded GRSO. Then, there exists a sequence of weighted
graphs (Gy,)n with GSOs (A,,), such that G, Y. r.

n—roo

The proof of Proposition 4.12 is given in A.1.
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5 Main Results on Transferability

First, we give results on asymptotic transferability of continuous graph filters. Secondly, by re-
stricting the analysis to filters with higher regularity, we achieve linear approximation speed. Then,
we prove transferability results for graphs that approximate unbounded graphon shift operators.
Last, we present transferability results for end-to-end graph convolutional neural networks.

5.1 Asymptotic Transferability of Graph Filters

Given a sequence of graphs (G,,), with GSOs (A,), and a graphon W such that G, LN w,
n—oo
we show that the associated sequence of graph filters (h(A,,)), is convergent in operator norm.
The limit object is the filtered induced GRSO h(Tw ).
Lemma 5.1 (Convergence of graph filters). Let (G,,)n be a sequence of graphs with GSOs (Ap)n
and its associated sequence of GWMs (Ay,),. Let W € W satisfy G, — S W. Let h be a filter.
n—oo

Then, there exists a sequence of permutations (), such that

1P (Tw.

rrn<An>) = h(Tw )l L2[0,1)-L2[0,1] 2700,

Consequently, consider a sequence of graph signals (x,)n on the relabeled sequence of graphs.
Assume that the induced signals, defined in Definition 3.11, converge to some 1) € L?[0,1], i.e.,
[x, = ¥llL210,) == 0. Then,

1R(Tw,, a5 = W(Tw )] £2(0,1) == O (20)

The proof for Lemma 5.1 is given in A.2. In practice, filters are applied on graph shift operators.
Hence, we want to show that the outputs of graph filters applied on GSOs, associated to graphs that
approximate the same graphon, are approximately the same. The following corollaries formulate
the transferability error by first applying the filter on GSOs and then taking the induced graphons.
Theorem 5.2. Let (Gy)n be a sequence of graphs with GSOs (Ay,), and its associated sequence
of GWMs (A,)n. Let W € W satisfy G, 2 W. Leth be a filter with h(0) = 0. Then,

n—oo

T T n,m—oQ O
|| W"hr(ﬂ'n(An)) - W”lhr(ﬂwn(Anl))HL2[O)1]_)L2[O)1] :

Proof. By Proposition 4.4 and Lemma 5.1, we have

||Tth<frn<An>> = h(Tw)llr2(0,1-L2[0,1) 7%0.

The proof now follows from the triangle inequality. |

In the following result we get rid of the assumption of 4(0) = 0 from Theorem 5.2 by considering
the convergence of induced graphon signals instead of the convergence of induced GRSOs.

Theorem 5.3. Let (Gy,), be a sequence of graphs with GSOs (Ay,), and its associated sequence
of GWMs (A,),. Let W € W satisfy G, 2 W. Leth bea filter. Consider a sequence of
n—oo

graph signals (Xp)n on (Gpn)n and a graphon signal v € L2[0,1] such that x,, SN 1. Then,

n— 00
n,m—oo

1Vh(am)xn = Ch(am)xmllL2[0,1] —— 0.

Proof. By Proposition 4.5 and the Lemma 5.1, we have h(A,;,)x, SN h(Tw ). The proof now

n—oo
follows from the triangle inequality. O

17



5.2 Non-Asymptotic Transferability of Graph Filters

In the following, we derive filters h : R — R that allow improved rates of convergence. For U C R
and p € N, we write f € CP(U) if f is p times continuously differentiable for all 2 € U.

We begin by calculating the convergence rate for the transferability in the Schatten p-norm.
For 1 < p < oo, the Schatten p-norm || - ||s, of a compact self-adjoint operator is defined as the
l,-norm of the sequence of its eigenvalues.

Theorem 5.4. Let h be Lipschitz continuous with Lipschitz constant ||h||rip and h(0) = 0. Let
(Gn)n be a sequence of graphs with GSOs (A,), and associated GWMs (Ay,), such that there

exists a W € W with G, L> W. There exists a sequence of permutations (), such that for
every 2 < p < o0 e

”Tth,(w”(An)) = IWoin (e (A IIs,

< 2||h||LiprHTW —Tw

n,m—oo
T (An) T (Am) ||5p

— 0,
where K, is o universal constant described in [29, Theorem 1].

Remark 5.5. If we restrict ourselves in Theorem 5.4 to graphons W € Wr for a I' > 0, the
convergence rate in Theorem 5.4 holds for any filter h that is Lipschitz continuous in a neighborhood
of [-T,T]. Thus, the convergence rate in Theorem 5.4 holds also for polynomials.

The proof for Theorem 5.4 is given in A.3. We give another formulation of transferability based
on Fourier coefficients of the filter h.

Theorem 5.6 (Linear Convergence). Let I' € N and h € CY([-T',T']) such that W' is Lips-
chitz and h(0) = 0. Suppose that G1 and Gy are graphs with GSOs Ay € R™*™ and Ay €
R™*"2  Let Ay and Ay be the associated GWMs and suppose that there exists a T' > 0 with
[A1]|cr1—cma, || Azllcre—cne < T We have for all permutations w1 and w2 of the graph’s nodes

HTW”"lh("l(Al)) - Tanh(Tr2(A2)) HL2[0-,1HL2[0-,1] 21)
< OHTWM(Al) - TWWQ(AQ) ||L2[0,1]—)L2[0,1];

where C' is given by (38).

5.3 Transferability Between Graphs and Unbounded GRSOs

In this subsection, we generalize the asymptotic transferability results of Subsection 5.1 to un-
bounded GRSOs. The following lemma is a direct consequence of Lemma A.6.

Lemma 5.7. Let h : R — R be a continuous function. Let (G), be a sequence of graphs with
GSOs (A,), and associated GWMs (Ap)n. Suppose that L is an unbounded GRSO such that

Gp AN Then, there exists a sequence of permutations (7)), such that for every A > 0

n—00

RPN Tw,, 4, PLN) = BEPLA)|l2210,112210,1) “= 0.

7n (An)

In Lemma 5.7, the filter is applied to the induced graphon shift operator, projected to the
Paley-Wiener space. However, in practical graph deep learning, the filters are applied to the
GSO. To bridge the gap between Lemma 5.7 and practical graph deep learning, we introduce the
following definition.

Definition 5.8. Let (G,,), be a sequence of graphs with GWMs (Ay)n, © be a family of filters,
and L be an unbounded GSO. We say that © approximately commutes with Pz on (Gy), if for
every h € © and every A >0

1PL(NA(Ta, ) Pe(A) = h(Pe(A)Ta, PeN) [l 22(0,1)-L2(0,1) > 0.
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In the following claim, we show that the family of monomial filters approximately commutes
with Pa in our motivating example — the classical Laplace operator A.

Claim 5.9. Let A be the Laplace operator from Example 4.11. Suppose that (A,,), is the finite
difference GSO, i.e.,

2 1 0 ... 0 1]

1 =2 1 0 ... 0
A, =

0 ... 0 1 -2 1

10 ... 0 1 -2

Let (G,)n be the corresponding sequence of graphs, and (A,), the GWMs. Let © = {z¥|k € N}
be the family of monomial filters. Then, © approzimately commutes with Pa on (Gy)n, i.e., for
every A > 0 and k € N,

k
|PACTS, Pa() = (PaATa, PAMN)) Ilzzio,11 21017 “=> 0.

The proof of Claim 5.9 is in A.5. The following lemma extends approximate commutations of
© with P, to linear combinations of ©.

Lemma 5.10. Let (G,), be a sequence of graphs with GWMs (Ayp)n, F be a family of filters and
L an unbounded GSO. Suppose that © approzimately commautes with Pz on (Gy),. Then, span©
approzimately commutes with Pz on (Gp)n.

Proof. Let h =Y"}'_, arhy € span®©. Then, for A > 0

|PeOVA(Tiwa, )P = b PeN)Twa, Pe ) 207y 22(9)

= [[Pc(N) ( > anhi(Twa, )) Pe(N) = arhy (Pﬁ (MNTwa, Pr (/\)) lL2(7)—>L2()
k=0 k=0

= 1Y arPeNhi(Twa, )Pe(N) = Y aphy, (PL()\)TWAn PL()\)) l2(7)—>22()
k=0 k=0

< > lanlllPe Rk (Tiwa, )Pe(N) = i (PeO)Twa, PeOV) l22(7) 12
k=0

n—oo

0.
O

The following proposition shows that filters that approximately commute with spectral pro-
jections of an unbounded GRSOs are transferable between graphs.

Theorem 5.11. Let (Gy)n be a sequence of graphs with GSOs (A,), and associated GWMs
(Ap)n. Suppose that L is an unbounded GRSO such that G, Y L. Let® bea family of filters
n—oo

with h(0) = 0 for every h € ©. Suppose that © approzimately commutes with Pe on (Gy,)pn. Then,
there exists a sequence of permutations (7, )n such that for every X > 0 and every h € span©

n,m—oo

Hpﬁ(/\)Tth(ﬂn(An))Pﬁ(/\) - PL:(A)TWmh(frm(Am))PL()\)HL2[O,1]*>L2[O,1] —— 0.

Proof. Let h € span® and (), be the sequence that we get from Lemma 5.7. It holds h(0) = 0.
We use the triangle inequality to achieve

”Pﬁ()‘)Tth(wn(An))Pﬁ()‘) - h(L)PL()‘)HLQ[O,l]
< Hpﬁ()‘)Tth(ﬂn(An))Pﬁ()‘) - h(Pﬁ()‘)TWnn(An)Pﬁ()‘))”Lz[O,l]
+IMP(N)Tw,, 4, PcN) = ML) PL(A)[|L2(0,1)-
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Since spanF approximately commutes with P, on G, by Lemma 5.7 and Lemma 4.4, the last
term goes to zero for n — oco. The proof follows by application of the triangle inequality |

As an example application of Theorem 5.11 by Claim 5.9 and Lemma 5.10, polynomial filters
are transferable between graphs with different finite difference GSO.

5.4 Asymptotic Transferability of Graph Neural Networks

In this subsection, we prove transferability of SCNNs between graphs approximating the same
graphon. GCNNs and GCNNons are nonlinear operators, so we do not measure their repercussion
error in operator norm. Instead, we analyze the repercussion error of GCNNs and GCNNons
point-wise on feature maps. For this, we give the following definitions.

Definition 5.12. Let d € N and y € L2[0,1)*
feature map.

be a graphon feature map and x € C"*? o graph

(1) We define
||y||L2[0,1]d = kgaxd ||yk||L2[o,1]- (22)

k
nxd = 1M n. 2
Ixllcexs = max [x*c (23)

R

(2) We say that y is normalized if maxp—1,...a||y*||r2j01) < 1. We say that x is normalized if

a[x*llen < 1.

maxg—1

.....

(3) Let (Gyn)n be a sequence of graphs with GSOs and (X)n a sequence of graph feature maps
with x,, € C™*? for every n € N. Let x* and y* denote the k-th feature of x,, and y. We

say that (X,)n converges toy if for every k =1,...,n it holds x ﬁ y*, (see Definition

3.13). We write in this case Xy, Ly
n—r00

The following lemma shows the transferability of SCNN between graphons and induced graphons
from a convergent sequence of graphs.

Lemma 5.13. Let ¢ := (H, M, p) be an SCNN with L layers and Lipschitz continuous activation
function p: R — R. Let Fy be the number of features in the l-th layer, for 1 =1,..., L. Let (Gy)n
be a sequence of graphs with GSOs (A,), and associated GWMs (Ay),. Let W € W satisfy

Gn % W. Suppose that (yn)n is a sequence in (L?[0,1])F° and y € (L?[0,1])° such that

n—00

yn — y||L2[0,1]Fo —0. (24)
Then there exists a sequence of permutations (m,)n such that,

16w, ca) Wn) = dw (W) L2070~ 0. (25)

The proof of Lemma 5.13 is given in A.6. The following Lemma is a generalization of Propo-
sition 4.5 to SCNNs.

Lemma 5.14. Let ¢ := ¢(H, M, p) be an SCNN. Let G be a graph with GSO A and associated
GWM A. Let x € C"*. Then, Yy, (x) = dwa (tx).

Proof. We prove by induction over the layers [ =1,..., L. Let I=1,and j =1,..., F}. It holds

Fo
SR = p(( 30 mihE(A)xH) = p(3h ().
k=1
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We induce the resulting signal to the graphon space, and obtain

RIS DRI OL INCIN A O PUAOIINCID)
1=1 =1
. = - (26)
_p(d]&A(x)j) :p( Z wm{kh{k(A)xk) = (Zmﬂ hJ (Tw, Q/Jxk)
k=1
= Oy, ()’

The third-to-last equality holds since the induction operator commutes with the addition of filters.
The second-to-last equality holds by Proposition 4.5. The proof follows by a similar computation
for the other layers. O

The following result is a generalization of Theorem 5.3 to GCNNs.

Theorem 5.15. Consider the same conditions as in Lemma 5.13. Let (X,)n be a sequence of
graph feature maps, and y € (L?[0,1])f°, such that x, SEEEEN y. Then, there exists a sequence of
n—oo

permutations (), such that

n,m—oo

||z/]¢7"n(An)(x") - w¢”7n(Am)(x'm)||L2[Oxl]FL - O'

Proof. By Lemma 5.13 and Lemma 5.14, there exists a sequence of permutations (7, ), such that

n—oo

||1/}¢,rn(An) Xp) ¢W( )HL2 0,1]¥r — 0.

The proof now follows by the triangle inequality. |

5.5 Non-Asymptotic Transferability of Graph Neural Networks

In this section, we derive stability bounds for GCNNs. We restrict ourselves to contractive acti-
vation functions.

Definition 5.16. An activation function p: R — R is called contractive if |p(x) — p(y)| < |z —y|
for every x,y € R.

The following lemma shows that GCNNons, based on filters with higher regularity, achieve
linear approximation rate.

Lemma 5.17. Let ¢ := ¢(H, M, p) be an SCNN with contractive activation function p. Let G be
a graph with GSO A and associated GWM A. Let W € W and suppose that

[Allcrscn < T, [ Twllz20,1)—22[0, < T
for ' > 0. Let € > 0, and suppose there exists a node permutation ™ of G satisfying
1Tw,cay — Twll 220,1) = £20,1] < €
Let x be a normalized graph feature map and y a graphon feature map satisfying
¥x = yll L2070 < e

Suppose that for every filter h in the SCNN ¢, we have h € C*[—T',T'] with Lipschitz continuous
derivative and [|h||pe;—p,r) < 1. Then, there exists a Cr, € N such that

6w, (a) (¥x) = dw (W)l 210,117 < ClLe, (27)

where Cp, is a constant that depends on M and H, and is described in Remark 5.18.
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The proof of Lemma 5.17 is in A.7.

Remark 5.18. Consider the setting of Lemma 5.17. For every l =1,...,L, let Cljk denote the
constant C of (21) corresponding to the filter h = h{k, forj=1,...,F, k=1,...,F_1. Let
C' = max j Cljk, where the maximum is over = 1,...,L, j=1,...,F, and k =1,... F_1.
Further, let M = maxj—1,. 1 [|[Mi||sc. Then, the constant Cr, in (27) is given by

Cp =M1+ LO). (28)

Remark 5.19. In Lemma 5.17, the constant Cp, can increase exponentially in L. We can control
Cr by demanding |M;||lco <1 for every l=1,..., L, which gives

6w (a) () = dw () L2107 < (14 LO)e.

The condition |Mi|leec < 1 is relazed to weight decay regularization in practical deep learning.
Hence (28) indicates that weight decay might be an important reqularization for promoting trans-
ferability in practical deep learning. A similar observation was given in [23].

The following theorem shows GCNNs achieve linear approximation rate.

Theorem 5.20. Let ¢ := ¢(H, M, p) be an SCNN with contractive activation function p. Let
G1, G2 be graphs with GSOs A1, As and associated GWM A1, As. Suppose that

|Aillcnsen < T, ||Azflemsem <T
forT' > 0. Let € > 0, and suppose there exist node permutations w1 of G1 and 7o of G satisfying

HTWM(AI) - TWWQ(AQ) HL2[0,1]—>L2[0,1] <e.

Let x1 and x2 be normalized graph feature maps satisfying

%, — x| 270,170 < €

Then,
Hw%ml)(h) - w%(AQ)(Xz)HLQ[O,l]FL < Cle,

where C, is given in (27).

The proof of Theorem 5.20 follows directly from Lemma 5.17 and Lemma 5.14.

6 Conclusions

In this paper, we proved that continuous graph filters and end-to-end graph neural networks with
continuous filters are transferable in the graphon sense. Generally, a filter is said to be transferable
if it has approximately the same repercussion on graphs that represent the same phenomenon. To
specify the definition of transferability in the graphon sense, we used the space of graphons as a
latent space from which graphs are sampled, and to which graphs are embedded, via induction, in
order to compare them. In our setting, graphs represent the same phenomenon if they approximate
the same graphon in homomorphism density.

In Theorem 5.2 we showed that continuous filters are transferable, were the repercussion error
is measured in the induced graphon sense. In Theorem 5.15 we showed that any GCNN with con-
tinuous filters is transferable, where the repercussion error is measured, for a given graph signals,
in the induced signal sense. We provide the first work to consider graphon-based transferability
for GCNNs with non-polynomial filters, which are used in GCNN architectures like [25, 3].

In Theorem 5.6 and Theorem 5.20 we introduced approximation rates for the repercussion
error of filters and GCNNs with filters that have Lipschitz continuous derivative. We showed that
the repercussion errors are linearly stable with respect to HTWnl(Al) —Tw,, sy |l 2[0,1]—22[0,1)- The
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bound from Theorem 5.20 may hint to the importance of weight decay regularization in graph
deep learning.

Furthermore, we introduced a framework for analyzing graphs that approximate unbounded
GRSOs. In Subsection 4.2 we show that SCNNs on Euclidean spaces with the Laplace operator are
classical CNNs. Discretizations of different resolutions of the same Euclidean space by grids are
graphs that represent the same phenomenon. To show transferability between classical discrete
Euclidean signals on grids of different resolutions, we must be able to work with unbounded
GRSOs, since the classical Laplace operator is unbounded. Our analysis allows this, showing
that our framework of graph transferability aligns with the stability of classical CNNs between
resolutions.

A Proofs

A.1 Proof of Proposition 4.12

m—r o0

Let (Amm)m be a sequence of bands such that A,, ——— oco. By Definition 4.8 there exists a
graphon W*n € W such that LPz(\,) = Tysm for every m € N. Then, for every m € N,

there exists a sequence of graphs with GSO (G}'),,, where n denotes the number of nodes, such
that G}’ L Whn. For every m € N, let (A]"), be the sequence of GWMs associated to

n—r00

(G7)p. Theorem A.3 and Theorem A.4 imply that, after adequate relabeling of the graph nodes,
1 Tw am — Twsm | £2[0,1]— £2]0,1] 2722 0. Then, for every m € N

n—r00

1 Twag Pr(Am) = LPc(Am)| L2(0,1)—22[0,) —— 0.
We choose for every m € N an n,,, € N such that
1Twag PrAm) = LPe(Am)llL2(0,1]- L2[0.1] < 1/m.

We denote by abuse of notation G,, := G}’ and consider the sequence (Gm)m with GWMs
(Ap)m. It is now easy to see that (G,,)m converges to £ in the sense of Definition 4.10.

A.2 Proof of Lemma 5.1

We start this subsection by defining the cut distance — a pseudo-metric in the space of graphons.
As shown in Theorem A.2 below, convergence in cut distance is equivalent to convergence in
homomorphism density. Borgs et al. defined the cut distance, based on the cut norm, as a
permutation invariant distance (see [6]). For this, denote by Sjg 1] the set of all bijective measure
preserving maps between the unit interval and itself.

Definition A.1. Let W,U € W be two graphons. The cut distance between W and U is defined

by
fe

[0,1]

where U7 (z,y) = U(f(z), f(y)).

The following theorem from [6, Theorem 3.7 | shows that convergence in homomorphism density
is equivalent to convergence in cut distance.

Theorem A.2 ([6, Theorem 3.7 ]). Let U, W € W and C' = max{L, |W|s, [|[U]|cc}-
(1) For a simple graph F with m edges

|t(Fa U) - t(Fv W)| < 4mcm715D(Ua W)
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(2) If |t(F,U) — t(F,W)| < 3% for every simple graph F with k nodes, then

Note that t(F,G) = t(F,Wa) for every graph G with GWM A. As a result, whenever we
have a sequence of graphs (G,), with GWMs (A,,), and W € W such that G, 7, W, then

n—r00

Wa, — W as well. Theorem A.2 implies that this is true if and only if

n—00

n—oo

5D(WA W) — 0.

n?

Lovész and Szegedy introduced in [26] the cut norm on the space of graphons as

W= sup | W (u, v)dp(u)dp(v)], (30)
S,7cl0,1] JSxT

taking the supremum over all measurable sets S and T'. The following result, taken from [6,
Lemma 5.3], shows that convergence in homomorphism density is closely related to convergence
in cut norm.

Theorem A.3 ([6, Lemma 5.3]). Let (Gy)n a sequence of graphs with GSOs (Ay), and (Ap)n
be the corresponding sequence of GWMs. Let W € W satisfy Gy, W, Let (Wa, )n be the
n—oo

sequence of graphons induced by (Gp)n. Then, there exists a sequence of permutations (7, ), such
that HWﬂ'n(An) — WHI:I nzee 0.

Theorem A.3 together with the following lemma show that convergence in homomorphism
density is indeed equivalent (up to relabelling) to convergence of the induced GRSOs in operator
norm and Schatten p-norms.

Lemma A.4. For any2 <p<oo and ' >0, if W € Wr, then
IWlla < 1Twl 2y o2 < I Twlls, < V20V2H2| w217, (31)

Lemma A.4 follows directly from [14, Lemma E.7(i)], in which W is assumed to be in W;. To
prove Lemma A.4 we simply rescale the graphon W so it is in Wy, and use [14, Lemma E.7(i)].

Let H be a Hilbert space. We denote by B(H) the space of bounded linear operators on H.
We denote the spectrum of the operator A € B(H) by o(A). The following result shows that, for
every filter h, the operator norm of a realization of h is equal to the infinity norm of h [34, Satz
VIL1.4].

Lemma A.5 ([34, Satz VI1.1.4]). Let H be a Hilbert space and A € B(H) be normal. Leth : R — C
be a continuous function, then ||h(A)||3—1 = ||Xo(a)hlloo, where Xo(ay is the indicator function

of o(A).

The following lemma shows that, given a convergent sequence of bounded operators on a
Hilbert space, the continuous functional calculus preserves the convergence.

Lemma A.6. Let H be a Hilbert space and S(H) C B(H) be the space of bounded self-adjoint
operators with the operator norm topology. Let h : R — C be a continuous function. Then, the
mapping

S(H) = B(H), A h(A), (32)

18 continuous.
Lemma A.6 can be easily verified, since the continuity of (32) is trivial for polynomials h, and

follows for continuous functions from the Weierstrass theorem ([1, Section 8]).

24



Proof of Lemma 5.1. Let (G,)n be a sequence of graphs with GSOs (A,,), and associated se-
quence of GWMs (A,,),, such that G, 2w, Then, by Theorem A.3 and Lemma A.4, there

n—roo
exists a sequence of permutation (7, ), such that

n—roo
0.

||TW1rn(An) - TWHLZ(J)ﬂLZ(J)
Let h: R — R be continuous. Then, by Lemma A.6,
IM(Tw,, a.,) = M(Tw)ll 27— 12(7) —— 0.

Let (xy,)n be as in the formulation of Lemma 5.1. Then,

I1M(Tw,, A, )¥xn — M(Tw )Yl L2(7)
<No(Tw,, (a,))¥x, — MTw)x, |lL2(7) + 1M(Tw )¥x, — R(Tw )Yl L2
< |W(Tw,, (a,,) = MTw)llL2(7)— L2 |¥x, | 22(7)

+ IW(Tw )l L2y - p2) [¥x, — Yllz2r) == 0.

A.3 Proof of Theorem 5.4
Let (Gn)n be a sequence of graphs such that G, 2w, Then, by Theorem A.3 and Lemma
n—oo

A.4, there exists a sequence of permutations (7, ), such that |Tw, ., , —Twls, 2722, 0. Every

Lipschitz continuous function h with Lipschitz constant ||k ., satisfies
1p(A) = h(B)lls, < [|hllLipKpllA = Bls,
for self-adjoint operators A and B such that ||[A — B||s, < oo, see [29, Theorem 1]. Hence,
1M(Tw, a,)) = B(Tw)llp < KpllPll2ipl Tw,, 4, = T [lp-

Using Proposition 4.4 and the triangle inequality we finish the proof.

A.4 Proof of Theorem 5.6

We first recall basic results from Fourier analysis. Let v > 0. The space L?(yT) is defined as the
space of y-periodic functions h : R — R with [|h||2[9.,] < oo. For L?(yT), the Fourier coefficients

h(n) are defined for every n € Z by

. 1 [/? ,
h(n) = = / h(t)e=27mt/v,
Y J—v/2

The N-th partial sum of the Fourier series of h is defined by
N ~ .
(Snh)(t) :== Z h(n)ez’”"t/'y.
n=—N

The following lemma is taken from [2, Example 5].

Lemma A.7 ([2, Example 5]). Let a € R and A and B be a pair of bounded self-adjoint operators
on the Hilbert space H. Then,

le* — e 3 < lal[|A = Bl (33)

The following lemma is a step in proving Theorem 5.6.
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Lemma A.8. Let v > 0 and € > 0. Let h € L*[—~/2,7/2] such that (h(n)n), € I(Z). Let A
and B be self-adjoint operators on a Hilbert space H, satisfying
|A = Blly—n < e for somee > 0. Then,

[A(A) = h(B)|ls—n < Ce, (34)
where C = 2 + 27 /7| (h(n)n), || (z)-

Proof. Let ¢ > 0. By the fact that (h(n)n), € I*(Z), we have

n—oo

[lh — Sphl|lecc —— 0. We choose N € N large enough such that ||k — Syh|le < e. We evaluate
Snh(A) and Syh(B) and bound their difference in operator norm. By Lemma A.7,

N N
1(Snh)(A) = (SNR)(B)|lmosm = | Y h(n)e®™ A7 — 3= (N )™ B/ |3y
n=—N n=—N

N
< Y [hm)lInj2m/4]|A = Bllr-n
k=—N
< C2n /| A= Blls—sn,
where C' := ||(ﬁ(n)n)n|\l1(N). We summarize,

[1(A) = (B ln—n < [h(A) = (Snh) (Al + [1(SnR)(A) = (SnR) (B[l
+ 1(Snh)(B) = h(B)|#-n
<[k = Snhllco + [1(Snh)(A) = (Snh)(B)[n-n + [[h = Snhll
S e+ O2n/y|A— Bllyon + € < (24 27C/7)e,

where the second inequality holds by Lemma A.5. O

We continue by formulating sufficient conditions for filter functions h € L?[—T",T'] to fulfil the
assumptions of Lemma A.8.

Definition A.9. A modulus of continuity is a function w : [0,00] = [0,00]. A function f admits
w as a modulus of continuity if

(@) = f(y)| <w(lz —yl),

for all x and y in the domain of f.

The following theorem, given in [13, p.21 {f.], provides us with a sufficient condition for uniform
convergence of the Fourier series of a function.

Theorem A.10 ([13, p.21 ff.]). Let h € CP(R) be such that h'P) has modulus of continuity w.
Suppose that h is of period v > 0 Then, for the partial sum Sph of the Fourier series of h,

In(n
I = Sublloe < K2 ). (35)
where, K € R denotes an universal constant.

Next we recall the Wiener algebra [15].

Definition A.11. The Wiener algebra, denoted by A(YT), is defined as the space of all f € L*(yT)
with absolutely convergent Fourier series.

The following result can be found in [15].
Lemma A.12 ([15]). Let f € L*(yT). Suppose that one of the following conditions is fulfilled.
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(1) fech
(2) f belongs to a a-Hélder class for o > 1/2.
(3) f is of bounded variation and belongs to a a-Hélder class for some o > 0.

Then, f € A(yT). Furthermore,
A(YT) € C(yT). (36)

We can now prove Theorem 5.6.

Proof of Theorem 5.6. By assumption, the induced graphon Wy, satisfies ||[Tyw, || < T, where
i € {1,2}. Then, h(Tw,,) only depends on the values of h in [-I',I']. Hence, we can extend h to
a function heyt : [~ — 1,T + 1] — R such that hexi(z) = h(z) for all z € [-T',T] and hexy admits
a periodical extension on the whole real line with Lipschitz continuous derivative. By abuse of
notation, we denote the periodical extension of hext by hext-

There exists a constant L € R such that the modulus of continuity w for hl is given by
w(t) = Lt. By Theorem A.10, we have

et () — (Shexs) ()] < KT (37)

for every n € N, where K = K L2(T" + 1) only depends on hey;. The Fourier series of k. is given
by
Bl thxt yin/(T + 1)e in¢/(I'+1)
nes

since hl,, is Lipschitz. Lipschitz continuity implies bounded variation and 1-Holder continuity.
Hence, Lemma A.12 leads to
Z |hext )|In| = C < . (38)
nez

Lemma A.8 leads to

Hhcxt(TWn(Al)) - hcxt(TWﬂz(AQ))||L2(J)—>L2(J) < Ce.

By hext(0) = 0, applying Proposition 4.4 finishes the proof. O

A.5 Proof of Claim 5.9

Proof. Let A > 0. The Paley-Wiener space PWa () is finite-dimensional, since A has finitely
many eigenvalues in [—\, \] (see Example 4.11). Hence, all norms are equivalent and instead
of considering the operator norm topology we consider the strong topology. For each n € N,
we denote the equidistant partition of the unit interval into n intervals of the same length by
Pn={N,Is,....,I,} with I, = [(j — 1)/n,j/n]. Let g be in the domain of A and f := Pa(\)g €

PWa(N), ie
f(iC) _ Z <f, e2i7rk(-)>e2i7rkm'
kEZ: Am2k2 <\

Hence, f is a smooth function on [0, 1], so

z+1/2n .
f@ -0 [ sy =0 (39)
z—1/2n
Let £ € N. We have
Jmax [(A*F)(w:) — (kfa)i] = 0, (10)

since the discretization of the Laplace operator with finite difference approximations on equidistant
grid points is consistent (see [11, Chapter 2]). Let h(z) = z* € H. Since h(0) = 0, Proposition
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4.4 leads to h(Ta,) = Thna,), i-e., Tin = T,ar. We denote the center of the interval I; :=
[i —1/n,i/n] by x;, and calculate

Tas( (/ Way (o1, 0)f (o)

</ DD (AR gaxr, (@i)xn (v) f(v)dv ) (41)

g=11=1

= </ Z n)ia X1, (v (v)dv) :nZ(AfL)M f(v)dv.

This leads to

~ o jjAbu( ﬂ)M—U“O}

n z;+1/2n
= l:r1117a)()n Z(Aﬁ)u (n/ f(v)dv - f(.%‘l)> ‘

1—1/271

For the fixed k € N, the norms of the matrices A¥ are uniformly bounded with bound independent
of n. Hence, by (39), we get

,max |TA flz;) — (A fn)il 27200. (42)

=1,...,n

The convergence results (40) and (42) lead to

rrllax | (TA f(%) Akf(wi)) |

.....

< max [T f(wi) = (Apfa)il + (AR fu)i = AP f ()] === 0.

=1,...,n

(43)

Let € > 0. Since A*f is smooth and > | xr, (-)A* f(x;) is piecewise constant on the compact
set [0, 1], there exists j € N and =/, € I; = [z; — 1/2n,x; + 1/2n] such that

HZXI —AF f||L°° ([0,1]) = |A f(xj) Akf(%”-

Since A f is Lipschitz continuous, it follows
|AF f(a;) = AFf(ay,)] < Clay, — | === 0.

Hence, we can choose n € N large enough such that

HZXI — AF fllzzpoa) <e, (44)

and together with (43)
masc [TK flz) - A fa)] <. (45)

.....
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As a result,

HTA f= Akf||L2 0,1] = H ZXL

i=1

<HZXL
i=1

+||ZX1

<HZXL
i=1

+||ZXJZ

TAnf(th) Akf”L?[O,l]

)T, f (@) an VA £(@i)l| L2001

i=1

— A fllz2po)

)Th f(z) an VA £ ()| o (f0.17)

i=1

VAR f () — A% f]| p200.1)

= max |TA fas) — AF f(ay)]

.....

+ ” Z Xli(
i=1

ie.,

VAR f () — APPL(N) fllp2p0,1] < 2e,

| PANTS Pa(N)g — A*Pa(N) gl 210.1) < | TK, Pa(N)g — A¥Pa(Ngllr2p0,1) —— 0.

Since (Gp)n —Y 5 A, Lemma 5.7 leads to

n—oo

k
IPsTE, Pa(Ng = (Ps(NTa, Pa(N) gl
< [PANTS, Pa(N)g — A Pa(N)gll 20,1

k
+ 1A PA(N)g = (PaNTa, Pa(V)) gllzap) “== 0,

finishing the proof.

A.6 Proof of Lemma 5.13
Forl=1and j=1,...,F;, we have

H(¢WM(AM (yn)) — (¢W( )’ [l 22[0, 1]

ki ik
= ij h" (Tw,, (a,,)

ijkhjk Y220,

< Z lmd* 11" (T, a0 ) i) = m3" B35 (Tow) (i) 20,1

+ Z lmd* 11" (Tw ) (i)

—m{" b (Tw ) (") | 20,1y

< ZI w103 (Tw,, ca,)) () = 1" (T ) ()l 20,1y

+ Z [ 113" (Tow ) () —

k=1

W (Tw) (") | 2001
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By Lemma 5.1 and by (24), every summand in the-right-hand-side of (46) converges to zero as

n — 00. Since p: R — R is Lipschitz continuous, we have

/ (v, ) W) (@) = p((Diy (1)) () Pdz

< A / (Bl (wn)) — By ()P,

where A € R is the Lipschitz constant of p. Hence, for every feature j = 1,...,F; , we have

||(¢‘1’Vm<An) (yn)) — (S ()| 20,1 2% 0. By induction over the layers, we have

n—roo

||(¢W,rn(An)(yn)) (ot (o1 (v I N z2p0] ——= 0

for all features j € {1,..., Fr}.

A.7 Proof of Lemma 5.17

For every I =1,..., L, let Cljk denote the constant C' of (21) corresponding to the filter h =
forj=1,....,F,k=1,...,F_1. Let C =maxy Cljk, where the maximum is over [ =1,...

j=1,...,F,and k=1,...,F_;. Further, let M = max;=1___ 1, ||M||oo-
For j=1,..., Fr, we have

(85, 0, () = (D1 (1)) [| L2(0.1

Fr1

<lemjkhjk Wea)) (@17 (0x)*) = mp B (Tw) (675 () ) 270,

Fr_1

+ Z I B (T ) (04, () ) — m3 W) (Tw ) (5 0)F) | 20,1

For the first summand on the right hand side of (47), we have

Fr1
Z I3 (T, ) (14 (1)) = M3 B (T ) (657, () ) L2101
Fr_1
< Z mIE 0 (Tw, ) = B (Tw) Dt () * [l 221011
Fr1

< Ce 3 In o (6 oo < cOM s, 1617 (0t

.....

For the second summand in (47), we calculate

Fr_1

lem’khjk w)(@fa (4)") = m7 7 (Tw) (@ ) 20,1

Fr1
< Z [m3E B (Tw )l dt,! ()™ — bt @)l 2o,y

Fr_1
ik jk — —
< Z M3 17, (ool ét 4 (8" = S5 ()" | 2210,1) < Mmng’Z_l,

where RY | = ||¢ (x)" — @15 (y)¥| 12j0,1). Together, (49) and (48) lead to

||(¢WW(W(A)) (U’x))g - (¢W(y))J||L2[0,1]
< Mk max R}_,+CeM oA ||¢ ! (1hx)" |l 2[0,1]

30

jk
hy™,
7L7

(49)



for every j =1,..., Fr. Then,

1o () — D5 Y @)oo
=M _ max Ri_i+ CEMk jmax 65! ()" [l 210,15

k=1,..., L—1 =1,..., L—

(50)

since the activation function is contractive. We solve the recurrence relation in (50). For this, we

estimate maxp—1,...7, ||¢y, (Ux)¥ |l 1201 for I =1,..., L. Now, for k=1,..., F,
Fr_1
Kk ( %
1654 (¥5) " L2(0,1] Z lm]™ ™ (Tw, ) (Bha ()" )l 22001
k=1

-1 I
= Mk’:{naXF171 H(bWA (1/})() ||L2[071]'

.

Hence,

670 (s) ¥l 220,y < MP max (|19 || 20,1
W=1,. . F 4

.....

This leads to

10fr, oy (8 = (0 ) 120 < ME(L+LC) | max i = 91210,

.....
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