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Abstract

Cooperative multi-agent reinforcement learning is a decentralized paradigm in se-
quential decision making where agents distributed over a network iteratively collaborate
with neighbors to maximize global (network-wide) notions of rewards. Exact compu-
tations typically involve a complexity that scales exponentially with the number of
agents. To address this curse of dimensionality, we design a scalable algorithm based
on the Natural Policy Gradient framework that uses local information and only re-
quires agents to communicate with neighbors within a certain range. Under standard
assumptions on the spatial decay of correlations for the transition dynamics of the
underlying Markov process and the localized learning policy, we show that our algo-
rithm converges to the globally optimal policy with a dimension-free statistical and
computational complexity, incurring a localization error that does not depend on the
number of agents and converges to zero exponentially fast as a function of the range
of communication.

1 Introduction

Sequential decision-making is a prominent setting in modern statistical theories and appli-
cations, where agents sequentially interact with an environment—observing its state, taking
actions, and receiving rewards—to maximize notions of reward. Reinforcement learning is
the setting where agents do not have complete knowledge of the environment dynamics, and
it has received increased attention due to its recent successes on a variety of domains, e.g.
games [Silver et all, 2016, 2017] and autonomous driving [Shalev-Shwartz et all, 2016].

Modern applications typically involve high-dimensional state and action spaces, and classi-
cal algorithms often lead to a computational complexity that scales exponentially with the
number of degrees of freedom in the model. Understanding which structures can be used to
design approximate methods that can overcome this curse of dimensionality while retaining
near-optimal statistical guarantees is a question of paramount importance.
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A class of algorithms that have proven successful to face high-dimensional models is that
of Natural Policy Gradient (NPG) methods |Amari, 1998, [Kakade, 2002, [Peters and Schaal,
2008, Bhatnagar et al), [2009]. It has recently been shown |[Agarwal et all, 2020] that NPG
converges to an optimal policy with an iteration complexity that scales only logarithmically
with the cardinality of the action space and with no explicit dependence on the cardinality
of the state space.

Despite the favorable iteration complexity of NPG, NPG still faces the curse of dimensionality
in applications where the computational cost per iteration scales exponentially with the
number of degrees of freedom. This is the case in the setting of multi-agent reinforcement
learning (MARL), for instance, where agents distributed over a network iteratively interact
with each other to maximize global notions of reward. In this setting, the computational
complexity of NPG—when applied to the entire network of agents—scales exponentially with
the dimension of the model, which corresponds to the number of agents (see Section B.).

Along with the curse of dimensionality, NPG also faces scalability and implementability
issues within the MARL framework. Applying NPG to the entire network of agents requires
global communication, i.e. it requires each agent to be able to communicate with every
other agent in the network, at every time step. This requirement is unrealistic in many
multi-agent applications of interest, where the network topology is typically sparse, often
grid-like, and where agents are only allowed to perform computation and communication
in a decentralized manner, interacting only with neighboring agents within a certain range.
These computational and communicational constraints arise, for instance, in the case of
sensor networks, e.g. [Rabbat and Nowak, 2004, Nedic and Ozdaglax, 2009], and in the case
of intelligent transportation systems, e.g. |Adler and Blue, 2002].

Over the past decades, various approaches have been proposed to address the curse of di-
mensionality in high-dimensional reinforcement learning models and, before that, in high-
dimensional dynamical programming models, where exact knowledge of the probabilistic
structure describing the environment is assumed. A popular approach involves design-
ing algorithms that can exploit notions of locality, which encodes the assumption that, in
some regimes, information can dissipate when it propagates through the network so that
global computation and communication are not required to meet a prescribed level of er-
ror accuracy. Exploiting locality prompted the use of ad-hoc approximate factorization and
truncation techniques, such as expressing the value function as a linear combination of ba-
sis functions that only depend on a small subset of local variables [Koller and Parx, 1999,
Guestrin et all,2001b, [Koller and Pary, 2013, Yang and Wang|, 2019, lJin et al., [2020]. These
ideas have been applied to the MARL setting |[Guestrin et _all, 2001a, 2002, [Sunehag et al.,
2017, Rashid et al.; 2018, [Zhang et all, [2018ab, Zhang and Zavlanos, 2019] and have proven
successful in experiments, but lack theoretical guarantees or non-asymptotic analysis. A
recent line of work has formally considered spatial decay of correlation assumptions for
nearest-neighbors dynamics and designed decentralized algorithms based on policy gradi-
ent and actor-critic methods [Qu and Li, 2019, IQu et _al., [2020a, [Lin et all, 2020, |[Qu et al.,
2020b], establishing non-asymptotic convergence guarantees towards a stationary point, but



not towards an optimal policy An application of the same principles to the setting of
mean-field MARL [Yang et all, [2018] can be found in [Haotian Gu [2021], where the authors
show that a neural network based version of the actor-critic algorithm can achieve global
convergence. In this setting, however, agents are considered to be indistinguishable and the
transition scheme of an agent is only affected by the mean effect from its neighbors.

In this paper, we design a decentralized algorithm for the MARL setting based on the
NPG framework that only uses local computations and communication for neighbors of
agents within a certain range. We show that our algorithm can provably exploit spatial
decay of correlation properties to overcome the curse of dimensionality, establishing non-
asymptotic convergence guarantees to a globally optimal policy. In particular, we con-
sider a general formulation of the decay of correlation assumption from statistical mechan-
ics and probability theory |[Dobrusin, 1970, [Follmern, 1982, (Georgii, 2011], whereby agents
have an influence on each other that decays exponentially with their distance on the net-
work. This type of assumption has been previously considered in the learning literature,
e.g. in Mitliagkas and Mackey [2017], Dagan et al. [2019], Borja Balle and Geumlek [2019],
Prasad et al! [2020], Ilias Diakonikolas and Sun [2021], and also in the MARL setting, c.f.
discussion in the previous paragraph. Under this assumption, we derive convergence bounds
that are the same as those established for (centralized) NPG in |Agarwal et all, [2020], wors-
ened only by a localization error that decreases exponentially with the radius of the com-
munication range. A key feature of our bounds is that they are dimension-free, as they do
not depend on the number of agents, and depend only logarithmically on the cardinality
of the action space of individual agents and do not explicitly depend on the state space of
individual agents. The localization radius controls the trade-off between statistical accuracy
and computational complexity, as the overall computational cost of our algorithm scales only
with respect to the number of agents within the local communication radius, and not with
the total number of agents in the network.

Our contribution fits into the more general literature that has shown how spatial decay of
correlations can be used to establish dimension-free results and are of interest in a variety
of settings, such as [Gamarnik, 2013, |Gamarnik et all, 2014], mixing times in spin systems
[Hayes, 2006, Dyer et all, 2006], particle filtering |[Rebeschini and Van Handel, 2015], epi-
demics [Mei et all, [2017], social networks [Chakrabarti et all, |2008], communication networks
[Zoccal, 2019], queuing networks [Papadimitriou and Tsitsiklis, [1994], and smart transporta-
tion [Zhang and Pavond, 2016].

The paper organization is as follows. In Section 2 we describe the MARL framework and we
discuss the model assumptions we work with. In Section 3 we describe NPG as presented
in [Agarwal et al. [2020] and discuss its limitations when applied to MARL. In Section 4 we
design a decentralized version of MARL and state our main results. The Appendix contains
all the proofs of our statements and elaborates on the model assumptions.

'Remark [I0 gives a complete comparison of our results against previous findings that exploit the same
type of decay of correlation assumption.



2 Setting

Let G = (K,&) be an undirected graph describing a network of || = K agents. On this
graph, the distance d(k, k') between two agents k, k" € K is defined as the length of the
shortest path between the two vertices. Let NJ = {k' € K : d(k,k’) < r} denote the
neighborhood of radius r of agent k, with Ny = N} and N”, = K ~ N{. Let Sy and Aj be
the state and action spaces associated with agent k. We consider a Markov Decision Process
(MDP) (S, A, P,r,v,1u): S =8 x - xSk and A=Ay x -+ x Ak are, respectively, the
global state space and the global action space; Vs, s’ € S,a € A, Py(s,|s,a) is the local
transition probability, that is the probability that agent k transitions to state s) when the
global state and action is (s,a), and P(s'|s,a) = [[,cxc Px(s)|s,a) is the global transition
probability; r(s,a) = + > i Tk(Sk, ax) is the global (network-wide) reward function that
we wish to maximize, where 7, : S, X A, — [0, 1] is the reward for agent k; 7 is the discount
factor and p is the starting state distribution. At time ¢ denote the current state and action
by s(t) and a(t).

To each agent k is assigned a local differentiable policy parameterized by 6, € Oy,

ef@k (Svak)

S O

which depends on the current global state s. Given the current global state s, each agent
acts independently of the others. Denote § = (6;,...,0k) and © = ©1 X .-+ X O, then
mo(als) = [Trex ™o, (axls)-

For a policy m and for each agent £, let V," : S — R be the respective value function, which is
defined as the expected discounted cumulative reward with starting state s(0) = s, namely,

o, (ak|s) =

[e.9]

> A re(si(t), ax(t)

t=0

where a(t) ~ w(-|s(t)) and s(t + 1) ~ P(:|s(t),a(t)). Let V™ be the global value function,
defined as V™(s) = = >, V" (s), and V7™ (u) be the expected global value function when

Vii(s)=E

7, s(0) = 5] )

K
the initial state distribution is p, i.e. V™(u) = E,;,V™(s). Our objective is to find an optimal

policy 7* € argmax, E,.,V7(s).

For a policy 7 and for each agent k, let QF : & x A — R be the respective Q-function, which
is defined as the expected discounted cumulative reward with starting state s(0) = s and
starting action a(0) = a, namely,

Qr(s,a) =E

Z’Vtrk@k(t), ag(t))|m, s(0) = s,a(0) = a] ’

t=0

where a(t) ~ m(-|s(t)) and s(t + 1) ~ P(-|s(t),a(t)). Let Q™ be the global value function,
defined as Q(s,a) = = > ;o Q7 (s, a).



Let AT : § x A — R be the advantage function for policy 7 and agent k, representing
the advantage of taking the action a at step 0 and then following policy 7, with respect to
following policy 7 from the start, and defined as

ALF(Sva) = Qz(sva) - Vkﬂ(s)'

Let A™(s,a) = % > ,cx AZ(s,a) be the global advantage function.
We define the discounted state visitation distribution [Sutton et al., [1999],

dy(s) = (1= MEuonp Y7 P(s(t) = slm, 5(0)),

and the discounted state-action visitation distribution,
di(s,a) = (1 = NEs@par Y 1 Ps(t) = 5,a(t) = a|m, 5(0), a(0)),
t=0

where the trajectory (s(t),a(t)):>o is generated by the MDP following policy . Lastly, a
function f: © — R is said to be a d-smooth function of 6 if, V0,0" € ©,

IVF(O) = VO, <6 =0,

2.1 Model Assumptions

We assume that a version of the Dobrushin condition |Georgii, 2011] holds for the transition
dynamics of the network of agents. Let TV (u,v) = supycr|p(A) — v(A)| be the total
variation distance between the probability distributions p and v defined on the o-algebra F.

Assumption 1 (Spatial Decay of Correlation for the Dynamics) Let C € REXK be defined
as follows:

Cij = sup TV (Pi(-[s5, -5, aj, a_;), Pi(:]s}, 55, a5, a_;)).

Y
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Assume that there exists § > 0 such that

maxE e
kek k=P
jek

with p < 1/~, where v is the discount factor of the MDP.

The element (i, j) of the matrix C' represents the influence that a perturbation of the state
and action of agent j has on the transition probability of agent i. Assumption [Ilencodes the
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fact that the transition dynamics of each agent is exponentially less sensible to perturbations
of the state and action of further away agents. The requirement p < 1/ comes as we need
the spatial decay of correlation for the dynamics to be strong enough to induce a spatial
decay for the Q-function (see Appendix [B]). A small value of the discount factor -y eases
this requirement since it reduces the effect of perturbations through time. When g = 0 and
v = 1, Assumption [I] recovers the assumption in IQu et al. [2020a] as a particular case.

Differently from [Qu et all [2020a], we require the Dobrushin condition to hold for the policy
as well. This is due to the fact that Assumption [lis sufficient to prove the decay of correlation
for the Q-function, on which the algorithm of IQu et _all [2020a] is based, but it is not sufficient
to prove the decay of correlation for the value function, which instead needs an additional
assumption on the policy. Since the NPG framework on which we build upon is based on
both the Q-function and the value function, we make the following additional assumption.

Assumption 2 (Spatial Decay of Correlation for the Policy) Assume that there exist £, 5 >
0 such that, V0 € O,

sup TV(WGk('|SN1:’ SNik)’ ﬂ-@k('|5N£7 SEVZ,C)) < Se_ﬁr-
SN£7SN1k7s;V£k
Assumption 3 (Local Policy) Assume that, for any neighborhood radius r, the parameters

O can be partitioned in (Ox)ny and (0r)nr, so that, if (Ox)nr, = 0, then
7o, (ak|s) = 7o, (axlsny),

V(Gk)Nl: 10g g, (CLk|S) = V(Gk)Nl: 10g Y, (ak|sN£).

Assumptions 2] and B impose a design constraint for the policy class {my |6 € O} rather
than being assumptions on the nature of the environment, as the case for Assumption [Il
Assumption 2] encodes, for the policy, a type of decay of correlation property that is weaker
than Assumption[Il Assumption[2lallows us to consider a policy class that presents properties
that are necessary for the optimal policy under Assumption [I as we show in Appendix [Cl
Assumption [3lis made to address the communication constraints of the network and requires
the possibility of computing the policy and its gradient without access to the information
coming from distant agents by setting their associated parameters to 0. In practice, we
do only need Assumption [3 to hold for the value of r we want Theorem [ to hold for. In
Appendix [A] we describe a policy class that satisfies both Assumption 2 and 3 for any value
of r.

2.2 Exponential Decay

To take advantage of the local structure of the network, [Lin et al. [2020] define a property
regarding the dependence of Qf (s, a) on the neighbors of k.

6



Definition 4 (Lin et alJ) [2020]) The (¢, )-exponential decay property for the Q-function
holds if, for any agent k € K and for any (s,a), (s,a) € S x A such that syr = Snr,any =
anr, we have that

Q7 (s.a) — QR(5,a)] < ey

In our analysis, we need to define the exponential decay property for the value function as
well.

Definition 5 The (¢, ¢)-exponential decay property for the value function holds if, for any
agent k € K and for any s, s € S such that syy = sny, we have that

Vi(s) = VBl < g

These two properties mean that the cumulative discounted rewards of agents have an expo-
nential decaying dependence on the states and actions of distant agents. We show that both
these properties hold in our setting.

Proposition 6 If Assumptions [1 and [2 hold, then the exponential decay property holds

for both the Q-function and the value function with parameters (c,v) = (M,(fﬁ) and

1=vp
(c,9) = (7(’)%)8[3 6’5), respectively.

1—y(p+£)’

For clarity of exposition, in the rest of the paper we make the following assumption.

Assumption 7 Assume that the exponential decay property holds for the Q-function with
parameters (c,v) and that it holds for the value function with parameters (¢, ¢).

3 Natural Policy Gradient

We consider NPG as presented in |Agarwal et all [2020], which has iteration complexity that
scales as O(y/log|A|/T), where T is the number of iterations. We now summarize the
algorithm and the results in |Agarwal et all [2020] and show what problems arise in the
multi-agent setting that we consider.

Let 7y be a differentiable policy and define the Fisher information matrix induced by my as
Fu(0) = EgagBarry(1s) [Vologmg(als)(Velogme(als)) ] .
The NPG update, with step-size n, is defined as
0D = 9O 4 pF,(09) VeV (), (1)
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where 0 is the set of parameters at iteration ¢, V,V?(1) is the gradient of the value function
with respect to the policy parameters, and F’H(G(t))’1 is the Moore-Penrose pseudo-inverse
of the Fisher information matrix. As discussed in |Agarwal et al. [2020], the update in () is
equivalent to solving the problem

wy € argminE,_jmo o) [(A™(s,a) —w - Vg logwe(-\s))z] (2)

and then performing the following update:

t+1) _ gty . " %
7 6" + 1 _fyw . (3)
Define
L(w,0,v) :=Ey 40, [(A™(s,a) —w - Vg logwe(a|s))2] :

Assume that log 7y(a|s) is a d-smooth function of § and that 7(®) is the uniform distribution.
Let d® = d™(s,a) and d*(s,a) = dz*(s)w*(a|s). Let v be a distribution of s, a such that

wTZ&?w
sup

@ L FL,
weRd wTZg)w

where

»o = Es o [V@ log mg(als)(Vglog W@(G‘S))T}

v

and ¥ = 20" Lastly, assume that

E [L(wg)a e(t)’ d*)] < Ebiass

E [L(w®, 09, d®) — Lw®, 09, d0)00] < e,

where

w® € argmin L(w, 8Y, d®)
l[wll;<W

.....

@) for T time steps with n = 2(1;%/‘54}‘)

guarantee: |Agarwal et all [2020], Theorem 6.2]

1261 ias
min {Vﬂ' V(t) ( :| < 5 Og |A| \/ /{Estat \/gb (4)
t<T 1 — ’7

As we highlighted in the introduction, the guarantee (] is particularly suitable for high-
dimensional settings, as there is no explicit dependence on |S| and the dependence on |A4] is
only logarithmic. As to implicit dependencies, |Agarwal et_al. [2020] state that it is reasonable
to expect that k is not a quantity related to |S|. On the other hand, e, and ey, are
constants related to a minimization problem that depends on both § and A.

for a given parameter W, we have the following
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3.1 Curse of Dimensionality and Scalability /Implementabily Is-
sues in MARL

When applied to the MARL setting, with S =8 x -+ x Sg and A = Ay x --- x Ag, NPG
would incur a curse of dimensionality or scalability and implementabily issues, depending on
the approach used for the minimization problem in (@). The guarantees for the algorithm in
Agarwal et _al. [2020] would yield:

()

% K 261 sta ias
B V7 () = VO] < {yHrse A [

t<T _]-_'Y T 1_7)3 1_77
where
w® € argmin L(w, 0", d"), (6)
[wlly <VEW

under the assumptions
E [L(w(t)v e(t)’ d(t)) - L(wit)a e(t)’ d(t))|0(t)] S Estat
E [L<w£t)7 e(t)’ d*)] S Ebias-

In the original analysis in |Agarwal et all [2020], W is a parameter set by the user to control
the norm of w'”. In our setting, we normalize this parameter to /AW, which is analogous
to requiring, for each agent k, the maximum norm of its optimal update w,(:)* to be W. Not
doing so would mean keeping a constant parameter W despite increases in the dimensions,
i.e. agents, of problem ([f]), incurring increases in the bias term. In the multi-agent setting, the
iteration complexity given by the bound in () is worse by a factor K, compared to the single-
agent setting. The curse of dimensionality appears when solving the minimization problem
in (@), e.g. with gradient descent because the computation of exact gradients involves a
sum/integral over S X A, which has a dimension that grows exponentially with the number of
agents. If we solve the minimization problem with stochastic projected gradient descent, then
the problem of computing gradients disappears as we assume access to samples to estimate
gradients; however, the statistical guarantee becomes O(K?/y/N), from being O(1/v/N) in
the single-agent setting, due to the increase in dimensionality of the update w, in particular
due to the scaling bound [w|, < v/ KW that is used by a classical convergence result of
stochastic projected gradient descent [Bubeck, 2014]. Implementing a sampler could, in turn,
involve a curse of dimensionality.

The dependencies of the minimization problem in (@) cause the algorithm to incur additional
scalability and implementability issues. As the projection step, the advantage function and
the policy gradient depend on the states and actions of the entire network, which do not
factorize, each agent would have to communicate to every other agent in the network at each
iteration to solve the problem. As mentioned in the introduction, requiring such a level of
communication is rarely viable in real-world applications in the decentralized MARL setting.



Remark 8 These aforementioned problems do not arise in case of independent agents,
where, for each agent k, the local transition probabilities satisfy Pi(s)|s,a) = Pr(s}|sk, ax)
and policies satisfy mp, (ax|s) = m, (ak|sk). In this setting, as we show in Appendiz[D, it is
possible to show that applying NPG to the whole network of K agents corresponds to running
K independent runs of NPG applied to individual agents and to recover the same results of
Agarwal et all [2020] for the individual agents.

4 Decentralized NPG

We design a decentralized version of NPG that is capable of exploiting the spatial decay of
correlation properties that we assume and of avoiding the curse of dimensionality while still
approximately converging to a globally optimal policy. We do so by limiting the commu-
nication range to agents that are at most at distance r and defining, for each agent k, the
localized advantage function, localized value function, localized Q-function, as follows:

Af(swp, any) = QF (sny, any) — Vi (say),

Vi(sng) =E [ > 'ri(su(t), ar(t)|m, sn; (0) = sN,g] :

L t=0

Qr(snprany) =B | Y ' risi(t), an(t)) |7, sn;(0) = sny, ang (0) = aN,;] :
Lt=0

Following Assumption [3] we set (0x)nr = 0,Vk € K and we never update these parameters,
so that the policy of an agent and its gradient do not depend on the states of agents whose
distance is greater than r. For each agent k, define the loss function

~ ~ 2
LZ(U}, 9, V) = Es,awy |:<AZQ<SN£7 aN,:) — V(Gk)N;; log Ty, (ak\sNI:) . U}) :| . (7)
The minimization problem that each agent k aims to solve at each step becomes
w* € argmin Lj (w, 09, d). (8)
[[wll,<W

In Appendix [E] we show show how to solve this minimization problem in a decentralized
manner and that, even if d) is a global distribution, it is possible to build a decentralized
sampler of it assuming only access to a global clock.

Exploiting decay of correlation properties and the policy design constraints in Assumption
B, Algorithm [ removes the dependence on K from the iteration complexity bound and
addresses the curse of dimensionality and scalability and implementability issues outlined in

Section B.11
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Algorithm 1: Decentralized NPG

Input: Learning rate n; numbers of iterations T; an initialized policy 7(©.
Set (Ok)nr, = 0,k € K;
fort=0,....T—1;, ke K do

Compute approximately w,g) € argmin,, <WL (w,0®, d®);

Compute the update (Hk)( = (O )(t) + = w,(f).

end

Theorem 9 Assume that Assumption[3 and Assumption[7 hold. Assume that log my(als) is
a 6-smooth function of 6 and that ©© is the uniform distribution. Let d® = d7t(s,a) and
d*(s,a) = dj (s)m*(als). Let v be a distribution of s,a for which there exists k' > 0 such
that

TZS?kw
max sup ————=— < K/,
kek werd wTE,(/Lw

where, V0, v, k
Z;‘:,k =E; 4w [V(G’“)NIZ log TrG(ak|$N£)(V(0k)N£ log ﬂg(ak|5N£))T]
and £ = 200 Let

v,

® g\ < e,
maxE | Li(wf’), 00, d)] < 2y

max E [Lk(w,(g 00, dt)) L (wﬁl,ﬁ(t),d(t))‘ﬁ(t)} < Estaty

kek
where B
w,(:)* € argmin Ly (w, 8, d®).
’ [wll;<W
Then, Algorithm l, with n = 2(51;%;‘; has the following guarantee:
W [25logmaxyex | Agl K'€stat  \/Cbias
V V(t) < sta
er-{-l + C/¢T+1 (9)
+ .
-~

localization error

Agent-wise, the assumptions in Theorem [9 correspond to the assumptions made in/Agarwal et al.
[2020], in a setting where, for each agent k, the state space and the action space are Snr and
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Ay, respectively, where the policy is defined as my(als) = mg, (ax|sny) and where the update

w,(:) is bounded by W. Theorem [Q shows that Decentralized NPG recovers the iteration
complexity of the algorithm in [Agarwal et al. [2020], worsened only by the fourth term on
the RHS of (@). This localization error is exponentially small in r. Theorem [ provides a
dimension-free guarantee on the average expected cumulative rewards of the whole network,
as the upper bound in (@) does not depend on the number of agents K in the network, and it
depends only on the logarithm of the cardinality of the action space of an individual agent,
with no explicit dependence on the state space of agents.

Theorem [Q shows that, under the assumption on spatial decay of correlation, Decentral-
ized NPG solves the curse of dimensionality and the scalability and implementability issues
outlined in Section Bl The minimization problem in () can be approximately solved in a
decentralized manner through stochastic projected gradient descent, as we show in Appendix
[E] which leads to computational savings as we manage to eliminate the dependency on K
from the statistical guarantee of the algorithm, obtaining the same computational complex-
ity of the single-agent setting, i.e. O(1/v/N), where N is the number of gradient steps, which
is not surprising because problem (8)) regards only the advantage function and the policy of
an individual agent. Then, using stochastic projected gradient descent and the sampler in
Algorithm 2l we recover, for each agent, the same expected sample complexity of the single
agent setting (2NT'/(1 — 7), where 2/(1 — =) is the expected length of a sampler episode).
Decentralized NPG can be run locally by each agent and only requires information from
neighbors within distance 7.

The role of the term ey, in (@) has a difference from the role that ey, has in ([{]) |Agarwal et all,
2020]. They both represent the worst-case error that is made by the agents when they ap-
proximate their current advantage function with a linear combination of the elements of
the gradient of their current policy and encode the transfer error that we make shifting the
distribution to d*. In addition to that, ep;,s in (@) also encodes the localization error that
we make in Algorithm [ by using the localized loss defined in (7). In Appendix [Gl we give a
bound for this localization error of the bias term, showing that the localized bias is at most
the non-localized bias, i.e. the bias associated with an infinite range parameter r, plus a
quantity that decreases to 0 exponentially fast in r.

Remark 10 The works in [Qu_and Li, 12019, |Qu et al), 120204, |Lin_et _all, 12020, |Qu._et_all,
20200 are closely related to our contribution, as they also use decay of correlation assump-
tions to provably avoid the curse of dimensionality in MARL. Our contribution differs from
these works in the following main ways:

1. (Decay of correlation) We consider a more general version of the decay of correlation
property (Assumption(d) and, differently from them, we also require a decay of correla-
tion property to hold for the policy (Assumption(2). Assumption[d recovers the version
they consider in |Qu et all [2020a] in the case =0 and v = 1. The generality of our
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condition allows us to consider transition dynamics that are not truncated, as they do,
and to control the truncation of the policy.

2. (Methodology) Our method is based on NPG framework, while their methods is based
on policy gradient and actor-critic methods.

3. (Optimality) We present statistical error bounds w.r.t. to the optimal policy, while the
bounds they give are w.r.t. a stationary policy.

4. (Computational complezity) Our method has a computational complexity that does not
depend, for any agent k, on the number of agents K or the number of neighbors |NJ|.
The method in [Qu_et all, |2020L] is shown to have a computational complexity that
scales as O(log|S||Al), hence depending linearly on K, using additional assumptions
on the minimum local exploration. The method in [Lin_et all, |12020] is shown to have
computational complexity that scales as O(log maxgex |Sny|[Anr|), hence depending
linearly on |NJ|, using additional assumptions on the stationarity and on the mizing
rates of the MDP.

5. (Statistical/Iteration Complexity) Under the only assumptions on decay of correlation
and local policy, our method has an iteration complexity that scales as O(\/log maxyei |Ak|)-
The methods in [Qu_et al., |120200, |Lin et _al., |2020] have an iteration complexity that
does not depend on the state or action spaces.

5 Conclusion

We have investigated applications of the NPG framework to MARL, showing how a standard
assumption on the spatial decay of correlation for the dynamics and for the policy on a
network of agents, expressed through a form of Dobrushin condition, induces a form of
exponential decay in the cumulative rewards that can be exploited by a localized version
of NPG to avoid the curse of dimensionality. The version of NPG that we design scales to
large networks and yields convergence guarantees to the optimal policy that are analogous
to the ones in |Agarwal et all [2020], worsened only by a localization error that decreases
exponentially with the communication radius. Our analysis does not consider regularization,
which has been shown to accelerate convergence for NPG methods [Geist et all, [2019] and
yield linear convergence rates [Cen et al., 2020].
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A Policy Class Example

Let ¥ = maxy pex d(k, k') be the maximum distance between two agents. Define a set of
parameterized differentiable functions { f(,), : Sny X A — C|0 < r <7}, where C C [—C, C]
and C' > 0, a set of parameters {a, > 0|0 < r <7} and let, for each agent k,

fo, (s, ar) ZOérfek)r SN, Q)

WGk(ak|5) _ eXp(f9k<87ak)) '
Ea’eAk GXp(fgk (Sv a’/))
By tuning the parameters «,., we can make any policy belonging to this policy class respect
Assumptions 2 and B], as we show in the following. Let r € {0,...,7}, let 5,5 € S be such
that syr = syr, then

TV (7, (-[s), ma, (-|5)) = Z 7o, (als) — 7, (af5)]

aG.Ak

1 exp(fo,(s,0)  exp(fo(5 0))
2aren, XP(for(5,0)  Duea, xp(fo.(5,d))

a€A

_ ZaeAk ’Za’eAk eXp(fgk(S, a’)) eXp(fek (gv a’/)) - eXp(fek (gv a’)) eXp(fgk(S, a/))}
2 Za’eAk eXp(ka (ga a,)) Za’eAk exp( Ok (57 a,))

f
ZaeAk Za 'eAy |eXp(f9k( )) eXp(fek (gv a’/)) - eXp(ka( ) a’)) eXp(fgk(S, a,))|
2> wen, XP(fo,(5,0)) Xopea, exp(fo, (s, "))

< 2aea, [2xp(fo,(5,0)) — exp(fo, (s, a))|
B 2 aca, P (fo, (5, a))

2 aca |J0.(8:0) = fo, (s, )| exp(supyesy fo, (5, @)
2 aca, P (fo, (5, a))

20(Fr) > aea, [fo.(55a) = fo, (s, a)| exp(fo, (5, a))
> aca, €xP(fo, (s, a))

F ‘

<

= GQC(F_T)E Z (67% (f(&k)T/ (gNI:’v (1,) - f(@k)r/ (SNI:’v a’))

r'=r+1

7T9k
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T
S 620(7'77') g aT/Eﬁgk
r'=r+1

f(ek)r’ (§N£/7 a’) - f(ek)r/ (SN]:/7 a)

< 20*0T) Z .

r'=r+1

.....

sumption 2l Similarly, Assumption [3] is satisfied for a value r of the range parameter if
ay=0vr"e{r+1,...,7}.

B Proof of Proposition

B.1 Preliminary Lemmas

To prove Proposition [6] we need a series of intermediate results, which we state and prove
for completeness. Results similar to Lemmas [I1] and [I2] can be found in Chapter 8 of |Georgii
[2011], Lemma [I3]is an extension of results from IQu et all [2020a].

Lemma 11 Let f : Z — [m, M], where Z = [[,cc Z2x and m,M € R. For every k € K,
let g and vy, be two distributions on Zy. Let p and v be the respective product distributions.

Let 6,(f(2)) = sup,, ., o |f (20 2-k) — [ (2, 2-k)|. Then:

B f (2) = Ban f(2)] <Y TV (i, vi)0(f)

kek

Proof: We prove Lemma [[1] by induction. Note that

TV () = 5 max [E, (h) — E, (h)|

|h|<1

is an equivalent formulation of the total variation distance |Gibbs and Su,2002]. For |K] =1,

we have that
M+m M+m
(25 (- 5)

Mmoo (2 Mam\ o [ 2f  M+m
2 MA\M-m M-—m “"\M-m M-m

By, (f) — o, ()] =
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M—-—m
< max [E,, (h) — E,, (h)]

hl<1
=TV (p1,11)01(f)-
As induction assumption, assume that Lemma [[1] holds for || — 1. Then:
By (2) = Benn f(2)] = [y By impinn f(2) = Bpin By i £ (2))]
S By g B iz f(2) = By oy B o, [ (2)]
B By f(2) = By By i, f (2))]

S EZIN,U«I |E22:n'\“ll«2:nf<z) - EZQ:nNV2:nf<z>|

+ Ez1~u1f<zl) - Ez1~l/1f<21)

where f(z1) = E.,. ~u,.. f(z). By induction assumption:

‘Ez2:n'\‘ﬂ2:nf<z> - EZZ:nNV2:nf<z>| < Z TV(:“’W Vk)5k<f<217 )) < Z TV(:LLk‘v Vk>5k‘<f>

k#£1ek k#£1lek
Since
51(?) = Sup ‘Ez2:n'\“l/2:nf<zl7 Z2n) - EZQ:nNVan(Zi’ Z2n)‘
21,2]
S sup EZQ;an/Q;n |f<217 Z2:n) - f(217 ZQ:n)l
21,2]
< supsup | f(z1, 22:0) — [ (21, 22:0)| = 01(f),
Z1,Zi 22:n
we have

B (2) = B f(2)] € By > TV (ks i) 0k (f) + TV (11, 11)81 ()
kA1EK

< TV (ks i)k (f),

kel

which concludes the induction.
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Lemma 12 Consider a Markov Chain with state z € Z, where Z = [], o 2 and K is
defined as in Section[d. Suppose its transition probability factorizes as

P(z(t+1)|2(t) = [ ] Pelzlt + 1)]2(2).

ke

Let C € REXK be a matriz whose elements respect the condition

Cij > sup TV(Pi(-|z,2-5), Pi(|2}, 2-5))-

. ot
2,7 5,2,

If e P09y < p, then, VT C K.,

sup TV(Pi(-|25, 20), P.(|2, 20)) < D Cy

: o
Zjs7— 25 jeT

and
sup TV(P(J2r,2-0), Pi(1h. 2-0)) < pe 09,

!
Z2J,2—J,% ]

where d(J,1) = min;es d(J,1).

Proof: We prove the first claim of Lemma [I2] by induction. The first claim clearly holds if
|7| = 1. As induction assumption, assume that the first claim holds for a generic 7. Then,

it holds for J' = J + {k}:

sup TV(P(-|zy, 2-gr), Pi(C|2lps 2 0)) = sup |Pi(Alzy, z—5) — Pi(Al2), z—p)|
Zj,Z_j,Z; CZ;

. i
25,2 5,%;

< s |P(Alerzp) = PlALp 2|+ sup [PAAI, 2-5) = P(AlZ), 20)

ACZ;

Zj,Z_j,Z; Zj,z_j,z;
< g Cij + Cy, = g Cij-

JjeTJ JjeJ’

The second claim follows immediately, since
TS 0y < § P00 < 3 P00 < g,
JjeJ JjeJ JjeK

and

Z Cij S pe_ﬁd(‘j’i).
JjeET
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Lemma 13 Consider the setting of LemmalId. For a generic value of r, denote by d; and cAi;
the distribution of z(t) with starting state, respectively, z = (2nr, znr ) and Z = (zn7, 2n7, ).

Then, if Zje,c eﬁd(jvk)ij < p, we have that TV (dy, c;f;k) < pte P Yk e K.

Proof: We prove Lemma [I3] by induction. The case where ¢ = 1 follows from Lemma [I2]
As induction assumption, assume that Lemma [13] holds for ¢. Then,

Eomitra91a(5) — By g, 1a(s)|
= |Eina, Bonpy(1291a(s) —E, 3 Eoop,(2)1a(s)]

< ZTV<dt,ja d1.j)8;(Eympy(1yLa(s))

jek

< Z TV (dyj, CZ&,j)ij

jex

< 3 e fr=iGR ey,

jex

_ ptefﬁr Z eﬁd(j,k)ckj < pt+1€*57’7
jex

where we used Lemma [[1]in the first inequality. [ ]
Lemma 14 Consider the setting of LemmalIZ. Let P'(Z'|z) = P(z2(t) = 2/|2(0) = 2) and

. 1
ZiyZ—iy%;

If Y e PRy < p, then Yk € K

Zeﬁd(k’i)@Pfé < pt_
€K

Proof: We prove Lemma [I4] by induction. The claim holds for ¢t = 1:

Z €6d(k’i)5iP]§ _ Z eﬁd(k’i)CM <p

ek i€k
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As induction assumption, we assume that the claim holds for ¢. Then, using Lemma, [IT],

1 _
0P, = sup
ACS),

/
RiyZ—is%;

E5~P£+l(-\zi,z_i) 1A($) - E5~P£+l(~|z£,z_i) 1A($)

= sup |Bonptze ) Bopi(i)1a(s) = Booprz oy Boop (o) 1a(s))
ACS),

/
ZiyZ—iy%;

< sup STTVIPLClz20), LI #-0)05 (B 14(5))

i jEK
t
<D 0PjCy
Jjex

and, using the inverse triangle inequality,

Z eﬁd(k,i)éipliﬂ < Z eﬁd(k,i) Z 51']3}0@

i€k ek jek
d(k,j d(k,i)—d(k,j
< Zeﬁ ( J)ijzeﬁ( (k2)—d( J))5ip]'?
jeK ek
jex eX
which concludes the induction. ]

B.2 Main Result

Proof:[of Proposition [6] The following holds for every k € K. Let 5,5 € S, a,a € A be such
that syr = §NI: and ayy = ENg. Notice that

\QZ(& a) - Q;cr(gv a)|

K

& }E 71 (s (2), ak(t))}w, 5(0) = s,a(0) = a] — E [ry(sk(t), ak(t))}ﬂ, s(0) = 5,a(0) =] }

if
=)

K

7 }E [rk(sk(t), ak(t))}w, s(0) = s,a(0) = a} —E [Tk(sk(t), ak(t))}ﬂ, 5(0) = s,a(0) = ?ﬂ }

~+~
I

YTV (dy g, szk),

K

1

~+~
I
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where dy i (sg, ax) and dg (sk, ax) are the distributions of sy, a; at time ¢ with starting point
(s,a) and (s,a i

), respectively. We use Lemma [I3] to bound TV (d, (Z k). The structure of
our MDP implies that:

P(s(t+1),a(t+1)]s( =[] 7" (ar(t + V)] s(t + 1)) Pe(si(t + 1)]s(2), a(1)).

kek

Let C be defined as in Assumption [Il and note that
Cij = sup
Sj,s_j,aj,a_j,537a9-

TV(Pk('|Sj7 S—j, Qj, a—j)a Pk(|5;7 S—js a a’—j))

> sup TV(Pk('7'|5j75—j7aj7a—j)7pk('a'\3; 717%,@ i)-
Sj,s_j,aj,a_j,sg,ag

Then, if Assumption [I] holds, the requirements of Lemma are satisfied. Therefore
TV (dig,dig) < ple P and

oo oo _Br
il ™3 7 —Br pe
Qi(s:0) = QEE. D < D TV (des des) S 3 o't = .
t=1 =
We use this result to prove the exponential decay property for the value function. Let

5]‘@2(870’) sup |Qk(8]78*]7a’]7 7]) Qk( *Jaajua )‘
55,8 ,J,aj,a,J,s] a]

Using Lemma [[1] and Assumption 2] we have that
Vii(s) = ViI(3)] = }an(\ Qr(s,a) —

Ea~7r(~|§7 Qz (gv a) }
‘anw Qk(s a’)

Eomr( 9@k (5, 0)| + |Bamr(19QF (5, @) — Banr( Q5 (5, )|

—Br
< S TV ls), D)6 QR s10) + 22—
€L

| ~pr
< ey e MRS Qr (s, a) + X
ick 1=2p

We have already shown that the MDP satisfies the condition of Lemma [I4l Using it we
obtain

Zﬁd(kz 7r <Z,YZﬁdkz)5Pt<Z,y
1€kl

t=1 €L fyp
where

0Py = sup TV(Pi(-, |85, 8-, a5, a-3), Py(-, |8}, 55, aj, a—j)).
Sj,s_j,aj,a_j,sg, ;
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Then, we have that
yp(1+&g)e ™

s _ ™ <
Vi)~ VE@) < P

C Decay for the Optimal Policy

Lemma 15 Assume that the exponential decay property holds for the Q-function with param-
eters (c,1). Then the exponential decay property holds also for the value function associated
with the optimal policy, with parameters (3c,1)).

Proof: The following holds for every k € K. Let s,s € S be such that syr = syr and let
anr, c ‘AN:k

[V2(9) = V7B = [Banre (19Q3(5,0) — Bare(9 Q55 )| = |max Q3 (s, 0) — max Q}(3, )

anr

= ‘maxQZ(s,a) max Q% (s, anr, anr, ) + max Qi (s, anr, anr )
a A aN]: -

— max Q% (S, a) — max Q%(s, anr, anr )+maXQZ(§, anr,anr )
a

max QZ(S, CLN;;, CLNik) — Imax Qz(g, aN,:; CLNik)
any any

+ |max Q1 (s, a) — max Qx (s, anr, anr )| +
a G,Nl’g

max Q5 (s, a) — max Qy(s, any, ayr )
a aNI:

< lmax Qp(s, any, anr ) — max Qx (5, anr, anr )|+ 2c™ .
GNI: aNI:

Let aIN,Q € argmax,,, Qr(s, any,anr, ), then

Qk (s, dyr, anr,) — max Qi(5, any, anr,)
anr

< Qi3 dyy, anr, ) — max Q5 (5, any, anr, ) + 't

anT
Nk
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< max Qi(5, anr, anr, ) — max Q. (s, anr, anr, ) + ey = ey

anm”T anm”T
N, N

The same holds for maxg,, Qi(s,anr,anr, ) — maxg,, Qp(s,anr,anr, ). The lemma follows

immediately. ]

We make an assumption on the minimum influence that the action of an agent has on its
expected future rewards. Assumption [I6 and Proposition 7] hold for any k € K.

Assumption 16 Let A* = argmax,. 4 Q%(s,a), Vs € S. Assume that, if a is such that
a, ¢ A3, then
Qi(s,a) — Qi(s,a)| = R

Proposition 17 Assume that the exponential decay property holds for the Q-function with
parameters (c,v) and that Assumption [I8 holds. Let s,5 € S be such that syr = syr. Let
A* = argmax,c 4 Q5(s,a) and a € argmax,. 4 Q;(5,a). If r >log, R/4c, then ay € Aj.

Proof: We prove this by contradiction. Lemma [I3] shows that, Vr > 0, if s, s € S are such
that SNI: = g]\/}:,

Vi (s) = Vi (3)] = |max Qi (s, a) — max Q;(3, a)| < ey

Let a € argmax,c 4 @5 (s,a) and @ € argmax, 4 Q% (S, a). Let A* = argmax,. 4 Q5 (s, a) and
assume that a;, ¢ Aj. Then

‘QZ(SvCI) - QZ(:‘;, a)| = ‘QZ(SvCI) - Qz<376> + QZ(S,&) - QZ(gva)‘
> || (s, a) — Qx(s, )| — |Qx(s, a) — Qx(s, @)

> |Qk(s,a) — Q(s, @) — ™! > R — cy™*

where we used Assumption [I6in the last passage. Then, due to Lemmal[Id if r > log,, R/4c
we have a contradiction. |

Proposition [I7 shows that the optimal policy of an agent is not influenced by distant agents.
Assumption 2] ensures that the policy class we consider respects this condition.

D Independent Agents

By completely independent agents we mean agents whose transition dynamics are indepen-
dent and whose policy is defined, for s € S,a € A, as:

efek (skyak)

mo(als) = H 7o, (ax|sk) = H 3 efox (sk:0)
a’ €Ay

kek k
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In accordance to previous assumptions, we also assume that 7y, (ag|s;) is é-smooth.

Proof:[of Remark [§] Firstly we show that the two applications of the algorithm coincide.
Let
L(w) = Es~d{f,a~7rg(-\s) [(AWG(& a’) —w- VG log 7T9<CL|S))2] .

In |Agarwal et all [2020], the NPG update is

w, € argmin L(w).

w

We now show that the gradient of the loss function is the same as the one in the single agent
setting. This is enough to show that the two algorithms coincide, since every other operation
coincides. The only exception is the projection step, problem that can be side-stepped by
projecting each single component of the gradient vector instead of the whole vector. For
each agent k we have that

Vi, L(1) = Byt amy(1 [(A (5, @) — w - Vg log mo(al3)) Vi, log wo(als)

I o
— Z Esmdz ammy(-|s) [(?Aje(sj’ a;) —w;j - Vi, log 7T9((lj|$j)) Vo, log 7T9(a|s)}

jex

L .
= EskNdyk,akwe (k) KKAICQ(SM a) — Wy - Vi, log 7T9(%|5k)) Vi, log 7T9(%|5k)} )

which corresponds to the gradient for the single agent setting.

With regards to guarantees, since the problem is decoupled, for any agent k& we have the
same result as in Agarwal et al. 2020:

. . 26 log | Ay| KE \/5biask
T @ g k stat,k ,
E [mip (V) - VO 0}| < 1oy i J o+

where we assumed that

E [ Le(wf, 0, d”) = L, 00, d)0 ] < 2

E [L( itkv 9]:)7 d*)i| S Ebias,k»

where d( dﬂk t) L dr =dy kﬂ'k and

. 2
Lk(w, Qk, d) = Esk,akNd |:(Ak0k (Sk, ak) — W - ng 10g 7T9k (ak|sk)) :| s

(t) (t)

€ argmin Ly (w, 0}: 7dk ).
wllo<W
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The same result holds for the whole network:

E min{V™" (p) V1 <p>}] ~E mn {% > (o) - Vi) }]

kek

<E -mmmaX{Vk (p) — Vk(t)(p)}] .

t<T ke

E Proof of Theorem

We follow the proof in [Agarwal et al. [2020] modifying it where necessary. We start by
proving a modified NPG Regret Lemma.

Lemma 18 Consider the setting of Theorem[9, then we have that:

W /26 maxgex log | Ayl
T (t) < kek 108 | Ak
B lmip(1™" () - VO | < 12 closlAd

where .
erry = Egar amrm(|s) {A( )(s,a) — —Vg log 7®(als) - (t)} .

Proof: We assume log my(als) is a d-smooth function of 6. By smoothness we have:

1) (als)
T als ¢ t+1) t) (t+1 t) |2
log s = Vologmlals) - (641 = 0) = &} 00|
Valog (als) - w® — 22 [0
=T1Vg gﬂ' U 9 w 2°
Then
| | 7D (als)
s . (8 _ I SGOA) — N —
KESNdE (KL<7TSH7TS ) KL(’YTSH'N'S )) KESNd ,art* (+|s) |:10g W(t)(a|$) :|

0
> IZESNd* arm* (- [V@ logﬂ- ( | ) ():| _?7 bY7a Hw Hz
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1
= NEgas amr(|s) [A(t)(s, a)] + NEswar ammt(5) ?Vg log 7®(als) - w® — A® (s, a)

®?
57 0715

. )
= (L= (V7 (p) = VO (p) =" [w®]|; —n e,

where

1
erry = Egvge g ()s) {A(t)(s, a) — EVG log 7®(als) -w(t)] :

Rearranging

X 1 1 )
V(0= V) < 1 (B (KL ) ~ KL )+ 02 )
and summing over t

T-1 T-1
* 1 1
V7(p) = =) VO(p) <Y B o (KL(n}||7l) — KL (]|
(p) T; (p) _T]KT(]. _7) pa swdp ( (ﬂ-s”ﬂ-s ) (ﬂ-s”ﬂ-s ))

T-1

1 no o
+ T(l —fy) Z (EW _'_errt)

t=0

E

s~d

o KL (3| {" e 1
7 ( || ) i n n Zerrt
nKT(1—7) 20=7) TQA-7) =

log | A now? N 1 —
err
TKT(1—7)  2(1-9) TA-y & '
Optimizing for 7, we obtain the lemma. [ ]

We can now prove Theorem

Proof:[of Theorem [] After using the NPG Regret Lemma we want to bound the err; term.

.....
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each t, k, (w,(:))Ngk =0, then

1
€ITy = Eswd*,aNW*('|8) |:A(t) (87 CL) - Eve lOg ﬂ-(t) (a\s) ’ w(t):|

1 -
= LS B e [A(5.0) - Vo, log 7 als) - ]
kek )

1 [ (t t
=K ZEs~d*,a~7r*(.|s) A,g)(s, a) — V(gk)NI: log 7®(als) - (w,g))Ng]
kek )

1 o t
e ZESNd*,aw*(.|s) A,g)(sNg, any) — V(gk)N;; log 7®(als) - (w,(ﬁ)*)N;;]
keK )

1 t At
+ ? Z Es~d*,a~7r*(-|s) [Alg)(s, a) — Alg)(SNI:, (lng)
kek

1 t) t
+ g 2 Bttt Vg ogm als) - (i) — (w)p)].
€

where Vk € IC

~ 2
w,(f,)* € ?rﬁgg} EsNd(t)’aNﬂ(t)(.‘s) |:A](€t)(SN£, aN,:) — V(gk)NI: lOg ﬂ'(t)(ak|SN£) . w]
w(Ni_):o

We now analyse each term separately.

Term 1

K > et anr (1 [A; (sngang) - Vg logm " (als) - (wih)n ]
kel

<L < 40 T o ®(als) - (w® )]’ <
- K Z s~d*,arm*(:]s) k <8N,:7 aN;:) (ek)N]: ogm (CL‘S) (wk,a)Nl: > V/Ebias
kek

Term 2 Firstly, we have that Vk € K

@Z(SNIQGN;;) =K

Z“Ytrk(sk(t)a ar(t)) |7y, snr (0) = sy, anr (0) = aN;]

t=0
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=E |E

> ' r(si(t), an(t) |y, vy (0) = sy, ang (0) = any,
t=0

s, (0), e, (0)]

=FE [QZ (SN,:aaNgasNik(O)>aN3k(O)>] ’

for some distribution of s(0)y-, and a(0)y~, . Similarly Vk € K

Vir(s) — vkﬂ(SNw =k [Vlgr(S) -V (SNIS’ S(O)Nikﬂ .

So
Ai(s,a) — ZZ(SN,:, any) = Qp(s,a) — QZ(SNga any) — Vi (s) + %W(SN,@),
VE(s) = V(o) = E [Vir(s) = Vi (sap O, )|
<E[det] = dert

and

Qr(s,a) — @Z(SNI:,GN;;) =E [QZ(s,a) - Qf <8N;;,(1Ng, S(O)Njk,a(o)zvgk)}

<E[cp™] = cpt.

Then Vk € K

Aj(s,a) — sz<3N,’;7 any)| < A

(t) ) — (0y®

Term 3 In this paragraph, we denote, Vk € IC, wlitl = (w,)ny and w,(: = (w,’)ny for

clarity of exposition. Remember that

S [V(ek)N,: log mo(ak|sn;) (V (0))y 108 W@(ak|SN,:))T]

and that we assume, Vk,
wTEff) B W
weRd wTZl(,th

31



Then VE € K

B anre(le) | Vo 1087 (als) - (0l — )

yk

t t t t t
<\ @, = )T (), )

t t t t
(k= ol 5wl = ),
TSl uf?)

t t t t t
o = o) TR (wyl), — w)

S T s

[using that (1 — )y < d7"]

1=y

K t t t t
s¢ ) — w750, (0l — ).

Since w,(:)* optimizes zk(w,ﬁ(t),d(”) the first order optimality condition implies that, Vw,

Vk e IC,
(w—wi) - VLi(w, 00, dD) > 0.

So Yw, Vk € IC,

Li(w,09,dV) — Ly (w},, 00, d")
= Ea® amn®(]s) /T;(f)(SN;,aN,:) — V) INT log 7 ( |s) - w
v log = (® 0 _ v loe 7@ (als) - w® 1’
+ (Or) N ogm (a|) W « (ek)N]: ogm (a|8) W «
— Li(wy), 00,d")
_ ®) 2
= By amn®()s) [V(ok)w log ' (als) - wy;, = Vo), log 7 (als) - w
+2<w_wl(il)EsNd(t)’an(t)(_B) [(K,it)(sNg,aN;) —V)x logﬂ ( |s) - wffl)
Vo 0z (als)]

= (), — ) TEY (@ — w) + (w - wl)) - V(w00 d0)
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t t t t
> (w), = wi?) S0 (0l )

d(®)
Therefore
E[Es~d*,a~w*<-\s> [Vwk log ) (als) - (wz(f)*—wi))ﬂ
L ~
S\/E = <Lk<w,e<t>,d<t>>—Lk<w,§1,e<t>,d<t>>>]
L= ’
n— ~
:\/E B | (La(w, 00,d0) — Li(wf?, 00, d0)) o H
L=
ﬁlestat
— 1_’}/7
which completes the proof. [ ]

F Statistical Error

Assume access to a global clock, then Algorithm B is a sampler of d® and an unbiased
sampler of A,(:)(s N7, anr), for every k € K.

Proposition 19 Consider the setting of Theorem [4 and assume access to the sampler in
Algorithm [2. Assume that HV(gk)m logw(t)(a\s)H < B. Then, solving the minimization
k 2
problem in () with stochastic projected gradient descent for N steps and step size o =
W/(@BB(BW + ££)V/N) gives
1

8BW (BW + m)

VN '
Proof: The proposition follows from a result on stochastic projected gradient descent

[Shalev-Shwartz and Ben-David, 2014]. Consider the minimization problem min,c¢ f(x) for
a convex function f, then performing the update

Estat S

.[L't+1 = PC(J?t — O[Ut),
where C' = {z : ||z||, < W} for some W > 0, Px(-) is the projection on C, v, is such that
Elv|zi] = V f(x;) and ||v|| < p, for N steps and with o = ,/;5—;, gives

{3 et
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Noticing that zzlv,(f)(s, a) < 2/(1 — ) and that the sampled gradient is therefore bounded by
8B(BW + ﬁ) gives the proposition. [ |

The minimization problem in (8] can therefore be solved by each agent k through stochastic
projected gradient descent, which only depends on the states and actions of N; and on the
parameters (6;)nr and with a computational cost that does not depend on K.

Algorithm 2: Sampler

Input: Starting state-action distribution v
For each agent k € IC set Qr =0, V, = 0.
VEk € IC, sample s(0), ar(0) ~ vy and start at state s5(0);
(d7 sampling) At every time-step h > 0:
with probability v, Vk € KC execute ax(h), transition to six(h + 1) and sample
ap(h + 1) ~ 7 (-[sny(h +1));
else accept (s(h),a(h)) as the sample and exit the loop, each agent only saves
(SN]:(h), a,Ng (h)) .
Set SampleQ=True with probability 1/2;
if Sample@)=True then
VEk € K execute ai(h) and then, for every time-step A’ > h with termination
probability v, transition to s(h'), sample ax(h' + 1) ~ m.(-[sny(h' + 1)) and set
Qr = Qk +7(sk(1'), ar(h'));
end
else
Vk € K sample ag(h) ~ m.(-[sny(h)) and execute ax(h) and then, for every
time-step A’ > h with termination probability 7, transition to si(h’), sample
ap(W + 1) ~ m,(-|sn (B + 1)) and set Vi, = Vi, + r(sp(R), ax(W));
end

Result: (s(h),a(h)) and (Ek (swr (), anz(h)) = 2 (@k - f@))kelc.

G Bias analysis

Let ZE and wy, . be defined as in Section 4l For every k € K, let
Li(w,0,v) = Eq o [(AF?(s,a) — Vg, log mg, (ar|s) - w)Q} :
Let epias, be the smallest possible localized bias term associated to the range parameter r,

i.e.
Tr t *
Eblas,r = IIAX Li (Wi, 09, d*),
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which is the same assumption as in Theorem 9, but with an equality instead of an inequality.
Let ep.s be the smallest possible non-localized bias term associated with an infinite range
parameter, i.e. the case where we make no approximation, namely,

— / ) g
€hias = max Ly (w;. ., 0\, d
ias ek ( k% ) )
where

wy, , € argmin Ly (w, o0 d®).
[lwll2<W

Proposition 20 Assume that

| Ve, log ﬂ(t)(a\s)Hz <B

and that
Hv(ek)Nikﬂ-g(aHS) 9 S wr-
Then
2 ! . 2) / .
5bia8,r§£bias‘|“er+2<—+WB) ke + ke ,
1—v N
where

4 4
e, = (—1 + 2W B) Ww, + (—1 + 2W B) (c@/)r—i—l + c/¢r+1) .

The second assumption can be respected by choosing a policy belonging to the policy class
described in Appendix [Al as w, can be controlled by setting the parameters {a,} small
enough. In particular, it is possible to set it to be exponentially small in r. Therefore, the
proposition shows that the localized bias is at most the bias associated with an infinite range
parameter plus a quantity that goes to 0 exponentially fast in ». We present the proof of
this result below.

Proof:[of Proposition 20] To prove the proposition we need two intermediate results. For
any w,f and v, we have that

Li((w)wy, 6, v) — Li(w, 6, y)‘
=Eq o l(ﬁg‘)(sw,aw))? B (AZQ(S,(],))Q]

2
+ By [(wmg log 7 (als) - (w)x; ) = (Va, logma, (axls) - w)”
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9B, [A7 (5, 0) Vo, Tog o (axls) - w0 — AT (s, ang) Vigyy Togm(als) - (w)ig

4
L=y

4
< ()" + ™) + 2W?Bw, + 2WB (e + d¢" ) + e
-

=e,.

Following the same passages in the proof of Theorem [9in Appendix [El we have that

X By s | Vo 10870 (alsng) " () — ) |

/ ~ ~
S\/ (T (), )ap, 00, dO) — L (wy,, 60, d®))

[using the first result]

K'e,
1—v

/ ~
S \/ i Lk (w;g7*7 Q(t)’ d(t)) - Lz (wk,*a e(t)a d(t)) +

K'e,

L=y

K ~
= min Ly (w,0® d®) — min L7 ((w)yr, 0O, dD)| +
\/1—7 o 74 )~ g, Ll (W) )

2K'e,
1—7

We can now prove the proposition.

2
Ebias,r = MAX By gvge [(A,f)(sN,;,aN,g) — Vo logﬂ Malsny) - wk,*) ]
kel

- 2
= max E; 44+ {(Ag)(s]v;, any) — V(Gk)N; log W(t)(a|$N£) . (%,JN,Q)

+2 (A0 (sny. ang) = Viguyg log ™ (alsny) - (wh )y )

. V(gk 10g7T (CL|SNT)T (<w;€7*>N1: — wk,*)

2
+ <V Or) vy log ™ (alsny) " ((wy,, )Ny — wkv*)) }
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~ 2
< maxEyga- [(A;(f)(SNp any) = Vo) log 7 (alsng) - (wf )y ) }

kek

2
+2<1—+WB

) 2k'e,  2K'e,
_'_
-7

1l—v 1—»

2K'e,
1 —n

~ 2
_ T t *
= I,glgng((wé,*)N,:,@( ) d) +2 (—1 — WB)

2k'e,  2K'e,
1—y 1—9

2
§€bias‘|“67n+2<—+WB)
L=y
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2K'e,
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