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EXTENDED IRREDUCIBLE BINARY SEXTIC GOPPA CODES
DAITAO HUANG AND QIN YUE

ABSTRACT. Let n(> 3) be a prime number and Fan a finite field of 2" elements.
Let L = Fon U{oo} be the support set and g(z) an irreducible polynomial of degree
6 over Fan. In this paper, we obtain an upper bound on the number of extended
irreducible binary Goppa codes I'(L, g) of degree 6 and length 2" + 1.

1. INTRODUCTION

Let F5» be an extension of the finite field F5. Many codes defined over Fy are sub-
field subcodes of another code defined over the extension Fy». For instance, Alternant
codes are subfield subcodes of Generalized Reed-Solomon codes and classical Goppa
codes are a special case of Alternant codes [7].

Goppa codes are particularly appealing for cryptographic applications. McEliece
was the first to exploit the potential of Goppa codes for the development of a secure
cryptosystem [10]. Goppa codes are especially suited to this purpose because they
have few invariants and the number of inequivalent codes grows exponentially with
the length and dimension of the code. Indeed, since the introduction of code-based
cryptography by McEliece in 1978 [5], Goppa codes still remain among the few fami-
lies of algebraic codes which resist to any structural attack. This is one of the reasons
why every improvement of our knowledge of these codes is of particular interest. In
the McEliece cryptosystem, one chooses a random Goppa code as a key hence it is
important that we know the number of Goppa codes for any given set of parameters.
This will help in the assessment of how secure the McEliece cryptosystem is against
an enumerative attack. An enumerative attack on the McEliece cryptosystem finds
all Goppa codes for a given set of parameters and tests their equivalence with the
public code [6]. There have been many attempts to count the number of Goppa
codes.

In [T, 2] [3], it has been shown that two Alternant codes Ay (v, L) and Ag(v', L') are
equal even if the parameters (v, L) are different from (v/, L'). Based on these result,
many extended Goppa codes become equivalent by a parity check in [I3, [15]. Moreno
[T1] proved that there is only one extended irreducible binary degree 3 Goppa code
of any length and that there are four quartic Goppa codes of length 33. Ryan [I5]
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focused on the quartic case of length 2" + 1, where n(> 3) is prime, and gave a upper
bound on the number of inequivalent irreducible Goppa codes. Some similar topic
were investigated in [16], 17, [18]. In [§], Magamba and Ryan obtained an upper bound
on the number of extended irreducible g-ary Goppa codes of degree r and length ¢"+1,
where p,r(> 2) are two prime numbers and ¢ = p'. In [12], Musukwa gave an upper
bound on the number of inequivalent extended irreducible binary Goppa codes of
degree 2p and length 2™ 4 1, where n and p are two odd primes such that p # n and
ptEn+1).

In this paper, we shall investigate extended irreducible binary Goppa codes of
degree r, where r is a product of two distinct prime numbers. In the case: 7 = 6, we
obtain upper bound of number of extended irreducible binary sextic Goppa codes of
length 2" + 1, where n(> 3) is a prime.

The paper is organized as follows. In Section 2, we remind some definitions of
Alternant codes, Goppa codes, and extended Goppa codes. Moreover, we recall
sufficient condition of equivalent extended Goppa codes by projective linear group
acting on the projective line Fan [ J{oo}. In Section 3, we investigate projective semi-
linear group acting on the elelment of degree 6 over Fon with n(> 3) a prime. In
Section 4, we obtain the upper bound on the number of inequivalent extended Goppa
codes by applying the Cauchy Frobenius Theorem. We conclude the paper in Section
D.

2. PRELIMINARIES

Let Fy be the finite field of order 2" and Fon = Fan U {00} a set of coordinates for
the projective line. We will introduce some basic knowledge in the following.

2.1. Alternant code, Goppa Code and extended Goppa Code. In the sub-
section, we describe concepts of Alternant codes, Coppa codes, and extended Goppa

codes. In detail, see [3], [15].

Definition 2.1. Let L = (ay,...,a,_1) be an m-tuple of distinct elements of Fon,
v = (vg,...,Un_1) an m-tuple of non-zero elements of Fon, and 7 an integer less than
m. The Alternant code A, (v, L) is defined as follows:

Ap(v, L) = {z = (20,.. ., &m1) € F3': Hy(v, L)a" = 0},

where the parity-check matrix is

Vo (%1 e Um—1
Hr<v7 L) _ Vo V10 cen Um—10m—1
voay t vyt L vl
Definition 2.2. Let L = («g,...,,_1) be an m-tuple of distinct elements of Fan

and g(x) € Fanlz| a polynomial of degree r(< m) such that g(a;) # 0 for i =



0,1,...,m — 1. The Goppa code I'(g, L) with the Goppa polynomial g(x) and the
support L is defined as follows:

m—1

F(g,L) = {.ﬁlf = (.To,l’g,...,xm,l) € F;n : Z

=0

X

T —

=0 (mod g(a:))} :
If g(z) is irreducible over Fon, I'(g, L) is called irreducible.

Remark 2.3. Let I'(g, L) be the Goppa code in Definition [Z2.

(1) (g, L) = A(vg,r, L), where vy = (g(c) ™", g(ar) ™, .., glam—1) 7).
(2) The expurgated Goppa code I'(g, L) of I'(g, L) is defined as follows:

f(g,L):{.ﬁL’:(l‘o, SL’ml EFg, Z.TZ—O}

In f(lCt, f(gv L) - Ar-}—l(vg,La L)7 where Vg, L = (g(a())ila g(al)ila s 7g(am—1)71)'
(3) The extended Goppa code T'(g, L) of I'(g, L) is defined as follows:

T(g,L) = {x = (20 s T—1,Tm) * (Toy ooy Tine1) € F(g,L),Z:L’Z- = O} .
i=0

Definition 2.4. Let L = («p, ..., a,_1) be an m-tuple of distinct elements of Fon,
L = LU{x} = (a0, ..., 1,00), v = (vg,...,0,) an (m + 1)-tuple of non-zero
elements of Fan, and 7 an integer less than m + 1. The Alternant code A, (v, L) is
defined as follows:

A (v, L) = {x = (xg,...,2p) € F . H.(v,L)2" =0},

where the parity-check matrix is

Vo ce Um—1 0
Hr (,U’ L) - r—2 7’72
Voot cee Um0y, 0
r—1
UQO(O o e Um 1am 1 'Um

Remark 2.5. Let T'(g, L) be the Goppa code in Definition[23, g(z) = > g;x" a poly-
i=0

nomial of degree v, and L = LU{oc}. Then the extended Goppa code T'(g, L) of I'(g, L)

is just the Altrnant code A, 41 (v, 7, L), where v,z = (9(a0)™, ., glam—1)7", g(c0) ™),

9(00) = gy-

2.2. Action of groups. We will recall the actions of the projective linear group and
the projective semi-linear group on Fon and Fyn = Fan U {00}, respectively.
There are some matrix groups as follows:

(1) the affine group

a b
AGLQ(IFQTL) = {M: ( 0 1 ) a < FQn,bE an},
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(2) the general linear group

GLy(Fan) = {M: < “ Z) :a,b,c,dGan,ad—bc#O};
c

(3) the projective linear group
PGLQ(IFQn) = GLQ(FQH)/{QEQ Tac F*n},

where Fs is the 2 x 2 identity matrix;

(4) the projective semi-linear group
PFLQ(FQn) — PGLQ(IFQn) X G,
where G = Gal(Fysn /Fy) = (o) is the Galois group, o(z) = 2% for z € Foen, and its

operation - is as follows:

e~

(A,0")-(B,0?) = (A-0*(B),0"),0 <i,j < 6n— 1.
b
Let M = ( ¢ J ) € GLy(Fyn). Then the projective linear group PG Lo(Fan ) acts
c

on Fyn as follows:

PGLQ(FQn)XFQn — an
(AL,¢) = M(¢)=M(Q) =210

e +d

where % = oo and é = 0; the projective semi-linear group PI'Ly(Fan) acts on Fon as

follows:

PFLQ(FQn) X an — an

—~ —~ , ac® +b

M ! ’_) M ¢ == M v = —

(F.0).0) = (1.0(C) = Me'(©) = g

In [3], there is a result as follows.
Lemma 2.6. Let g(x) be a polynomial of degree r over Fon and L = (ay, . .., 1) an
— b
ordered tuples of m distinct points in the projective line set Fon. Let M = “ g
c

GLy(Fa), L = (M(ax), ..., M(am-1)), ¢'(z) = (—cx + a)'g(M~H(z)), M~ (z) =
b and g(—2) # 0 if ¢ # 0. Then the Alternant code A, 1(vy,1, L) is equal to the

—cx+a’

Alternant code A,41(vg rr, L").

By Lemma [2.6] we have the following corollary.

Corollary 2.7. Let g(x) = >_;_, gxx" be a polynomial of degree r over Fon and

L= (ag,...,am_1) an ordered tuples of m distinct points in the projective line set Fon.
b
Let M = ( ¢ g ) € GLy(Fan), 7 € G = Gal(Faen [Fs), L' = (1(avg), ..., T(tm-1)),
c

L" = (M(7(a0)), ..., M(7(am-1))), 79(x) = Yo 7(ge)2", (rg)'(z) = (—cx +a)" -



Tg(M~Y(z)), and (7g)(—%) # 0 if ¢ # 0. Then the Alternant code A, 1(vyr, L) is
equal to the Alternant code A, (virgy 1, L").

Proof. Since the Alernant code A,1(v, 1, L) is a subfield subcode, the Alternant code
is equal to the Alternant code A,41(vry 1, L'). By Lemma 2.6 the Alternant code
Ay 1(Vrg 1y, L') is equal to the Alternant code A, 41 (v(rgy rr, L"). O

In Corollary 27, if 7 is equal to the identity transformation, then Lemma 2.6l
is direct from Corollary 27 If g(x) is irreducible over Fon and has a root « in
an extension over Fyn, then (7g9)(z) = (—cx + a)” - Tg(M~1(x)) is the irreducible
polynomial of degree r over Fon and has a root § in an extension with

at(a) +b

B=(M,r)a=M(r(a)) = cr(a) +d

2.3. Equivalent extended Goppa codes. Let g(x) be irreducible of degree r over
Fyn and L = (ag, ..., asm_1) an ordered subset of 2™ distinct points in Fon. Suppose

that g(x) has a root « in an extension over Fyn. Then
T(g,L) = {z = (zo,21,...,20n_1) €FZ : H(a)z" =0},

where the parity check matrix is

1 1 1

a—oy a0 —aop o— Qg

H(a) =

See more detail in [4].

For convenience, we will denoted by
C(a) =T(g, L) and C(a) = T(g, L),

where I'(g, L) is the extended Goppa code of I'(g, L).
The following Lemma is similar to that in [I5]. For completeness, we give the

proof.

Lemma 2.8. Let L = (ag,...,am_1) and L = (aq,...,qon_1,00) be ordered tu-
ples of 2" and 2" + 1 distinct points in the projective line Fon, respectively. Let

a be a root of an irreducible polynomial g(x) = Y., gix" of degree r over Fon.

Let M = <a Z) € GLQ(IFQn), T € G = Gal(FQGn/FQ); (M,T) € PFLQ(FQn),
C

L' = (M(r(o0)),. L M(r(azn1)), M(00)), Tg(x) = > 7(g:)a", and (rg)'(x) =
(—cx 4+ a)" - g(M Yx)) a root B = (M, 7)o = ZT(O‘Hb. Then the Alternant code
A,

7(o)+d
1(v, 7, L) is equal to the Alternant code Ar+1(v(Tg), Zu,f/) and the extended Goppa

code (a) is permutation equivalent to the extended Goppa code C(f3), denoted by
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Proof. Let L = (ay,...,aon_1,00) = LU {oco} be an ordered tuple of 2" + 1 distinct
points in the projective line Fyn = Fyn U {00} and g(x) irreducible of degree r over

Fon. Then by Remark 2.5]
AT’+1(vg,f> Z) = F(gv L),
where A, 1(v, 7, L) is the Alternant code and I'(g, L) is the extended code of I'(g, L).
c

Let M = <a Z) c GLQ(IFQ?E), T € G = G(ll(Fan/Fg), (M,T) € PPLQ(FQn),

79(r) = Yoo 79", (rg)' (@) = (—cx +a)" - g(M~}(z)) a root § = (M. 7)a =
at(a)+b d
cr(a)+d? an

L' = (M,7)(L) = (M(r(ow), M(T(cv1)), ..., M(T(cvzn_1), M(c0)).
Then by Corollary 27

Arir (v, 7, L) = A (v, o, L), (2.1)

(rg),L"’

Let g(x) have a root o in an extension over Fon. Then (7¢)'(x) is irreducible over Fan

and has a root § = (]Téf T = Z:((z)):ts in an extension over Fa.. Note that L and L

arrange in distinct orders of the projective set Fon. Hence by Remark and (2.7),

T(g,L) =T ((rg), L), i.e., m o W,

i.e., the extended Goppa code C'(«) is permutation equivalent to the extended Goppa

code C(3). O

In [15], Ryan used Lemma to give an upper bound on the number of extended
irreducible binary quartic Goppa codes of length 2™ + 1, where n(> 3) is a prime
number. In this paper, we shall obtain an upper bound on the number of extended
irreducible binary sixtic quatic Goppa codes of length 2"+ 1, where n(> 3) is a prime
number. By 3|(2" + 1) for any n(> 3) a prime, we prove that there are orbits of
length 3 in Propositions 23] which is important and different from [15].

3. PRIME n > 3

In this section, we investigate irreducible binary sextic Goppa codes over Fon. We
always assume that n(> 3) is a prime number.

Definition 3.1. The set S = S(n, 6) is the set of all elements in Fyen of degree 6 over
Fon.

In fact, S = Faen \ {Fg2n U Fgsn }, then

‘S| — 26n o 22n o 23n + 211



Lemma 3.2. The projective semi-linear group PT Ly(Fon) acts on on the set S:
7 PTLy(Fon) XS — S
ac? +b B

(M.0).0) = (M,0')(0) =5 =

B,

where M = < “ Z ) € GLy(Fyn), G = Gal(Fysn [F3) = (0).
c

Moreover, by Lemma[2.8 the extended Goppa code C(«) is permutation equivalent
to the extended Goppa code C(B), i.e., C(a) = C(f).

By Lemma 3.2 there is an equivalent relation ~ in S: for «, 8 € S,
an~f = EI(]T/[/, 0') € PT Ly(Fyn), (M, o = B
moreover, by Lemma

an~ = Cla)=Cp). (3.1)
There is an interesting question: does the converse proposition of (B.]) hold?
By Lemma [B.2] the orbit of o € S is

Q,={eS:a~pg} (3.2)
- (Mai)a—aa2i+b'VM— O GLyFa),0<i < 6n—1
B ’ Cca¥ +d’ “\e d A=

co +d c

_ {ai(ﬁ(a)) _ (et by gy < ¢ Z) eGLz(an),og¢g6n—1}.

Then the number of different orbits in S under the action of the group PI'Ly(Fan) is
the upper bound of inequivalent extended irreducible binary sixtic Goppa codes.

To compute the number of orbits in S under the action of the group PI'Ly(F,), by
[B2) we shall divide the action into two actions.

(1) We consider the projective linear group PG Ls(FFan) acting on S. Then

S:UOQ, Q={0,:acll, (3.3)

acl
where €2 is the set of all distinct orbits in S under the action of the projective linear
group PG Ly(Fan). In fact, 2 is a partition of S.
(2) We consider the Galois group G = Gal(Fys. /Fy) = (o) acting on §2. Then there
is a partition of

Q= U Qo (3.4)

acJ

Qo = G(0,) ={0'(0,) :0<i<6n—1} CQ,
where {€, : @ € J} is the set of all distinct orbits in S under the action of the
projective semi-linear group PI'Ly(Fy.). In fact, |J| is just the number of different
orbits in S under the action of the group PI'Ly(Fan).
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In order to count the size of the set J, we shall use Cauchy Frobenius Theorem
about orbits in [9].

Lemma 3.3. Let G be a finite group acting on a set X. For any g € G, let F(g)
denote the set of elements of X fixed by g. Then the number of distinct orbits in X
under the action of the group G is ‘—é| YT |F(g)].

geG

We firstly state the main result in the following theorem.

Theorem 3.4. Let n > 3 be a prime number. The number of extended irreducible

¢ 231492141 3.97 4 19018
6n :

binary sextic Goppa codes of length 2" + 1 over Fon is at mos
To prove Theorem [B.4], we shall show some propositions.

3.1. PGLy(F9n) xS — S. Consider the projective linear group PG Ly(Fan) acting on

the set S as follows:

PGL(F2) xS — S

~ ~ ao +b
M M(a) = M(a) =
(W.0) v W)= M(a) = 2250
b
where M = < ¢ J ) € GL(Fyn). Clearly, it is a faithful action. Then
c

S=J0u2={0n: a1},
acl
where €2 is the set of all distinct orbits in S under the action of the projective linear
group PGLy(Fyn). In fact,  is a partition of S. We shall calculate the size of the
set I.
It is clear that
GL(Fye)

PGLy(Fgn)| = — 23 _ o,
| 22l {aFEs :a € F;, }

For a € I, let H, denote the stabilizer of o under the action of PG Ly(Fsn), then

Hy = {M(a) = a: M € PGLy(Fy) } = { B}
n |PGLy(Fy)|

=27 — 2",
| Hol

|Oa| =

By |S| — 26n _ 22n _ 23n + 2n’

S| _ s
1] = = 2%y on .
Ol

Moreover, we investigate the structure of each orbit O,. Note that the projective
linear group PG Ly(Fan) acts transitively on the orbit O,.



Since there is an injective homomorphism of two groups:

AGLQ(IFQTL) — PGLQ(IFQn)

M:<ef>»—>ﬁ,
0 1

the affine group AG Ly(Fan) is viewed as the subgroup of PG Ly(Fon).
Hence there is an action of AGLy(Fan) on O,:

AGLy(Fyn) X O, — O,
(M,B) — eB+f,

where M = g ch € AGLy(Fan), g = Zgig € Oy, a,b,¢,d € Fon,ad — be # 0.

We shall investigate all distinct orbits in O, under the action of the affine group
AGLy(Fan).
For f = %t < (O, the orbit of # in O, under the action of the affine group

ca+d
AGLQ (an ) is

A(B) = {M(ﬁ) — B4 [ M= ( o ) eAGLzaFQn)}.

The following lemma is from [14], [15].

Lemma 3.5.
1

o+

0= (| Al——) A,

which are disjoint unions. Moreover, there is a partition of O, :

A, = {A(a),A(%ﬂ) e an} | (3.5)

3.2. G xQ — Q. Let G = Gal(Fasn /Fy) = (o) be the Galois group of Fasn over Fo
and (2 defined as (3.3). Now consider the group G acting on the set (2

p:GxQ — Q
(O‘i,Oa) — Ui(Oa) :Ooi(a)-

Now we shall count the number of distinct orbits in {2 under the action of G. By
Lemma 3.3, we need to calculate that for o' € G, 0 < i < 6n — 1,

|F(0")] = [{Oa € 2: 6" (0s) = Oa}|. (3.6)
Remark 3.6. (1) In fact, for 0 <i < 6n — 1, let d = ged(6n,1), then (o%) = (09).
Thus,
{04 €Q2:01(0,) = 04} = {0, € Q:0%0,) = O,}
and

|[F(o")] = |F(o)].
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(2) Let o(c) denote the order of o' in G, then o(c) | |G|. By |G| = 6n and n a
prime,
o(c") € {1,2,3,6,n,2n,3n,6n}.
Suppose that o(a’) € {6n,3n} and 0'(Oy) = O,. Then H = (o) = (o*), k € {1,2},
and o*(04) = O,. Hence Zg‘j:g = o2, which is impossible by « of degree 6 over Fan.
Therefore

|F(c")| = 0 if o(c") € {6n,3n}.

In the next section, we shall discuss other cases.

4. THE ACTION OF GG ON {2

Proposition 4.1. Let G = Gal(Fysn [Fy) = (0).
(1) If o(c?) = 1, then |F(c")] = |Q] = 23" + 2" — 1.
(2) If o(c*) = 2, then |F(a")| = 2" — 1.

Proof. (1) If o(c") = 1, then for all O, € Q, 0°(0,) = O, and |F(d")] = |Q| =
PALIED LS.
(2) By o(c%) = 2, H = (0") = (03"). Suppose that ¢*"(0,) = O, for O, € Q.
Then the group H acts on the partition A, of O, in ([B.3]) as follows:
HxA, — A,
(0* Ala)) — "™ (A(a)),i=0,1.
Denote by O 4(q) the orbit of A(a) under the action of the subgroup H = (¢*"). Then

there is a class equation:
2"+ 1 =100 =D [Oawl.
By |H| = 2, there is A(«) € A, such that |O 4| = 1, i.e., 0¥ (A(«)) = A(c). Hence
o"(a) = o = cra + o,

with ¢; € Fi., ¢y € Fou. Then a = 0% (a) = c10%"(a) + ¢3 = 2a + c1¢9 + 3. Thus

¢y =1 and
23n
o =+ ¢y

with ¢y # 0 (if ¢ = 0, then « € Fysn which is contradictory.). Consequently,
;') +;'a+1=0.
If ¢, ' is viewed as a then « satisfies the equation:
2 vz +1=0.
Hence there is a factorization:

2 41 = H (x +a+c).

C€F23n

It is clear that o2 = @ and o2 = a + 1, so all roots a + ¢ € Foon \ Fosn, ¢ € Fasn.
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Moreover, if « is a root of the polynomial 2¥" + 241 and o € Fozn, then ais a

root of the polynomial 22" + x + 1 and there is a factorization:

¥ tr4+1= H (x+a+c)
c€Fyn

and all roots a 4 ¢ € Fozn, ¢ € Fon.

Hence there are 23" — 2" roots of 22" +x + 1 in S.

Conversely, if o € S is a root of 22" + z + 1, then 0" (A(a)) = A(a).

Therefore o € S is a root of 22" 4z + 1 = 0 if and only if o**(A(a)) = A(«);
moreover, A(a) has 2" roots a + ¢, ¢ € Fan, of the polynomial 22" x4 1.

Suppose that o3 (A(a)) = A(a), 02" + a+1 = 0, and 0*"(A(-L)) = A(-L).

a+y a—ﬂ
Then
1 )23n o 1 bl

(Oé-i-’)/ Ca+lty a+ty
which is contradictory with « of degree 6 over Fan.
In conclusion, ¢3"(0,) = O, if and only if 0®"(A(a)) = A(«) if and only if there
are 2" roots of 22" + z + 1 in O,. Then

+ b270 7& b17b2 S FQ")

23n —9n
|F(0™)] = = =2"" — 1.
2n
0J
Lemma 4.2. .
{568:62%+B+1:0H =22 _ 9" _ 2,
Proof. Now we investigate roots of the following equation
w1
2+ —4+1=0. (4.1)
x

Suppose that § is a root in (4.1) and

11
- (11) o

Then 52" = B(8). By o(B) = 3, %" = B3(8) = 8 and 8 € Fysn. In the following,
we shall find all roots £ in (@) such that 5 € Fozn U Fasn.
It is clear that 5 € Fy2. if and only if 5 = % +1,i.e., 0(f) =3 and 8 € Fy. Then

'{5€F22n352%4—%—1-1:0}':'{ﬁEFQQn:ﬁ+%+1:OH:2.

01

If 3 € Fysn, then " + ﬁ = 0. Conversely, if 5% = ( L

) (B), then 5" =

3
( (1) 1 ) (B8) = P and B € Fasn. Hence

'{ﬁeFQSn:522"+%+1:0H:]{66F23n:62”(6+1)+1:0}}:2”+1.
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Therefore

{ﬁeS:ﬁ22"+%+1:0H:22"+1—2—(2"+1):22"—2"—2.

U
Proposition 4.3. Let G = Gal(Fyen /Fy) = (o). If o(c?) = 3, then |F(c)| = 2" — 2.

Proof. By o(c") = 3, H = (¢') = (¢"). Suppose that ¢*"(0,) = O, for O, € Q.
Then the group H acts on the partition A, of O, in ([B.3]) as follows:
HxA, — A,
(0®™, Ale)) +— o™ (A(w)),i=0,1,2.

Denote by O, the orbit of A(«) under the action the subgroup H = (0*"). For
A(a) € Ay, |Oa@y| =1 or 3 by |[H|=3.

Suppose that there is A(«) € A, such that |Og| = 1. Then 0" (A(w)) = A(w).
By the proof of Proposition 1], « is a root of 22" +2+1=0and o*" = a, which

is a contradiction with a of degree 6 over Fan. Hence |O 4| = 3 for all A(a) € A,.
Without loss of generality, let o2"(A()) = A(L). Then

o2 == By(a),o®” = Bia = a,
Q@
b a v oab® +a?
where By = € GLy(Fy:). Hence B = is a scalar
’ 10) 2(Fzr) 0 <62+a ab
matrix and a = b* € F5,. If 2 is viewed as «, then o € S satisfies the equation
(4.1). Hence a, o®" = B(a) = 1 +1, o®" = B*(a) = -1 are roots of (4.1), where

B is defined as (4.2). So 0”*(A(a)) = A(% +1) = A(2), 0™ (A(2)) = A(57), and
o*M(A(77)) = Ala).
Suppose that a € A(a) is a solution of (4.1) and P(«a) = ca+d € A(a) is also a

d n n
solution of ([f1]), where P = ( (c) ) ) Then by o*" = B(a), BP(a) = (P(a))*" =

P(2)?" = PB(a) and

1 2
BlplBp = - 02 Cd2
a\ c+cc+ced d+1+d°+cd

is a scalar matrix, i.e., ¢ = 1,d = 0. Hence there is a unique solution o € A(a) of
(410, so there are 2" + 1 roots of 2" 4+ +11in 0,

Conversely, if « is a solution of ([I]), then 02*(0,) = O,.

Consequently, by Lemma
22— —2

F(o®™)| = =927 — 2.
[F(o*)] = =5

Proposition 4.4. Let G = Gal(Fyen /Fy) = (o). If o(c?) = 6, then |F(c*)| = 0.
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Proof. By o(c") =6, H = (¢") = (¢™). Suppose that 6"(0,) = O, for O, € Q. Then
the group H acts on the partition A, of O, in (B3) as follows:

HxA, — A,
(0™ A(a)) — o™(A(@)),i=0,1,...,5.
Denote by O the orbit of A(a) under the action the subgroup H = (¢™). Then

there is a class equation:
2"+ 1 =00 =D [Oawl. (4.3)

For A(a) € Aq, [Oawy| € {1,2,3,6} by |H| = 6.
Suppose that there is A(a) € O, such that [Os)| = 1. Then 0"(A(a)) = A(a)

2 . . .
S, a = 1, and o = o, which is contradictory.

and 02" = aa+b. Hence o = o = a
Suppose that there is A(a) € O, such that |Oa)| = 3. Without loss of generality,
let 0"(A(ar)) = A(L). Then

o =L 4p= By(a), " = Bla = a,
a

where By = ( 11) g ) € GLy(Fon). Hence

B Vo + (ab® + a?)(b* + a) (ab® + a®)(b® + ab)
o 0 +a)b®+ab) (> + a)(ab®+ a?) + a®b?

is a scalar matrix and a = b* € F, or b = 0.
If b = 0, then B2 = (g 0

) and « € Fy2n, which is a contradiction.
a

1

If a = b* € F5,, then (%)% =2 +1 = B(¢) with B = ( )

(1) ) Since ()2 =

B3(%) =%, 2 € Fysn, which is a contradiction.
Hence |O4(q)| can not be 1 and 3.
Suppose that [Oa)| = 2 or 6 for all A(a) € O,. Then it is a contradiction in
(@3).
Therefore,
|F'(a™)| = 0.
U

Lemma 4.5. If a € S and o =a+ b, b € Fan. Then there is an element ¢ € Fon
such that (o + ¢)* = (a + ¢).

Proof. Let Tg™ : Fosn — Fos and T : Fon — Fy be the trace functions, then T¢"(b) =
0 by b= o’ —a. Let Z/(n) be the residue class ring modulo 7, then by ged(n, 6) = 1
6-Z/(n) =Z/(n) and T"(b) = TF"(b) = 0 for b € Fon. Let S = {* +¢: ¢ € Fon},
then |S| = 277! and ker(T") = S. Hence there is an element ¢ € Fyn such that
b=c*+4¢ 50 (a+c)” = (a+ec). O
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Proposition 4.6. Let G = Gal(Fysn /Fy) = (o). If o(c?) = n, then |F(c")| = 9.

Proof. By o(¢") = n, H = (") = (¢°). Suppose that ¢(0,) = O,, for O, € Q. Then
the group H acts on the partition A, of O, in ([B.H) as follows:

HxA, — A,
(6% A()) — o0%(A(a)),i=0,1,...,n—1.

Denote by O4(q) the orbit of A(a) under the action of the subgroup (¢"). Then there
is a class equation:
2"+ 1 =00 =D [Oawl.

For A(a) € Aa, |Oaw| = 1 or n by |H| = n, where n is a prime number. By
n{ (2" + 1), there exists A(a) such that [Oa)| = 1.

If 0%(A(a)) = A(a) for A(a) € Ay, then 0%(a) = aa +b, 0 # a,b € Fan. Hence
a=0"(a) = 0" V(aa +b) = a"a+k, k € Fyu, 50 k=0, a" = 1. Thus a = 1 by
ged(n, 2" —1) =1 and

a26:a+b.

By Lemma 7] there exists an element ¢ € Fyn such that (a +¢)* =a+c. If a+c

is viewed as «, then there are exactly two roots: a,a + 1, of 22 =7z in Ala).

Moreover, if 0%(A(;5)) = A(;5) and o = . Then by above,

a 6 a
+0)* = —— +0b,0#a,b € Fon.
(S = b0 FabeR,

Hence a®° = a,0* = 0,7* =, anda=1,b=0o0r 1,y =0or 1 by n(> 3) a

. . . 6
prime. So there are exactly six roots: a, a+1, é, iJr 1, a+r1’ O%q +1,1in O, of 2% = z.

Conversely, if a® = a, then 0%(0,) = Oq. Thus, [S() O = 6.
Therefore, 0%(0,) = O, if and only if there are exactly six roots in O, of z*° = z.
On the other hand, Fos (S = Fys \ (Foz UFs3) and [Fas (S| = 54. Then

6y |Fas (S|
|F(U)|—W—9-

Proposition 4.7. Let G = Gal(Fyen /Fy) = (o). If o(c?) = 2n, then |F(o?)| = 3.

Proof. By o(c") = 2n, H = (¢") = (03). Suppose that 63(0,) = O,. Then the group
H acts on the partition A, of O, in ([B.3) as follows:
HxA, — A,
(0¥ A(a)) — 0 (A(a)),i=0,1,...,2n — 1.

Denote by O4(q) the orbit of A(a) under the action of (¢®). Then there is a class
equation:

2"+ 1 =00 =D [Oawl.
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For A(a) € Aq, [Oaw)| € {1,2,n,2n} by |H| = 2n. By n{ (2" + 1), there exists
A(a) € A, such that [0y =1 or 2.

If there is A(a) € A, such that [Oa| = 2, then o*(A(a)) = A(%ﬂ) and
o%(A(a)) = A(e). Without loss of generality, let a* = o and o = o5 0,0 #

a,b € Fon. By

23
azaQG:—a = +b23,
aty
b=7" a=1,and (a +~)% = aﬂ If a + 7 is viewed as «, then o®(A(a)) = A(2)
and o2’ = L. Hence (a%rl)23 = a+1 + 1 and |OA | = 1.

Without loss of generality, let A(a) € A, such. that |Oa()| = 1. Then o*(A(a)) =
A(e) and 0%(A(a)) = A(a), so a* = a by Proposition and o* = ao + b,
0 # a,b € Fon. Then o = o2 = a¥(aa +b) +b*’, soa = 1 and b = 1 by
ged(26—1,2" —1) = 1. Hence o +a+1=0.

Suppose that there is also A= =) such that |OA( L )| = 1. Then

1 1 a

0'3 = = +b,0 a,ban.
(a+’7) a+1+4+03(y) a+vy 7 2

Hence b =0, a = 1, and 74® +~ + 1 = 0, which is contradictory with v € Fan.

Hence there is a unique A(a) € O, such that |O,| = 1 and there are exactly two
roots: o, + 1, of 22 + 2 +1=01in O,.

Conversely, if @ € S is a root of 22 + 2 +1 = 0, then 03(04) = O,. Thus,
IS 0. = 2.

Moreover, it is clear that

’{a682a23+a+120}’:HQEFQs\{F}zUFQz}:a23+oz+1:0}’:6.

Therefore,

6
F(o*) =5 =3,

By above propositions, we finally give the proof of Theorem B.4] as follows.
Proof of Theorem 3.4l For i an integer, denote by ¢(i) the Euler function. Then,
by Remark B.6](1)

Yo @) =) IF ("

0i€G,i=0,...,6n—1 d|6n
= [F(a°)]¢(1) + [F(a™)|p(2) + [F(a®)|6(3) + |F(0°)|p(n) + [F(a”)[6(2n)
= 24 9 1 3.9" 4 120 — 18.

3n 2n on _ . .
By Lemmas and 28 there are at most 223218 extended irreducible

binary sextic Goppa codes of length 2" + 1 over Fan.
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5. CONCLUSION

In this paper, we have obtained an upper bound on the number of extended irre-

ducible Goppa codes of degree 6 and length 2" + 1 with n(> 3) a prime number. Our

results show that many extended Goppa codes become equivalent and this supports

the idea of mounting an enumeration attack on the McEliece cryptosystem using

extended Goppa codes.
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