arXiv:2109.13622v3 [hep-ph] 24 Nov 2021

Non-unitary Leptonic Flavor Mixing and CP Violation
in Neutrino-antineutrino Oscillations

Yilin Wang  *[|  Shun Zhou %

%Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China
bSchool of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

Abstract

If massive neutrinos are Majorana particles, then the lepton number should be violated in
nature and neutrino-antineutrino oscillations v, <> vg (for o, B = e, p, 7) will definitely take
place. In the present paper, we study the properties of CP violation in neutrino-antineutrino
oscillations with the non-unitary leptonic flavor mixing matrix, which is actually a natural
prediction in the canonical seesaw model due to the mixing between light and heavy Majorana
neutrinos. The oscillation probabilities P(v, — 74) and P(v, — vy) are derived, and the
CP asymmetries A5 = [P(v, — Ug) — P(V, — v)]/[P(vy, — V) + P(V, — vg)] are
also calculated. Taking into account current experimental bounds on the leptonic unitarity
violation, we show that the CP asymmetries induced by the non-unitary mixing parameters
can significantly deviate from those in the limit of a unitary leptonic flavor mixing.
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1 Introduction

Neutrino oscillation experiments have provided us with very convincing evidence that neutrinos
are actually massive and lepton flavors are significantly mixed [1,2]. In order to accommodate
tiny neutrino masses, one can naturally extend the Standard Model (SM) by introducing three
right-handed neutrino singlets N,z (for i = 1,2,3). After the spontaneous breaking of the SM

gauge symmetry, the overall neutrino mass term can be written as [3]
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where 1 = Cyp T and N§ = CN_RT with C = i7?4° stand respectively for the charge conjugates
of the left-handed and right-handed neutrino fields, M, for the Dirac neutrino mass matrix, and
M, for the Majorana mass matrix of right-handed neutrino singlets. In the flavor basis where the
charged-lepton mass matrix M; = Diag{m,,m,, m,} is diagonal with m, (for a = e, u, 7) being
the charged-lepton masses, one can diagonalize the 6 X 6 neutrino mass matrix in Eq. by a

6 X 6 unitary matrix via
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where M, = Diag{m,, my,ms} and M;, = Diag{M,, M,, My} with m, and M, (for i = 1,2,3)
being the masses of three light and heavy Majorana neutrinos, respectively. Obviously, all the
3 x 3 matrices V, R, S and U themselves are not unitary but satisfy the unitarity conditions, such
as VVT + RR' = 1 and VSt + RUT = 0. In the mass basis, the charged-current interaction for
both light and heavy Majorana neutrinos turns out to be
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where the non-unitary matrix V' will be involved in the production and detection of light neutrinos,
and responsible for the leptonic flavor mixing in the neutrino-neutrino (i.e., v, — v and 7, — ;)
and neutrino-antineutrino (i.e., v, — 74 and v, — v;) oscillations.

In this canonical type-I seesaw model [4-8], the effective Majorana mass matrix of three light
neutrinos is given by M, = VJ\/J\VVT ~ —MpMg'MJ, so the tiny Majorana masses of ordinary
neutrinos v; can be attributed to the large masses of heavy Majorana neutrinos N,. If the masses of
heavy Majorana neutrinos are around a superhigh-energy scale O(Mpg) ~ 10 GeV, then the light
Majorana neutrino masses correctly reach the sub-eV level O(M,) ~ 0.1 eV for O(Mp) ~ 10* GeV
at the electroweak scale. Consequently, the unitarity violation of the leptonic flavor mixing matrix
V is highly suppressed, namely, 1 — VVT = RR! with R ~ O(MpMgz"') ~ 10712 [9]. Generally
speaking, the absolute scale of the heavy Majorana neutrino masses cannot be uniquely fixed. As
has been pointed out in Ref. [10], if there exists some symmetry guaranteeing My My MY = o0,
then the tiny Majorana neutrino masses of v; are vanishing at the tree level, but they can be



radiatively generated. In this case, the light-heavy mixing matrix R ~ O(MpMg') could be as
sizable as 1072 for O(My) ~ 10 TeV or even lower. In such low-scale type-I seesaw models, the
heavy Majorana neutrinos are hopefully accessible to the high-energy collider experiments [11-
14], and the resonant leptogenesis mechanism [15] works well to account for the cosmological
matter-antimatter asymmetry [16-18]. On the other hand, the leptonic unitarity violation will
receive stringent bounds from electroweak precision data, lepton-flavor-violating decays of charged
leptons, and neutrino oscillation experiments [19-22].

In Ref. [23], it has been recognized that the non-unitarity of the leptonic flavor mixing matrix
V brings in extra sources of CP violation, which can be probed in future long-baseline accelerator
neutrino oscillation experiments [24}-28|. In this work, we concentrate on the CP violation induced
by the non-unitary flavor mixing matrix V' in the neutrino-antineutrino oscillations. The motiva-
tion for such an investigation is two-fold. First, since it was suggested by Pontecorvo in 1957 [29]
that neutrino-antineutrino conversions might occur, there has been great progress in understand-
ing the basic properties of massive neutrinos. Now we know that neutrino-antineutrino oscillations
definitely indicate the lepton number violation, and thus take place only if massive neutrinos are
Majorana particles [30]. Therefore, it is interesting to examine neutrino-antineutrino oscillations
in the type-I seesaw model where neutrinos are indeed Majorana particles and the flavor mixing
matrix is intrinsically non-unitary. Second, there exist extensive studies of neutrino-antineutrino
oscillations with a unitary flavor mixing matrix [31}-42]. On the one hand, although the oscillation
amplitudes are in reality significantly suppressed by the tiny ratios of neutrino masses to neutrino
beam energies, the CP asymmetries depend on the Majorana CP-violating phases as well and
possess intriguing properties [40,41]. For this reason, we are curious about how different the CP
violation with a non-unitary mixing matrix is from that with a unitary one, and how large the
deviations can be in light of the latest experimental bounds on unitarity violation. In connection
with neutrino-antineutrino oscillations and CP violation, we briefly comment on the oscillations
of heavy Majorana neutrinos in the seesaw model [43] and the resonantly-enhanced CP violation
if two heavy Majorana neutrinos become nearly degenerate in mass [44].

The remaining part of this paper is organized as follows. In Sec.[2, we give some helpful remarks
on the conventional parametrizations of a non-unitary mixing matrix, and clarify the relationship
between the Hermitian parametrization and the lower-triangular one. Then, the CP asymmetries
for neutrino-antineutrino oscillations with a non-unitary mixing matrix are calculated in Sec. [3|
and compared with those in the unitary limit. A brief discussion about neutrino-antineutrino
oscillations and CP asymmetries for heavy Majorana neutrinos is also given. We summarize
our main results in Sec. [} Finally, some details about the QR factorization are presented in
Appendix [A] and the CP asymmetries in neutrino-antineutrino oscillations with a unitary mixing
matrix are collected in Appendix [B]

2 Non-unitary Mixing Matrix

Before calculating the v, <> 7 oscillation probabilities, we first carry out a comparative study of
the existing parametrizations for a non-unitary mixing matrix. As is well known [19,20], the 3 x 3

non-unitary mixing matrix V' can be decomposed into the product of a Hermitian matrix and a



unitary matrix, namely,
V=0-n) V', (2.1)

where 7 is Hermitian and V' is unitary. Mathematically, this is just a direct consequence of the
polar decomposition theorem. In the present case, the 3 x 3 Hermitian matrix 1 measures the
strength of unitarity violation, and thus has been strictly constrained by current experimental
observations, as we shall explain later on.

On the other hand, it has been proposed that the non-unitary mixing matrix V' can also be
decomposed as below [21}22]

a;; 0 0

Qg Qgg Q33

where T is by definition a lower-triangular matrix and Visa unitary matrix. Notice that the
matrix elements of 7" have been explicitly given in Eq. , where a;; = 0 (for 1 < j <4 < 3),
;; (for i = 1,2,3) are real and positive numbers, whereas a; (for 1 < i < j < 3) are complex
numbers. In fact, the decomposition in Eq. is known as the QR factorization of an arbitrary
3 x 3 complex matrix. It is worthwhile to stress that the unitary matrix V’ in Eq. and V in
Eq. must be different, since the associated Hermitian matrix (1 —7) and the lower-triangular
matrix 7" cannot be exactly identical.

An immediate question is then how the decompositions in Eq. and Eq. are related
to each other. Such a correspondence can be established by performing the QR factorization of
the Hermitian matrix (1 — n). Following the standard procedure, as summarized in Appendix [A]
we can obtain

1- Nee 0 0 1 _neu MNer
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where all the higher-order terms of O(|n,4]?) for a, 8 = e, ui, 7 have been omitted in the lower-
triangular matrix and the unitary matrix on the right-hand side. Substituting Eq. (2.3) into
Eq. (2.1) and comparing the latter with Eq. (2.2), one can arrive at

- Nee 0 0 1 _neu Ner
T~ =2n;, 1-m,, 0 , Vel 4, 1 -1, V. (2.4)
_2"7; _2,’7;7- 1- Nrr +77:7' +n;,7' 1

Some comments on the relations in Eq. (2.4]) are in order. The triangular parametrization of V' in
Eq. (2.2)) can be related to the Hermitian parametrization in Eq. (2.1 by identifying o, = 1—1,,,

gy =1 and ag3 =1 —n,, for three diagonal elements, and ay, = =277, a3, = —27;, and

~ Nup
a3y = —21; for three nonzero off-diagonal elements. This identification has already been observed
in Refs. [22,125]. However, it should be further noticed that the unitary matrices V' and V will

differ by some corrections of O(|n,4]) [25]. On this point, we make two helpful remarks.



e Asshown in Ref. [19-22], the most stringent constraints on the unitarity violation arise from
the electroweak precision data on the lepton universality and lepton-flavor-violating decays
of charged leptons. No matter which process is considered, the non-unitary mixing matrix

will always be involved as the combination (VVT) implying that the unitary matrix V'

aB’
in the Hermitian parametrization of V' in Eq. (2.1)) will be cancelled out. This also happens
for V in the triangular parametrization in Eq. 1} Therefore, the experimental constraints
on the unitarity violation in these two different parametrizations will be equivalent after the

identification of 7" in Eq. (2.4) is taken into account.

e Once neutrino flavor oscillations are considered, it will be in principle problematic to take
the standard parametrization for both V' and V and identify the corresponding mixing
angles and CP-violating phases [25]. As indicated in Eq. , the difference between them
is on the order of O(|n,s|). Hence it is hopefully possible to distinguish between the mixing
parameters in V'’ and those in V' in future neutrino oscillation experiments. This is because
the oscillation probabilities depend on the mixing matrix V itself instead of the combination
VVT. Nevertheless, the parameters 15| have been restricted by the electroweak precision
data to be smaller than O(1073), which are too small to be essentially observed in current
neutrino oscillation experiments. After the latest experimental constraints on 7,4 are taken
into account, it is rather safe to ignore their corrections to the unitary matrix V' in the

triangular parametrization.

Although the triangular parametrization of the non-unitary mixing matrix V' in Eq. is just
a straightforward implication of the QR factorization, it has actually been obtained for the first
time in Refs. [45,46], where the full parametrization of the 6 x 6 unitary matrix in Eq. is
proposed and the triangular parametrization of the 3 x 3 sub-matrix V naturally emerges.

For later convenience, we shall adopt a specific parametrization of the non-unitary mixing
matrix V' and explain current experimental constraints on the parameters of unitarity violation.
First, the Hermitian parametrization in Eq. as advocated in Ref. [19] will be implemented,
and the parameters characterizing the unitarity violation are three real numbers {n,,,7,,,,7,,} and
three complex ones {,,,7.,,7,,}. Furthermore, as mentioned in Sec. , the unitarity condition
VV1=1— RR' holds in the type-I seesaw model, so we can observe that (VVT) ~=1—(|R,,[*+
|Rool? +|Rys/*) < 1. On the other hand, we have (VVT) —=1—=21,,+ (110> + [10ul* + 10-1?)-
Thus 7,,, > 0 must be satisfied for [n,5| < 1. The global-fit analysis of these parameters in light
of the electroweak precision data has been performed in Ref. [22] and the final bounds in the

general seesaw model have been obtained at the 20 level, viz.
0<7n,<125x107°, 0<1n, <221x107", 0<n., <281x107%; (2.5)
and
7., <120 107°, [n,,| <1.35x107°, |n,.|<6.13x 107", (2.6)

The second step is to translate the above bounds on [n,s| into those on a;; (for 1 < j <7 < 3).
This can be simply achieved by using the first equality in Eq. (2.4). At the 20 level, we have

0.99875 < ayy <1, 0.99978 < iy <1, 0.99719 < gy < 1 (2.7)
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and
|y, | <240 x 1077 | Jag | < 270 x 1073, Jag,| < 1.23 x 1072 . (2.8)

The derived bounds on |e;;| are well consistent with those given in Ref. [26]. It is worth mentioning
that we shall define a; = |aij\ei¢’ij for 1 < j < i < 3 and these three phases {¢q,, ¢4, 95} are
completely unconstrained by the electroweak precision data and lepton-flavor-violating decays. In
the following discussions, these phases will be taken to be free parameters. Finally, as mentioned
before, it is reasonable to ignore the difference between V'’ and V in light of the current bounds
on |n,s| in Eq. . Therefore, both V' and V can be identified with the mixing matrix in the
unitary limit, and we choose the standard parametrization of the unitary matrix V' as advocated
by the Particle Data Group [1], i.e.,

—id ip
_ €12¢13 S12€13 S13€ e” 0 0
_ i id . io
V=] —515Cy3 — C19513593€"" +C1aCo3 — $19513593€"°  C13593 0 €7 0f, (2.9)
i i
T519593 — C12513C23€"  —CaS93 — S12513C23€"  C13Ca3 0 01

where ¢;; = cos0;; and s;; = sin0,; (for ij = 12,13,23) have been defined. Three neutrino mixing
angles {6,, 6,5, 055} and the Dirac-type CP-violating phase J, together with two neutrino mass-
squared differences, can be extracted from the global-fit analysis of neutrino oscillation data [47],
while two Majorana-type CP-violating phases {p,o} € [0, 7) are essentially free. For illustration,
we take the best-fit values from the global-fit results, namely,

0, =334°,  §=195°,

O3 = 49.0°,  Amj = +7.42 x 107° eV?

0,5 =857,  Amj =+251x 1073 eV?, (2.10)
for the normal neutrino mass ordering (NO) with m; < my < msg;

0, =335, =286,

Oy = 49.3°, Amj, = +7.42 x 107° eV?

0,, = 8.61°, Am3, = —2.50 x 1072 eV? | (2.11)

for the inverted neutrino mass ordering (I0) with ms < m; < m,. Note that the neutrino mass-
squared differences have been defined as Am?; = m7 — m7 for ji = 21,31,32. In our numerical
calculations in the next section, we shall use the allowed ranges of the non-unitary parameters in

Egs. (2.7) and (2.8)), and the best-fit values of the ordinary mixing parameters in Eq. (2.10]) in the
NO case or those in Eq. (2.11]) in the IO case.

3 CP Asymmetries

3.1 General Remarks
3.1.1 Neutrino-neutrino Oscillations

Once three ordinary neutrinos mix with extra heavy fermions, the flavor mixing matrix appearing
in the leptonic charged-current interaction will be non-unitary [48]. The phenomenology of non-
unitary leptonic flavor mixing has been studied extensively in the literature [19,49-56]. Now that
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the flavor mixing matrix is non-unitary, it will be more convenient to introduce the neutrino flavor
eigenstates |v,) for a = e, u, 7, i.e.,

V) = VVT Z sl (3.1)

which have been properly normalized. Though neutrino mass eigenstates are orthonormal, namely,

< ‘I/ > - 51]7
for a # [, but (v,|v,) =1 for a = e, u, 7. Following Refs. [19,/45], one can solve the Schrodinger-

the neutrino flavor eigenstates are not orthogonal in the sense that (v4|v,) # 0 holds

like equation for the time-evolved neutrino flavor eigenstate |v,(t)) and then calculate the neutrino-

neutrino oscillation amplitudes (v4|v,(t)) at t ~ L with L being the distance between the neutrino

source and the detector. Therefore, the oscillation probabilities P(v, — v5) = [{vg]v,(L))]* in
the presence of a non-unitary mixing matrix are given by [45]
3
STVl Vil + 2> Re [V, Vi ViV ] cos Fyy +2 " T2, sin F,
i=1 i<j i<
P(vy —vg) = : d (3.2)

(VV1) o VVT) 55 ’

where the Jarlskog-like rephasing invariants J; =Im [VMVJJ V&vﬁ]} have been defined (for i, 7 =
1,2,3) in a similar way to those for a unitary flavor mixing matrix [57,58] and F}; = Am L/ (2F)
for 72 = 21,31,32 are the oscillation phases. It is worthwhile to notice that the sign in front
of the last term in the numerator on the right-hand side of Eq. is different from that in
Ref. [45], where sin F}; for ij = 12,23,13 have been used. As is well known, for a unitary mixing
matrix, the rephasing invariants J;]B are all equal up to a minus sign, implying that there is one
unique Jarlskog invariant, usually denoted as J. In contrast, for a non-unitary mixing matrix V',
the unitarity conditions are no longer applicable, but the identities Jajﬂ = —Jga = —Ji; = Jffa
together with J3J, = Jj3 = 0 hold for a, 8 = e, 1,7 and 4,j = 1,2,3 according to the definition
of J” Hence it is easy to verify that there are totally nine independent Jarlskog-like rephasing
1nvar1ants J B in the non-unitary case. N

By using the triangular parametrization of V' in Eq. , together with V' in Eq. , one
can write down the explicit expressions of nine independent Jij However, the exact expressions
are lengthy and too complicated to be useful. In cons,lderatlon of 52, ~ 0.022 and ;| < 1 (for
1 <i < j <3), we can safely neglect the higher-order terms and derive the approximate analytical
expressions of J;jﬁ. By employing the Jarlskog invariant J =~ $145C;5513595C53sin0, we find that
there are only seven independent Jarlskog-like invariants. More explicitly, we have

23 731 o 12 . 723 2 .
J J ~ a11a22j Je,u ~ Jeu — QO | g9 819C19Co3 81N @y (3.3)
fOI' (OK76) - (ealu)7
23 731 o .2 2 12 . 723 2 .
Jre = Jr majad , Jo R I —ag |a31| (l33519C 9593 SIN P (3'4)

12 . 2 2 2 2 .
J,n N Q33T — Qg [Qigp | Qr33819C15S93Co3 SIN @

T
2

12 2 2 . 31 . 712 2
o Jm — Qi |uga| i33C19895Co3 81N B3y J J ;T a22 |t30] Ql33819895Co3 SN B35, (3.5)



for (o, B) = (p, 7). With the above Jarlskog-like invariants, one can compute the CP asymmetries
for the probabilities of neutrino-neutrino v, — v oscillations and antineutrino-antineutrino v, —
v oscillations. With a trivial CP-violating phase 0 = 0 or 7, we have J = 0 as in the unitary case
with CP conservation. In the non-unitary case, although we have J2 ~ J3 ~ J% ~ J3 =~ 0,
CP violation is still present due to other non-vanishing Jarlskog-like parameters in Egs. (3.3))-
. Further discussions about how to probe the non-unitarity induced CP violation in neutrino
oscillation experiments can be found in Refs. [23-2§].

3.1.2 Neutrino-antineutrino Oscillations

As for the neutrino-antineutrino oscillations, there exist already extensive discussions in Refs. [31],
33,40] in the case of a unitary mixing matrix. In the non-unitary case, the amplitudes need to be
modified as

— m?L
Ay, = 1) = \/(VVT) GER ; V,@z Z Lexp (—1 5F ) , (3.6)
AT, = vy) = Z Vgt XD <—1 ;EL) (3.7)

\/(VVT) (VV),ys o

where K and K are the kinematical factors satisfying the identity |K| = }F‘ The oscillation
amplitudes are obviously suppressed by the small ratios m,/FE (for i = 1,2,3) due to the helicity
mismatches between neutrinos and antineutrinos. Therefore, given the amplitudes in Egs.
and , the probabilities of neutrino-antineutrino oscillations and their CP-conjugate counter-
parts are found to be

) -

P (v, — ﬁﬂ) = (VVT)li(JVVT)B ’ Eaﬂ‘ 4; mEZLJ Caﬁ sin? - + 2 ; E2 Vi g |

_ J ] (3.8)

P(ﬁa—)yﬁ) _ ’K|2 ’ a,@‘ _42 ]C”Bsin QZ ]Vl] sin Fy,; |
(VV o (VVH) g5 | — — B

(3.9)

where ijﬂ = RelV, ViV Vﬂa] and V” = Im [V, ViV VB]} have been introduced, and the
effective neutrino masses (m),; =V, mel + Voo Viaamy +V,3Vgamy (for a, 8 = e, u, 7) have been
defined. Then, the CP asymmetries for neutrino-antineutrino oscillations turn out to be

2 m;m;V jsmF
P(u %Dﬁ)—P(ﬂa—H/ﬁ) ; g
P

. = 3.10)
) — i
(Va—>V5)+P(Va—>VB) aﬂ| _4me ﬁSID 7]

1<j
where the normalization factors (VV1) ., (VVT)s5 due to the non-unitarity of the mixing matrix are

cancelled out. It is worthwhile to mention that the CP asymmetries A, 5 in Eq. (3.10)) are formally

8



the same as those derived in Refs. [40,41] in the unitary case, but with a non-unitary flavor mixing
matrix V' involved in the parameters C;jﬁ = Re [Vm.vmv;jvgj} and V;jﬂ = Im [VaiVmVJngj}.
Furthermore, although the normalization factors (VVT),,(VV1)gs are cancelled out in the CP
asymmetries, they do appear in the oscillation probabilities. For instance, they will lead to the

corrections to the zero-distance effects for L = 0, namely,

K| [(m)g]”

(3.11)
Hence the zero-distance effects receive also the contributions from the non-unitarity of the flavor
mixing matrix, which has been observed in the case of neutrino-neutrino oscillations [19].

Since the CP asymmetries A,z in Eq. (3.10) depend crucially on the Jarlskog-like parameters
Vgé, it is necessary to examine the basic properties of the latter. First of all, according to their

definitions, the CP-conserving parameters C;JB and the CP-violating Jarlskog-like parameters V;]é
fulfill the following identities

Cly = Cj, = +Cy = +C4, | (3.12)
Vs = Vi = Vi = Vi, (3.13)

where a,, 3 = e, u, 7 and 7, 7 = 1,2, 3. Without the unitarity constraints from the mixing matrix V,
one obtains totally 18 independent parameters vjjb, which can be regarded as the (a, §)-elements
of three real and symmetric 3 x 3 matrices V'2, V13 and V.

To derive the explicit expressions of Vij , one can insert the parametrization of the non-unitary
mixing matrix V' in Eq. and Eq. into their definitions. Then, one can further subtract
the results in the unitary limit, which have already been calculated in Refs. [40,41] and collected
in Appendix [B| for reference. More explicitly, we introduce the differences between the expressions
in the non-unitary case and those in the unitary case, namely,

ey =V, -V (3.14)

« o

where ﬁgﬂ refer to the Jarlskog-like parameters in the unitary case. Notice that only nine out of
18 parameters V;Jﬂ are independent because of the unitarity of the flavor mixing matrix [40}41],
which can be chosen to be V¥ (for ij = 12,13,23 and a = e, 1, 7) and their expressions in terms of
mixing parameters are given in Appendix [B] In consideration of current experimental constraints
on the unitarity-violating parameters summarized in Sec. [2| and s?; ~ 1072, we retain only the

leading-order terms in €7, i.e.,

€2 = (oﬁl —1) s2,c2Clasin2(p — o), (3.15)
erd = (af; — 1) &lys75¢iysin2(p + 0) (3.16)
22 = (aj; — 1) 51,8151 8in2(0 + 6) (3.17)

for (o, B) = (e, €);
Eﬁ ~ (0/212 - 1) Cgs [5%2032033 sin2(p — o) + 2‘712] — 2|y, | 0432512012033@21 ) (3.18)
E,ﬁ ~ <a§2 - 1) 3%3 [3%2033 sin 2p + 27, sin(2p + 5)] — 2oy, | 0‘%23120123%3623 sin (20 + ¢yy) , (3.19)
ei‘z ~ (0/212 — 1) 533 [612033 sin 20 — 27, sin(20 + 5)} + 2|ty | A3 819C19553C3 51N (20 + gy ) ,(3.20)
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for (av, 8) = (1, p);

S (O‘§3 - 1) 5% [5%2022333 sin2(p — o) — 2j12] + 20| 33512019553 Py
—4 Jougy| A33575¢T5855C23 8N 2(p — 0) COS By (3.21)
€y ~ (0433 - 1) Chs [5%23%3 sin2p — 27, sin(2p + 5)] + 2 o | 33815€19595¢53 81 (29 + by )
+2 [z 3557252303 [5%3 SN (2p — ¢35) — Chasin (2 + ¢32)} , (3.22)
€23 ~ (agy — 1) 33 [cly533 8in 20 + 27, sin(20 + 8)] — 2 |y | 05815012893¢55 SIn (20 + ¢y
+2 | gy | 3319 805Co3 [553 810 (20 — ap) — C335in (20 + da)] (3.23)
for (o, 8) = (7,7). In the above formulas, we have introduced the reduced Jarlskog invariant

J. = J/Sind & §15C15513593C93 and
Tio = T, [asin (2p — 20 + 6) — siysin (2p — 20 — §)] (3.24)
Dy, = cfysin (20 — 20 + ¢y ) — Sty sin (2p — 20 — by (3.25)
Dy = 2,80 (20 — 20 + ¢gy) — S350 (2p — 20 — ¢gy) (3.26)

As shown in Appendix I the nine off-diagonal parameters Va57 Vl and 172% for (o, B) = (e, p),

(e,7) and (u,7) are not independent but related to V2, V13 and V23 for a« = e, pu, 7. In con-

[e7eR)

trast, their counterparts in the non-unitary case are actually independent. In the leading-order

approximation, we obtain

Eéi ~ (1 - O‘%IOéZ) 033 [332632 (033 - 3%3333) sin2(p — o) + jlz] + a%l |Qtg1| Q9 819C12Co3 Doy 5 (3.27)
~ (1 —ajja3,) ciy [T, sin(2p + 8) — cfy8135335in2 (p + 6)] | (3.28)
~ (af 05, — 1) ciy [T, sin(20 + 6) — s1,813553sin2 (0 4+ 0)] (3.29)
for ( B) = (e, w);
€ (1 - 0‘%10433) [312012523 sin2(p — o) — jlz] ity |ag | ags81¢19553 Py
+2af, |z 04333%20%2323023 sin2(p — o) cos ¢, (3.30)
€er 2 (af 035 — 1) Tosin(2p + 6) + af 3615813 {|ag | €205 510 (20 + 6 + by
— |ags| 515 [033 S (2 4 6 + ¢33) — $335in (2p + 0 — ¢32)} } ) (3.31)
Egi ~ (1 - a%lag?;) J,sin(20 +6) + 0‘%10433512313 {lagi] 1969380 (20 + 0 + ¢y
+ gy €15 [338In (20 + 6 + ¢gy) — s358In (20 + 6 — dy5)] } (3.32)
for (o, B) = (e, 7);

12 . (2 2 2 2 2 2 2 2
Cur ~ (0‘220‘33 - 1) [312012523023 sin2(p — o) — Jyy cos 2‘923] + g |y | (133819C12853C53 Py

—203, |agy| 3819CT3 89505 80 2(p — ) €O8 g (3.33)
€n & (1 — a3,033) [515555C53 5in2p — T, cos 20,5 sin(2p + 0)]
ur 22033 ) |512523C23 P r 23 p
—a§2 |z | 04333120123230%3 sin (20 + ¢3,)
035 |aigy| (3575 593Co3 (33510 (20 + ¢ay) — S350 (2p — @3] (3.34)
eff; o~ (1 — 04320433) [c§25§3c§3 sin 20 + J, cos 20,5 sin(20 + 6)}
+O‘%2 gy | a33512012323033 sin (20 + ¢3;)

+0‘§2 |O‘32‘ a33¢%2523C23 [033 sin (20 + ¢32) - 3%3 sin (20 — 92532)] ) (3.35)
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for (v, B) = (i, 7). Some comments on the approximate formulas of egjﬂ are helpful.

e In the absence of unitarity violation, i.e., ay; = 1 (for i = 1,2,3) and |a,;| = 0 (for ij =
21,31, 32), one can immediately verify that all the parameters GZB vanish as they should. In
this case, the Jarlskog-like parameters Vij,é are reduced to ijﬂ in the unitary limit.

e As far as the CP-violating phases {p, 0,0} are concerned, we observe that only the phase
difference p — o and the phase ¢ are involved in V}3. In particular, V2 depends only on
the phase difference p — 0. Moreover, Vfé contain the CP-violating phases p and §, whereas
Vi% are dependent on ¢ and §. On the other hand, if we focus on the extra CP-violating
phases {¢y, 51, 93, from unitarity violation, the parametrization in Eq. indicates

Vi, and VI

that the non-unitary phase ¢,, is only involved in V¥ v

s while ¢4, and ¢, are
ij
and V7.

only contained in V¥, V¥

er) TT

e A particularly interesting scenario is to assume all the ordinary CP-violating phases to be
trivial, i.e., p =0 =0 (or 7/2) and 6 = 0 (or 7). In this case, the Jarlskog-like parameters

Vgﬁ in the unitary limit are all vanishing, so we have V(ijﬁ = efljﬁ, With the help of the

approximate formulas for egﬂ, we can get
12 o 13 o 123 ~ VI3 123 o
Vee ~ Vee ~ Vee ~ Veu ~ Veu ~0. (336)
In addition, the other non-vanishing Jarlskog-like parameters are given by
12 3 3
VW ~ =20y | ay815C19Ch3 SIN Py

13 23 3 2 .
VML ~ _VW A —2 |argy | Qg 819C12823Co3 ST Py,

12 3 3

Vi ® 42|y | aigs15015855sIn ¢y 3.39
13 3 2 o 3 .2 :

Vi R 42| ag; | 0535150198030 SIN 3 — 2 |aigy| g3 875533 SIN g 3.40
23 3 2 o 3 2 -

Vi ® =2 |ag;| a53815015893C53 810 g1 — 2 |aigy | /33075893Co3 810 @y 3.41

12 2 .
Veu ~ ) |y | Qigy819C19Co3 SIN Py
12 2 .
Ve, & —aq |ag| a3819019803 Sin @5y
13 2 . .
Ver & 0710033019813 (|agy | €003 510 @31 — Qlgp] 515 8in g)
23 2 . .
Vir ~ 01053819813 (|1 | $19C23 810 dg1 + [age| €1 510 ¢35)
12 2 2
Vm A+ | gy | 33519C19593C3 SIN Py
13 2 2 o 2 2 .
Vyiz R =0y 01| 3815019893055 SIN gy + Ay [0tz | 133579593003 SN g
23 2 2 o 2 2 .
Vm A+ |y | i33519C19893C53 SIN B3y + Ay || (l33CT5S93Co3 51N gy -
It is evident that the CP asymmetries A,z in Eq. (3.10) are nonzero even with the trivial

values of CP-violating phases {p, o,d}. Except for A,__, all those CP asymmetries are purely

ee’

induced by the non-unitary parameters.

3.2 Minimal Seesaw Model
3.2.1 CP Asymmetries

In the previous discussions, one can recognize that there are quite a number of parameters in the
calculations of CP asymmetries A, 4. In order to simplify the situation, we consider the so-called
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minimal seesaw model, which extends the SM with two right-handed neutrino singlets [59-65].
One salient feature of the minimal seesaw model is that the lightest neutrino mass is vanishing,
namely, m; = 0 in the NO case or m; = 0 in the IO case. Meanwhile, as the lightest neutrino is
massless, there exists only one Majorana-type CP-violating phase. For definiteness, we keep the
Majorana-type CP-violating phase ¢ in either NO or 1O case. It should be kept in mind that o
refers to the relative phase between the neutrino mass eigenstates |v,) and |v5) in the NO case,
whereas that between |v,) and |v;) in the IO case. In practice, we can simply set p = 0 in the
standard parametrization of V in Eq. .

In the NO case with m; = 0, the expressions of CP-violating asymmetries A5 in Eq. (3.10)
are reduced to

6 sin Fg2

‘ A / Va2vﬁ2 \ [ 3V,33

Given m; = 0, one can figure out my/ms = /Am2,/Am2, = 0.172, where the best-fit values
Am3, = 7.42 x 107°eV? and Am32, = 2.51 x 1072 eV? have been input [47]. In the IO case with

ms = 0, the CP asymmetries are given by

(3.49)

o
%sm 32

2V1% sin F21

‘\ [ — V,Bl \ / Va2V52

where the neutrino mass ratio can be estimated as m,/m, = \/(Am32, + Am2,)/Am2, ~ 0.985
for the best-fit values Am3, = 7.42 x 107°eV? and Am3, = —2.50 x 1072eV?. Note that two

nonzero neutrino masses m, and m, are nearly degenerate in the IO case. Once the other mixing

, (3.50)

F
—4C!% sin? 2L
ap S 5

parameters in V,; are known in either NO or IO case, one can easily calculate the CP asymmetries.

3.2.2 Numerical Results

We proceed with a numerical illustration for the CP asymmetries in the neutrino-antineutrino
oscillations with a non-unitary mixing matrix V' in the framework of minimal seesaw model. First
of all, we have to specify the input values of all the parameters for our numerical calculations. The
CP asymmetries A,z depend on the mixing matrix V' =T - 17, for which we adopt the triangular
parametrization and impose the latest constraints on the unitarity violation [22] characterized by
the triangular matrix 7. The 20 allowed ranges of relevant non-unitary parameters have been
given in Egs. and , whereas three phases {¢y;, @3, @35} are completely free. In addition,
the best-fit values for neutrino oscillation parameters from Ref. [47], i.e., Egs. and ,
will be used in the NO and IO case, respectively. To clearly show the impact of non-unitary
parameters on the CP asymmetries, we define the working observable

A,
Eop =~ % 100%, (3.51)

where the CP asymmetries in the unitary limit are denoted by .Z(a - It is worthwhile to mention

that ./Taﬁ are computed in the same way as A,z in Eq. (3.49) or Eq. (3.50) but with 7" =1 or
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Normal Ordering 6U: 195% 0 = (io 5U: 195% 0 = 450
Eup Eus Eup Eup
a, B=ce, e 0% 0% 0% 0%
o, B=e, —0.008974%| +0.008974% | —0.001717%| +0.001717%
a, B=e T +1.946% —1.948% +0.2681% —0.2698%
a, B =, i +0.09932% | —0.09932% | +0.005116%| —0.005116%
o, B=pu, T —206.8% +206.8% —0.4555% +0.4564%
a, B=71,T —19.39% +19.40% +0.9050% —0.9000%
Inverted Ordering 6U: 2867, 0 = (io 5U: 286, 0= 45 i
Eup Eus Eup Eup
a,f=ce, e 0% 0% 0% 0%
a, B=e, +0.02049% | —0.02049% | +0.002801% | —0.002801%
a, B=e T —2.998% +2.994% +0.2408% —0.2483%
@ B = | —001942% | 4+0.01942% | —0.01444% | +0.01444%
o, B=pu, T —12.13% +12.02% —0.5561% +0.5401%
a, B=71,T +3.029% —3.028% —1.597% +1.626%

Table 1: The deviations of the CP asymmetries A,; with the non-unitary mixing matrix from

meX—Ayg) /Ay and egg = (AZP — A 5)/ A,z have
been obtained by varying the non-unitary parameters within their 20 ranges in Eqgs. (2.7) and
(2.8), as well as the free phases {¢y;, P31, P35} In the NO case, the oscillation phase Fy, = /2
is taken and the best-fit values for neutrino mixing parameters in Eq. (2.10) are input. In the

those .,Zaﬁ in the unitary limit, where 75 = (

IO case, we fix the oscillation phase F,; = 7/2 and take the best-fit values for neutrino mixing
parameters in Eq. (2.11). In addition, o = 0° and o = 45° have been chosen for illustration.

equivalently V = V. In the NO case, we further fix the oscillation phase at F;, = /2 and vary

the non-unitary parameters. When A ap ! reach their maxima AZJE* or minima A?én, we accordlngly
obtain the upper limits e = (ALF* — aﬁ)/Aaﬁ or the lower hmlts eng = (AN — QB)/AQB

a similar way, F,) = 7/2 is taken in the IO case, and €3 and g5 can be found. The final results
in the NO and IO cases are summarized in Table (1| for ¢ = 0° and 0 = 45°, where some interesting

observations can be made.

e From Table , one can observe that ) = e = 0, namely, the CP asymmetry A__ is not
affected by unitarity violation. In order to understand this feature, we take a = 6 = e in

Eq. (3.10) and then arrive at
S

VQV*2 m;m; srnF

el e]
AEe = 5 Z<] 5 (352)
F.
2 2 *2 2 *ji
E ‘m, —45 Re VV m;m; sin“ —~
Z:1 el T l<] €l 6] 2

where the non-unitary mixing matrix is given by V = T'- V. More explicitly, we have
V - Oéllv

et e’

indicating that the overall factor o, in the numerator and the denominator of
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Eq. (3.52)) will be exactly cancelled out. Consequently, one obtains A, = where j@e is

ee’

calculated by using the unitary mixing matrix V.

e Comparing the expressions of V;fﬁ with those of 1755, one finds that the terms aiaazﬁggﬂ,
where the subscripts of ags for 8 = e, ji, 7 should be identified as (e, u,7) = (1,2, 3), play
the leading role in V. Since a;; <1 holds for i = 1,2,3, the absolute value of a2,a3Vs
will always be smaller than that of V;jﬂ. If only such leading-order terms were taken into
account, ¢,5 would be negative. However, this is not the case, since the contributions from
the terms associated with |042-j| and ¢;; (for ij = 21,31,32) may also be important. For
this reason, the sign of €,5 can be either positive or negative due to the interplay between
different contributions.

e It should be noticed that |e; | = |e];;| = 206.8% in the NO case with ¢ = 0° is remarkably
larger than others. Such an observation can be understood by examining the approximate

formula of ¢ _, i.e.,

pr?

vy | 819Co3 81N @3y + | gy | €15 810 gy
J cos 20,4 ’

(3.53)

(2 2 2
Eur ~ (9033 — 1) — A3y Q35C19893Co3

where Eq. (3.35) with ¢ = 0° and 1753 from Appendix [B| have been used. With the best-fit
values § = 195° (i.e., sind ~ —0.26) and 6,3 = 49° (i.e., cos 2053 ~ —0.14), one can see that
the denominator of the second term on the right-hand side of Eq. (3.53]) could be comparable

to or even smaller than the numerator. However, this observation is not applicable to ¢4

in other flavors.

e One may also notice that 525 and & 5 In the ey and pp flavors are much smaller than those in

other flavors in both NO and IO cases, no matter whether o = 0° or 45° is assumed. From the

analytical formulas of efjﬁ in Eqs. (3.18)-(3.35)), we can see that €, and €}/, are determined

partially by the factors (1 — a?ja3,) and (1 — ), which are smaller than (1 — a2 a3;),
(1 — a3ya3;) and (1 — i), since ay, and «;; are much closer to one than a,, is. As for the
contributions from the off-diagonal elements of T', the remaining terms in e?“ and ei{u are
proportional to |as, |, which is smaller by two orders of magnitude than |ag;| and |ag,|. The

latter two parameters appear in €, €/ and €7 .

eT?

As we have briefly mentioned before, even if the ordinary CP-violating phases {4, p, o} take
trivial values, there still exists CP violation in neutrino-antineutrino oscillations due to the non-
unitary CP phases. In this special case with § = ¢ = 0°, the CP asymmetries Ava 5 in the minimal
seesaw model are accordingly vanishing, so the definitions of €,4 in Eq. are no longer valid
and we just compute the maxima and minima of Aaﬂ. The numerical results are presented in
Table 2] where the input values are the same as in Table [I, except for § and o. Some comments
on the results in Table [2] are in order. In both NO and IO cases, one can observe that the CP
asymmetries A, and A, are much smaller than others, which are all at the 1072 level. The
main reason for such a significant suppression is the fact that the experimental upper limit on
|ctoy | (i-e., < 1077) is smaller by two orders of magnitude than that on || or |ag,| (e.g., < 1073).

~Y

For example, we consider the CP asymmetry A,, in the NO case, which is mainly determined
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CP Asymmetries Hlli(()rmal Orderingmin }i:erted Olrderinrgn _
af af af af
a, f=e,e 0 0 0 0
a, B=e p +1.554 x 107> | —1.554 x 107° | 46.652 x 107> | —6.652 x 107°
a, B=e T +4.676 x 1072 | —4.676 x 1073 | +9.177 x 1073 | —9.177 x 1073
a, B=p, +6.422 x 107% | —6.422 x 1075 | +1.406 x 10~* | —1.406 x 10~
a, B=p, T +1.187 x 1073 | —1.187 x 1073 | +6.756 x 1073 | —7.358 x 1073
a, B=71,T +3.744 x 1073 | =3.744 x 1073 | +$8.713 x 107% | —8.713 x 1073

Table 2: The maxima and minima of the CP asymmetries A, 5 in neutrino-antineutrino oscillations
in the framework of minimal seesaw model with 6 = o = 0°, where the other input values are the
same as in Table

by the Jarlskog-like parameter Vﬁj’ As indicated in Eq. , it is actually vanishing at the
leading order. The first-order correction gives rise to V25 & ai; |y | (ryy575513¢7 5593 8in ¢y, Which
is doubly suppressed by [ay,| and 5,3, leading to A, ~ 1075 of the right order as shown in Table .
In a similar way, one can understand the suppression of A, in the IO case, and A, , in both NO
and IO cases.

In the foregoing numerical calculations, we have fixed the oscillation phase Fy, = 7/2 and
F,, = m/2in the NO and IO case, respectively. It will be interesting to see how the CP asymmetries
depend on L/E, where L is the baseline length and F is the neutrino beam energy. The final
results are shown in Fig. [1, where two plots in the left column refer to the NO case while those in
the right column to the 10O case. Except for the oscillation phase, the other input values for relevant
parameters remain the same as in Table[2} In addition, the non-unitary phases {¢q,, @3, ¢35} take
the values when the maxima AJ5* in Table [2| are reached. Most curves for the CP asymmetries
A, in Fig. I|show sizable deviations from the sinusoidal shape, as the denominator of Eq.
or Eq. (3.50) depends on sin?(Fj,/2) or sin?(F,,/2). Therefore, given the non-unitary phases and

other mixing parameters, one can choose an optimal value of L/E to maximize the CP asymmetry

A,z for a specific oscillation channel.

3.3 Heavy Majorana Neutrinos

Thus far we have focused only on the neutrino-antineutrino oscillations of three light Majorana
neutrinos, for which the oscillation probabilities are highly suppressed by the small ratios m?/E?
and the sizes of CP asymmetries associated with the non-unitary mixing matrix are limited by
current experimental constraints on non-unitary mixing parameters. In this subsection, we make a
brief comparison between the neutrino-antineutrino oscillations for light Majorana neutrinos and
those for heavy Majorana neutrinos in the minimal seesaw model.

In Ref. [43], the collider signals of heavy Majorana neutrinos N, in the seesaw model have
been examined and the neutrino-antineutrino oscillations of heavy Majorana neutrinos have been
studied in the framework of quantum field theories. The main idea is to probe the displaced

vertices induced by heavy Majorana neutrinos that are produced in the lepton-number-violating
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Figure 1: Illustration for the dependence of CP asymmetries A,z on L/E, where L is the baseline
length and F is the neutrino beam energy. Note that the mixing parameters are the same as those

adopted in Table [2] and three non-unitary CP phases {¢,;, ¢5;, ¢5,} take the values at which
A,z = A% in Table [2] are reached.

(LNV) processes W+ — IZN; — [Fl5jj and in the lepton-number-conserving (LNC) processes
W+ = [EN; — IT15jj, where the initial virtual gauge boson W is produced in the large hadron
colliders. The heavy neutrino-antineutrino oscillations could lead to an oscillating rate of LNV
and LNC events with respect to the distance between the production and decay vertices of heavy
Majorana neutrinos [43]. In the minimal seesaw model, for two heavy Majorana neutrinos of
an averaged mass (M, + M,)/2 = 7 GeV and a tiny mass splitting determined by MZ — M? =
1.04x 107! GeV?, the neutrino-antineutrino oscillation length is estimated to be L. ~ 8.34 cm for
the Lorentz factor v = E/M; ~ 50. Furthermore, given that the uncertainties in the measurements
of the momenta of the final-state charged leptons and jets are respectively (0.5% — 1%) and
(5% — 30%) at the detectors, the neutrino-antineutrino oscillations can indeed be coherent. It
has been found in Ref. [43] that the probability of heavy neutrino-antineutrino oscillations in the
pp-channel can reach 0.4 for the relevant CP-violating Majorana phase being fixed at 7/3. Notice
that this probability has been obtained under the assumption that the spin correlation between
the particles at production and decay vertices can be neglected [43], so there is no suppression
by M?/E* = 72 at all. If the spin correlation is taken into account, the suppression factor
7 2~ 4 x 107" is expected. However, compared to m?/E? ~ 10714 in the case of light Majorana
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neutrinos, such a suppression is much less significant.
Regarding the CP asymmetries in the neutrino-antineutrino oscillations of three light Majorana
neutrinos, they are also highly suppressed. In this connection, it is interesting to mention that the
CP asymmetries induced by heavy Majorana neutrinos could be resonantly enhanced, as observed
in Ref. [44]. For two nearly-degenerate heavy Majorana neutrinos, i.e., My, — M; = AM ~ T,
where T', (for i@ = 1,2) represent the decay widths of two heavy Majorana neutrinos, the CP
asymmetries between the LNV processes ¢7° — W — [XN; — I[F7IZW~ and their CP-conjugate
processes q¢° — W™ — TN, — IJl;W* at the CERN large hadron collider (LHC) could
be large. As demonstrated in Ref. [44], one of the most promising ways for observing the CP
asymmetries induced by heavy Majorana neutrinos at the LHC is to detect pp — etutW =X
and its CP-conjugate process pp — e~ u~ W' X, where X denotes all possible final states and the
gauge bosons W¥ are assumed to decay hadronically. The corresponding CP asymmetry can be
defined as
N _opp—oe "W X) — Ko (pp— e p WHX)
P o(pp— erptW-X)+ Ko (pp = e W+HX) '’

(3.54)

where K accounts for the difference in the production of W and W~ in the high-energy proton-
proton collisions. For the mixing matrix R involved in the charged-current interaction of heavy Ma-
jorana neutrinos in Eq. , one can take the values of R, = 0.05 (for @ = e, y, 7 and i = 1,2), ex-
cept for R , = 0.05i and R, , = —0.05, as in Scenario 3 in Ref. [44]. After imposing the kinematic
cuts on the transverse momenta p > 15 GeV and on the pseudo-rapidity |n| > 2.5 globally for all
final-state particles, the cross sections o (pp — et W~X) and o (pp — e~ W' X) are found to
be in the range of [0.01, 10] fb for the heavy Majorana neutrino mass M, € [100,500] GeV. Given
M, =200 GeV and AM ~ 0.3 GeV, the CP asymmetry defined in Eq. is AN, ~ —0.2 [44].

Although the non-unitarity induced CP asymmetries in neutrino-antineutrino oscillations of
three light Majorana neutrinos are practically tiny, the counterparts in the sector of heavy Majo-
rana neutrinos may be sizable. Furthermore, inspired by the neutrino-antineutrino oscillations of
heavy Majorana neutrinos investigated in Ref. [43] and the CP asymmetries in the LNV processes
mediated by heavy Majorana neutrinos studied in Ref. |[44], one may explore the CP asymmetries
solely from heavy neutrino-antineutrino oscillations in the collider searches for heavy Majorana
neutrinos. As the mixing matrices V' and R are intimately correlated in the seesaw model, it is
intriguing to carry out a global analysis of CP asymmetries in neutrino-antineutrino oscillations

for both light and heavy Majorana neutrinos. Such an analysis will be left for a future work.

4 Summary

In this paper, we have examined the CP asymmetries in the neutrino-antineutrino oscillations in
the presence of a non-unitary flavor mixing matrix. The main motivation for such a study is two-
fold. First, neutrino-antineutrino oscillations occur only when massive neutrinos are Majorana
particles. As in a class of seesaw models, three light neutrinos turn out to be Majorana particles,
and the flavor mixing matrix of three light neutrinos is intrinsically non-unitary. Second, the
non-unitarity of the mixing matrix brings in extra sources of CP violation, which is quite different
from the unitary case.
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By using the QR factorization, we establish the relation between the Hermitian parametrization
and the triangular parametrization of a non-unitary mixing matrix. Then, the CP asymmetries
in neutrino-antineutrino oscillations with a non-unitary mixing matrix are found to be essentially
governed by 18 independent Jarlskog-like parameters, whose analytical expressions at the leading
order are derived. Finally, implementing the latest experimental constraints on the leptonic uni-
tarity violation, we numerically compute the CP asymmetries in the minimal seesaw model, where
the number of model parameters can be further reduced. It is worthwhile to stress that even with
trivial values of ordinary CP-violating phases {p, 0,0}, one can obtain nonzero CP asymmetries
due to the extra non-unitary CP phases {¢q;, 931, P32}

Current interest in neutrino-antineutrino oscillations is basically academic, as the oscillation
probabilities are highly suppressed by the squared mass-to-energy ratio m?/E? (e.g., ~ 107'* for
m; ~ 0.1 eV and E ~ 1 MeV). However, if three ordinary neutrinos are indeed massive Majorana
particles, then one has to experimentally measure two Majorana-type CP-violating phases as well.
In addition, the probabilities of heavy neutrino-antineutrino oscillations may not be suppressed,
as the masses of heavy Majorana neutrinos could be comparable to their momenta when they are
produced in the large hadron colliders [43]. For the CP asymmetries in the LNV processes induced
by heavy Majorana neutrinos at the large hadron colliders, they can be resonantly enhanced if the
mass splitting of two heavy Majorana neutrinos is on the same order of their decay widths [44].
As for the long-term plan, great efforts will be made in the experimental detection of neutrino-
antineutrino oscillations or other lepton-number- and CP-violating processes. Only in this way
can one completely determine the fundamental parameters associated with massive Majorana
neutrinos. In any case, our results on the basic properties of CP violation induced by leptonic

non-unitarity will be helpful.
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A QR Factorization

In this Appendix, we present some details of the QR factorization of an arbitrary 3 x 3 complex
matrix into the product of a unitary matrix ) and an upper-triangular matrix R with non-negative
diagonal elements [66]. As mentioned in Sec. [ by using the QR factorization, one can establish
the relationship between the Hermitian and triangular parametrizations of the non-unitary mixing
matrix V. For the Hermitian parametrization of V in Eq. , we can further decompose the
Hermitian matrix (1 — 7)) into a lower-triangular matrix and a unitary matrix by following the
strategy outlined below.
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First, the explicit expression of the Hermitian matrix (1 — 7) is given by

L=Mee  MNep —Ner
L—n=1 —n 1=y 0w |- (A1)
—Mor  Mpr 1=

of which three columns will be denoted by three vectors x,, x, and x;. The first step is to find
out a unitary matrix U; such that U, -x; = a,e,, where a; = [(1 — Ne)? + |776u|2 + |77€T|2] 25 0
the modulus of the vector x; and e, = (1,0,0)" is the basis vector. In general, one can explicitly
construct the unitary matrix U, that transforms one given vector x, to another target vector y,,
ie., U, -x;, =y,. First, define the phase ¢ = arg (xi -y1> € [0,27) and construct the auxiliary
vector w, = €¥x,—y,. Then, the so-called Householder matrix is U, = 1—2(w1-w1)_1w1 -wi, and
the desired unitary matrix is determined by U, = e“/’le. One can easily prove that U, - x; =y,
as expected. In our case, we have x; = (1 —1,,, —17,, —1:,)" and y, = a,e,, so the phase ¢ = 0

is trivial and the unitary matrix U, is found to be

- MNee _77@# ) MNer
Nep]
1 B e | _ ep'ler
Ul - CL_ e fee a; — 1+ Nee a, — 1+ Nee ! (A2)
! L N it e
7 a1_1+7766 “ a1_1+nee

which is exact without any approximations.
Second, we transform the Hermitian matrix (1 —») via the unitary matrix U; and then obtain

a; By B
U -1-n)=1|0 A A |, (A.3)
0 Ay Ay

where the matrix elements are explicitly given by

B, = ail (=2 + Neeleps + Moyl + e ar) (A4)
B, = all (=2er + NeeTer + Nerllrr + Nepr) (A.5)
Au = all _w —(1=n,) (1-m,,) + 1 nﬁ)?e@ﬁ;f)“%m;] | A0
o= o e = (=) (=) + =) ‘_”@{ffnf;‘"m”] SNCY
An = o _newi} b, (1) — T (;1__77(‘1“)_1‘36“‘2 nZT] : (A.8)
Ay = ail _néfwﬂ + 0, (1= 1) — e (all__T(]T)_ZBeTW”] . (A.9)

Since the first column vector a,e,; of the new matrix on the right-hand side of Eq. (A.3)) will not
be changed by any unitary transformations in the two-dimensional subspace, we can concentrate
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on the 3 x 3 unitary matrix U, that can be reduced to 1 & V,, where 1 stands for the unit
matrix in the one-dimensional subspace and V, for the 2 x 2 unitary matrix in the orthogonal
two-dimensional subspace. Similar to the previous procedure, we denote the two-dimensional
vector x5, = (A;;, Ay)T and the target vector y, = a,e} with ay = (|A1|*> + |A21|2)1/2 > (0 and
e, = (1,0)T, and try to determine V, such that V, - x, = y,. This can be achieved as follows.
First, define the phase 1, = arg <x2 y2> ie. A, = e W1|A}, ], and construct w, = e¥1x}, — y).
Then, we get V, = 1 Vo, with V,, =1 — Q(wg cwy) w, - wg. More explicitly, we have

i A —iwlA*
v, = Jw j| ¢ ek (A.10)
ay \e"1Ay; —|Ay]

Now we make a further transformation of the matrix in Eq. (A.3) by using the unitary matrix
U, =16V, and arrive at

a; By B,
Uy U -(1=n)=|[0 ay (A};A,+ A5 Ay) /ay | (A.11)
0 O A,

with Ay = e?¥1 (Ay A1y — A Ayy) Jay. The last step is to remove the phase ¢, = arg A, by using
the unitary matrix U, = Diag{1,1,e7¥2}. Finally, we collect all the three unitary transformations

and complete the QR factorization, i.e.,

a; B B,
Up-Uy-U - (T=m)=| 0 ay (A} A+ A5A%) /ay | =R, (A.12)
0 0 | A

where R is an upper-triangular matrix with real and positive diagonal elements. Therefore, the
QR factorization of the Hermitian matrix (1 — n) is given by 1 — n = @ - R, where the unitary
matrix reads ) = UlT . U2T . Ug. As one can easily verify, the relation 1 —n = Q- R = R'- Q" holds.

From the above discussions, it is straightforward to identity 7" = R' and V= Q" - V' in the
triangular parametrization in Eq. , where V' is the unitary matrix involved in the Hermitian
parametrization in Eq. . The nonzero matrix elements of 1" read

oy = ay = (=0 + 1 + s 13)
Qyy = ay = \/|An|? + [An ]2, A.
Qg3 = |A3| = [Ay Ay — A Ayl Jay A.

(A
(A.14)
(A.15)
gy = BY = (=200, + 0oy + 0l + M) /1 (A.16)
(A.17)
(A.18)

14
15
Qg1 = B; = (_277:7' + 776677:7' + 77:7'7777' + 77:#77;7') /(11 ) A7

gy = (A Al + Ay AS,) Jay A.18

where the relevant parameters can be found in Egs. - At the zeroth order of |n,g|, the
flavor mixing matrix V' is actually unitary. In this case, we shall have V' =~ V' in the Hermitian
parametrization and V' & V in the triangular parametrization, because of 1 —np ~ 1 and T~ 1
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at this order. In fact, we can directly calculate QT = U, - U, - U;, which approximates to

1 0 0 1 0 0
Q'~ |0 cos20 —sin20 | [0 cos20 —sin20| =1, (A.19)
0 —sin26 —cos26 0 —sin260 —cos20

where sin®0 = |1,,,|*/(1,.|> + |7-|*) has been defined. To the first order of ||, one obtains

1 _ney, MNer
U= | —n cos20  —sin20e |, (A.20)
—nf —sin20 ¥  —cos26
with ¢ = arg(1,,7:,),
1 0 0 1 0 0
U0 1 —n,]-[0 cos20 —sin20e |, (A.21)
0 —nt, —1 0 —sin2fe¥  —cos20

and U; = Diag{1,1,—1}. Thus, at this order, we get

1 _nep, “MNer
e 01

which changes the Hermitian matrix (1 — 7) into the upper-triangular matrix

- Nee _2776# _27767'
Th=Q' - (1-n)~ 0 1-m, -2n, |- (A.23)
o0 1-wn,

These are just the results presented in Eqs. (2.3) and ({2.4).

B Jarlskog-like Parameters

In Refs. [40,41], the CP asymmetries in neutrino-antineutrino oscillations have been studied and
the relevant Jarlskog-like parameters ﬁgﬁ in the case of a unitary mixing matrix have been derived.
Since we attempt to make a comparison between the results in the unitary and non-unitary cases,
the explicit formulas of the Jarlskog-like parameters, which are calculated by using the unitary
mixing matrix V in Eq. , will be collected in this Appendix. As the mixing matrix Vs

unitary, one can prove the following identities [41]

R A AR (B.1)
v =5 (V- vi- ). (8.2)
v =5 (- -va) (B:3)
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which together with V;]ﬂ = V” = —1755 = —Vé’a and V "3 = 0 lead to only nine independent %A
(for ij = 12,13,23 and a = e, 1, 7). In the standard parametrization of V', they can be explicitly
written as [41]

)78162 = sf2c§204113 sin2(p — o), (B.4)
Velg = 0%25%36%3 sin 2(p + 6), (B.5)
17625’ = 3?23%30%3 sin2(o +40), (B.6)
(B.7)
and
V;i = 3%20%2 (033 - 43?3333033 + 3111334213) sin2(p — o) + 27, (033 - 3%3333)
—1—5%3533@3 [04112 sin2(p — o +6) + stysin2(p — o — 5)} , (B.8)
V;i = 0%3333 [s%zcgg sin2p + 27, sin(2p + 9) + 0%2333333 sin2(p + (5)} , (B.9)
Vzi = 0%3833 [032033 sin 20 — 27, sin(20 + §) + 8%2833833 sin2(o + (5)} , (B.10)
and

12 2 2 4 2 2 2 4 4 .
Vi = $12C12 (323 — 4873853C53 + 313023) sin2(p — o) — 27,5 (5 23 513023)

+573553C33 [Clasin2(p — o 4 0) + siysin2(p — o — 0)] , (B.11)
VE = ey (572533 510 2p — 27, sin(2p + 8) + cly515¢535in 2(p +0)] (B.12)
17723 = 13033 [C1o533 8In 20 + 27, sin(20 + &) + s7,513¢53sin2(0 + )] | (B.13)

where the reduced Jarlskog invariant J, = J/Sind = $,5C;9513C73893C93 and the definition of 7,
in Eq. (3.24) have been used.
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