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Abstract
We study a Zee-Babu model in a modular A4 flavor symmetry, in which we search for several
predictions such as phases, sum of neutrino masses, and neutrinoless double beta decay, satisfying
neutrino oscillation data in a minimum framework of the charge assignments of modular weight.
We perform Ax? analysis to get our results and find 7 is localized nearby at one of the fixed points

of 7 X oo for both of normal and inverted mass hierarchies.
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I. INTRODUCTION

Zee-Babu model is one of the attractive scenarios to get active neutrino matrix at two-
level, since only one singly- and one doubly-charged bosons are introduced in the stan-
dard model(SM) without any additional symmetries [I]. Also the neutrino mass matrix
depends on structure of the charged-lepton mass matrix. Thus, it has a lot of interest-
ing phenomenologies that should be taken in account; e.g., lepton flavor universalities [2],
lepton flavor violations [2], 3], collider physics at Large Hadron Collider for new charged-
bosons [4, [5]. The model has a unique prediction for lepton sector that one of the lightest
neutrino masses is always zero because the mass matrix consists of three by three anti-
symmetric matrix whose rank is two. However, there still exist too many free parameters to
get further predictions such as CP phases and mixing patterns in the lepton sector.

A few years ago, an attractive flavor symmetry has been proposed by papers [0 [7], in
which they have applied a non-Abelian discrete flavor symmetry originated by a modular
symmetry in order to find further predictions for quark and lepton sectors without intro-
ducing so many bosons. Along the line of this idea, a vast reference has recently appeared
in the literature, e.g., A4 [0, 8-H45], Ss [46H51], Sy [52H64], A5 [57, 65] [66], double covering
of As [67H70], larger groups [71], multiple modular symmetries [72], and double covering
of Ay [T3H75], S, 76, [77], and the other types of groups [T8-83] in which masses, mixing,
and CP phases for the quark and/or lepton have been predicted '. Moreover, a systematic
approach to understanding the origin of CP transformations has been discussed in Ref. [92],
and CP/flavor violation in models with modular symmetry was discussed in Refs. [93], [04],
and a possible correction from Kéhler potential was discussed in Ref. [96]. Furthermore,
systematic analysis of the fixed points (stabilizers) has been discussed in Ref. [97].

In this paper, we study a Zee-Babu model imposing the modular A, symmetry, in which
we further search for predictions from this symmetry. We perform Ay? analysis to get our
results and show several predictions for both of the normal and inverted hierarchies.

This paper is organized as follows. In Sec. II, we review our model, constructing the valid
Yukawa Lagrangian, Higgs potential, charged-lepton mass matrix, and neutrino mass matrix.

In neutrino sector, we show several relations coming from features of Zee-Babu model and

I For interested readers, we provide some literature reviews, which are useful to understand the non-Abelian

group and its applications to flavor structure [84H97].



modular A, symmetry. Then, we perform the Ay? analysis to get our results, considering
their theoretical origin. We have conclusions and discussion in Sec. III. In Appendix, we

show helpful formalisms on the neutrino masses and mixings, and the modular symmetry.

Leptons
[Lre,Lr,.Li,]| Lr
SU(2)r, 2 1
Ul)y 5 -1
Ay [1,17,1'] 3
—kr [—2,—4, —6] 0

TABLE I: Lepton contents and their charge assignments in Zee-Babu model under SU(2) x

U(1)y x Ay where —kg is the number of modular weight and p = [er, g, Tr]” .

II. MODEL
A. Model setup

Here, we review Zee-Babu mode, and assigning charges under the symmetries of SU(2), x
U(l)y x Ay x (—k) into the lepton and Higgs sectors where SU(3). is singlet for any exotic
fields. As for the fermion sector, no new fields are introduced. In the SM fermions, the left-
handed leptons, which are denoted by L = [L;., L Ly> Ly_], are respectively assigned to be
[1,1”,1'] under A, with [—2, —4, —6] modular weight %, while right-handed charged-leptons
symbolized by (r = [egr, ur, Tr]’ are assigned to be triplet under A; with zero modular
weight. The fermionic contents and their charged assignments are shown in Table [[}

In the boson sector, we introduce a singly-charged scalar s~ with —4 modular weight, and

a doubly-charged singlet one k™1 with zero modular weight, where all the bosons including

SM Higgs H are assigned to be trivial singlet 1 under A,. s~ and k™" play an role in

2 This is one of the minimum assignments. In fact, modular weight combinations [—2, —2, —2], [~2, —2, —4],

[—2,—4,—4] for [Ly,,Lyr,, Lr,] do not satisfy the neutrino oscillation data.
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TABLE II: Charge assignments for boson sector in Zee-Babu model under SU(2);, x U(1)y.

generating the Zee-Babu two-loop neutrino mass matrix. The SM Higgs is defined by H =
(W, (vg + ho +i2)/v/2])7, where h* and z are absorbed by the SM gauge bosons W™ and
7, respectively and vy is 246 GeV. The bosonic field contents and their charge assignments
are listed in Table [[], Under these symmetries, we find the valid renormalizable Lagrangian

as follows:

(4)

—Ly = a¢Ly H(yrer + yoTr + yspr) + bZI/LHH(y:(i iyt e + s er)

+ CeELTH(Z/§6)MR + Z/§6)TR + y:(f)eR) + deELTH(yz( )i + yl( V1 + yg( )eR)

+ alee(iag)L(Ljﬂs_ +bLp, (iag)LgTs_ +cLp, (wz)LgTs_

+ g(eSer + iGTr + 75 pr)k T + huc., (IL.1)

2 4 4 6 6 (6
where Y3 = [y, w7, Y30 = " i), v = %0000, v© =
[y;( ),y/(@,y/( )]T 3 a= a’Yl(,w), b = b’YI,,lQ), ¢ = Y™, and o5 is the second compo-

nent of the Pauli matrix. Notice here that we have five real parameters; ay, by, ¢, a, g and
the three complex ones; dy, b, c after phase redefinition of fields without loss of generality
in the Yukawa sector. ay, by, ¢y are determined in order to fix the masses of charged-lepton.
To realize the anti-symmetric terms Ly (ioy) LY s™, Yukawas with modular weight 8 is min-
imally requested. This is because it appears three independent nonzero singlets 1,1',1” as

the minimum modular weight.  The non-trivial terms in Higgs potential is given by
V=ps s kTt VI 4 VI 4 he, (I1.2)

where p = MOY(g) is a complex mass scale parameter contributing to the neutrino mass ma-

trix, VI and VI are respectively trivial quadratic and quartic terms of the Higgs potential;

3 See Appendix.
4 In other words, the neutrino oscillation data cannot be satisfied due to reducing the matrix rank of

neutrino mass matrix to be one, if one would not apply these Yukawas within 8 modular weight.
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j ; —H,s— k++
Vém = Z(b:H,s*,kﬁ*, M;|¢|27 Vzim = Zi/gqﬁs /\¢¢’|¢T¢/|2-

B. Charged-lepton mass matrix

After the spontaneous symmetry breaking of H, the charged-lepton mass matrix (M, )r

is found as follows:

lagl 0 0 U1 Y3 Yo
0 |b] © ys" yY ys" = —=M..

V2
6 (6 6 (6 6 "6
00 el ) \us” + 03" 0" + 250, o1 + 2,

VH

(Me)Lr = 7

(11.3)

Here, M. will be useful to discuss the neutrino sector in the next subsection. Then, the
above matrix is diagonalized by bi-unitary mixing matrix as D. = diag(me, m,,m,) =
VJL(ME) rVer. In our numerical analysis, we can solve ay, by, ¢, by the following relations,

inputting the experimental masses of charged-lepton masses and fixed 7;

Te[(Me) Lr(Me) 5] = [mel® + [y + |m. 2, (I1.4)
Det[(Me)Lr(Me)} gl = |mel*|mf*|m. 2, (IL.5)
(Te[(Me)pa(Me)}g])* = Te[(Me) Lr(Me) ) )] = 2(Ime Pl | + [yl | + [me[*m, ).
(11.6)
C. Active neutrino mass matrix
We write the valid Lagrangian for the neutrino sector is found as follows:
L, = (—ZLifijV[C:j + ﬂLifgfgj)s_ + égigijeRj +pus”s kT + he., (I1.7)
0 a b 0 € € 100
f=|-a 0 c|=c|l-¢ 0 1|=¢f, g=|001], (IL.8)
—b —c 0 — —10 010

where € = a/c and € = b/c. Then, the neutrino mass matrix is given at two-loop level as

follows:
g vyc? FT Nk At Al — T FT N Nt F
(my)ij =~ Y— I(r)[f" MZgM, flij = p'[f* MZgM, flij (IL.9)
1 11—z
1-— 1-—
I(r) = —/ d:v/ dy Y In yd =) ; (I1.10)
0 0 z+ (r—1y+y? r+ry



where r = m2/m?, m, = p/m, and we simplified the above form in terms of charged-

meuf

lepton mass matrix, assuming << 1 that is reasonable approximation since singly-
and doubly-charged bosons receive Stringent constraints on lower masses at Large Hadron
Collider [98]. Thus, the structure of neutrino mass matrix does not depend on the loop func-
tion; the neutrino mass matrix is rewritten by charged-lepton mass matrix M,. m, is written
by measured parametrization m, = UZ,D,,UVT . Then, the Pontecorvo-Maki-Nakagawa-Sakata

unitary matrix Upyys [99] is given by Upyns = VJL U, and U,, D, are respectively given

by

1 0 0 ¢z 0 spgeor ¢ s12 0y (1 0 0

Ul/ = |0 co3 So3 0 0 0 —S19 €12 0 0 6ia/2 01, (1111)
0 —S893 Ca3 —5136“5013 0 Ci13 0 0 1 0 0 1

D, = diag[m, s, ), (g = 0 for NH(TH)), (I1.12)

and s(c)12,23 13 are abbreviations of sin(cos)f2,2313. Notice here that we have one Majorana
phase and the lightest neutrino mass eigenvalue is zero without loss of generality because
m,, is matrix rank 2. Then, we show how to determine the two mass squared differences;

Am?, and Am?

m Sy is called the atmospheric mass squared

which are observables. Am?Z,

difference, and Am?,, is the solar neutrino mass-squared difference. At first, the values of 1/

is fixed by inputting Am?,_ as follows:

Am? Am?
(NH) : u’2=|%, (IH) : ,/2:%. (IL.13)

(NH) : Am2, = u%m2 = 22|Am2,|, (I1.14)

(IH) : Am2, = u?(m3 —m (I11.15)

Cﬁ’
VR
|

z|§z
[N )
N———
>
R
gm
=)

Considering Am2, << Am?2, in addition to the above relations, we predict degenerate

m

neutrino mass eigenvalues for IH and hierarchal neutrino mass eigenvalues for NH. Thus,

we estimate sum of neutrino masses ) m; as follows:

H): ) mi~/Am?,, = 0(0.05) (I1.16)
H): ) mi~ 2¢/Am,, = 0(0.1) eV. (IL.17)



The neutrinoless double beta decay is found as
(NH) : (mee) = /|8y c25e? 4 1hgsye200r (I1.18)
(TH) : (mee) = p'[inctycis + masipclze™®], (11.19)
which may be able to observed by future experiment of KamLAND-Zen [I00]. Consider-

ing the mass relations for NH(IH), we also estimate the neutrinomass double beta decay

inputting experimental value of sy 13 as follows:

(NH) : (mee) ~ |masie™200r| = \/Am2,, 525 = O(0.01) eV, (I1.20)
(IH) = {mee) ~ mﬂc%cﬂ + 5%2(3?3&0{2‘ ~ Amgtm]cfzci.) + 3%20%3€ia2|a (IL.21)

where IH would not determine the sharp value because of Majorana phase.

D. Numerical analysis

In this subsection, we present our Ay? analysis, adopting the neutrino experimental data

at 3o interval in NuFit5.0 [I01] as follows:

NH : Am?Z,, = [2.431,2.598] x 107* eV?, Am2, = [6.82,8.04] x 107° eV?, (11.22)

sin® 013 = [0.02034, 0.02430], sin® fy3 = [0.407,0.618], sin? 6, = [0.269, 0.343],
IH : Am?

atm

= [2.412,2.583] x 107 eV?, Am2, = [6.82,8.04] x 107° eV? (I1.23)

sol T

sin? 013 = [0.02053, 0.02436], sin® fy3 = [0.411,0.621], sin® 6}, = [0.269,0.343].

The charged-lepton masses are assumed to be Gaussian distribution. Then, our theoretical

input parameters are 7, €, €, d, and we work on fundamental region of 7.

1. NH

Figure (1| shows the allowed region of 7 within the fundamental region. It suggests that
imaginary part of 7 is localized at nearby [2.2i—2.6i], while whole the region is allowed for
real part of 7, where the blue color represents the region within 2, green 2-3, and, red 3-5 of
\/A_Xz . We notice here that real part of 7 tends to be zero, if we focus on the smaller Ay?.
It is important since T ~ [2.2i—2.6i], is equivalent the region at nearby one of the fixed point

T=1x oo [33].
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FIG. 1: The scatter plots for the real 7 and imaginary 7 in NH. In the Ax? analysis, the blue color

represents the region within 2, green 2-3, and, red 3-5 of /Ax?2.
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FIG. 2: The scatter plots for the neutrinoless double beta decay in terms of sum of neutrino masses.

The legend of color is the same as Fig.1.

Figure [2 shows correlation between (me.) and ) m,;, where the legend of color is the
same as Fig.1. It implies that >  m; is allowed at the range of [0.058-0.06] eV, and (me.)
[0.001-0.0025] eV, which is in favor of our theoretical estimation.

Figure [3| shows correlation between dcp and «a1, where the legend of color is the same as
Fig.1. It reads that Majorana phase tends to be localized at the range of [90-160, 200-270]
deg, and whole the range is allowed for the Dirac CP phase.

2. IH

Since TH needs severe fine-tuning to satisfy the neutrino oscillation data, we show a

benchmark point instead of demonstrating figures of NH.
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FIG. 3: The scatter plots for the Dirac CP phase in terms of Majorana phase. The legend of color

is the same as Fig.1.
3. Benchmark point for NH(IH) and consideration the result

We also show a benchmark point for NH and IH in Table where we take \/A_XQ
is minimum. This table suggests that the allowed region of 7 is in favor of the point at
nearby 2.3i for both the cases. Here, we study the reason why this region is favored. In this
case, one can approximate [y, v9,43]T ~ [1,0,0]7 [33]. Under this limit, we find the mass
eigenvalues and vectors for the charged-lepton mass matrix to be (ag, by, ¢o) and V., = 1343
respectively, ® and parameters ay, by can be rewritten in terms of the charged-lepton masses

and ¢, as follows:

e Cy, bg = @Cg. (1124)

My M

Ay =

Inserting the above relations, our neutrino mass matrix simplifies as follows ©:

T T
2 2
~ My f Me 12 m m /
m, ~ _m‘:e —<€ _—m‘: -+ mg €€ . (1125>
T T
2
m m m
B mM € = m# mS €€’ : 62
T T T T

5 Notice here that there are six more degrees of freedom how to assign ag, by, ¢, for the charged-lepton family.
100
For example, if we assign a; ~ me, by ~ m,, cg ~my, Ve, hastobe | 0 0 1 |. This degrees of freedom
010
affect U, since U, = V., Upuns.
6 Notice here that a,b,c in f are assumed to be nonvanishing so as to satisfy the neutrino oscillation data

even in the limit of 7 = ¢ X 0.



Therefore, we find that

(i )ra € (11.26)

(mu>1,3 €

Substituting the experimental values at 1o into the above equations with the help of

Eq. (IIL.1) for NH and Eq. ([IL.2) for IH, we find

(NH) : ¢ =00.1-1), (IH): ¢ = O(1 - 10), (I1.27)

€ €

On the other hand, the experimental result for neutrino mass matrix is given by m"™? =

UpMNSf)VUgMNS as discussed in Sect. as follows:

0 513823€0CF  513093€0CF
(NH) : miﬂﬁp ~ 513323€i60P 533 C235923 ) (1128)
S13C23€"°°7 93503 Chg
cly+sipeT™ s1pC100a3(—1 4 €77 crps1p8a3(1 — e7)
(IH) : my™ ~ | sipciacos(—1 + e7'@21) * * ,
C12812523(1 — e~"021) * *

(I1.29)

where we have approximated them substituting my << mg for NH and m; ~ ms for ITH. *’s

in [H are abbreviated due to complicated forms because they are not important. Thus, we

find

(mwp)l 2 523
NH) : # ~ 11.30
( ) (mu p)l 3 Ca3 ( )
(mew)l 2 523
IH): —X 22~ = 11.31
(TH) (my™)13 €23 ( )

Inserting the experimental value for ss3, one finds

o). (I1.32)
C23

From Eq. (I1.27) and Eq. (I1.32), one finds that theoretical estimation would overlap with
the experimental result. Hence, we could conclude that allowed region at nearby 7 =14 X 0o

is favored for both the cases.

10



NH IH
T —0.000169 + 2.37i —0.000118 4 4.304
s 1.51 x 10711 1.66 x 10712
[e,€]  |[-0.0432 — 0.0432i,0.248 — 0.06314] | [~4.35 — 0.396i,4.85 — 0.05734]
[ag, by, cf]| [3.72 x 1076, 0.00595, 0.000706] |[2.79 x 1075, 0.000586, 0.0100]
dy 65.8 — 117i —42.8 — 4.36i
Am2,, 2.52 x 1073eV? 2.50 x 107 3eV?
AmZ 7.30 x 10~%eV? 7.43 x 10-%eV?
sin 6o 0.556 0.583
sin B3 0.685 0.666
sin 013 0.148 0.151
(05 p, a21] [238°, 207°] [178°, 179°]
>om; 58.8 meV 99.3 meV
(Mee) 1.48 meV 15.2meV
Ax?2 1.48 4.99

TABLE III: Numerical benchmark point of our input parameters and observables in NH and IH,
where it is taken such that y/Ax? be minimum.

III. CONCLUSIONS AND DISCUSSIONS

We have studied Zee-Babu model with a modular A, symmetry, and searched for pre-
dictions under a minimum framework of the charge assignments. We have found that
T ~ 1 x oo is favored to satisfy the neutrino oscillation data for both of the cases for
NH and IH. This is theoretically explainable because it leads to simplified Yukawa couplings
[y1y2, y3]T = [1,0,0]7. Also, we have a specific patterns for phases for NH and TH. The
sum of neutrino masses and neutrinoless double beta decay are determined by two exper-
iments of mass squared differences that is direct consequence for Zee-Babu model, which
gives rank two neutrino mass matrix. Here, we have also searched for several non-minimum
assignments of modular weight that satisfy the neutrino oscillation data, and have found
several models as can be seen in Table [[V] where the other assignments are the same as the

minimum one. Interestingly, all the models favor the fixed point at near by 7 = i X oo, even

11



though the other predictions are different each other.

Leptons Bosons

[ELeaiL,nELT] ER H| s~ | ktt

—kr| [-2,-6,—6] | 0] 0|-4]| 0

—kr| [-2,—2,—4] |-2][0|-4| o0

—kr| [-3,-3,-5] |—1][0|-4| 0

TABLE IV: The other models that satisfy the neutrino oscillation data.

Since modular symmetries are frequently discussed in a supersymmetric theory, we men-
tion the supersymmetric extension of the Zee-Babu model. In fact, Zee-Babu model can be
extended to a supersymmetric theory, introducing three more chiral super fields with oppo-
site U(1)y charge of s7, k™", H [105]. In this case, there are two more diagrams contributing
to the neutrino mass matrix at two-loop level from supersymmetric fields. Supposing super-
symmetric breaking scale to be much higher than the electroweak scale, we expect supersym-
metric contributions are neglected. Thus, we work on the model in a non-supersymmetric
theory.

Before closing our paper, it would be worthwhile discussing the other phenomenologies.
Typically, Zee-Babu model requires several constraints via lepton universality, lepton flavor
violations, and collider physics such as Large Hadron Collider(LHC). As a result, Yukawa
couplings f and g, and masses of s* and k** receive constraints. Detail analyses have
already been done by several authors [2H5]. In our analysis, however, we do not need to
consider these constraints , since whole the constraints are involved in p' that has free

parameters. Thus, we can control this value whatever we want.
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Appendix A

Here, using an interesting relation f(1, —¢, ¢’)?7 = 0, one straightforwardly finds

Supposing V., = 1, the neutrino mass matrix m, = Uppng|mi, ma, mg]U};MNS is written
by

2 2 2 2 2 2i6,

—is, —is is
CP) — myciaci3(cassia + c12513523€ T ) + mzci3513523€ 9T,

(mu)ep, = m2013512(012023 — S12513523€
_ —idcp —idcp idcp
(ml/)eT = m1€12013(812523 — C12€23513€ ) - m2013512(012823 + Co3S12513€ ) + M3C13513C23€ )

2

—iScp\2 —iSep\2 2
M) = M1 (Ca3812 + 12813523 T )" 4+ ma(Cracos — S12513523€ “CF)~ + M3Ci3853,

()
(mu)pﬁ' = —m1(812323 - 012023813€_iécp)(023812 + 6128138236_wcp)

—is —is 2
- m2(012823 + C23512513€ CP)(012€23 — 512513523€ CP) + M3Ci3C23523,
—isep\2 —ibop\2 2 2
(M) rr = M1(S12523 — C12ca3S13€ )" + Ma(C12523 + Ca3S12513€ °°F)” 4+ Mi3i4Ch5.

Then, the parameters ¢, € are found to be

C13 [813823 (—2m1m2 + 2m3(c%2m2 + mls%Z)eQi‘SCP) — 2612023 (m1 — MQ) m38126i50P] 6i60p

; Y
2mymas?s + 2¢33ms (3ymg + my s3,) eider

C13 [623813 (m1m2 — mg(C%sz —+ m18%2)€2iécp) — C12 (m1 — mg) m3812$236i6oP] €i5cp

2 2 2 2 ;
mimasts + ciams(ciyme + mysiy)e?dor

For NH(IH), i.e., my(3) = 0, one has

(NH) :
512 513 512 513 4

€ = Co3 + 823—616013, 6/ = S923 - 623_6160;»7 (III].)

C12€13 C13 C12C13 C13

(IH) :
C13 C13

€ = —Sy3——€VCP ¢ = ¢ya—elCP, (I11.2)
513 513
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Appendix B

In this appendix, we present several properties of the modular A, symmetry. In general,
the modular group I' is a group of the linear fractional transformation 7, acting on the

modulus 7 which belongs to the upper-half complex plane and transforms as
——— , where a,b,c,d €Z and ad —bc=1, Im[r] >0 . (I11.3)

This is isomorphic to PSL(2,Z) = SL(2,Z)/{I,—I} transformation. Then modular trans-
formation is generated by two transformations S and 7' defined by:

1
ST — ——, T:1—71+4+1, (I11.4)
T

and they satisfy the following algebraic relations,
S =1, (ST)*=1. (I1L.5)

More concretely, we fix the basis of S and T as follows:

1 2 2 10 0
1
Szg 9 -1 21|, T=l0w 0|, (I11.6)
2 2 -1 00 w?

where w = e2™/3.
Thus, we introduce the series of groups I'(IV) (N = 1,2,3,...) that is so-called ” principal

congruence subgroups of SL(2,Z)”, which are defined by

rvy =3 [ escezy, [“0) = (1°) tmoa ), (I1L.7)
cd cd 01

and we define ['(2) = I'(2)/{I, —I} for N = 2. Since the element —I does not belong to
['(N) for N > 2 case, we have ['(V) = I'(IV), that are infinite normal subgroup of I' known
as principal congruence subgroups. We thus obtain finite modular groups as the quotient
groups defined by 'y = I'/T(N). For these finite groups 'y, TV = I is imposed, and the

groups I'y with N = 2,3,4 and 5 are isomorphic to S3, Ay, Sy and Aj, respectively [7].
Modular forms of level N are holomorphic functions f(7) which are transformed under

the action of I'(INV) given by

fOyr) = (et +d)*f(r), v€T(N), (I11.8)

14



where k is the so-called as the modular weight.
Under the modular transformation in Eq.(I11.3)) in case of Ay (N = 3) modular group, a

field ¢ is also transformed as
60 = (e + d)H 0 (7)o, (1m.9)

where —k; is the modular weight and p()(y) denotes a unitary representation matrix of
v € T'(3) (A4 representation). Thus Lagrangian such as Yukawa terms can be invariant if
sum of modular weight from fields and modular form in corresponding term is zero (also
invariant under A, and gauge symmetry).

The kinetic terms and quadratic terms of scalar fields can be written by

0u8 " ¢
(—ir 4iT)kr 7 (—iT a7k

(I11.10)

which is invariant under the modular transformation and overall factor is eventually absorbed
by a field redefinition consistently. Therefore the Lagrangian associated with these terms
should be invariant under the modular symmetry.

The basis of modular forms with weight 2, Y})@) = (Y1, Y2, y3), transforming as a triplet of

A,y is written in terms of Dedekind eta-function n(7) and its derivative [6]:

n(r) = K (n’(7/3) n"(r+1)/3)  n((r+2)/3) 2777’(37))
2r \n(7/3)  n((r+1)/3)  n((r+2)/3)  n(37)
~ 1+ 12¢ 4 36¢° + 12¢> + - - -, (I11.11)
_Zi(n'@/3) L2 (T +1)/3) | 0'((T+2)/3)
wir) =2 (e e B e )
~ —6¢"3(1+T7q+ 842+ - ), (111.12)
_—i(n'@/3) ' ((r+1)/3) | an'((T+2)/3)
win) =2 (e e o )
~ —18¢*3 (1 +2¢ + 5¢° + - --), (I11.13)
where ¢ = €?™7, and expansion form in terms of ¢ would sometimes be useful to have

numerical analysis.

Then, we can construct the higher order of couplings under A, singlets }/})(4), Y3(6), Yg(@,

15



10 12 14
Vi v, v

VY =2 + 2ynys, 5/1(/4) = Y3 + 2y19a, VO =34+ Ys — 3y1y2ys, (I11.14)
Y = (3 + 200y3)%, VY = (47 + 29003) (V3 + 2u190), Yo = (43 + 2pn32)%,  (IIL15)
YO0 _y@y® y2) @y iy ey (I11.16)
Y})(LL) = (U7 — va¥s, Y5 — 192, Y5 — Y193), (IIL.17)
V3% = (4} + 2y190us, vy + 203ys, yiys + 29312), (I1.18)
Y = (43 + 2919295, Y301 + 293 y2. Y3ye + 2u301), (IT1.19)

where the above relations are constructed by the multiplication rules under A, as shown

below:
ay by
as | @ | by = (a1by + agbs + asbz); & (asbs + a1bs + azby),,
as ) bs o
@ (a2bs + arbs + asby),.
2a1b; — agbs — aszby asbs — asby
©® % 2a3bs — a1by — azby | D % a1bs — asby ,
2a9by — a1b3 — asby . asby — a1bs
by bs by by
ar @ | by | =alb | ., ar®|by| =a|bs|
b3 . by . b3 . by .
11=1, 'l =1", 1"21"=1, 1’1" =1. (I11.20)
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