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Abstract

This paper studies the equitable and optimal transport (EOT) problem, which has many
applications such as fair division problems and optimal transport with multiple agents etc.
In the discrete distributions case, the EOT problem can be formulated as a linear program
(LP). Since this LP is prohibitively large for general LP solvers, Scetbon et al. [21] suggests to
perturb the problem by adding an entropy regularization. They proposed a projected alternating
maximization algorithm (PAM) to solve the dual of the entropy regularized EOT. In this paper,
we provide the first convergence analysis of PAM. A novel rounding procedure is proposed to help
construct the primal solution for the original EOT problem. We also propose a variant of PAM
by incorporating the extrapolation technique that can numerically improve the performance of
PAM. Results in this paper may shed lights on block coordinate (gradient) descent methods for
general optimization problems.

Keywords— Equitable and Optimal Transport, Fairness, Saddle Point Problem, Projected
Alternating Maximization, Block Coordinate Descent, Acceleration, Rounding.

1 Introduction

Optimal transport (OT) is a classical problem that recently finds many emerging applications in
machine learning and artificial intelligence, including generative models [3], representation learning
[19], reinforcement learning [4] and word embeddings [2] etc. More recently, Scetbon et al. [21]
proposed an equitable and optimal transport (EOT) problem that targets to fairly distribute the
workload of OT when there are multiple agents. In this problem, there are multiple agents working
together to move mass from measures p to v and each agent has its unique cost function. A very
important issue that needs to be considered here is the fairness, which aims at finding transportation
plans such that the workloads among all the agents are equal to each other. This can be achieved
by minimizing the largest transportation cost among all agents, which leads to a convex-concave
saddle point problem. The EOT problem has wide applications in economics and machine learning,
such as fair division or the cake-cutting problem [16] [6], multi-type resource allocation [I5], internet
minimal transportation time and sequential optimal transport [21].

We now describe the EOT problem formally. Given two discrete probability measures p, =
Yoy aidy, and v, = Y bidy,, the EOT studies the problem of transporting mass from p to
v by N agents. Here, {21,29,...,2,} C R% and {y1,v2,...,yn} C R? are the support points of
each measure and a = [a1, ag,...,a,]" € A", b = [by,bs,...,b,] € A" are corresponding weights
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for each measure, where A" denotes the probability simplex in R™. Moreover, throughout this
paper, we assume b; > 0,V1 < 4 < n . For each agent k, we denote its unique cost function as
*(z,y),k € [N] = {1,...,N} and its cost matrix as C*, where C{fj = c¥(z;,y;). Moreover, we
define the following coupling decomposition set

(Z” ) —a, C<Z7rk> =b, 7w;>0,Vi,je€ [n]},
k

where 7(7) = 71,¢(n) = 71 are the row sum and column sum of matrix 7 respectively. Mathe-
matically, the EOT problem can be formulated as

Hab = {77— (7T k€[N]

: k ik
min max (7", C").

rellN, 1Sk<N < ) (1)
When N =1, reduces to the standard OT problem. Note that minimizes the point-wise
maximum of a finite collection of functions. It is easy to see that is equivalent to the following
constrained problem:

min max {(m, \) Ak 7T C’k 2
wellly, xeAl Z ( )
The following proposition shows an important property of EOT: at the optimum of the minimax
EOT formulation , the transportation costs of the agents are equal to each other.

Proposition 1 [21, Proposition 1] Assume that all cost matrices C*,k € [N] have the same sign.
Let * € H p be the optimal solution of . It holds that

((m*)',C) = (7"}, C7), Vi, j € [N]. 3)

Note that Proposition [1| requires all cost matrices to have the same sign. When the cost matrices
are all non-negative, solves the transportation problem with multiple agents. When the cost
matrices are all non-positive, the cost matrices are interpreted as the utility functions and solves
the fair division problem [16].

The discrete OT is a linear programming (LP) problem (in fact, an assignment problem) with a
complexity of O(n3logn) [25]. Due to this cubic dependence on the dimension n, it is challenging to
solve large-scale OT in practice. A widely adopted compromise is to add an entropy regularizer to
the OT problem [7]. The resulting problem is strongly convex and smooth, and its dual problem can
be efficiently solved by the celebrated Sinkhorn’s algorithm [22,[7]. This strategy is now widely used
in the OT community due to its computational advantages as well as improved sample complexity
[9]. Similar ideas were also used for computing the Wasserstein barycenter [5], projection robust
Wasserstein distance [20, 14} [12], projection robust Wasserstein barycenter [I1]. Motivated by these
previous works, Scetbon et al. [2I] proposed to add an entropy regularizer to (2)), and designed
a projected alternating maximization algorithm (PAM) to solve its dual problem. However, the
convergence of PAM has not been studied. Scetbon et al. [21] also proposed an accelerated projected
gradient ascent algorithm (APGA) for solving a different form of the dual problem of the entropy
regularized EOT. Since the objective function of this new dual form has Lipschitz continuous
gradient, APGA is essentially the Nesterov’s accelerated gradient method and thus its convergence
rate is known. However, numerical experiments conducted in [21I] indicate that APGA performs
worse than PAM. We will discuss the reasons in details later.

Our Contributions. There are mainly three issues with the PAM and APGA algorithms in
[21], and we will address all of them in this paper. Our results may shed lights on designing new
block coordinate descent algorithms. Our main contributions are given below.



e The PAM algorithm in [21I] only returns the dual variables. How to find the primal solution
of , i.e., the optimal transport plans 7, was not discussed in [2I]. In this paper, we propose
a novel rounding procedure to find the primal solution. Our rounding procedure is different
from the one widely used in the literature [1].

e We provide the first convergence analysis of the PAM algorithm, and analyze its iteration
complexity for finding an e-optimal solution to the EOT problem . In particular, we show
that it takes at most O(Nn2e~2) arithmetic operations to find an e-optimal solution to .
This matches the rate of the Sinkhorn’s algorithm for computing the Wasserstein distance
[3].

e We propose a variant of PAM that incorporates the extrapolation technique as used in Nes-
terov’s accelerated gradient method. We name this variant as Projected Alternating Maxi-
mization with Extrapolation (PAME). The iteration complexity of PAME is also analyzed.
Though we are not able to prove a better complexity over PAM at this moment, we find that
PAME performs much better than PAM numerically.

Notation. For vectors a and b with the same dimension, a./b denotes their entry-wise division.
We denote ¢y := maxy ||C*||s. Throughout this paper, we assume vector b > 0, and we denote
¢ := min;log(b;). We use 1,, to denote the n-dimensional vector whose entries are all equal to
one. We use Iy(x) to denote the indicator function of set X, ie., Iy(x) = 0 if z € X, and
Ty(z) = oo otherwise. We denote ¢! = (30N 7¥(f1+1, g, \t)). For integer N > 0, we denote

[N]:={1,...,N}. We also denote 7(f, g,\) = [7*(f, g, Mke[n)-

2 Projected Alternating Maximization Algorithm

The PAM algorithm proposed in [2I] aims to solve the entropy regularized EOT problem, which is
given by

N
min max fp(m,\) := MO 4
i () 5= 3l ()

where 1 > 0 is a regularization parameter, p’fl(wk, A) i= A\(rk CF) — nH(7*), and the entropy
function H is defined as H(m) = —3_, . m; ;j(log m;,; —1). Note that (4] is a strongly-convex-concave
minimax problem whose constraint sets are convex and bounded, and thus the Sion’s minimax
theorem [24] guarantees that

min max f,(m,\) = max min £,(m,A). (5)
mellly, xeAl real melllyy

Now we consider the dual problem of minweHNb ly(m,\). First, we add a redundant constraint
D ki Wﬁj =1 and consider the dual of

min (T, N). 6
o Gl (©)

The reason for adding this redundant constraint is to guarantee that the dual objective function is
Lipschitz smooth. It is easy to verify that the dual problem of @ is given by

e oo () ()
9 ka [N ’k 1 k k

ﬂG(R”X")N



where f and g are the dual variables and H(w) = Y, H(7*). It is noted that problem admits
the following solution:

k _ Ck(fvg))‘)
m 9N = s g e e ®)

where - T\ ok
c’“<f,g,A>=exp(f1"“”f] — % ) Vk € [N]. (9)

By plugging into , we obtain the following dual problem of @:

N
Jetnax  (f.a) + (g,b) = nlog (; I¢* (7. 9. A)||1> - (10)

Plugging into , we know that the entropy regularized EOT problem is equavalent to a
pure maximization problem:

N
max F(f,9,A) = (f,a) + {(g,b) — nlog (ZHC’“(f,gJ)\h) — 1. (11)

n n N
fER™, geR™, A€A 1

Function F(f,g,)) is a smooth concave function with three block variables (f,g,A). We use
(f*,g*,A\*) to denote an optimal solution of (L1)), and we denote F* = F(f*,g*,\*). The PAM
algorithm proposed in [2I] is essentially a block coordinate descent (BCD) algorithm for solving
. More specifically, the PAM updates the three block variables by the following scheme:

ft—H € argmaXF(fv gt¢ )‘t)a (123)
f

gt € argmax F(f**, g, "), (12b)
g9

AHL = Projan (A + 7VAF(f11 g D). (12c)

Each iteration of PAM consists of two exact maximization steps followed by one projected gradi-
ent step. Importantly, the two exact maximization problems (|12a])-(12b) have numerous optimal
solutions, and we choose to use the following ones:

f = f"+mnlog — (13)
r (S (gt AY)
b
g™t =g' +nlog o (14)
c (Zk:l C (ft+1a gt7 )\t))
Furthermore, the optimiality conditions of l) imply that
r (SRl R g X)) e (S0 CH, gt )
a— =0, b-— =0, Vit (15)

ok IS gt A0 > ICFCFHHL, g A [l

However, we need to point out that the PAM only returns the dual variables (f, g*, \!). One
can compute the primal variable T using , but it is not necessarily a feasible solution. That is,
7 computed from does not satisfy w € H(]X »- How to obtain an optimal primal solution from the

4



dual variables was not discussed in [21I]. For the OT problem, i.e., N = 1, a rounding procedure
for returning a feasible primal solution has been proposed in [1]. However, this rounding procedure
cannot be applied to the EOT problem directly. In the next section, we propose a new rounding
procedure for returning a primal solution based on the dual solution (f%, g*, \!). This new rounding
procedure involves a dedicated way to compute the margins.

2.1 The Rounding Procedure and the Margins
Given a € A", b€ A", and w = {ﬂ'k}ke[N] satisfying r(>_, 7F) = a, we construct vectors a*,b* €
R™, k € [N] from the procedure

(a*, bk)ke[m = Margins(7, a, b). (16)

The details of this procedure is given below. First, we set a* = 7‘(77’“), which immediately implies
Z]kvz1 a® = a. We then construct b* such that the following properties hold (these properties are
required in our convergence analysis later):

(i) v* > 0;
(ii) SSo, bF = b;
(iif) Yoy af =37 bk, Vk e [N];

(iv) For any fixed j € [n], the quantities b;? — [e(7*)]; have the same sign for all k € [N]. That is,
for any k and k', we have

(b — [e(a™));) - (0 — [e(*

which provides the following identity that is useful in our convergence analysis later:

)lj) = 0, (17)

n N

N N n
ST e =303 bk e = 30 S0 — [e(a)])
k=1

k=1 j=1 j=1 k=1

Eh-bE) b

The procedure on constructing (b¥) ke[N] satisfying these four properties is provided in Appendix
Al

After (a”, bk)ke[N} are constructed from withw = 7(f7, g7 =1, A\T~1), we adopt the rounding
procedure proposed in [I] to output a primal feasible solution (7*) ke[n]- The rounding procedure
is described in Algorithm

With this new procedure for rounding and computing the margins a
describe our PAM algorithm in Algorithm

(18)

1

k b*, we now formally

2.2 Connections with BCD and BCGD Methods

We now discsuss the connections between PAM and the block coordinate descent (BCD) method
and the block coordinate gradient descent (BCGD) method. For the ease of presentation, we now



Algorithm 1 Projected Alternating Maximization Algorithm

1: Input: Cost matrices {C’k}lngN, vectors a,b € A"} with b > 0, accuracy e. O =4 =
[1,.,1]7, A =[1/N,...,1/N]T e AY. t =0
2: Choose parameters as

€

n:min{S(log(nZN)—l—l)’coo}’ T=n/c,. (19)

while is not met do
Compute fi+! by
Compute ¢! by
Compute A+! by
t—t+1
end while
Assume stopping condition is satisfied at the T-th iteration. Compute (ak,bk)ke[N] =
Margins(w(f7, g7 =1, AT71),a,b) as in Section
10: Output: (7%,5\) where 7% = Round(7* (7, g7=1, \T~=1), a*, b¥), Vk € [N], A= AT-1,

Algorithm 2 Round(w,a,b)

errg =a — ("), erry = b — e(n”)
Output: 7’ + 67“7“a€7“7”bT/H€7"7"aH1-

1: Input: 7 € R™", a € R}, b € R
2: X = Diag (z) with z; = T(‘;i)i A1
37 =Xm

4: Y = Diag (y) with y; = c(frij;)j !

5: 1" =7'Y

6:

7

assume that we are dealing with the following general convex optimization problem with m block
variables:
min J(x1,22, ..., Tm), (20)
T, €X;,1=1,....m
where X; C R% and J is convex and differentiable. The BCD method for solving iterates as
follows:

t41 t+1 _t+1 t+1 t
€ 1

= argmin J(z7" ", x5 ,...,xifl,xi,xiﬂ,...,mfn), (21)

l‘iEXi
and it assumes that these subproblems are easy to solve. The BCGD method for solving
iterates as follows:

gttt = argn)l(in (Vo J (b bt 2t TiyThyqy .oy Thy) g — ) + %Hazz — at||3, (22)
T;EA;
where 7 > 0 is the step size. The PAM is a hybrid of BCD and BCGD , in the sense
that some block variables are updated by exactly solving a maximization problem (the f and g
steps), and some other block variables are updated by taking a gradient step (the A step). Though
this hybrid idea has been studied in the literature [10} 26], their convergence analysis requires the
blocks corresponding to exact minimization to be strongly convex. However, in our problem ,
the negative of the objective function is merely convex. Hence we need to develop new convergence



proofs to analyze the convergence of PAM (Algorithm . How to extend our convergence results
of PAM (Algorithm (1)) to more general settings is a very interesting topic for future study.

3 Convergence Analysis of PAM

In this section, we analyze the iteration complexity of Algorithm [I] for obtaining an e-optimal
solution to the original EOT problem (2] . The e-optimal solution to is defined as follows.

Definition 2 (see, e.g., [17]) We call (7, )) € HNb x AN an e-optimal solution to the EOT
problem . if the following inequality holds:

max £(#,\) — min £(m,\) <
AEAN wellly,

Note that the left hand side of the inequality is the duality gap of .

3.1 Technical Preparations

We first give the partial gradients of F'.

o Xgee(fit g = MCH)/M k
[va(fvga)‘)]z = Zk 1S5, 9. ) = @ [T (;7" (f.9, A))]iv (23a)

- €X 7 i — A Clkj
VB (fg Ny = by — 2 O E 05 = M )/”):bj—[c (Zw'f(f,m)] . (23b)
k j

2k IKF(f 9. )

5 Ol exp((fi + gj — MeC) /1)
B Zk IC*(f, 9. M)lx

Since and renormalize the row sum and column sum of ), ¢*(f,9,\) to be a and b, we
immediately have

[V)\F(f, 9, )‘)] < (fa 9, ) > (230)

Zuc’“ (f g A =1, ch’f (f g A =1, v, (24)

which, combined with , yields
Wk(ft+1,gt, )\t) — Ck(ft+1,gt7)\t)a Wk(ft+1,gt+17)\t) — Ck(ft+17gt+1; )\t)7vt (25)
The following lemma gives an error bound for Algorithm [2| (see [I]).

Lemma 3 (Rounding Error) Let a,b € R} with 371 a; = 320_ 1 bj = q, m# € R, and &# =
Round(m,a,b). The following inequality holds:
|7 = mlly < 2(||r(m) — ally + [le(m) = bl[1).

Proof. The proof is a slight modification from [I, Lemma 7]. Note that Lines in Algorithm
renormalize the row sum and column sum that are larger than the corresponding a; and b;. It is
easy to verify that 7, 7", err, and err, are nonnegative with ||erry|[1 = |lerrs|1 = ¢ — ||7”||1 and

r(7) =r(r") + r(erraerrl—,r/HerraHl) =r(r")+err, =a,



and likewise ¢(7) = b. Denote A = ||7||1 — [|7”]|1. Since we remove mass from a row of 7 when

ri(m) > a;, and from a column when ¢;(7’) > b;, we have
A= (ri(m) —ai)y + Y (ci(n) = bj)+
i=1 j=1

Firstly, a simple calculation shows

n

> (ri(m) —ai)y = % [lIr(x) = ally +[lwlly = q] -

i=1

Secondly, the fact that the vector ¢(m) is entrywise larger than ¢(n’) leads to

Y (i) =)+ <

Jj=1 J

(¢j(m) = bj)+ < lle(m) = bl
1

n n

Therefore we conclude

7= 7l < A+ llerraerr] I/ lerrals = A+q = |la" = 24 +q = |l
< |lr(m) = all +2lle(r) = bl < 2[lr(x) = alls + lle(x) = bll .

The following lemma shows that VF' is Lipschitz continuous.

Lemma 4 For any f,g € R" and \',\2 € AN, the following inequality holds
HVAF(fmga A1) - v)\F(faga)‘2)H2 < CgoH)‘l - >‘2H2/777

which immediately implies

2
C
F(f,g.A") = F(f,9,3°) + (VAF(f,9,2%),A\' = \%) — ﬁrw — N?|I3.

(26)

(27)

Proof. The proof essentially follows [21]. It is easy to verify that the (g, k)-th entry of the Hessian

of F(f,g,\) with respect to A is

PF 1
ONON, 2

[04,1(N)ok,1(A) = v(ok 2( M) Lk=g)]

where 1, = 1 iff £ = ¢ and 0 otherwise, for all k € {1,..., N} and p > 1

fi+9; = MCF;
Okp(A) = Z(C’fj)p exp ( / 2

i g
N k
i+ g; — A CF
=3 S (12N,
k=1 i,j n



Let v € R satisfying ||Jv||2 = 1, and by denoting V3F the Hessian of F' with respect to A for fixed
f, g, we obtain

N 2 N

1 2
vTvg\FU = 2 ( E vkok,1()\)> —v g V0K 2
e k=1

1

fi+ 95 = MCY;

N 2 N .
1 1 fi+9; — MCE.
3771/2 <Z ngk,l()\)) T E || E exp < ’ ’j> E (CE)Zexp ( ;
=1 k=1 ij

K i
al (Y Ft g — e\ )
1 k 7 gj — Nk 0,7
SW <Z Ukak,l()\)> — [ D 1l > 1CE; | exp ( ; w) <0,
k=1 k=1 i,
where the last three inequalities come from Cauchy Schwartz inequality. Moreover we have
N 2 N N 2 2
1 E —1 VLOk 2 C
T2 _ _ 2 _ Lak=1 "k"K, _ Too
v’ VyFv —z (Z ngo'k,l()\)> Vka,akQ > ” > 17,
k=1 k=1
which completes the proof. O

The next lemma gives a bound for g.

Lemma 5 Let (f, g%, \) be the sequence generated by Algorithm . For any t > 0, it holds that
rnaxg;- — min g§- < Coo — ML, (28a)
J J

max g; — ming; < coo — Nt (28b)
j J

Proof. We prove (28a)) first. When ¢ = 0, (28a)) holds because of the initialization ¢°. When t > 1,
from (|15 we have

N N N
Ze—)\z_lcij/n 2 Zef)\zfluck‘loo/n Z 267”016”00/7] Z ]\]efcoo/’n7 (29)
k=1 k=1 k=1

where the second inequality is due to 0 < )\Zfl < 1. Combining and we get

N
/. Neem/n(1, oy < 3 S (Ze*cﬁ/’o I =y <1,
[ k=1

which leads to ,
max g < coo — nlog(N(1,e//7)). (30)
J

t—1 -k t—1 -~k
Moreover, note that e ™M Gl < 1, therefore % Zévzl e ™ Ci/M < 1. This fact leads to:

N
95/ . <1,eft/77> > Zegﬁ/" (]1[ Ze/\fvlclkj/n> el = %bj,
i k=1

which gives

mjing} > —nlog(N(1,ef'/m)), (31)
Combining with yields (28a)). The bound for g* (28b]) can be obtained similarly, by noting
that ©* € fo - We omit the details for brevity. O

)

2



Lemma 6 Let {f, g', \'} be generated by PAM (Algorithm . The following equality holds.
N
Z [ (L gAY — R (L gt Ay = Hct _ bH1 Vi
k
Proof. By , we have
N
Z [ (L, gAY — 7R (P gt A

—ZZre (FF MO8 ) (14 =ACE )

_ZZ (S, g5 A [bs /5~ 1!=ZC§|bj/C§—1|=HCt—bH1-

J

3.2 Key Lemmas

In this subsection, we provide a few useful lemmas that will lead to our main theorem on the
iteration complexity of PAM (Algorithm . These lemmas yield the following results: the function
F' is monotonically increasing (Lemmas , the suboptimality of the dual problem can be upper
bounded (Lemma, and the PAM returns an e-optimal solution under conditions (45)) (Lemma
. In Theorem [12| we will show that these conditions can indeed be satisfied.

Lemma 7 [Increase of F] Let {ft,g',\'} be generated by PAM (Algorithm . The following
inequalities hold:

P g N = PN 20 (322)
F(ft+1agt+17)\t) _F(ft+lagt7)\t > g HC _bHI (32b)
F(SLg LX) < (LGN 2 N N (20), (320

Proof.
First, (32al) is a direct consequence of (|12a)).
Next, we prove (32b)). We have

F(ft+1a gt+17 At) - F(ft+1vgta At)

N N
= (""" — ¢,b) — nlog <Z ICF (L g™ A |+ nlog (Z IC*(F, o At)lll)

k=1 k=1
- 1
= (g — g, b) = 1> bylog(b;/ch) = nK(bl|c") = Tl — b,
j=1

where K(z||y) denotes the KL divergence of z and y, the second equality is due to (24)), the third
equality is due to , and the last inequality follows the Pinsker’s inequality.
Finally, we prove (32d). From the optimality condition of (12¢)), we know that there exists

ALY € OlA , (ATY) (33)

10



such that 1
F(FAL gt Al — S (L 2 A - p(at) = o, (34)
T

From ([27)) we have

F(fT g AT) — F(fH g 2 (VAR (F7 g T AD) A = X) — ;%‘;IW“ - NP

—_

\]

2
Coo
= <7(At+1 _ At) + h()\t+1>7)\t+1 . )\t> . %HAtJrl . /\tHQ

—_

2
> <7(>\t+1 _ )\t)’)\t+1 _ )\t> . C£||At+1 _ )\tHQ
T 2n
= I = NP/ (2m),

where the first equality is due to (34)), the second inequality is due to , and the last equality is
due to the definition of 7 in . O

Before we bound the suboptimality gap, we need the following lemma.

Lemma 8 Let {f' g',\'} be generated by PAM (Algorithm . For any A € AN, the following
inequality holds:

A=AV g5 AN) <3 AT = Mlo/n + eso || = b - (35)
Proof. The optimality condition of (12¢)) is given by:
1
A= N (X — Wy (7 g T A)) >0, YA e AV, (36)
T

which implies that

<)\t+1 _ )\’ —V)\F(ft+1,gt+1, )\t)>
37
AL — Xl /m, 7

2ol

1 1
< A= AT (= A0 < I = XA = N2 < 26
T T

where the last inequality is due to the fact that the diameter of Ay is bounded by v2 < 2.
Moreover, we have

A= X\, VA (T gt — o F(F7, gt AF)

T (P g N — (L gl N, OF)

N
= >

. (38)
>l

k

IN

ft+1 t+1 )\t) k(ft+1’gt,)\t)H1”CkHOO

IN

Coolle” = bll1,
where the equality is due to , and the last inequality is due to Lemma @ Finally, we have
<)\t Y _v/\F(ft+1’gt7)\t)>
_ <)\t _ AL _VAF(ft+1’gt+l7)\t)> i </\t+1 Y _v)\F(ft+1’gt+17)\t)> i
<)\t O VAE(FEL gt ) — W F(FIL o )\t)>
<IN = Xl - [VAF(FFY g FH N2+ 265 AT = Mla/n + esclle’ = b1,

(39)

11



where the first inequality is due to and (38). From (23d) we have ||V F (£, g™ A |2 < oo,
which, combined with and the fact that n < ¢, yields the desired result. ]

The suboptimality of is defined as: F(f,g,\) = F(f*,g*,\*) — F(f,g,\). Note that
F(f,9,7) > 0,Yf,9,\ € AN

Lemma 9 Let (f, g%, \) be generated by PAM (Algorithm . The following inequality holds:
F(f™, 6" N) < (2e00 = mo) e = bl + 33 [N = N2/
Proof. Denote u' = (max; g;- + min; gﬁ-)/2, u* = (max; g7 + min; g7)/2. From we get

b —b) Za, Zb-:O,

7=1

which further implies

(¢ —g*,c" — b) = {(¢" —u'l) = (¢" —u*l),c" — b)

. . (40)
< (llg" = u'Llloo + llg* = u"Llsc) [l = b]|, < (e
where the last inequality is due to Lemma |5l Now we set A = \* in , and we obtain
(AF = X =VAF (" g AD)) <3 I = Mo/ + oo || = B - (41)

Since F'(f, g, ) is a concave function, we have
F(f*, " X°) S F(f g ) + (VE( g8 A0, (F, 05 A7) = (F7, 5, 09),
which, combining with yields
PO, gt A = F(F*, g%, AF) — F(FH gt A
< (= (TRl 7T g AY) = a) 4 (g — g7 et =)

+ <)‘t - )‘*a _VAF(ft+17gtv )‘t)>
< (2000 — m)lle" = bll1 + 32 A = X l2/n,

where the last inequality follows from , , and . O
The next lemma shows that the suboptimality gap EF(f,g,\) can be bounded by O(1/t).

Lemma 10 Let (ft, g%, \!) be generated by PAM (Algorithm . The following inequality holds:

)

FFH, gt A < 4/(no0)

Tt +14+4/(moF(f0 g% \0))’

1 1

where Yo = MmMin {W, @

} 1S a constant.

Proof. Combining (32b]) and ., we have

F(ft-&-l’gt—l-l,)\t—i-l) (ft-i-l,g )\t n HC be+ 2

A5/ (2). (42)
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Therefore, we have
F(fAH g — F(f*, g5 0
<= J et = by = & AT = N /2m)

n

<= 50 (((2eso = m)lle" = bll1)* + BeS N = Ala/m)?) (43)
n 2

< — 70((200 = m)lle* = b1 + 3 AT = Xl2/n)

<- Z’Yoﬁ(ft+1agt»)\t)2’

where the last inequality is from Lemma @ Dividing both sides of by F(ftH1, gttt A+ .
F(ft*1 gt A, we have

1 . 1 n F(f*1, g, M)
lﬁw(ftﬂ’gtﬂ7 >\t+1) —ﬁ(fwrl,gt7 )\t) T Z% ' F(ft+1’gt+1’ )\t+1) (44)
1 n 1 7
+ -0 2 + —70,

>~— -
TF(ftH gt A 4 F(ft,gt,\t) 4

where the second inequality is due to and the last inequality is from (32a). Summing

from 0 to ¢ leads to

1 N 1 n(t +1)

F(FH, g )~ (0,000 4
which implies the desired result. ]

70,

The next lemma gives sufficient conditions for the PAM algorithm to return an e-optimal solution
to the original EOT problem .

Lemma 11 Assume at the T-iteration of PAM, we have the following inequalities hold:

"t = blls < €/(6(6c00 — 1)), (45a)
AT = AT, < me/(18¢3), (45D)
F(fT7gT—17)\T—1) < ¢/6. (45¢)

Then the output (7, ;\) of PAM (Algorithm , i.e., ™ = Round(m*(fT, g7 =1, ANT=1), a¥, V%), Vk €
[N], A = AT=1 is an e-optimal solution of the original EOT problem .

Proof. According to Deﬁnition it is sufficient to show that the output (m, 5\) € fo , < AN satisfies
the following two inequalities:

ma € (7,0) — {(#,4) < 5. (46a)
0, ) — min (r, A < g (46b)
7[' a,b

We prove ({6a)) first. For ease of presentation, we denote # = w(f7, g7 =1, AT, * = w(f*, g*, \*).
Note that 7% = Round(7*,a*,b*),Vk € [N]. We also denote

N
A(m) := argmax {E(ﬂ, A) =) A(rh, ck>} : (47)
k=1

AEAN

13



Note that the term on the left hand side of (46a)) can be rewritten as

) (I (48)

(I11) (1v)

We now provide upper bounds for these four terms. Denote
k* = argmax (7, C*),  k* = argmax(7*, CF). (49)
ke[N] ke[N]
Since and are equivalent, we have the following for the term (I):
(1) = YA, CF) = DTA@IG O = (5,0 — (7,07
k k
<(EF,OF) = (B, OF) < A = A 1) CF oo < coo 3 IIFF = ¥ (50)
k

<2co0 ) (Ir(@") = a"lly + [le(@) = b¥]1) = 2c0[lc™ " = b1,
k

where the first inequality follows from the definition of k* in , the fourth inequality is from
Lemma |3 and the last equality follows from and .

T T T—I\T_\T-1-k
For the term (II), recall that H(m) = — > ; ﬂﬁj(log 7r£fj—1) and 7% = exp <f 1 +10 77) e )
T_1 max; g]T*l—i-minj g;Ll
due to , and define u = 5 . We have
o (gl =Nk .
(II):ZA(w)k@r’f,c’“)JrnZw;fj( L ; Y_1|-F
K Foyisj

=@y, = M(EH )+ S wE (T4 gl =) - P
k k,i,j

5‘(7?) - 5\7 v)\F(fT>gT_17 )‘T_1)> + <fTa CL> + <gT_1a CT_1> - 7721'73‘7]@- ﬁﬁ] — F

A@) = N VAF(fT, g™, )\T‘l)> + (M a)y+ (g" ") — log (Z |7~Tk||1> —n— F*
k

SCOO”CT_I —blli + ?’Cgo”)\T - )\T_1||2/77 + <9T_1 —ul1, I - b)
Seoolle” ! = bl + 3N = N/ + g™t = u T | = bl

<(Beoo/2 = ne/2) [l = bl + B [INT = AT 2/,
(51)
where the th_ird equality uses , (23c]) and , the second inequality follows from Lemma |8] by
setting A = A(7) and ¢t =T — 1, and the last inequality uses Lemma

14



For the term (III), we have

T T-1 T—1k
. T4 gI-t Il
(11D <> (@ CFy + 9 frfj(f 9i i —1> — F*
— n
k 2,

(52)
=(¢g" LT =)+ F(fTL gAY — B
S(COO/2 - nl’/Q)HCT_l - bH1 + |F(fTng_17 )\T_l) - F*|¢
where the last inequality follows from Lemma
Finally, for the term (IV), we have
(1V) —Z(W — &%, M, CF) < Z 17 = &1 [1C* oo
(53)

<200 Z (Ir(7*) = ¥l + e(@) = 0¥|l1) = 2eo0 ]l b1,

where the first inequality uses |5\k| < 1, the second inequality uses Lemma [3| and . Plugging

- into @ , and using , we obtain .

Now we prove (46b)). For ease of presentation, we denote

m(A) := argmin 4(m, \). (54)

ﬂEH(JXb
We also denote b= cT~1 =3, ¢ (7*) and 7% = Round(7(\)*, @*, b¥), where

(@, 5") ey = Margins(z(}), a, ),
as defined in . From we know that

5 e () <7, = [ e (o) - 5| -
k k k 1
where the second equality is due to T()\) € Hi\fb and thus C(Zk(ﬁ'(j\))k) = b, and the fact that

>k b* = b due to Property (ii) of the Margins procedure in Section By the Sinkhorn’s theorem
[23], 7 is the unique optimal solution of minﬂ'EHNl; ly(m, ). Therefore

Z Ak )< Z Au(m"™, OF) — nH (a). (56)

Now, note that the left hand side of (46b) can be arranged into three parts:

o =Bl =lb—c" M, (55)

= (Z (77, CF) — Z&kﬁrk,ck)) + (Z Me(7F, CF) = N, CF) )
k k

k k
(V) (V1) (57)
R (z St ) — zxk«?—ra»k,cﬂ)
k k
(VII)
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We now upper bound these three terms. First note that the term (V) is the same as the term (IV)
and thus has the same upper bound in (53). Since 0 < H(m) < log(n®N) + 1, from we have
that

L - - 1
:Z)\k(wk’C@_Z)\k(W'k’C@ SﬂH(qr)—H( )’ < 36 (58)
k k
where the last step uses the definition of 7 in .
For the term (VII), we have
(VII) Z Mi(n'®, CFy — Z M((FADECRY <> || ) [lIC oo
' (59)

SQCooZ (@ (N))*) = @[l + [le((@(A)F) = 8*1h) = 2eccllc™™" = b1,
k

where the second inequality follows from Lemma |3 the second equality uses and the fact that
r((7(A))¥) = @* due to the property of the Margins procedure in (6.

Finally, plugging (note (V)=(IV)), and into (57), and using (45a)) and noting
L < 0, we obtain (46bf). This completes the proof. O

3.3 Main Result

We now present our main theorem, which gives the iteration complexity of PAM such that is
satisfied, and as a result of Lemma an e-optimal solution to the original EOT problem is
obtained.

Theorem 12 Define € = ¢/(6¢oo — i), and set T as

36 6482 28
T=5+ s+ oo 4 =0 (e ?), (60)
14/Y0€ ne nY0€

where 7 is defined in Lemma|10| and we know vy = O(c3?). The output pair of Algorithm s an
e-optimal solution of the EOT problem .

Proof. According to Lemma we only need to show that . holds after T iterations as defined
in . To guarantee (4 and -, we follow the ideas of Dvurechensky et al. [8] and construct
a sw1tch1ng process. We ﬁrst reduce I from F(f°,¢° \°) to a constant s by running ¢; steps. In
this process, Lemma [10] indicates

4 4
t1 <14 — = . 61
s WVOF(fO,gov )‘0) ( )

Secondly, starting from s, we continue running the algorithm, and assume that there are ¢ iterations
in which (45a)) fails. By (32b)) we have

723
to <

Therefore, we know that the total iteration number that (45al) fails is upper bounded by

725 4 4
ne sy F(f9, 90, M)

Th=t1+t2<2+
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iterations. By choosing s = € /(6,/70), we know that

_ 4 36 e 0 £0 .0 1O
{ 2t e R <2 RGN0 2

IN
o
g o

< 12 .
2+ NG + \/%6, T 000 = <2+ nfe otherwise.

Therefore, we have T7 < 2 + " \ﬁe Similarly, starting from s, the number of iterations that -
fails can be bounded by

6485020

ts <14+ ——5=2,
ne

where we apply (32b)). By choosing s = €, we know that the total iteration number that (45b)) fails
is upper bounded by

648¢2 4 4
To=t1 +1t3 <2+ c°°+ - _
ne moe  nyoE(f0, g% A0)

iterations. Finally, by letting s = €/6 in , we know that
B g1 XT) < of6

after
24
70€

iterations. From (32al) we know that after T3 iterations, we have

T3:1+

F(fT3ng3—1’)\T3—1) S F(ng—l’gT3—1’)\T3—1) S 6/6,

i.e.,, (45c) holds. Combining the above discussions, we know that after 7" = T} + T + T3 + 1
iterations, there must exist at least one iteration such that holds, and thus the output of PAM
is an e-optimal solution to the original EOT problem . O

4 Projected Alternating Maximization with Extrapolation

In this section, we discuss how to accelerate the PAM algorithm (Algorithm . It can be shown
that the gradient of F' in is Lipschitz continuousﬂ Therefore, Scetbon et al. [21] proposed to
adopt Nesterov’s accelerated gradient method [18] to solve . Their algorithm, named APGA
(Accelerated Projected Gradient Ascent algorithm), iterates as follows:

(v,w,z)T - (ft—l’gt—l’)\t—l)'l' + i+ - ((ft 1 t 1 )\t 1) _ (ft—2’gt—27>\t—2)'l'> (62a)
1
(f'.g")" « (v,w)" + zv(f,g)F(ana z) (62b)

(AT« Projan <z + %V)\F(U, w, z)) , (62c¢)

where L is the Lipschitz constant of VF. Note that APGA treats the problem ((11)) as a generic
convex and smooth problem, and does not take advantage of the special structures of . In
particular, f and g are updated using gradient ascent steps. This is in contrast to PAM in which

'Tn Lemma W] we proved that VF is Lipschitz continuous. The Lipschitz continuity of V;F and V4F can be
proved similarly.
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f and g are obtained by exact maximizations, which is expected to improve the function value
of F' more significantly. In the following, we will design an accelerated algorithm that utilizes
this property. Our method is called PAME (PAM with Extrapolation) and it incorporates the
extrapolation technique to the gradient step for updating A, and f and ¢ are still updated using
exact maximizations. We note that currently we are not able to prove a better complexity for
PAME. Our iteration complexity result in Theorem [1§is in the same order as that of PAM, but
numerically we have observed great improvement of PAME over PAM. It is an interesting future
topic to study other accelerations to PAM that can provably achieve improved complexity.
A typical iteration of our PAME algorithm is given below:

1 a
f = £ o <v~ n <k<ft,gt,At>>> | (052
b
9" =g+ mlog (c(Zk <’f<ft+1,gt,»>>) ’ (o530
Yy =Projan (A + (1= 0)(X" = X"1)), (63c)
AL = Projan (¥ + 7VAF (S gy ) (63d)

Here 6 € (0,1) is a given parameter for the extrapolation step. We see that steps j@—ﬁ?)b
are the same as — and they are solutions to the exact maximizations —(]TZ_—bD. Steps
— give extrapolation to the gradient step for A, similar to Nesterov’s accelerated gradient
method. Note that PAME solves the dual entropy-regularized EOT problem . We use the
same rounding procedure in Section to generate a primal solution to the original EOT problem
. The complete PAME algorithm is described in Algorithm

Algorithm 3 Projected Alternating Maximization with Extrapolation Algorithm

1: Input: Cost matrices {Ck}lngN, accuracy €, 6 € (0,1).
2: Inmitialization: f° =¢° =11,...,1]", A\ =[1/N,...,1/N]T € AV,
3: Choose parameters as

. € n
= = . 64
= { 3(log(n?N) +1)’ COO} Y (64)

[e.°]

while is not met do
Compute ! by (63a]
Compute ¢g*! by (63b)
Compute y'*1 by (63
Compute A" by (63d)
t+—1t+1

10: end while

11: Assume the stop condition is satisfied at the T-th iteration. Compute (ak,bk)kE[N] =

Margins(w(f7, g7 =1, AT=1),a,b) as in Section
12: Output: (7, ) where #% = Round(7*(fT, 7=, AT1), a¥ b%), Vk € [N], A = AT-1.

4.1 Convergence Analysis of PAME Algorithm

In this section, we analyze the iteration complexity of PAME (Algorithm [3|) for obtaining an e-
optimal solution to the original EOT problem . The proof for PAME is different from that of
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PAM, and here we need to analyze the behavior of the following Hamiltonian, inspired by Jin et
al. [13].
1
E(fagaA17)‘2):F(fagv)‘l)_EH)‘l_)PH%‘ (65)

The following simple fact is useful for our analysis later.
Iy = X[z = [[Projan (A + (1 = )(A" = A1) = Projan (A) 2 < (1 = O)[IA" = X' "H|2, (66)

where the equality follows from the definition of y*™! in (63d), and the inequality is due to the
non-expansiveness of the projection operator.

The following lemma shows that the Hamiltonian E(f?, g*, \t, A1) is monotonically increasing
when updating A\ in Algorithm ([3)).

Lemma 13 [Sufficient increase in \] Let { ft, g, yt, A\*} be generated by PAME (Algorithm @ The
following inequality holds:

_ 20 — 62 _ 1
E(ft+1vgt+17 )\H_lv )‘t) - E(ft+17gt+1a )\ta )‘t 1) > 27 H)\t - )\t 1”% + EH)\HJ - yt+1||g‘ (67)

Note that since 6 € (0, 1), the right hand side of 1s always nonnegative.

Proof. From the optimality condition of (63d)) we know that, there exists h(A+1) € AL~ (AFFY)

such that .
VAR (S gyt ) — (A — ) — (A =0. (68)

T

By the convexity of the indicator function Iy~ (A1), we have
- AL RO <0, (A — AL (L) < 0. (69)
Moreover, we have the following inequality:
AL A2 = A — gt gt 2

=y = NE 2 =y Ty N Ay S (70)
< (L= )N = ATHE 4 20—y =N AT =y,

where the inequality is from . We then have the following inequality:

F(ft+1,gt+1,>\t) _ F(ft+1,gt+1, )\t—l—l)
S (F(ft+1,gt+1,yt+1) + <V,\F(ft+17gt+1,yt+1),)\t o yt+1>) .

(FOH g™y ) + (VAR (T g g ), N — ) — I — o5/ (2m))
(VAFR(f™ gy A = A 4 &I =y 13/ (2n)
(VAF(FH gy ) = RO, N = XD 4 AT — 3/ (2n) (71)

IN

1 1
— 7<)\t+1 _ yt+17)\t . >\t+1> + 7H)‘t+1 _ yt+1H2
T 4ar
1 1
_ 7<)\t+1 _ yt-l—l’)\t oyt g yt—i-l _ /\t+1> + *H/\Hl _ yt+1H2
T 4T
- _ l<)\t+1 o yt—ﬁ-l’yt—&—l _ )\t> o 4i|‘)\t+1 _ yt+1||2’
T T
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where the first inequality is from the concavity of F’ with respect to A and , the second inequality
is due to , the second equality is due to . Combining and leads to

E(f g AN = PP g AT - AT 3

! ‘

2T
1 3

> F(F 6N L S 2

1-6)? 1 1
SO g - Lo gy - Ly
1 _ 20 — 02 _ 1
= F(ft“,gt“dt)—;llkt—kt i3+ o A" = A 1H%Jrgllxt“—y”lll2
— E t+1  t+1 )\t Atfl 20 — 62 )\t . )\tfl 2 i )\t+1 ot 2
=E(f"" g N, )+72T | |!2+4TH y
which completes the proof. O

Now we define the following function E, and later we will prove that E(f?, g¢, \t, \*1) can be
upper bounded by O(1/t).

E(fv.% >\17)‘2) = F(f*vg*a)‘*) - E(fvga)\laA2)'

The next lemma is useful for obtaining the upper bound for E (%, g, AL, AE=1). Moreover, it is noted
that E(f, g, A',\?) > 0,Vf, g, A", X%, and E(f,g,\,\) = F(f,9,\),Yf, 9, \.

Lemma 14 Let {f', ¢, y', \'} be generated by PAME (Algorithm @) For any A\ € AN, the follow-
ing inequality holds

A= X, VAR(f g8 ) < esclle! = bl + TeS I =y 2/ + 5(1 = )X A" = A2/,

(72)
Proof. From the optimality condition of (63d]), we have the following inequality:
1
<)\ . )\tJrl’ 7(}\t+1 o yt+1) o V,\F(ft+17gt+1, yt+1)> > O, Y € AN (73)
T
The left hand side of can be rearranged to three terms.
<)‘ - )‘tv v)\F(ft+17 gtv At))
= <)‘t - A _v)\F(ft+17 gt+17 yt+1)> + <>‘t = A v)\F(ft+17gt+1u yt+1) - v)\F(ft+17 gt+17 )‘t)>
(1) ) (74)
+ <)\t _ A, V,\F(ft+1,gt+1, )\t) o V,\F(ft+1,gt, )\t)> )
(I1T)

We now bound these three terms one by one. To bound the term (I), we first note that from (23c])

and (15]), we have
vV, F t+1 t+1 )\t < < 2 75
H A (f g )HZ > Coo Coo/”? ( )
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where the second inequality is due to the definition of n . Now we can bound the term (I) as
follows:

(1) = (A = AFL WP (FH g A0) 4+ (A = AL WAR(f14, g1 ) — WA F(f74 g4y ))
+ <>\t+1 - >\a _v)\F(ft+17gt+17 yt+1)>

2
<IN = Ay [TAEG A [+ =22 X = A = g

1
M AR PR St T P

B AT = N la/n + 43 AT =yt o/,

(76)
where the first inequality uses Lemma [4| and , the second inequality uses and the facts
that H)\t — yt‘HHQ < 2 and H)\t — )\H2 < 2.

For the term (II), Lemma (4] yields:

(IT) <2 || VaF(F5, gy ) = VaF(F17, g, A, < 2% [l = X, /- (77)
For the term (III), it can be bounded as:
N
(I11) = Z()\z C ) - (mE(FEY, g D) — R (L gt A, OF)
k=1 (78)

N
< Y IE LAY = 7 L g A ICF e < eoolliet = bl
k=1

where the last inequality is due to Lemma @ Plugging - into and applying the
triangle inequality, we obtain

A= XL VAR(FH g8 M) < esolle = bl + Te3 AT =y la/n + 52 lly™ — Mll2/n,
which immediately implies by noting . (|
Lemma 15 Let (ft, g%, yt, \) be generated by PAME (Algorithm @ The following inequality holds:

E(f g" AL AT < (200 — m)le = Bllu + T2 [N =y la/n 4 (7= 50) B A" — A I/,
Proof. Since F(f,g,\) is a concave function, we have

F(f*, " A") S F(f ' N + (VE(F g5 A, (F g%, 0% = (774 65 A0),
which implies that
B gt ) <(gt — g, — b) + (\E — X%, —V F(F1+L, gt, A1)
(coo = ne)lle" = bll1 + eoclle’ = bll + T AT =y l2/n (79)
+5(1 = 0)c3 A = A |2/n.
where in the first inequality we have used , and the second inequality follows from and
setting A = A* in . From we immediately get
B(f, gt A L) = B gt 2 + %H/\t L2
< X = ATHE/m + (2e00 = mu)lle’ = bll + TSN =y l2/n 4+ 5(1 = )X X" = AT 2/n

[e.9]

< 2N = AT l2/n + (2eac = mu)lle = bl + TS AT =y Tl /n + 5(1 = ) A" = A2/,
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where the second inequality is due to ||A! — Ai=!||3 < 2. This completes the proof. O
The following lemma bounds E(f', g1 X+ ) by O(1/t).
Lemma 16 Let {ft, g',y'\'} be generated by PAME (Algorithm@. The following inequality holds:

B(f1 gt A < 6/tn) V>0
t+1+ 6/(”71F(f07go7 )‘0))

Y

0

where we assume A~' =AY, and

in 1 2(20 — 62) 1
= 1

o Qe — )2 (7502, 192,
18 a constant.

Proof. Combining (32b) and Lemma [13] we have
E(ft+lvgt+17 )\t+17 )‘t) - E(ft+1>gt7 /\t7 )\t_l)
— (E(ft—i-l gt+1 )\t—i-l )\t)_E(ft+1 gt+1 )\t )\t—l)) +(F(ft+1 gt+1 )\t)_F(ft—i-l gt )\t))

20 — 92
2T

n g2, 1 2
> e —bllf + X = AT+ 2 I =y

which implies that
E(f g AT — E(f7 g AN

< = e — b — (20— 0) A — = 2 g

= 9 1 - 2 2 ) 2

< Do (e —m) [l = B]L)” + (7 = B0 IN = N o /) o (72 N — g o))
<~ Ly (2o =m0 [ = b, + (7 = SONIN = X+ T A — o]

< - g,ylE(ft—&-l’gt’)\t’ A1)2)

(81)
where the last inequality applies Lemma We then divide both sides of by E(fiH1, gttt XL D).
E(ft1 gt XL A1) and we obtain

1 - 1 ., BT g AT
E(ft+L, gt ML) T B(FHL gt A A1) - 6t B(fiH1, ght1, AL (82)
1 1

n n
> = > =
SB( g AN 60T B g A AT 60

where the second inequality holds because implies that E(ft+1, g AN > E(ft‘H, gt ALY
and the last inequality follows from (32a)). Summing from 0 to t leads to

1 1 n(t+1) 1 n(t+1)
= > = M= = + M,
E(ft+17.gt+17)‘t+17)\t) E(f(],g()’)p’)\—l) 6 F(fO’g(]jAO) 6
which immediately leads to the desired result. O

Similar to Lemma the following lemma provides some sufficient conditions for the PAME
algorithm to return an e-optimal solution to the original EOT problem .
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Lemma 17 Assume at the T-iteration of PAME, we have the following inequalities hold:

"=t = bll1 < €/(6(6cs0 — ML), (83a)

AT = AT la < ne/(60(1 — 6)c2,), (83b)
INT = y"l2 < ne/(42¢2,), (83c)

F(fT g7 X171 < ¢/6. (83d)

Then the output (T, 5\) of PAME (Algorithm @, i.e., i = Round(m*(f7, g7 =1, XI=1), ¥, b¥), Vk €
[N], A = AT=1 is an e-optimal solution of the original EOT problem .

Proof. The proof is essentially the same as that of Lemma More specifically, we again need to
show that the output of PAME (7, \) satisfies (46]). The proof of (46D is exactly the same as the
proof of Lemma, The proof of (46a)) only requires to develop a new bound for

(A@) = A VAR (ST, g7 AT 7)) (84)

that is used in . Other parts are again exactly the same as the ones in Lemma The new
bound of can be obtained by applying Lemma (14 with A = A(7) and ¢t = T — 1, which yields
<5‘(7?) - 5‘7 V)\F(fTv .gT_la )‘T_1)>
< ool = bl 5(L = )T = AT o/ + T AT =y (12/n.
By combining with (50)-(53)), we can bound the left hand side of (46a]) by
¢ (7, (7)) — €7, \)
< (6coc —m0) [T = b +5(1 = O)ed [N = NP, 4 T INT =y l2/n
+F(fT, T4 AT — (36)

(it 1 1y 1
=\671271276)° 2°

where in the last inequality we have used all the sufficient conditions (83al)-(83d]). O
Theorem 18 Define € = ¢/(6coo — L), and set T to be

48 3600(1 — 0)%2 +882) c2.s 48
, (3600(1 = 0 +882) c&s |

=0 (2. e?), 87
nve ne n1€ ( ) (87)

[e.9]

where vy is defined in and we know y1 = O(c32). At least one of the iterations in Algorithm

o0

@ after rounding, is an e-saddle point of the EOT problem .

Proof. According to Lemma we only need to show that holds after T' iterations as defined

in ; We follow the same idea as the proof of Theorem . First we reduce E(fiT1 gttt A+ A

from E(f°, g%, X0, A7) = F(£°, 4% A\ to a constant s by running ¢; steps. By Lemma we have
6 6

s 777115(]00,907)\0).

t1 <1+

(88)
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Secondly, starting from s, we continue running the algorithm, and assume that there are ¢5 iteration
in which (83a)) fails. By (32b)) we have

725
ta <14+ —
ne'?
Therefore, we know that the total iteration number that (83a)) fails can be upper bounded by
72s 6 6

Th=ti+t2<2+—F5+ — =
ne? - mys gy F(f0, g0, \0)

iterations. By choosing s = ﬁ, we know that
_ 6 48 e (0 0 )0 ¢
< | 2t T T = 2t e TEUT LA 2 6
2+ NG + 35 16, T (000 = <2+ ﬂf€ otherwise.

Therefore, we have T7 < from Lemma |13| we know that, starting from s, the
number of iterations that (| and 83c)) fail can be respectively bounded by
3600(1 — 9)%2 s 3528¢2 s

t3 < ; d t4<1
3s ne(260 — 62) o s ne?

By choosing s = €, we have the total iteration numbers that (83b)) and (83¢|) fail can be respectively
bounded by

3600(1 — 0)%c? 6 6 3600(1 — 0)%c? 6
Ty=t+t3 <2+ =+ - —— <2+ S
2o ne(20 — 62) e gy F(f0, g% \0) ne(20 — 62) nYi€
and ) )
3528 6 6 3528 6
Ty=t <24 ooy 2 <94 P 2
ne e gy F(f0, g0, \0) ne ny1€
Finally, by letting s = ¢/6 in , we know that
E(fTt gm AT < /6 (89)
after 36
Ty=1+
ne

iterations. From we know that
F(fT1, gTm 1 AT 1) < /6,

which implies that holds with T' = Ty by noting . Combining the above discussions, we
know that after T'=T7 4+ 15 + T3 + T, + 1 iterations, there must exist at least one iteration such
that the sufficient condition holds, and thus the output of PAME is an e-optimal solution to
the original EOT problem . g

5 Numerical Experiments

In this section, we compare the performance of PAME with PAM and APGA [21] on two
synthetic datasets: the fragmented hypercube dataset and the Gaussian distributions.
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Figure 1: Computational time comparison between PAM, PAME and APGA algorithms on the
Fragmented Hypercube dataset. Upper Left: N = 5,n =100,n = 0.2, Upper Right: N =5n =
500,77 = 0.2, Bottom Left: N =5 n = 100,7 = 0.1, Bottom Right: N =10,n = 100, = 0.2.

Fragmented Hypercube: We first consider transferring mass between a uniform distribution
over a hypercube y = U([—1, 1]%) and a distribution v obtained by a pushforward v = Ty defined by

T(x) = x+2sign(z)® (Zzzl em>. Here sign(-) is taken elementwisely, m* € [d] and e;, 7 € [d] is the
canonical basis of R%. In our experiments, we set d = 10, m* = 2 and sample two base support sets
{xfaﬁe}ie[n], {y;?“se}je[n} independently from p,v. To obtain the cost matrix for one agent, we first

add Gaussian noise sampled from A (0, 1) to the base support sets to get {x?Oisy}ie[n], {y?Oisy}je[n]
and compute the cost using the noisy support sets. For instance, for the k-th agent, we have

(a7 = ahase + N(0,1), (g™ *¥)F = e + N (0, 1) and Cf; = [|(27")* — (57 ”"**)*|I3.

Gaussian Distribution: Consider the case when two sets of discrete support {; }icin]» ¥ }je[n)
are independently sampled from Gaussian distributions

1 10 1 2 1 —0.2
(1) (0 1)) man((3)( 2 1)) w0
respectively. The base cost matrix C?**¢ is computed by C’g‘;se = ||@; — y;||3. Assume we have N

agents. The cost matrix of each agent can be obtained by adding Gaussian noise sampled from
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Figure 2: Computational time comparison between PAM, PAME and APGA algorithms on Gaus-
sian distributions. Upper Left: N = 10,n = 100,7 = 0.1, Upper Right: N = 10,n = 500,n =
0.1, Bottom Left: N =10,n = 100,77 = 0.5, Bottom Right: N =5,n =100, =0.1.

N (0,10) to each element of the base cost. For instance, for the k-th agent with a cost matrix Ck,
we have C;fj = |C£‘}86 + N (0,10)].

We then set a = b = [1/n,...,1/n] for all experiments. For all algorithms, we set 7 = C%Z) and
we set 6 = 0.1 for the PAME algorithm. We consider the EOT error as a measure of optimality.
The EOT error at iteration ¢ is defined by

Error = [0(x(f*, g", \Y), \) — £%], (91)

where ¢* is the approximated optimal value of EOT obtained by running the PAM algorithm
for 20000 iterations. Figures [I] and | plot the EOT error against the execution time for the two
datasets. We run each algorithm for 2000 iterations for different parameter settings. In all cases,
the PAME and PAM perform significantly better than APGA, and PAME also shows significant
improvement over PAM.

Figure [3|shows the optimal couplings obtained from the standard OT and EOT of two Gaussian
distributions under three different metrics: the Euclidean cost (]| - ||2), the square Euclidean cost
(|l - I13) and the L1® norm (|| - ||}-5) respectively. We set n = 4,7 = 0.05 and generate samples
independently according to . For the EOT problem, we consider three agents with cost matrices
computed by the three metrics mentioned above. Note that the entropy regularized models lead to
a dense transportation plan and Figure [3| only plots the couplings with a probability larger than
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Figure 3: Optimal couplings of standard OT (first row) and EOT (second row). OT Square
Euclidean Cost: 5.935; OT Euclidean Cost: 2.158; OT L1-5 Cost: 5.030; EOT Cost: 0.906.

1073, We see that all the agents have the same total cost in the EOT model, and as expected, the
cost is smaller than the other three OT costs obtained by using the same metric.

6 Conclusion

In this paper, we provided the first convergence analysis of the PAM algorithm for solving the EOT
problem. Specifically, we have shown that it takes at most O(e~2) iterations for the PAM algorithm
to find an e-saddle point. We proposed a PAME algorithm which incorporates the extrapolation
technique to PAM. The PAME shows significant numerical improvement over PAM. Results in this
paper might shed lights on designing new BCD type algorithms.
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A Constructing b* in the Margins Procedure ((16))

In the section, we show how to construct (bk)ke[N] in the Margins procedure such that the
four properties in Section [2.1| are satisfied.
First, we set

b—e (Zk ﬂ.k:(fTng—l’ >\T—1))
N .

b — (Trk(ijnglj /\T71)> I

It is easy to verify that properties (ii)-(iv) are satisfied. But it is possible that (i) is violated. We
now describe a procedure to iteratively update b* to achieve (i) while keeping (ii)-(iv) satisfied. If
(i) does not hold, then there exist k and j, such that b;? < 0, which further implies b? —[e(®)]; < 0.

Since
> bk = fla* and 3 le()]; = 3k = ¥,
j j g

there must exist an j' such that b;?, — [e(m®)] ;o> 0, which further implies b;?, > 0. Moreover, since
Yk b;? = b; > 0, there must also exists an k' such that bfl > 0. We then update the following

quantities:
bk b+ 0
bk« b — 0
B bk — g
b bk + 0,

where
0 = min{[b5], [B¥'|, |65, — [e(x")] ]}
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Note that this update maintains that (ii)-(iv) are satisfied. From our discussion above, it is guar-
anteed that 6§ > 0. Therefore, b;? is improved, i.e., it is getting closer to 0, if not equal. Repeating

this procedure leads to b, k € [N] such that (i) is also satisfied.
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