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Abstract

In this paper, we have investigated the elementary particle reaction ete™ — putpu~
that results from the electron-positron interaction, at the leading order, with an intense
laser wave of circular polarization. We have derived, by analytical means, the laser-
assisted differential cross section expression by using the scattering matrix approach. We
have analyzed the energy and the number of exchanged photons dependence of muon pair
production in electron-positron annihilation at different centre of mass energies including
the Z-boson peak. For this reason, a wide range of high centre of mass energies relevant
to future ete™ collider were covered to study the cross section behavior. We have
found that, for a given number of exchanged photons, laser field strength and frequency,
the circularly polarized laser field decreases the total cross section by several orders of
magnitudes.
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1. Introduction

Since its introduction in 1960, studies in the field of laser-matter interaction usually deals
with non relativistic atomic physics [1]. Then, Some researchers have introduced laser-atom
interaction in relativistic regime [2,3]. In recent years and due to the great technological
advances [4], there exist powerful laser sources where the electrons and positrons can acquire
high kinetic energies which lies far beyond the typical atomic energy scale. Therefore, such
high energies can be exploited to induce heavy elementary particle reactions such as Higgs-
strahlung production [5,6], charged Higgs pair production [7], neutral Higgs pair production [8],
and heavy lepton-pair [9,10] or hadron production in ete™ colliders. In addition, lasers can
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be utilized to generate well-controlled particle interactions at microscopically small impact
parameters, which can lead to high luminosity. Consequently, strong laser fields may provide
alternative and complementary ways for high energy physics. In [11], we have studied the
effect of the electromagnetic field with circular polarization on the Z-boson production, and
it is found that the laser field decreases its cross section. In [7,8], we have studied the cross
section of charged and neutral Higgs pair production at eTe™ collider in the presence of a
circularly polarized laser field.

It is well known that there exist two types of laser-matter interactions. The first type is
called laser-induced interaction [12] which can be induced by the presence of the laser field
and can not occur without it. However, the second type which is named as laser-assisted
process [13-17], occurs either in the presence or absence of the laser field. Therefore, muon
pair production at ete™ colliders is studied as a laser-assisted process where the electron and
positron annihilate each other inside the electromagnetic field.

Future ete™ colliders such as linear colliders (ILC ; CLIC) [18] and circular colliders (FCC
; CEPC) [19] offer a rich physics program to test the standard model with a high precision
measurement and search for evidences of new physics beyond the standard model. Electron-
positron annihilation is a process studied with great attention in high energy physics, and
it is widely used for experimental purposes. It allows the study of electroweak aspects, and
it allows a whole series of studies on different aspects of QCD as well as the search for new
particles. Muon-antimuon pair production from e*e™ annihilation is one of the most elemen-
tary processes in particle physics as it has proven fundamental for the understanding of other
electron-positron interactions. The leading-order QED cross section of ete™ — ptpu~ is well
established in the presence of both circularly [20] and linearly [21] polarized electromagnetic
field. Moreover, it is found that the insertion of a circularly polarized laser field decreases
the cross section while the linearly polarized laser field enhances it. However, the Z-boson
Feynman diagram is essential as it has a great contribution, then it can not be neglected. In
this respect, we have investigated the process ee™ — p*pu~ at the lowest order, via the vir-
tual photon () and Z-boson exchange, in the presence a circularly polarized electromagnetic
field. To the best of our knowledge, the process eTe™ — (v, Z) — p*p~ in the presence of an
external field has not been considered before. The aim of this paper is to illustrate the effect
of the laser field on the process of muon pair production at ee~ collider from the theoretical
measurement of the cross section as a function of the centre of mass energy (y/s) and the
laser field’s parameters such as laser’s electric field amplitude, its frequency and the number
of exchanged photons.

The remained of this paper is organized as follows: The next section is devoted to the
description of the electromagnetic field, the wave functions of the interacting particles and
the theoretical calculation of the differential cross section. Section 3 deals with the analysis
of the obtained data and results. A short conclusion is given in section 4. We mention that,
throughout this paper, we have used natural units such that A = ¢ = 1. The choice made for
Livi-Civita tensor is that €"?3 = 1 and the metric g"” is taken such that g"* = (1, —1, -1, —1).



2. QOutline of the theory

2.1. Description of the laser field and wave functions

The process which acts as a source of muon pair production at the electron-positron colliders
is denoted as:

e (q-,5-) + e (g, 54) = p (hoyso) + p' (s, 54), (1)
where ¢ and ¢, are the effective momenta of the electron and positron. k_ and k., are
successively the free momenta of the muon and the antimuon. The conversion of an electron-
positron pair into a muon pair can occur with either a virtual photon, a Z boson or the Higgs
boson, in the intermediate state. All these processes are in principle indistinguishable, since
they yield the same final state. Due to the fact that the contribution from the Higgs particle
is totally negligible, we will focus on the v and Z exchange processes, which are described by
figure 1.
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Figure 1: Leading-order Feynman diagrams for the electron-positron annihilation process
ecet = upt.

Throughout this paper, we have treated the produced muons as free particles while the
electron and positron are embedded in a monochromatic electromagnetic field with circular
polarization. Moreover, the only way to modify the free states of the electron and positron, in
CEPC collider for example, is to position the electromagnetic beam as perpendicular to the
colliding beam. Therefore, the collision is considered as taking place in the (xoy) while the
laser field is propagating along the z-axis as illustrated in figure 2. The classical four-potential
of the laser field is given by:

A (@) = al cos ¢ + aby sin ¢, (2)
where ¢ = (k.x) is the phase of the electromagnetic field. k* = w(1,0,0,1) is the wave
four vector, and af, are four-vectors chosen as af = |a[(0,1,0,0) and a5y = [a|(0,0,1,0),
with a denoting the amplitude of the vector potential. These quantities satisfy the following
conditions: a? = a3 = a* = —|a|* = — (g /u))2 where e is the amplitude of the external field.
From the Lorentz gauge condition 9,A" = 0, we deduce that a;.k = 0 and as.k = 0. Both
electron and positron are described by the Dirac-Volkov states [22] such that:

B 6%44 U(p:l:as:l:) iS(q+,5+
¢pi78i(x) - [1 + Q(k,pi)} \/2@7 ‘ " )’ (3)



Figure 2: Geometry of the electron-positron annihilation ete™ — p*pu~ collision in the centre
of mass frame.

with:

6(&1.p:|:)

e(as.
= dqupt OUPE g A0PE) oy s
S(q+,5+) qrx + s sin ¢ , oS ¢ (4)

In equation (3), Uy, s,y are the Dirac spionrs, s; denote the particles spin,  is the space-
time coordinate of the incident particles, (). are their acquired effective energies, py. =
(E+,Fp+,0,0) are the free four-momenta of the electron and positron outside the electro-
magnetic field such that:

2 2
ea
g+ = pr + —/—k. 5)
27s) (
1
The corresponding effective mass reads mj = /(¢?) = (m? + ¢*a®)?, with e is the electron

charge and m, denotes its mass outside the laser field. Like free state, the Dirac-Volkov states
in equation (3) are normalized to J-function. The produced muon-antimuon are considered as
free. Therefore, they are described by free states [23] such that:

e ) = S5 ity (6)

VAE,-V

with y denotes the space-time coordinate of the muon and the antimuon, k_(E,,-, |k_| cos 0, [k_|sin6,0)
and ky(E,+,—|ks|cosf, —|ky|sinf,0) are their free momentum, and E,- and E,+ are their
correspondmg energies.

2.2. Transition amplitude and cross section

According to the Feynman rules and by using the following coupling of Z and « bosons to
charged fermions:

ig

V,u_;ﬁ = ’é6’}/“ ; Z,U ,U 4005(9W)7 (gv - ga75)
+ — 7:6’}/# ; Ze 6 4COS(ew)/7 (g’u - ga’75)7

(7)
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the laser-assisted scattering matrix element [23] for muon pair production can be expressed as
follows:

Spi(ete” = ptu™) = / d'x / d! {¢p+,s+ x) 4COS i (9o = 9a7")p_ s (@) Dy (x — y)

X ¢k ,S— ( ) V( ga7 )¢k+,8+( )+&p+,8+($)(ie/7u)¢pﬂ87(x)

4 cos Hw

G (= y)th_ s (y)(ier” ) Pr, s, (y)}- (8)

X

D,,(x —y) is the Z-boson propagator, and G, (x — y) is the photon propagator [23]. Their
expressions are given by:

diq e~ta@y) . » 0uly
Dz —y) = / (2m)% ¢ — M3 —igu +i(1 = §) JMW% ) (9)

d4q 6_iQ(w_y) ) ) .9y
Guu(z - y) = / (27T)4T — v + Z(l - 5)2—2 ) (10)

where ¢ denotes their four-momentum. In equation (7), g, = —1 + 4sin® Oy and g, = —1 are
the vector and axial vector coupling constants, #y is the Weinberg angle, g is the electroweak
coupling constant such that ¢* = €?/sin*6y = 8GpMZcos /v/2. After substituting the
equations (3), (6), (9) and (10) into the equation (8), the space-time integration can be
performed by the standard method of Fourier series expansion, using the generating function
of the Bessel functions. The latter can be expressed via ordinary Bessel functions by using
the Auger transformation [24] such that:

n=+o0o

zzsmgi) Z J 2n¢>' (11)

n=—oo
Therefore, the scattering matrix element becomes as follows:

(2m)*ot (k- +ky — g — gy — nk)
4V2 \/Q_Q+E“+E‘Uf

The integer number n in equation (12) counts the laser photons that are emitted (if n > 0) or
absorbed (if n < 0) by the electron and positron. The 6*(k_ + k; — ¢_ — g, — nk) guarantees
the energy-momentum conservation. It is obvious that the total scattering amplitude consists
of two parts A7 and A7. The former comes from the contribution of the free-photon exchange
while the latter stands for the Z-boson contribution. A” can be expressed in terms of ordinary

Sti(ete” = p™) = (AP + A%). (12)



Bessel functions as follows:

e2

- —in 1 —i(n
AL = B {U(p+,8+) [Xff Jn(2)e”™90(2) + B X?(Jnﬂ(z)e (n+1)d0
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where the quantities xj, x| and x4 can be expressed as follows:

Xb =+ 2¢p_cp, a?kP
Xt = cp Vi, — cp gy Ky* (14)
Xy = o V' hily — cp ok

Analogously, we find that A7, can be expressed as follows:
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where the expressions of A\, A and \j are given by:

X6 =790 = 9a7°) + 265 _cy K90 — 9a7°)
)\/f = Cpffy“(gv - ga’ys)%ﬁl - Cp+¢1k7u(gv a ga75) (16)
)\g - Cpffy“(gv - ga75)%¢2 - Cp+¢2k7u(gv a ga75)a

with ¢,,. = e/2(kpy). The argument of the Bessel function, z, and its phase ¢, are given by:
z=/n7 +n3 and ¢y = arctan(ny/n;), with:

e(ar.p-) e(a;.py) ' e(ag.p_) e(as.py)

N0 T ey P T ) T ey

In the centre-of-mass frame, the differential cross section can be calculated by squaring the
scattering matrix element given by equation (12) and dividing the result by V1" to obtain the
transition probability per volume, by J , and by the particle density p = V!, Finally we have
to integrate over the final states for a fixed emission angle df2 = sin 8dfd¢. The differential
cross section can be expressed as follows:

ISP 1 1 [Pk [dPky
do, = -V Vv : 17
o= s’ S [ i)




where |Jine| = (v/(q_q+)? —m:'/Q_Q.,V) denotes the current of incident particles in the
centre of mass frame. After simplifications and by averaging over the polarizations of the
incoming particles, and summing over the final ones, we get:

2 3
dan(e+e_—>,u+,u_) — ‘d‘k ‘dQ /d k.

1 k_
gl (A
161/ (q-q1)? — m @m)*E,- J B

ut
x O k_ +ky —q_ —qp —nk). (18)

The spin-averaged square of the matrix elements A7 and A% can be rewritten as traces of
Dirac matrices in the usual manner by using the formulas ) u(p_,s_)u(p_,s_) = (p_+m.)

and }-, w(p+, 54 )u(p+, s4) = (P, —me), with p,_ = ~,ph. Thus, we find that:
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In equation (18), the integral over d®k, can be extended from three to four dimensions [23]

such that:
A3k

ut

= 2d'ky. 0" (K3 — m)O((ky)o). (19)



Thus, the integral part of the differential cross section becomes as follows:

2 |k_|2d|k_|d
54 (k_ +ky —q_ —qy —nk) = /7
(k— +ky — q- — g4 —nk) (2r)2E,

/|k 2d|k_[dQ [d3ky

_ 2 2
e | By 5((ar +a-+nk—k-)?—m2)  (20)

The remaining integral over d|k_| can be performed by using the well known formula [23]

given by:
/ dy £ (y)3(g(y)) = ﬁ (21)

Therefore, the final expression of the differential cross section becomes as follows:

do, n 2 2|k | 1

1
— = Al + A7 " 22
Eo R T s e R Ao P e
where the expression of ¢ (|k_|) is given by:
/ e?a* 1 4 k|
g (k] =—2|[Vs+nw - S5 () ]| (23)
2\l P m2

The total cross section is obtained by numerically integrating the equation (22) over the
solid angle d(2, and the trace caculation is performed by using Feyncalc Program [25]. It is
recognized that any computed observable, such as the cross section, does not depend on the
parameter ¢ that appears in the propagators’ expressions (equations (9) and (10)). Thus, we
have checked, numerically the gauge invariance of the laser-assisted total cross section, as it
is illustrated in figure 3.
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Figure 3: Dependence of the total cross section, for two gauges, on the centre of mass energy for

different number of exchanged photons by choosing the laser field strength as ey = 10° V.em ™!
and its frequency as w = 1.17eV.



3. Result and discussion

In this paper’s part, we have analyzed, in the centre of mass frame, the process which acts
as a source of muon-antimuon pair production via electron-positron annihilation. The total
cross section is obtained by numerically integrating the differential cross section, given by
equation (22), over the solid angle d). This cross section is analyzed as a function of the
electromagnetic field parameters at different center of mass energies including the energy
corresponding to the Z-boson peak. As we have mentioned above in Section (2), the laser
beam is considered to be propagating along the z-axis while the colliding beam is propagating
in the plan (oxy). Since the cross section is gauge invariant, and for simplicity reason, we have
chosen the Feynman gauge (¢ = 1). The standard model parameters are taken from PDG [26]
such that: m, = 0.511 MeV, m, = 105.66 MeV, the mixing angle sin*(,,) = 0.23126, the
Fermi coupling constant G = 1.1663787 x 107> GeV =2, the Z-boson mass M, = 91.186 GeV
and its total width 'y = 2.4952 GeV. Before going any further in our discussion, we firstly
want to check the validity of our results. To do this, we have compared the obtained laser-
assisted total cross section with its corresponding laser-free total cross section. Thus, we have
chosen the laser parameters as n = 0 and ¢y = 0 V.em ™.

10F g - - °
— With Laser (=0 V.cm™', n=0)

— — Without Laser

0.010f

0.001F

6.0 SIO 1(l)0 1é0 1:1-0
\/; [GeV]
Figure 4: Comparison between the laser-free total cross section of muon pair production

process with its corresponding laser-assisted total cross section by taking the laser parameters
as: €g = 0V.em™ and n = 0.

Figure 4 represents the comparison between the laser-free total cross section [23,27] with its
corresponding total cross section in the presence of a circularly polarized electromagnetic field.
The fact that the analytical calculations, in the presence of a laser field, are too long makes
this comparison as one of the most used techniques to check the validity of our calculations.
According to this figure, it is clear that the two total cross sections are very consistent as
they lead to the same results for every centre of mass energy. Therefore, this comparison
confirms the validity of our results. The next step in this discussion concerns the behavior
of the partial total cross section, which corresponds to each four-momentum conservation
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p3+ps—q — g —nk = 0.

Table 1: Laser-assisted partial total cross section versus of the number of emitted and absorbed
photons for different laser field strengths and frequencies at /s = My .

Total cross section[nb] Total cross section[nb]
g0 = 10V.em=! g0 =10"V.em™!
n w=1.17eV n w=1.17eV
—150 0 —1400 0
—120 0 —1100 0
—110 0 —800 1.39631 x 1073
-90 2.29468 x 1072 —600 1.29312 x 1073
—60 1.29256 x 1072 —400 3.67873 x 1074
-30 3.70605 x 1073 —200 3.49014 x 1074
0 4.42124 x 1073 0 105399 x 1073
30 3.70605 x 1073 200 3.49014 x 1074
60 1.29256 x 1072 400 3.67873 x 1074
90 2.29468 x 1072 600 1.29312 x 107°
110 0 800 1.39631 x 1073
120 0 1100 0
150 0 1400 0

Table 1 illustrates the variation of the partial total cross section of the process ete™ —
wp as a function of the number of exchanged photons for a given frequency, w = 1.17eV/,
and for two typical laser field amplitudes which are gy = 10 V.em™! and gy = 10" V.em™!.
As we can see from this table, regardless of the laser field amplitude, the contribution of
multiphoton processes presents two symmetric cutoffs with respect to n = 0. These symmetric
aspect is due to the presence of ordinary Bessel functions. In addition, the cross section which
corresponds to negative value of —n (emission of photons) is absolutely the same as that for
+n (absorption of photons). These cutoffs are successively n = +110 and n = +1100 for
g0 = 10°V.em™ and ey = 10" V.em™!. Above these cutoffs no photons will be exchanged
between the electromagnetic field and the colliding particles. We remark also that the cutoff
value increases as far as we increase the strength of the laser field. To understand more clearly
this behavior, we have plotted in figure 5, the partial total cross section versus the laser
photon’s number for ¢y = 10° V.em ™! and for two different known laser frequencies. Curves
presented in figure 5 confirms that obtained in table 1 as the cutoffs number for g = 106 V.em ™!
and w = 1.17eV are approximately n = 110. However for ¢y = 10°V.em™" and w = 2¢€V,
the cutoffs number are approximately n = £50. Therefore, the number of photons, which
is required to be transferred between the laser beam and the colliding system, decreases by
increasing the frequency of the laser radiation. An other important point to be mentioned
here is that the order of magnitude of the cross section increases as a function of the laser
frequency. Let’s focus, now, on the behavior of the total cross section, which is summed over
a number of laser photons, for a wide range of centre of mass energies.
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_ hw=1.17eV
— hw=2eV
0.06F

a[nb]

0.02F

-200 -100 0 100 200
Number of photons n

Figure 5: Dependence of the laser-assisted partial total cross section on the number of
exchanged photons for two laser frequencies, and by taking the centre of mass energy as
Vs = Mz. The laser field amplitude is chosen as gg = 106 V.em™!.

@ — Without Laser 10F — Without Laser {
— — n=%50 — — n=+%110
a4 mw=xd L A n=+90
------ n=1+60
----- n=+30

0.010f

0.001}

0.001f
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\/; [GeV]

Figure 6: Dependence of the ete™ — u™ ™ total cross section on the centre of mass energy for
different number of exchanged photons by choosing the laser field strength as g = 10 V.em ™!
and its frequency as w =2eV in (a) and w = 1.17¢eV in (b).

Figure 6 displays the variation of the total cross section as a function of the collider centre
of mass energy for different transferred photons number and for two different laser frequencies.
In the absence of an external field, the QED process dominates at low centre of mass energies,
V8 < My, due to the presence of the M% term in the Z-boson propagator. However, at very
high centre of mass energies where /s > M, the QED and Z-boson exchange processes are
both important because the strengths of the couplings of the photon and the Z-boson are
comparable. In the region /s = My, the Z-boson process dominates. In the presence of the
laser field, the general aspect of the total cross section doesn’t change for all centre of mass
energies. However, we remark that it decreases by several orders of magnitude as compared to
its corresponding laser-free cross section. Indeed, it raises as far as we increase the number of
photons exchanged. In addition, the summation over + cutoff, as n = £50 in (a) or n = £110
in (b), leads to a cross section which is equal to the laser-free cross section in all centre of mass
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energies. This result is called sum-rule, and it is elaborated by Kroll and Watson in [28]. By
comparing figure 6(a) and figure 6(b), we observe that the required number of photons to be
transferred in order to reach the sum-rule increases by decreasing the laser field frequency. For
instance, at /s = 60 GeV and for n = £ 30, the total cross-section is equal to 0.00506884 [nb]
and 0.00160037 [nb] for the laser frequencies w = 2 eV (Fig. 6(a)) and w = 1.17eV (Fig. 6(b)),
respectively. No, let’s focus our attention on how the total cross section behaves as a function
of the centre of mass energy for different laser field strengths and for different frequencies.
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Figure 7: Variation of the ete™ — ptpu~ total cross section as a function of the centre of

mass energy by taking n = £40. (a): w = 1.17eV and different laser field amplitudes. (b):
e =10%V.em™! and different laser frequencies.

Figure 7 represents the variation of the total cross-section as a function of the centre of mass
energy for different laser field strengths (Fig. 7(a)) and for different laser frequencies (Fig.
7(b)). To avoid intensive calculations, we have chosen n as +40. According to (Fig. 7(a)), the
general aspect of the total cross section remains the same. However, the order of magnitude
of the cross section decreases as long as the laser field strength increases. For instance, at
Vs = 60GeV, its value is equal to 0.0835682 [nb], 0.00269587 [nb] and 0.000259496 [nb] for
gg = 10°V.iem™, gg = 10°V.em™ and gy = 10" V.em™!, respectively. From (Fig. 7(b)),
we conclude that the total cross section decreases by decreasing the laser field frequency. For
example, at /s = 60 GeV/, the total cross section value is successively equal to 0.00641201 [nb],
0.002758 [nb] and 0.0000254119 [nb] for the frequencies 2 eV, 1.17eV and 0.117eV. The effect
of the laser field amplitude on the cross section is illustrated more clearly in figure 8. Figure
8 displays the behavior of the total cross section versus the laser field strength for different
number of exchanged photons at the Z-boson peak. In the region of low electromagnetic
amplitude, we observe that the laser field doesn’t affect the cross section regardless of the
transferred number of photons. In addition, this region extends as much the laser photon’s
number increases. Therefore, as the laser amplitude reaches a threshold value, the total cross
section begins to decrease. This decreasing process continues as long as we increase the laser
field amplitude until it becomes zero. However, if we sum over n from —cutoff to +cutoff,
the cross section will not show any dependence on the electromagnetic field regardless of its
strength. Let’s move now to study the behavior of the total cross-section in a wide range of
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Figure 8: Variation of the laser-assisted total cross section as a function of the laser field
amplitude at /s = My for different number of exchanged photons and by taking the laser

frequency as w = 0.117eV.

centre of mass energies including below and above the Z-boson peak.
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Figure 9: Dependence of the laser-assisted total cross section on the laser field amplitude for

different centre of mass energies by choosing n as +100 and w as 0.117 V.

Figure 9 represents the variation of the total cross-section as a function of the laser field
strength for a range of centre of mass energies between 30 GeV and 120 GeV by taking the
number of exchanged photons as n = 4100 and the laser frequency as w = 0.117eV. It
is obvious that, for each centre of mass energy, there is a threshold value of the laser field
amplitude from which the electromagnetic field begins to affect the cross section. Above this
threshold value, the total cross-section decreases progressively until it becomes zero. This
result is in full agreement with that found in figure 8. An other important remark is that
the order of magnitude of the total cross-section depends also on the centre of mass energy as
it is high for the energy corresponding to the Z-boson peak, and decreases outside the peak.
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To study the total cross-section simultaneous dependence on the laser field strength and its

frequency, we have plotted its variation in a contour plot for two centre of mass energies which
are \/s = My and /s = 40 GeV.
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Figure 10: Behavior of the laser-assisted total cross section as a function of the laser field
strength and its frequency by taking the number of transferred photons as n = 4+ 120 and the
centre of mass energy as \/s = My in the left panel and /s = 40 GeV in the right panel.

Figure 10 displays some values of the total cross section for different combinations of the
laser field amplitude and its frequency. To avoid intensive calculation, we have summed over
the number of transferred photons from —120 to 4+120. These contour plots confirms the
results obtained in figure 6 for that the total cross section decreases as much as the laser
strength increases or by decreasing the laser frequency. Indeed, the highest laser-assisted
cross section occurs at low laser field strengths and high laser field frequencies.

4. Conclusion

In this paper, we have investigated the process of muon pair production in the presence of
a circularly polarized laser field. The calculations of the total cross section is performed for
the leading order by taking into account the interference between v and Z diagrams. We
have found that radiations with small intensities have no effect on the cross section. However,
for high intensities, the laser field decreases the total cross section by several orders which
depend on the number of exchanged photons, laser field strength and its frequency. We have
also shown that the circularly polarized laser field strongly affects the production process at
high laser field strengths and/or low frequencies. Therefore, the probability of muon-antimuon
creation is reduced in the presence of an electromagnetic field with circular polarization.
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