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During recent years, the study of exotic hadrons including tetraquarks and pentaquarks has
attracted a lot of interests and more studies are in progress experimentally and theoretically. It is
well-known that at sufficiently large transverse momentum the dominant production mechanism for
standard heavy hadrons (mesons/baryons) is actually the fragmentation so that the same mechanism
is also proposed for the production of heavy exotic hadrons. This work is the first attempt to study
the direct fragmentation of a heavy quark into ground state heavy tetraquarks in leading order of
perturbative QCD. In this regard, we will present an analytical expression for the fragmentation
production of neutral hidden flavor tetraquarks (QgQq) which includes most of the kinematical and
dynamical properties of the process.

I. INTRODUCTION

Since the early days of the quark model it has been assumed the possibility of the existence of exotic multiquark

hadrons with the content of the valence quarks/antiquarks different from those in standard mesons and baryons. In
this context, the exotic hadrons such as tetraquarks (composed of two quarks and two antiquarks) and pentaquarks
(including four quarks and one antiquark) had been anticipated by Murray Gell-Mann and George Zweig in their
1964 papers [m] The only necessary condition for these new multiquark states is to be color singlets. However, the
absence of convincing experimental evidences for such exotic structures made their investigation of marginal interest
for several decades. Nevertheless, the situation dramatically changed in the last two decades when the first explicit
experimental evidence of the existence of these exotic hadrons became available, for recent reviews see Refs. [ﬁ—@]
and references therein. Within the past decade several exotic hadrons, the majority pertaining to the class of heavy
tetraquarks with at least two heavy quarks, were clearly confirmed by the BELLE, BESIII and LHCb experimental
collaborations. The first experimental evidence for a heavy tetraquark was the X (3872) state B] observed in 2003
by the Belle collaboration in exclusive B* — K*nt7~J/¢ decays. The decay of this state as well as the state
Z.(3900)* into the .J/1) meson (observed in BESIII) confirmed that these exotic particles are formed of two quarks
and two antiquarks. Very recently, a narrow structure around 6.9 GeV, named as X (6900), is observed by the CERN
LHCb in the process pp — J/¥J /X E] This is the first candidate of fully-heavy tetraquarks observed in experiment
which is proposed to be either the first radial (2S) excitation or the second orbital (1D) excitation of the hidden-charm
tetraquark ccce.
Nowadays, convincing candidates for both the exotic tetraquark (¢¢gg) and pentaquark (ggqqq) states are found. In
the literature, there is no definite consensus about the composition of these states and different interpretations for the
tetraquark candidates are proposed, for example: molecules composed from two mesons loosely bound by the meson
exchange, compact tetraquarks composed from a diquark and antidiquark bound by strong forces, hadroquarkonia
composed of a heavy quarkonium embedded in a light meson, kinematic cusps, etc. The distinction between various
models is a very complicated experimental task. Among exotic hadrons (tetraquarks, pentaquarks, hexaquarks, etc),
heavy tetraquarks are of particular interest since the presence of a heavy quark increases the binding energy of the
bound system and, in conclusion, the possibility that such tetraquarks will have masses below the thresholds for
decays to mesons with open heavy flavor. In this case the strong decays, which proceed through the quark and
antiquark rearrangements, are kinematically forbidden and the corresponding tetraquarks can decay only weakly or
electromagnetically and thus they should have a tiny decay width.

When the strong interactions are concerned, the investigation of production mechanism of heavy standard/exotic
hadrons is a powerful tool to understand the dynamics of strong interactions. Basically, two different mechanisms are
assumed for the production of heavy hadrons: recombination and fragmentation ﬂ] In the second mechanism, the
fragmentation refers to the process of a parton which carries large transverse momentum and subsequently forms a
jet containing the expected hadron [@] At sufficiently large transverse momentum of heavy hadron production, the
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direct leading order production scheme (recombination mechanism) is normally suppressed while the fragmentation
mechanism becomes dominant, though it is formally of higher order in the strong coupling constant a , ] In
Refs. [@—Iﬂ], we calculated the perturbative QCD fragmentation function (FF) for a heavy quark to fragment into
the S-wave heavy mesons and baryons at leading-order (LO) and next-to-leading order (NLO). In Ref. |18§], it has
been pointed out that the dominant production mechanism for pentaquarks consisting of a heavy quark is heavy quark
fragmentation, similar to heavy-light mesons and baryons consisting of a heavy quark. So, this mechanism is also
adopted in our work for the production of heavy tetraquark states and we, for the first time, study the production
mechanism of heavy tetraquarks in the fragmentation of a heavy quark at lowest order of perturbative QCD. In our
calculation, tetraquarks are assumed as four-quark QgQq states which are tightly bound by the color forces. Our
analytical results are presented for the fragmentation function of heavy quark @ into neutral hidden flavor tetraquarks
QqQq with Q = ¢,b and q = u,d, s. Having these FFs it would be possible to evaluate the production rate of these
heavy states in ete™ annihilation and hadron colliders. In fact, the specific importance of FFs is for their model
independent predictions of the cross sections at colliders. However, due to a large number of decay modes the results
from ete™ annihilation seem to be small but sizable rates are expected in energetic hadron colliders where a large
number of them is produced. To assess the prospects for the experimental study of heavy tetraquarks in present and
future colliders, it is important to know the accurate predictions for their production rates and, in conclusion, their
FFs.

This paper is organized as follows. In Sec. II, we present the theoretical formalism for the heavy tetraquark FF in
the Suzuki model and present our numerical results, and our discussions and conclusions are given in the last section.

II. HEAVY TETRAQUARK FRAGMENTATION

A motivation for studying the production of multiquark structures is for better understanding of the dynamics
of strong interactions and the confinement mechanism. It is well known that the dominant mechanism to produce
standard heavy hadrons at sufficiently large transverse momentum is fragmentation so this mechanism is valid for
the production of heavy tetraquarks too. Fragmentation refers to the production of a parton with a large transverse
momentum which subsequently decays to form a jet containing an expected hadron. It is hence important to obtain
the corresponding fragmentation function in order to properly estimate the production rate of a specific hadronic
state. According to the QCD factorization theorem, the cross section for the production of hadron H in the typical
scattering process A+ B — H + X, can be expressed as

do = Z/ dw“/ dwb/ dea/A xauQ)fb/B(‘rva)do(a+b_> C+X)DH( Q) (1)

a,b,c

where a and b are incident partons in the colliding initial hadrons A and B, respectively, f,,4 and f,/p are the
nonperturbative parton distribution function (PDFs) at the scale Q2 of the partonic subprocess a +b — ¢+ X, ¢ is
the fragmenting parton and X stands for any unobserved jet. Here, DX (z,Q) is the FF at the scale Q which can be
obtained by evolving from the initial FF DH (2, 1) using the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
renormalization group equations IE] In electron-pos1tron annihilation, one does not need to deal with the nonpertur-
bative PDFs as in hadron collisions. This process has in general less contributions by background processes compared
to hadron collisions and the uncertainties introduced by parton density functions are not appeared. The process of
inclusive heavy hadron production in electron-positron annihilation, i.e., eTe™ — (v,Z) — H + X, has the cross

section as |
Ly do x
(z,5) — —(y, pr, pr) DY (=, pr), (2)
Z y dy Y
where, a stands for the partons a = ¢,u, @, -- ,b,b and up and pg are the factorization and renormalization scales,

respectively. Generally, one can choose two different values for these scales, but a common choice consists of setting
1R = pr = +/s. Here, x = 2E //s measures the energy of hadron in units of the beam energy in the center-of-mass
frame. At lowest-order of perturbative QCD, the cross section of relevant partonic subprocesses is given by [@]

do _ B
d—y(6+6 — qq) = Neoo(V, + A7 )5(1 —y). (3)

Here, N, = 3 is the number of quark colors, V,, and A, are the effective vector and axial-vector couplings of quark
gi to the photon and Z boson. For small energies (y/s < M), for the summation of squared effective electroweak
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Figure 1: The lowest order Feynman diagram contributing to the fragmentation of a heavy quark Q into a heavy tetraquark
X(QqQq). The four momenta are also labeled.

charges we have V2 + A2 = €2 where ¢, is the electric charge of the quark ¢; [24]. In Eq. @), 0o = 4wa?/(3s) is the
leading order total Cross sectlon of ete™ — pTp~ for the massless muons, in which « is the Sommerfeld fine-structure
constant. Therefore, for the cross section of e*e’ — H 4+ X at LO, on has

8o

dULO
(z, NU()Z H(x, ) —i—DH(:vu)]

— 2DE (1), @

where we assumed DH DH for ¢ = u,d, s, c,b.

Conventionally, the fragmentatlon mechanism is described by the function D (z, i) which refers to the probability
for a parton 7 at the fragmentation scale u to fragment into a hadron H carrying away a fraction z of its momentum.
The FFs are related to the low-energy part of the hadroproduction processes and forms the nonperturbative aspect
of QCD but, fortunately, it was found that these functions for heavy hadron productions are analytically calculable
by virtue of perturbative QCD (pQCD) with limited phenomenological parameters. Historically, the first theoretical
effort to describe the procedure of heavy hadron production was made by Bjorken M] by using a naive quark-parton
model and in the following the pQCD scheme was applied by Suzuki |, Amiri and Ji |. Among them, an
elaborate model of fragmentation which does contain spin information has been proposed by Suzuki @] This model
includes most of the kinematical and dynamical properties of the splitting process and gives a detailed insight about
the fragmentation process. In this approach, Suzuki calculates the fragmentation function of a heavy quark using the
convenient Feynman diagrams for the parton level of the process and also by considering the wave function of heavy
bound state which contains the nonperturbative dynamic of hadroproduction process. In fact, the Suzuki model mixes
a perturbative picture with nonperturbative dynamics of fragmentation and not only predicts the z-dependence of
the FFs, but also their dependence on the transverse momentum of the hadron relative to the jet.

Here, using the Suzuki model we focus on the heavy tetraquark FF for which the only Feynman diagram at leading
order in ay is shown in Fig.[[l Any other possible Feynman diagram is related to higher orders in ay. Considering
this diagram we first set the relevant four-momenta as

pu = [p07pT7pL] B Su = [807078L]
S;.l, = [Sé)vaa S/L] ) by = [th OvtL] (5)
t;t = [ty,0,t7] ry = [ro,0,7L]

where we assumed that the produced tetraquark X moves along the Z-axes (fragmentation axes). The four-momentum
of tetraquark is also written as P = [Po, 0 PL] so that P, = sp, +rp, + 1t + t.. In the Suzuki model the FF for the



production of unpolarized ground state tetraquark is defined as m]

1 _ _
D3 (2, p0) = T+ 259 Z > [ ITx|?6*(P + &' — p)d* Pd’s, (6)
spin color

where (i is the fragmentation scale, sg refers to the spin of the fragmenting quark and the summation is going over
the spins and colors. Four momenta are as labeled in Fig. [l In computing Eq. (@), following Ref. @], we adopt the
infinite momentum frame where the fragmentation variable in the usual light-cone form, i.e. z = (Py+ Pr)/(po +pr),
is reduced to a more popular one as z = Py/py = Ex/ Eg. From experimental point of view, this definition is more
suitable since refers to the energy fraction of the fragmenting heavy quark which is taken away by the produced
tetraquark. This scaling variable ranges as 0 < z < 1.

In Eq. (@), Tx is the probability amplitude of the tetraquark production which, at the large momentum transfer, is
expressed in terms of the hard scattering amplitude Ty and the process-independent distribution amplitude @5 as

24, 30

Tx(P,s') = /[dl’]TH(P,S/,$i)(I)B(xiaQ2)v (7)

where [dz] = TI}_, dz;0(1 — Z?:l x;). Here, x;’s stand for the tetraquark energy fractions carried by its constituent
quarks which are defined as

S0 To tlo to
Tr1 = — s To — — s €Tq — — , €T4 — —- 8
1 2 2 2 3 2 4 i) (8)

The energy conservation law requires that Z?:l x; = 1.

The scheme applied to describe the probability amplitude T'x as the convolution in Eq. (@) is convenient to absorb
the soft behavior of the bound state (tetraquark in our example) into the hard scattering amplitude T Iﬁ] The
short-distance part of the amplitude, i.e. T, can be computed perturbatively from quark-gluon subprocesses at
leading-order or higher-order QCD approximations. The long-distance distribution amplitude ® 5 which contains the
bound state nonperturbative dynamic of the outgoing tetraquark, is the probability amplitude for a Qq@Qg-set to evolve
into a particular bound state. The underlying link between hadronic phenomena in QCD at long- and short-distances
is the hadronic wave function. In fact, the nonperturbative aspect of the hadroproduction processes is contained in
the bound state of the hadron which is described by the wave function ®p. Following Ref. ] and according to
the Lepage-Brodsky’s approach @] we neglect the relative motion of the constituent quarks inside the tetraquark
therefore we assume, for simplicity, that the constituent quarks are emitted collinearly with each other and move
along the Z-axes. In fact, in the Suzuki model a multiquark state is replaced by collinear constituents with neglecting
their Fermi motion and the nonperturbative aspect of the hadroproduction is included in the wave function of the
heavy tetraquark state. By this simplicity, the relative motion of the constituent quarks is effectively nonrelativistic
and this allows one to estimate the nonrelativistic wave function of heavy tetraquark as a delta function form, see also
[@] Therefore, the distribution amplitude for a S-wave heavy tetraquark with neglecting the Fermi motion reads @]

)- 9)

m;

(I)B ~ fBé(xz —
mx

where m x is the tetraquark mass and fp refers to the decay constant of hadron. In Ref. Iﬁ], we studied the effect of
meson wave function on its FF by considering a typical mesonic wave function which is different of the delta function
and is the nonrelativistic limit of the solution of Bethe-Salpeter equation with the QCD kernel [@] There, we showed
that the Fermi motion effect can be neglected with a reasonable approximation.
With the delta function approximation for the tetraquark wave function (@), we are assuming that the contribution of
each constituent from the tetraquark energy is proportional to its mass, i.e. z; = m;/mx where mx = 2(mq + mg).
Considering the definitions of fragmentation variable (z = Py/pg) and the fractions x;’s presented in Eq. (8] one also
may write the parton energies in terms of the initial heavy quark energy (po) as: so = 12po, ro = T22po, ty = T32P0,
to = xazpo and s{, = (1 — z)pg where z1 = x4 = mg/mx and xs = r3 = my/mx.

In Eq. (@), the amplitude Ty is, in essence, the partonic cross section to produce a set of heavy quarks with certain
quantum numbers that in the QCD perturbation theory considering the Feynman rules is written as

T 167%a, (2mq)as(2mg)mxmgCr T
e 2 2p0$6p0 -l)O7

(10)

where, Dy = Py + s, — po is the energy denominator, as(p) is the strong coupling constant at the renormalization
scale i and C is the color factor which is calculated using color line counting rule.



In Eq. (I0), I' represents an appropriate combination of the propagators and the spinorial parts of the amplitude.
Considering Fig. [l for the transition @ — Xq,q; the transition amplitude at leading order is written as

L = Gu(t)y"ulp) |a(t")vu(ge + mg)vv(r)|v(s)y"a(s) (11)

where G is related to the denominator of propagators as

1 1
G: = . 12
gi(g5 —m2)g;  8(mg —p-t)2(mg +s5-8)2(mg +7r-s+r-s+s-5)? (12)

In squaring the amplitude I", one needs the following dot products of the relevant four-momenta:

r-t'zmg , s-t:mQQ
r-s=t-t'=s-t' =mymg,
mxmq 2meq 2 2
g=p-t= 2«
D-S=p 2% 2mX(mQ+pT)v
1
ps = 5mg+pr)(1 =2+ 7—) — 1, (13)
1—2)
Y 2y 2 2 meQ(
r-s'=s 2mX(1—z)(mQ+pT)+ 5y ;
1—2) zm
. /:QOX( Q 2 2
58 s 5 +2mX(1_Z)(mQ+pT),
memx ~ 2m
=gy =4 q 2 2'
D p-r 2% I (mo +p7)

To obtain the FF for an unpolarized S-wave heavy tetraquark X,q,, considering Eqs. (GHI0) one has

d*Pd®s'y"_ . |T|?63(P + s’ —p)
DX (z, 1) = (A% fpas(2 (2 2C 2/ _ o . 14
c (Z /’LO) ( 4 fBOé ( mq)a ( mQ)meQ F) P0p056(P0+510 _p0)2 ( )
To perform the phase space integrations we start with the following integral
/ BP&(P+s —p) / Pyd®P5*(P+s' —p) 2po B 2 (1)
Popo(Po + s — po)? po(F§ = (po = 55)%)2  po(mik — (p—5)?)%  (m% —2md +2p- )%

According to the Suzuki approach, in Eq. ([4]) instead of integrating over the transverse momentum of outgoing heavy
quark Q, we simply replace the integration variable by its average value, i.e.

d3s’ dsh d?s!
[ S atest) = [ ote s TEEL i (e, (), (16)
0 0

where the average value (p%) is a free parameter which can be specified phenomenologically.
Putting all in Eq. ([4), the FF of heavy tetraquark X reads

2 X YepinIT 2 X YepinIT
DE(zm) = N spin _N spin , (17)
@ (m% —2mg +2p- s')? [m% — (mg + (7)1 + 2z — 15)]?

where N = (1672 fpavs(2my)as (2mq)mgm,Cr)? but it is related to the normalization condition: [ dzD(z, uo) = 1
[27, 2§]. Using the traditional trace technique the squared amplitude (37 |T|?) reads

Sl T = G (0.2 4 0zt (92 + B2 () 18)
spin —23(1_2) Pr Pr br R
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Figure 2: Fragmentation of c-quark into heavy tetraquark X.,zz at lowest-order of perturbative QCD. The uncertainty band
due to the variation of charm mass is also shown.

where
a = my(112° — 18z + 12) + 6m? (22° — 2 + 2) + 4mgmq(32° — 4z 4 6),
B = my(192* — 842° 4 16827 — 1442 + 48) + 4mgym; (62" — 372° + 1022% — 1122 + 72)
—8miy(z* — 627 + 62 — 6) — 16mgm3(32° — 122 + 142 — 12) + 8mgm, (32" — 222° + 542° — 52z + 24),
v = —6dmgmd (2 +32% — 102 + 6) + 8mgmg (z° — 62" + 422% — 15822 + 2362 — 120) + 16mim, (32" —
242* + 982% — 1962% + 1922 — 80) — 2m_m, (62° — 712° 4 4222* — 12322° + 187227 — 14242 + 480) —
Amgmd)(32° — 402° + 1822" — 4242% + 54427 — 3522 + 96) — 32m0(2° — 32 + 2) — m (2 — 22+ 4)(32° — 8z + 4)°.
(19)

In the Suzuki model, the fragmentation function depends on both the fragmentation variable z and the parameter
<p2T> (the transverse momentum of produced hadron relative to the parent jet). In Ref. @], it is shown that the
choice of <p2T> =1 GeV? is an extreme value for this quantity and any higher value will produce the peak even at
lower-z regions. In this work we adopt this value for the transverse momentum of heavy tetraquark.

The z-dependence of FFs is not yet calculable at each scale, however once they are computed at the initial scale p their
1 evolution can be specified by the DGLAP evolution equations [@] Here, we set the initial scale of fragmentation to
tto = mx +mg which is the minimum value of the invariant mass of the fragmenting parton. Then, the FF presented
in Eq. ([[7) should be regarded as a model for the heavy quark fragmentation @ into the heavy tetraquark X (QqQq)
at the initial scale po. To present our numerical analysis, we adopt the following input parameters |34]:

me = 1.67 GeV, my =4.78 GeV, f=0.25 GeV, ay(2me) = 0.26, ay(2my) = 0.18. (20)

Note that, in Ref. M] two values are reported for the quark masses. The above masses show the pole masses,
i.e. the renormalized quark masses in the on-shell renormalization scheme, which correspond to the values m. =
1.2740.02 GeV and my, = 4.18 £0.03 GeV for the M S masses (the renormalized quark mass in the modified minimal
subtraction scheme [35] which is intimately related to the use of dimensional regularization [36]). The relation
between the pole quark mass and the M S mass is known to three loops in QCD perturbation theory, details are given
in Ref. M] In our analysis, to show the effect of variation of heavy quark masses on their corresponding FFs we will
consider the charm and bottom quark masses as 1.27 < m, < 1.67 GeV and 4.18 < my; < 4.78 GeV.

In Fig. Bl our phenomenological prediction for the FFs of charm into the neutral hidden-charm state X (cucu) is
shown at the starting scale pg = m. + mx. The uncertainty band due to the variation of charm quark mass is also
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Figure 3: The b — X, ;s FF at leading order perturbative QCD along with the uncertainty band of bottom mass.

plotted. Assuming m, /& mgy this result is also valid for the transitions ¢ — X (eded), X (cued), X (edei).
In Fig. Bl the b-quark FF into the neutral hidden-bottom tetraquark including strangeness flavor, i.e. b — X (bsbs),
is shown considering the mass uncertainty band. Since the b-quark is heavier than the c-quark, as we expected, the
peak of b-quark FF shifted toward higher values of z.

Besides the heavy tetraquark FFs, their first moment is also of phenomenological interest and subject to experimental
determination. It corresponds to the average fraction of energy that the tetraquark receives from the fragmenting
heavy quark and is defined as [24]

1 1
(o) = 5o [ 2Dz, (1)
@ Bo (k) Jo N
where, B () stands for the branching fraction which is defined as Bg(p) = fol Dgg(z, w)dz, where @ = ¢,b. For the

tetraquark X (cucu) the branching fraction and the average energy fraction are B, = 2 x 1072 and (z),, (o) = 0.635,
respectively, and the corresponding ones for the tetraquark X (bubii) read By, = 1.1 x 10~* and (2), = 0.629.
Considering the inclusive differential cross section given in Eq. (@), one can compute the inclusive cross section for
the production of heavy tetraquark at LO as

8 2 1
olPete” = Xoe0q +jets) = FTa Z 63/ dzD;((z, ), (22)
0
a
By ignoring the contributions which are appeared at higher orders of perturbation, one has

g

LO( + ,— _ ; 8ma? ,

(eTe™ = Xgu0q + Jets) = . eoBq(s). (23)
For example, the contributions of ¢ = X545, b = Xeuea or ¢ = Xpupa/Xeuea are related to very complicated Feynman
diagrams which are in higher orders in ay, because they do not occur directly. Then, their contributions are ignorable
in comparison with the one occurs directly, i.e., b = X5, and ¢ = Xcyeq FFs (7). Finally, having the branching
fraction Bg(p) for the transition B — X at the center-of-mass energy p = s one can compute the corresponding cross
section at electron-positron annihilation.



IIT. CONCLUSION

Besides the standard mesons and baryons there exist hadrons made of more than three quarks/antiquarks or valence
gluons. These new types of hadrons consist of exotic states including glueballs, hybrids, tetraquarks, pentaquarks,
hexaquarks, etc. In last two decades a large number of these exotic states, especially tetraquarks and pentaquarks,
have been observed in the particle factories. However, some of them are now well-established there are also some
doubts on existence of some other members. Therefore, exact determinations of the nature, structure and quantum
numbers of these exotic states need more experimental efforts. Specifically, there are many exotic states which are
proposed in theory but their existence need to be confirmed by the experiments.

It should be noted that, most of heavy multiquark particles discovered in the experiment have hidden-charm or
hidden-bottom quark structure, i.e., they contain ¢¢ or bb in their inner structures. The study of their production
mechanism and using it as a probe to the structure of hadrons are among the most active research fields in particle
and nuclear physics. In fact, the challenge is to understand the nonperturbative transition from high energy ete™,
photon-hadron, and hadron-hadron collisions to physical exotic states.

It is well-known that the dominant mechanism to produce heavy hadrons at high transverse momentum is fragmenta-
tion; the production of a high energy parton followed by its fragmentation into the heavy bound states. In this work,
using the Suzuki model we, for the first time, studied the fragmentation function of a heavy quark into an unpolarized
S-wave heavy tetraquark at leading order perturbative QCD. To be specific, we analytically computed the FF of
bottom and charm quark into the neutral hidden flavor tetraquarks (X |QqQg >) at the initial scale o = mx + mq.
Using the extracted FFs one can compute the production rates of heavy tetraquarks in hadron colliders.

To have more accurate FFs, one can think of other effects such as the Fermi motion of constituents, the tetraquark
mass effect, NLO radiative corrections, etc. Although, including the effects such as the Fermi motion of constituents
leads to very complicated integrals which should be solved numerically Iﬁ]
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