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Abstract
Physical systems which can be described by classical fields in classical theory, can also be de-

scribed by quantum states in quantum field theory. We study the correspondence between the

classical field and the quantum state which both describe the same physical systems. We de-

rive the quantum states corresponding to the classical field in the representation expanded by the

eigenstates of quantum field operators. This allows us to directly observe the spatial entanglement

structure of quantum states and explore the differences and relationships between quantum super-

position and classical superposition. We find that if two classical fields are identical in a certain

spatial region, then their corresponding quantum states have the same reduced density matrix in

that region. This indicates that knowing the classical field in a local region is sufficient to immedi-

ately derive the reduced density matrix for that region. According to the correspondence between

classical observables and quantum states, we derive the equation of motion in classical theory from

the evolution of quantum states in Yukawa theory. This leads to the relativistic classical Yukawa

theory, and we further obtain relativistic corrections to the Yukawa potential.
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I. INTRODUCTION

The classical limit of quantum systems has been a longstanding problem since the birth

of quantum mechanics. This problem arises when attempting to interpret a theory using

classical variables, whereas the theory was originally formulated in terms of quantum vari-

ables. Throughout history, several well-known procedures have been developed to construct

a classical theory from a given quantum theory. These methods can be broadly classified

into two main categories. The first category is the ~ → 0 scenario, initially proposed by

Planck in his investigation of the low-frequency and high-temperature asymptotic behavior

of blackbody radiation [1]. In this scenario, as Planck’s constant ~ approaches zero, the

energy spectrum converges to the classical equipartition theorem. The second category is

the N → ∞ scenario, introduced by Bohr in his correspondence principle [2–4]. In this

scenario, the classical theory emerges from the quantized theory as the quantum number N

of the system tends to infinity. It is worth mentioning that, in many cases, the N → ∞
limit can be mathematically viewed as a special case of the ~ → 0 scenario.

With the continuous advancement of quantum mechanics, the scenario of ~ → 0 not

only transforms Planck’s formula for blackbody radiation into the Rayleigh-Jeans formula,

but also turns the Schrodinger equation into the Hamilton-Jacobi equation and derives the

principle of least action from Feynman’s path integral [5–9]. However, most of these transfor-

mations only exhibit the mathematical correspondences without revealing the physical corre-

spondences between quantum states and points in phase space. Furthermore, the value of ~

is actually a constant that cannot approach zero, leading to the inherent non-commutativity

of momentum and position operators. Quantum field theory possesses a greater number of

degrees of freedom compared to classical theory and can encompass more intricate physical

phenomena. This implies that not all quantum states have classical correspondences even

as ~ → 0 [10, 11]. For example, a physical system described by a quantum state with two

δ-function peaks cannot be described by classical theory. The complete process of classi-

calization requires establishing the correspondence between quantum states and classical

descriptions, and it allows us to derive the equations of motion in classical theory from

the evolution of quantum states. Consequently, the Schrodinger equation transforms into

the Euler-Lagrange equation in classical theory. Following this line of thought, Schrodinger

discovered that coherent states of a harmonic oscillator serve as ideal quantum states for

bridging the gap between quantum and classical theory. Coherent states not only minimize

the effects of the Heisenberg uncertainty principle but also maintain locality in both position

and momentum during their evolution [12, 13]. By utilizing coherent states, the concept of

point particles emerges and the classical limit of quantum theory can be attained [11, 14, 15].

When it comes to quantum field theory, particularly for bosonic fields, the process of

classicalization becomes significantly more complex as we must deal with quantum states of

multiparticle systems instead of single particles. Specifically, a physical system is described

by a quantum state in quantum field theory, while it is described by a classical field or a

point in phase space in classical theory. The distinctions between these two descriptions

motivate us to investigate the corresponding relations between them. R. Glauber expanded

on Schrodinger’s ideas and found that coherent states in quantum field theory closely cor-
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respond to classical fields in classical theory [16–19]. However, coherent states are typically

presented in Fock space, which makes it challenging to directly examine the relations between

quantum states and classical fields. To provide a more direct explanation of the structures

of coherent states, we derive them using a novel procedure where we treat coherent states in

a representation expanded by the eigenstates of quantum field operators. In this research,

we use Yukawa theory as a model. States that resemble Gaussian wave packets can be in-

terpreted as quantum states that correspond to classical fields. By evaluating the Gaussian

wave packet states, which turn out to be coherent states, in the representation expanded

by the eigenstates of quantized fields, we can derive the classical Hamiltonian equations of

motion from the evolution of quantum states (Fig. 1). Through the explicit expression for

coherent states in the representation expanded by the eigenstates of quantum field opera-

tors, we not only directly observe the spatial entanglement structure of quantum states, but

also identify the differences and relationships between quantum superposition and classical

superposition.

Using the real spacetime representation, we also found that if two classical fields are

identical in a certain region, then their corresponding quantum states have the same reduced

density matrix in that region. This indicates that, although the characteristic of classical

fields having definite values at each spatial point seems to contradict the spatial entanglement

of quantum states, we can still obtain a consistent correspondence between classical fields and

quantum states. Furthermore, this leads to a strong corollary: by knowing the classical field

in a local region, we can immediately write down the reduced density matrix for that region.

Of course, this does not mean that spatial entanglement plays no role. When two quantum

states with the same state (reduced density matrix) in a certain region are superposed, due

to spatial entanglement, the superposition state no longer retains the original state in that

region.

Moreover, our classicalization procedure holds potential in obtaining the classical limit

of quantum gravity. Currently, quantum gravity remains beyond the reach of experimental

testing due to technological limitations. Consequently, establishing whether the classical

limit of quantum gravity corresponds to general relativity becomes a crucial test for the

validity of the theory [20, 21]. In loop quantum gravity, gravity has been quantized using an

approach analogous to lattice QCD, and the quantum states are constructed based on the

spin network basis, which is defined in real spacetime coordinates rather than momentum-

space, deviating from the traditional Fock space with creation-annihilation operators [22–24].

Similarly, throughout our entire paper, we have treated quantum states in the real spacetime

representation, following the canonical framework of quantum field theory. While classical

limits of some quantum gravity theories defined by path integrals (spinfoam model) have

been identified under certain conditions [25, 26], substantial progress in the classicalization

of canonical quantum gravity (spin network model) is yet to be achieved.

Once the classicalization process is complete, we obtain a fully relativistic classical the-

ory of Yukawa theory that possesses Lorentz symmetry, similar to classical electrodynamics.

Just as we require the Rennard-Weichert potential to describe the interaction of high-speed

charged particles, the interaction of high-speed particles in the Yukawa model necessitates

the use of relativity theory. However, when the velocities of the particles are much lower than
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Initial state |Ψi〉 Final state |Ψf 〉
Schrodinger equation: i ∂

∂t |Ψ〉 = Ĥ|Ψ〉

Initial state {φi, πi} Final state {φf , πf}
Hamiltonian equation: φ̇ = δH

δπ , π̇ = − δH
δφ

Our work Our work
Our work

FIG. 1: Classicalization of quantum fields

the speed of light, their interaction can be described by an interaction potential expanded in

terms of v/c. To incorporate relativistic corrections to any desired order of v/c, we simply

expand the relativistic bosonic field induced by a moving charged particle to the desired

order. This procedure parallels the relativistic corrections approach in electrodynamics [27].

By combining the expanded relativistic bosonic field with the fermion Lagrangian, we can

derive the relativistic corrections to the Yukawa potential. It is important to note that

solving the equation of motion in Yukawa theory is more intricate compared to electrody-

namics because the retarded potential in electrodynamics depends only on one point along

the particle’s trajectory, whereas in Yukawa theory, the retarded potential depends on all

trajectory points within the past light cone due to the mass term.

This paper is organized as follows: In Sec. II, we study the correspondence between

quantum states and classical observables, then derive equation of motion in classical theory

from evolution of quantum states and get the relativistic classical Yukawa theory. In Sec. III,

we solve the equation of motion for a bosonic field and consider the relativistic corrections

to the next-to-leading order. Section IV presents discussions and conclusions.

II. CLASSICALIZATION OF QUANTUM FIELD THEORY

In this section, we introduce the classicalization of Yukawa theory and demonstrate how to

derive the classical action or Lagrangian from a given quantum field theory. The Lagrangian

of Yukawa theory in quantum field theory is given by

L = i~ψ̄γµ∂µψ−m1c
2ψ̄ψ +

1

2
∂µφ∂

µφ− 1

2

(

m0c
2

~

)2

φ2 − ~
1

2 c
3

2 gφψ̄ψ , (1)

where m1 and m0 are the masses of the fermion and boson respectively, and ∂0 ≡ ∂
∂t
, ∂i ≡

c ∂
∂xi , i = 1, 2, 3.

Particles are considered as excitations of quantum fields, which is different from classical

theory. In classical field theory, we require two separate Lagrangians to describe the entire

theory. One Lagrangian pertains to the motion of point-like particles, while the other

describes the evolution of fields. Therefore, in order to analyze classical field theory, we
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decompose the Yukawa Lagrangian from quantum field theory into two components

W1 =
1

2
∂µφ∂

µφ− 1

2

(

m0c
2

~

)2

φ2 − ~
1

2 c
3

2 gφj ,

W2 = i~ψ̄γµ∂µψ −m1c
2ψ̄ψ − ~

1

2 c
3

2gφψ̄ψ ,

(2)

where j represents a classical external source, and its relation to charged particles can be

derived from quantum theory, which will be discussed later.

The Hamiltonians corresponding to the Lagrangian (2) are as follows

Ĥ1 =

∫

d3x

[

1

2
π̂2 +

c2

2
(∇φ̂)2 + 1

2

(

m0c
2

~

)2

φ̂2 + ~
1

2 c
3

2 gφ̂j

]

+ Λ ,

Ĥ2 = −i~ψ̂†γ0γ ·∇ψ̂ +m1c
2ψ̂†γ0ψ̂ + ~

1

2 c
3

2 gψ̂†γ0ψ̂ + Λ′ ,

(3)

where Λ and Λ′ are energy constants used to adjust the vacuum energy. The first Hamil-

tonian Ĥ1 describes a massive quantum bosonic field interacting with a classical external

source composed of charged particles. It yields the classical Lagrangian of the field after

classicalization. On the other hand, Ĥ2 describes a massive fermionic field interacting with

a classical external field. From Ĥ2, we can derive the classical Lagrangian for a particle mov-

ing in the external field. In the following subsections, we will introduce the classicalization

of these two Hamiltonians.

A. Quantum states corresponding to classical fields

In quantum field theory, we use quantum states in Hilbert space to describe the evolution

of physical systems. In contrast, classical field theory employs the field φ(x, t) and its

conjugate momentum π(x, t) to describe physical systems. Therefore, when classicalizing a

quantum field theory, it is essential to establish the relationship between these two distinct

descriptions. It is important to note that not all quantum states can be described by classical

theory, such as squeezed states, which are not considered in this paper. Instead, our focus is

on the physical systems that can be described in both quantum and classical theory. In this

section, our goal is to determine the quantum states that correspond to classical fields and

derive the classical action of Yukawa field theory from the quantum field theory described

by the Hamiltonian Ĥ1 in (3).

Let us recall that the free vacuum state |Ω〉 corresponds to the classical field φ(x, t) = 0

and π(x, t) = 0. The wave function of the vacuum state is given by[28]

〈φ|Ω〉 = N exp

{

−1

2

∫

d3xd3y E(x,y)φ(x)φ(y)
}

, (4)

where N is the normalization coefficient, |φ〉 is the eigenstate of the operator φ̂(x) with the

eigenvalue φ(x), and E(x,y) is the kernel defined by

E(x,y) = 1

~5

∫

d3p

(2π)3
e

i

~
p·(x−y)Ep . (5)

5



The vacuum state wave function appears as a Gaussian wave packet with the center

located at φ(x) = 0. We can generalize this wave function by shifting the center of the wave

packet to φ(x) = φclass(x). Based on this generalization, we can write the general Gaussian

wave ansatz as

〈φ|ϕ〉 = N exp

{

−1

2

∫

d3xd3y E(x,y)[φ(x)− f(x)][φ(y)− f(y)]

}

, (6)

where f(x) is an arbitrary function and f(x) represents the expected center location for a

non-vacuum state wave packet.

A quantum state that corresponds to a classical field will maintain its classical field

correspondence during its time evolution. It will not evolve into a quantum state that lacks

classical field correspondence. Therefore, the wave function should maintain the Gaussian

ansatz during its evolution as follows

〈φ|ϕ(t)〉 = N (t) exp

{

−1

2

∫

d3xd3y E(x,y)[φ(x)− f(x, t)][φ(y)− f(y, t)]

}

, (7)

where |ϕ(t)〉 is a time-dependent state satified the Schrodinger equation i ∂
∂t
|ϕ(t)〉 = Ĥ |ϕ(t)〉,

and Ĥ1 is the Hamiltonian in (3).

It is worth noting that all states or wave functions are governed by the Schrodinger equa-

tion, which allows us to determine the normalization coefficient N (t) and the center function

f(x, t). The consistency between the Schrodinger equation and the general Gaussian wave

function will validate our ansatz. The detailed calculations are presented in Appendix A,

and here we provide the final results for the normalization coefficient N (t) and the center

function f(x, t) (see (A20)):

N (t) = N0 exp

{

1

2

∫

d3xd3y E(x,y)f(x, t)f(y, t)

+ i
~

2

∫ t

t0

dτ

∫

d3xd3y E2(x,y)f(x, τ)f(y, τ)
}

,

(8)

where N0 is the normalization constant, and E−1(x,y) is a newly defined kernel function

given by E−1(x,y) ≡ 1
~

∫

d3p
(2π)3

1
Ep

e
i

~
p·(x−y). Furthermore, we can explicitly express the real

and imaginary parts of f(x, t) as

f(x, t) = f1(x, t) +
i

~

∫

d3y E−1(x,y)f2(y, t) , (9)

where f1(x, t) and f2(x, t) are real functions that satisfy the following equations (see (A18)):

ḟ1(x, t) = f2(x, t) ,

ḟ2(x, t) = c2∇2f1(x, t)−
(

m0c
2

~

)2

f1(x, t)− ~
1

2 c
3

2gj(x, t) .
(10)
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In order to gain a clearer understanding of the physical meaning of f1(x, t) and f2(x, t),

we substitute (9) back into (7), yielding

〈φ|ϕ(t)〉 ∼ exp

{

−1

2

∫

d3xd3y E(x,y) [φ(x)− f1(x, t)] [φ(y)− f1(y, t)]

}

× exp

{

i

~

∫

d3x f2(x, t)φ(x)

}

.

(11)

Since f1(x, t) and f2(x, t) (as well as E(x,y) and φ(x)) are real, the first line in (11) indicates

that the wave function 〈φ|ϕ(t)〉 represents a Gaussian wave packet centered around f1(x, t).

In quantum mechanics, usual wave packets include an additional term ∝ eip·x, which corre-

sponds to the second line in (11). This correspondence suggests that we interpret f2(x, t) in

(11) as the conjugate momentum π. Furthermore, we will prove that the probability distri-

bution of the wave function in the φ-representation | 〈φ|ϕ(t)〉 |2 has a peak at φ(x) = f1(x, t),

while the probability distribution of the wave function in the π-representation | 〈π|ϕ(t)〉 |2 has
a peak at π(x) = f2(x, t). Therefore, we can deduce that quantum state |ϕ(t)〉 corresponds
to the classical fields with φclass(x, t) ≡ f1(x, t) and πclass(x, t) ≡ f2(x, t). By substituting

f1(x, t) and f2(x, t) with φclass(x, t) and πclass(x, t) in (10), we obtain the equations of motion

for the classical fields

φ̇class(x, t) = πclass(x, t) ,

π̇class(x, t) = c2∇2φclass(x, t)−
(

m0c
2

~

)2

φclass(x, t)− ~
1

2 c
3

2gj(x, t) .
(12)

The equations (12) can be interpreted as the Hamiltonian canonical equations for classical

fields, and the corresponding Hamiltonian is given by

Hclass =

∫

d3x

[

1

2
π2
class +

c2

2
(∇φclass)

2 +
1

2

(

m0c
2

~

)2

φ2
class + ~

1

2 c
3

2gjφclass

]

. (13)

The Lagrangian corresponding to (13) is

L1 =
1

2
∂µφclass∂

µφclass −
1

2

(

m0c
2

~

)2

φ2
class − ~

1

2 c
3

2gjφclass . (14)

Let’s analyze the properties of the wave function in more detail. By substituting f1(x, t)

and f2(x, t) with φclass(x, t) and πclass(x, t), we can rewrite the time-dependent wave function

(7) as

〈φ|ϕ(t)〉 = N ′(t) exp

{

−1

2

∫

d3xd3y E(x,y) [φ(x)− φclass(x, t)] [φ(y)− φclass(y, t)]

}

× exp

{

i

~

∫

d3x πclass(x, t)φ(x)

}

,

(15)
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where

N ′(t) = N0 exp

{

1

2

∫

d3xd3y E(x,y)φclass(x, t)φclass(y, t)

−
∫ t

t0

dτ

∫

d3xd3y E(x,y)φclass(x, t)πclass(y, t)

}

× exp

{

i
~

2

∫ t

t0

dτ

∫

d3xd3y E2(x,y)φclass(x, t)φclass(y, t)

− i
1

2~

∫ t

t0

dτ

∫

d3x πclass(x, t)πclass(x, t)

}

.

(16)

According to (12), we can see that the first exp{· · · } term in (16) is a constant. Therefore,

(16) can be further written as

N ′(t) = N ′
0 exp

{

i
~

2

∫ t

t0

dτ

∫

d3xd3y E2(x,y)φclass(x, t)φclass(y, t)

− i
1

2~

∫ t

t0

dτ

∫

d3x πclass(x, t)πclass(x, t)

}

,

(17)

where N ′
0 is independent of time. Substituting (17) into (15), we can obtain the probability

distribution function of the variable φ as

| 〈φ|ϕ(t)〉 |2 = |N ′
0|2 exp

{

−
∫

d3xd3y E(x,y) [φ(x)− φclass(x, t)] [φ(y)− φclass(y, t)]

}

.

(18)

To confirm that the wave packet is localized around φclass, we carefully examine the

probability distribution (18). For convenience, we define the functional F [φ] as

F [φ] ≡
∫

d3xd3y E(x,y)∆φ(x)∆φ(y) , (19)

where ∆φ(x) = φ(x)− φclass(x, t) and ∆φ(y) = φ(y)− φclass(y, t). We consider the Fourier

transformation for φ(x, t)

∆φ(x) =

∫

d3k φ(k)e
i

~
k·x . (20)

Then, F [φ] can be expressed in terms of φ(k)

F [φ] = ~c

∫

d3k
√
k2 +m2c2|φ(k)|2 ≥ 0 . (21)

The non-negative property of F [φ] indicates that F [φ(x)] reaches its minimum when

∆φ(x) = φ(x) − φclass(x, t) = 0. This means that | 〈φ|ϕ(t)〉 |2 ∼ e−F [φ] decreases as φ

8



moves away from φclass. Therefore, we can conclude that the wave function represents a

wave packet centered around the classical field φclass(x, t).

The remaining question is whether the wave function is centered around πclass(x, t) in the

π-representation, as the expression for (15) does not provide information about the centering

around πclass(x, t). Therefore, we need to examine the wave function in the π-representation.

The full calculation is presented in Appendix (B), and we present the resulting wave function

here

〈π|ϕ(t)〉 ∼ exp

{

− 1

2~2

∫

d3xd3y E−1(x,y)[π(x)− πclass(x, t)][π(y)− πclass(y, t)]

}

. (22)

Clearly, 〈π|ϕ(t)〉 is a wave packet centered around the classical field conjugate πclass(x, t).

Therefore, the quantum state |ϕ(t)〉 is indeed a Gaussian wave function that corresponds

to the classical field composed of φclass(x, t) and πclass(x, t). The equation for the center

function coincides with the equation of motion for classical fields.

In fact, the wave packet (6) corresponds to a well-known quantum state called the coherent

state. The field operators φ̂ and π̂ can be expanded in terms of the annihilation operator,

and the annihilation operator can be expressed in terms of the field operators as follows

âp =

∫

d3x e−ip·x

[
√

Ep

2
φ̂(x) +

i
√

2Ep

π̂(x)

]

. (23)

Here, we ignore the factors of ~ and c as they are not crucial for the discussion of coherent

states. Using Equation (A6) and the definition of E(x,y), we have

âp 〈φ|ϕ〉 =
∫

d3x e−ip·x

[
√

Ep

2
φ(x)− 1

√

2Ep

∫

d3yE(x,y)[φ(y)− f(y)]

]

〈φ|ϕ〉

=

[

1
√

2Ep

∫

d3xe−ip·x
∫

d3yE(x,y)f(y)
]

〈φ|ϕ〉 .
(24)

This equation indicates that the wave packet (6) is an eigenstate of the annihilation operator

âp, which means that the quantum state we are considering here is a coherent state.

Let’s further discuss the structure of the quantum state (15), which is actually a coherent

state in the representation expanded by the eigenstates of the quantum field operators.

The field operator φ̂ at different points are independent of each other and satisfy the

commutation relations
[

φ̂(x), φ̂(y)
]

= 0. As a result, the eigenstate of φ̂ can be written in

a direct product formulation as follows

|φ〉 = |φ(x1)〉|φ(x2)〉|φ(x3)〉 · · · =
∏

x

|φ(x)〉 .

Here, the quantum state |φ(x)〉 is the eigenstate of φ̂(x) but in a Hilbert space constructed

only for the point x. It is evident that the quantum state |φ〉 is not an entangled state.

However, the state given by (15) is an entangled state, which can be seen from the following

9



form

|ϕ(t)〉 =N ′(t)

(

∏

x

∫

dφ(x)

)

exp

{

i

~

∫

d3x πclass(x, t)φ(x)

}

× exp

{

−1

2

∫

d3xd3y E(x,y) [φ(x)− φclass(x, t)] [φ(y)− φclass(y, t)]

}

∏

x

|φ(x)〉 .

(25)

Due to the presence of the term
∫

d3xd3yE(x,y) [φ(x)− φclass(x, t)] [φ(y)− φclass(y, t)] in

(25), |ϕ(t)〉 must be expressed as a summation and cannot be written solely as a direct

product. This might seem to contradict the classical theory, where a classical field is a local

field with a single value at each point, and the values at different points are not entangled

with each other. However, the behavior of E(x,y) ∝ e−m|x−y| → 0 as |x− y| → ∞ implies

that the entanglement between points with large spatial separations becomes weak. This

means that measurements of the state (25) at different points will not interfere with each

other from a macroscopic perspective. Therefore, it is reasonable to interpret the wave

function (15) as the quantum correspondence of the classical field.

The introduction of the quantum superposition principle is often illustrated through the

double-slit interference phenomenon in optics in textbooks. Initially, the classical double-slit

experiment is presented, where light is described by classical fields. Then, by reducing the

intensity of the light source to the point where only one dot appears on the screen at a time,

the classical experiment transitions into a quantum one. Over time, with the accumulation

of dots, the interference fringes of classical wave optics emerge. This approach introduces the

idea of the quantum superposition principle based on the classical superposition principle

of classical fields. However, this could potentially mislead us into thinking that classical

superposition is an amplified version of quantum superposition. To highlight the difference

between quantum and classical superposition, let’s consider a classical field φ1+2 as the

superposition of two classical fields φ1 and φ2, i.e., φ1+2 = φ1+φ2. We can then express the

wave function of φ1+2 in the φ-representation as follows

〈φ|ϕ1+2(t)〉 = N ′(t) exp

{

i

~

∫

d3x [π1(x, t) + π2(x, t)]φ(x)

}

× exp

{

−1

2

∫

d3xd3y E(x,y) [φ(x)− φ1(x, t)− φ2(x, t)] [φ(y)− φ1(y, t)− φ2(y, t)]

}

.

(26)

The wave functions of φ1 and φ2 are denoted as 〈φ|ϕ1(t)〉 and 〈φ|ϕ2(t)〉, respectively, which
can be easily obtained using (15). From the explicit expression of the wave function

〈φ|ϕ1+2(t)〉 in the φ-representation, it is apparent that the wave function for the super-

position of two classical fields is not the superposition of the corresponding wave functions:

〈φ|ϕ1+2(t)〉 6= k
[

〈φ|ϕ1(t)〉+ 〈φ|ϕ2(t)〉
]

, (27)

where k represents the normalization coefficient. In fact, for any quantum superposition

coefficients c1 and c2, there exists the inequality 〈φ|ϕ1+2(t)〉 6= c1 〈φ|ϕ1(t)〉+c2 〈φ|ϕ2(t)〉. We

10



know that classical superposition can produce interference patterns on the screen consistent

with experiments, a process represented as φ1+2 = φ1 + φ2. The left side of Eq. (27) can be

interpreted as the quantum representation of classical superposition. Computing the average

value of the field operator φ̂ for the quantum state |ϕ1+2(t)〉 yields interference patterns

consistent with classical superposition, i.e., 〈ϕ1+2(t)|φ̂|ϕ1+2(t)〉 = φ1+2 = φ1 + φ2, with very

small uncertainty about the operator φ̂. On the other hand, the right hand side of Eq.

(27) corresponds to the quantum state after quantum superposition, k (|ϕ1(t)〉+ |ϕ2(t)〉).
Computing the average value of the field operator φ̂ for this quantum state, the result

is obviously not equal to φ1+2 = φ1 + φ2, and the uncertainty in this case is relatively

large. In fact, it represents a physical system that cannot be described by classical fields.

Therefore, we cannot interpret classical superposition as a naive macroscopic version of

quantum superposition.

B. Reduced density matrix of the quantum state

In addition to the various properties discussed earlier regarding the quantum state (15),

this subsection will introduce a more significant property. One major characteristic of clas-

sical fields is that there is a definite value at each point in space, allowing us to explicitly

discuss the distribution of the field in a particular spatial region without concerning our-

selves with fields outside that region. However, the quantum state (15), corresponding to

classical fields, exhibits spatial entanglement, lacking a natural notion of locality as classical

fields do. For a region, according to the Ref. [29], we can use the reduced density matrix

to describe the information of the quantum state on that region. This leads to a crucial

question: if two classical fields are identical in a certain region, are the reduced density

matrices of their corresponding quantum states also identical in that region? For example,

dividing the entire space into two regions, denoted as A and a, if a classical field in region

A is in the classical vacuum state (i.e., φclass(xA, t) = πclass(xA, t) = 0 for xA ∈ A), then is

the quantum state |ϕ〉 corresponding to this classical field equivalent to the vacuum state

|Ω〉 in region A (i.e., tra (|ϕ〉〈ϕ|) = tra (|Ω〉〈Ω|))?
To address the above question, we need to compute the reduced density matrix explic-

itly. Based on the quantum state (15) corresponding to the classical field φclass(x, t) and

πclass(x, t), along with the normalization coefficient (17), we can write the density matrix in

the entire space as

ρ(φ, φ′; t)

= 〈φ|ϕ(t)〉 〈ϕ(t)|φ′〉

= |N ′
0|2 exp

{

−1

2

∫

d3xd3y E(x,y) [φ(x)− φclass(x, t)] [φ(y)− φclass(y, t)]

}

× exp

{

i

~

∫

d3x πclass(x, t)
[

φ(x)− φ′(x)
]

}

× exp

{

−1

2

∫

d3xd3y E(x,y) [φ′(x)− φclass(x, t)] [φ
′(y)− φclass(y, t)]

}

.

(28)
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Dividing the space into two regions, denoted as region A and region a, and tracing out region

a, we can obtain the reduced density matrix in region A as

∫

Dφa ρ(φ,φ
′; t)

∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a

= |N ′
0|2
∫

Dφa exp

{

−
∫

a

d3x

∫

a

d3y E(xa,ya) [φ(xa)− φclass(xa, t)] [φ(ya)− φclass(ya, t)]

}

× exp

{

−
∫

a

d3x

∫

A

d3y E(xa,yA) [φ(xa)− φclass(xa, t)] [φ(yA)− φclass(yA, t)]

}

× exp

{

−1

2

∫

A

d3x

∫

A

d3y E(xA,yA) [φ(xA)− φclass(xA, t)] [φ(yA)− φclass(yA, t)]

}

× exp

{

−
∫

a

d3x

∫

A

d3y E(xa,yA) [φ(xa)− φclass(xa, t)] [φ
′(yA)− φclass(yA, t)]

}

× exp

{

−1

2

∫

A

d3x

∫

A

d3y E(xA,yA) [φ
′(xA)− φclass(xA, t)] [φ

′(yA)− φclass(yA, t)]

}

× exp

{

i

~

∫

A

d3x πclass(xA, t)
[

φ(xA)− φ′(xA)
]

}

,

(29)

where
∫

Dφa represents the integration over only the fields φ in region a. We can further per-

form a variable substitution ϕ(xa) = φ(xa)− φclass(xa, t) to simplify (29) into the following

form:
∫

Dφa ρ(φ, φ
′; t)

∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a

= |N ′
0|2 exp

{

i

~

∫

A

d3x πclass(xA, t)
[

φ(xA)− φ′(xA)
]

}

× exp

{

−1

2

∫

A

d3x

∫

A

d3y E(xA,yA) [φ(xA)− φclass(xA, t)] [φ(yA)− φclass(yA, t)]

}

× exp

{

−1

2

∫

A

d3x

∫

A

d3y E(xA,yA) [φ
′(xA)− φclass(xA, t)] [φ

′(yA)− φclass(yA, t)]

}

×
∫

Dϕa exp

{

−
∫

a

d3x

∫

a

d3y E(xa,ya)ϕ(xa)ϕ(ya)

}

× exp

{

−
∫

a

d3x

∫

A

d3y E(xa,yA)ϕ(xa) [φ(yA)− φclass(yA, t)]

}

× exp

{

−
∫

a

d3x

∫

A

d3y E(xa,yA)ϕ(xa) [φ
′(yA)− φclass(yA, t)]

}

,

(30)

where xA ∈ A and xa ∈ a. Note that in (30), there are no appearances of φclass(xa, t)

and πclass(xa, t). This indicates that the reduced density matrix of the quantum state (15)

in region A only depends on the classical fields φclass(xA, t) and πclass(xA, t) in region A.

Therefore, if two classical fields are identical in a certain region, then the reduced density

12



matrices of their corresponding quantum states are also identical in that region. This self-

consistency demonstrates that the quantum state (15) indeed perfectly corresponds to the

classical field, and spatial entanglement and non-locality of the quantum state do not disturb

this correspondence. Additionally, we obtain a strong corollary: knowing the classical field

in a local region is sufficient to immediately write out the corresponding reduced density

matrix (30) for that region. Thus, classical fields and quantum descriptions not only have

global correspondences but also have local correspondences, and all correspondences are

self-consistent.

Although the spatial entanglement of quantum states does not destroy the consistency

of the correspondence between quantum and classical fields, it does lead to other coun-

terintuitive conclusions. Consider two classical field distributions at t = 0, denoted as

φclass(x), πclass(x) and φ′
class(x), π

′
class(x). Using (15), we obtain their corresponding quan-

tum states |ϕ〉 and |ϕ′〉, respectively. Suppose these two classical fields are both in vacuum

state in region A:

φclass(xA) = πclass(xA) = 0 = φ′
class(xA) = π′

class(xA), xA ∈ A .

This implies that |ϕ〉 and |ϕ′〉 in region A are equivalent to the vacuum state |Ω〉. The

problem we want to investigate is whether the superposition state |ϕ+〉 = 1√
2
(|ϕ〉+ |ϕ′〉)

remains equivalent to the vacuum state |Ω〉 in region A.

According to (27), we know that quantum superposition is not equivalent to classical

superposition. Therefore, although the classical fields superposed in region A result in

vacuum, it does not imply that the quantum state |ϕ+〉 is equivalent to the vacuum state

|Ω〉 in region A. To answer this question, we need to calculate the reduced density matrix

of |ϕ+〉 in region A:
∫

Dφa 〈φ|ϕ+〉 〈ϕ+|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a

=
1

2

∫

Dφa 〈φ|ϕ〉 〈ϕ|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a
+

1

2

∫

Dφa 〈φ|ϕ′〉 〈ϕ′|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a

+
1

2

∫

Dφa 〈φ|ϕ〉 〈ϕ′|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a
+

1

2

∫

Dφa 〈φ|ϕ′〉 〈ϕ|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a
.

(31)

According to (30), the first line after the equality sign in (31) equals the reduced density

matrix of the vacuum state in region A:

1

2

∫

Dφa 〈φ|ϕ〉 〈ϕ|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a
+

1

2

∫

Dφa 〈φ|ϕ′〉 〈ϕ′|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a

=

∫

Dφa 〈φ|Ω〉 〈Ω|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a
.

(32)

So, for (31) to equal the reduced density matrix of the vacuum in region A, the last line of

(31) needs to be zero.

Note that the two terms in the last line of (31) are each other’s complex conjugates.

For specific classical field distributions, such as πclass(x) = φ′
class(x) = π′

class(x) = 0, it

13



can be proven from (15) that the phase of
∫

Dφa 〈φ|ϕ〉 〈ϕ′|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a
is indepen-

dent of φA and φ′
A. Hence, suitable normalization constant N ′

0 can be chosen to make
∫

Dφa 〈φ|ϕ〉 〈ϕ′|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a
purely imaginary, and in this case, (31) equals the re-

duced density matrix of the vacuum in region A. However, for general classical fields, the

phase of
∫

Dφa 〈φ|ϕ〉 〈ϕ′|φ′〉
∣

∣

∣

∣

φ(xa)=φ′(xa), xa∈a
varies with φA and φ′

A. Therefore, in most

cases, (31) does not equal the reduced density matrix of the vacuum in region A. In other

words, even if |ϕ〉 and |ϕ′〉 are equivalent to the vacuum state |Ω〉 in region A, their superpo-

sition state |ϕ+〉 = 1√
2
(|ϕ〉+ |ϕ′〉) is no longer equivalent to the vacuum state |Ω〉 in region

A. In fact, through more careful calculation, it is easy to extend the above conclusion to:

when two quantum states with the same state (reduced density matrix) in a certain region

are superposed, the resulting superposition state no longer preserves the original state in

that region due to spatial entanglement.

C. Lagrangian for classical particle

In this section, we demonstrate the derivation of the classical Lagrangian for a particle

in an external field from Ĥ2 as shown in (3). Classical theory does not involve fermionic

fields; instead, fermions are treated as point particles with definite positions and momenta.

Therefore, we only need to consider the Hilbert subspace consisting of one-particle states,

where quantum field theory can be reduced to one-particle quantum mechanics. By employ-

ing wave packets in quantum mechanics, the concept of a point particle emerges, allowing

us to obtain the classical limit of the quantum theory [11, 14, 15]

The equation of motion for a fermionic field in the Heisenberg picture can be derived

from Hamiltonian Ĥ2 in (3)

i~
∂

∂t
ψ̂(x, t) = −i~cα ·∇ψ̂(x, t) +

(

mc2 + ~
1

2 c
3

2gφ(x, t)
)

βψ̂(x, t) , (33)

where

αi =

(

0 σi
σi 0

)

, β =

(

I 0

0 −I

)

.

The variables are still operators in (33), whereas in classical theory, all physical quantities

are represented by c-numbers, not operators. In the full quantum theory, the state space

encompasses the entire Hilbert space, whereas in classical theory, there is no particle creation

or annihilation, and only one-particle states evolve. Therefore, it is necessary to reduce the

full Hilbert space to a subspace consisting solely of one-particle states, where the operators

in the equation of motion can be represented by c-numbers. However, if the external field

φ(x, t) in (33) changes too rapidly with time, there is a finite probability for the one-particle

state to transition into a multi-particle state. Hence, it is also important to ensure that

φ(x, t) changes relatively slowly with time, so that the probability of the one-particle state

evolving into a multi-particle state can be neglected
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The wave function for one-particle state |ψ, t〉 = e−iĤ2t |ψ〉 is defined as [28]

ψ(x, t) = 〈Ω| ψ̂(x, 0) |ψ, t〉 = 〈Ω| ψ̂(x, 0)e−iĤ2t |ψ〉 = 〈Ω| ψ̂(x, t) |ψ〉 . (34)

In traditional quantum mechanics, the state |x〉 describes a particle located at position x,

and the wave function of a quantum state |ψ, t〉 is the inner product of the state |x〉 and |ψ, t〉,
i.e., 〈x|ψ, t〉. In quantum field theory, the quantum state ψ̂†(x, 0) |Ω〉 can be regarded as a

one-particle state located at position x (while ψ̂(x, 0) |Ω〉 represents the antiparticle state),

and (34) can be seen as the inner product between ψ̂†(x, 0) |Ω〉 and the quantum state

|ψ, t〉 = e−iĤ2t |ψ〉. Therefore, the definition (34) of the wave function is consistent with the

physical interpretation of the wave function in traditional quantum mechanics. From the

equation of motion (33), we can obtain a wave function version of the Dirac equation with

an external field φ(x, t)

i~
∂

∂t
ψ(x, t) = cα · p̂ψ(x, t) +

(

mc2 + ~
1

2 c
3

2gφ(x, t)
)

βψ(x, t) , (35)

where p̂ = −i~∇ represents the momentum operator in traditional quantum mechanics.

Using (35) we can express the time derivative of the average position of the wave function

as

d

dt

∫

d3x ψ†(x, t)xψ(x, t)

=

∫

d3x ψ†(x, t)x
∂

∂t
ψ(x, t) +

∫

d3x

[

∂

∂t
ψ†(x, t)

]

xψ(x, t)

=

∫

d3x ψ†(x, t)cαψ(x, t) .

(36)

The above equation indicates that cα represents the velocity operator.

From (35), we can also express the time derivative of the average momentum of the wave

function as

d

dt

∫

d3x ψ†(x, t)p̂ψ(x, t)

=

∫

d3x ψ†(x, t)p̂
∂

∂t
ψ(x, t) +

∫

d3x

[

∂

∂t
ψ†(x, t)

]

p̂ψ(x, t)

=
1

i~

[

~
1

2 c
3

2 g

∫

d3x ψ†(x, t)p̂φ(x, t)βψ(x, t)− ~
1

2 c
3

2 g

∫

d3x φ(x, t)ψ†(x, t)βp̂ψ(x, t)

]

= −~
1

2 c
3

2g

∫

d3x ψ†(x, t)∇φ(x, t)βψ(x, t) .

(37)

If the wave function ψ(x, t) is a wave packect spatially localized around r1(t), correspond-

ing to a classical particle with trajectory r1(t), (37) can be further expressed as follows

d

dt

∫

d3x ψ†(x, t)p̂ψ(x, t) = −∇φ(r1, t)~
1

2 c
3

2 g

∫

d3x ψ†(x, t)βψ(x, t) . (38)
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Regarding the meaning of the average value of β, we can draw upon the expression for

the energy of a point particle in free field theory. In quantum mechanics, the Hamiltonian

for a free particle is given by Ĥ0 = cα · p̂0 +m1c
2β, then we have

∫

d3x ψ†(x, t)βψ(x, t)

=
1

m1c2

∫

d3x ψ†(x, t)Ĥ0ψ(x, t)−
1

m1c2

∫

d3x ψ†(x, t)cα · p̂0ψ(x, t) .

(39)

In classical theory, the energy and momentum of a particle with velocity ṙ are given

by E = m1c2√
1−ṙ2/c2

and p0 = m1ṙ√
1−ṙ2/c2

respectively. Although ψ(x, t) is not the wave func-

tion of a free particle, the wave packet ψ(x, t) is spatially localized around r1(t), then
∫

d3x ψ†(x, t)Ĥ0ψ(x, t) in (39) can be interpreted as the instantaneous energy of a point

particle without potential energy, i.e.
∫

d3x ψ†(x, t)Ĥ0ψ(x, t) = m1c2√
1−ṙ2

1
/c2

. Furthermore,

since cα represents the velocity operator of the particle, based on the properties of the

wave packet, it can be inferred that
∫

d3x ψ†(x, t)cα · p̂0ψ(x, t) = ṙ1 · p0 =
m1ṙ

2

1√
1−ṙ2

1
/c2

. By

substituting these results into (39), we obtain

∫

d3x ψ†(x, t)βψ(x, t) =
√

1− ṙ2
1/c

2 . (40)

Denoting the momentum average of the wave packet as p1 =
∫

d3xψ†(x, t)p̂ψ(x, t) and using

(40), we can rewrite (38) as

dp1

dt
= −∇φ(r1, t)~

1

2 c
3

2g
√

1− ṙ2
1/c

2 . (41)

For a Lagrangian L, the Euler-Lagrange equations are given by dpi

dt
= d

dt

(

∂L
∂ṙi

)

= ∂L
∂ri

.

Therefore, we can deduce the Lagrangian corresponding to the equations of motion (41) as

follows

L2(r1, ṙ1, t) = −~
1

2 c
3

2gφ(r1, t)

√

1− ṙ1
2/c2 + f(ṙ1, t) . (42)

From Equation (33), it is evident that when the external field φ(r1, t) = 0, the system

returns to the scenario of a completely free field. Thus, when φ(r1, t) = 0, (42) yields

the Lagrangian for a free particle, given by L(r1, ṙ1, t) = f(ṙ1, t) = −m1c
2
√

1− ṙ1
2/c2.

Therefore, (42) can be written as

L2(r1, ṙ1, t) = −
(

m1c
2 + ~

1

2 c
3

2gφ(r1, t)
)

√

1− ṙ1
2/c2 . (43)

This provides the classical correspondence of the quantum field theory described by the

Hamiltonian Ĥ2 in (3). The classical theory described by the Lagrangian (43) explains

the motion of a point particle in an external field φ(x, t), and its Euler-Lagrange equation

plays a role in the entire classical Yukawa theory, similar to the role of the Lorentz force in

electrodynamics.
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III. RELATIVISTIC CORRECTIONS TO THE YUKAWA POTENTIAL

In this section, we will derive the relativistic corrections to the Yukawa potential. We

first review the relativistic corrections to the Coulomb potential [27]. In electrodynamics,

the classical Lagrangian for a charged particle in an external electromagnetic field can be

written as

LED = −m1c
2

√

1− ṙ2
1

c2
− e1A

0(r1, t) +
e1
c
ṙ1 ·A(r1, t) , (44)

where m1 is the particle mass and r1 is the position vector of the charged particle. The

subscript ED represents electrodynamics. Another Lagrangian that can give Maxwell’s

equations is

LED = −1

4
F µνFµν − e2j

µAµ . (45)

Now we consider another particle with a trajectory r2(t2), The Lienard-Wiechert potential

of the particle can be derived from Lagrangian LED as

A0 =
e2

|r2(t∗)− r1|+ ṙ2(t∗) · (r2(t∗)− r1) /c
,

A =
e2
c

ṙ2(t
∗)

|r2(t∗)− r1|+ ṙ2(t∗) · (r2(t∗)− r1) /c
,

(46)

where t∗2 satisfies t∗2 = t − |r1 − r2(t
∗
2)| /c and e2 is the charge of the particle. In order to

obtain the effective potential of the two charged particles, we need to expree (46) in terms

of r2(t) instead of r2(t
∗). The difference between t and t∗2 can be written as

t− t∗2 =
r

c
− ṙ2 · (r2 − r1)

c2
+

r

2c3
×
[

ṙ2
2 + r̈2 · (r2 − r1) +

(ṙ2 · (r2 − r1))
2

r2

]

, (47)

where r2 = r2(t), ṙ2 = ṙ2(t), r̈2 = r̈2(t), and r = |r2 − r1|. All the variables mentioned

above depend only on the time t. By combining (47), (46)and(44), C.Darwin derived the

Lagrangian for two charged particles [27]

Lt = −m1c
2

√

1− ṙ2
1

c2
−m2c

2

√

1− ṙ2
2

c2
− e1e2

r

+
e1e2
2c2

[

ṙ1 · ṙ2
r

+
ṙ1 · (r2 − r1) ṙ2 · (r2 − r1)

r3

]

,

(48)

where the second line represents the relativistic corrections to the Coulomb potential.

Now that we have the Lagrangians for classical Yukawa theory, namely (14) and (43),

we can proceed to derive the relativistic corrections to the Yukawa potential using a similar

procedure as in electrodynamics. By considering Lagrangians (14) and (43), we obtain the

actions for the entire classical Yukawa theory

S1 =

∫

d4x

(

1

2
∂µφ∂

µφ− 1

2

(

m0c
2

~

)2

φ2 − ~
1

2 c
3

2 gjφ

)

S2 = −
∫

dt
(

m1c
2 + ~

1

2 c
3

2 gφ
)

√

1− ṙ2/c2 .

(49)
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Here, S1 describes the time evolution of the classical field φ in the presence of an external

source j, while S2 describes the motion of a particle influenced by an external field φ.

By comparing the forms of these two actions, we can know that the external source is

j =
√

1− ṙ2
2/c

2δ(r − r(t)) for a Yukawa-type charged particle with the trajectory r(t). In

order to study the interaction between two Yukawa-type charged particles, we derive the

equations of motion from the actions (49):

−φ̈(r1, t1) + c2∇2
1φ(r1, t1)−

(

m0c
2

~

)2

φ(r1, t1) = ~
1

2 c
3

2g2

√

1− ṙ2
2(t1)/c

2δ(r1 − r2(t1)) (50)

d

dt

[

(

m1c
2 + ~

1

2 c
3

2 gφ(r1, t1)
) ṙ1/c

2

√

1− ṙ2
1/c

2

]

= −~
1

2 c
3

2g1

√

1− ṙ2
1/c

2∇1φ(r1, t1) (51)

where r2(t) represents the trajectory of the source particle, r1 is the position vector of the

affected particle, and g2 and g1 represent the Yukawa-type charges of these two particles,

respectively. The equation of motion for the bosonic field (50) is evidently a wave equation

with a source term g2
√

1− ṙ2
2(t1)/c

2δ(r1−r2(t1)). For such a wave equation, it is convenient

to express the solution in terms of a Green function

φ(r1, t1) =

∫

dt2 ~
1

2 c
3

2g2

√

1− ṙ2
2(t2)/c

2G (r1, r2(t2); t1, t2) , (52)

where G (r1, r2; t1, t2) is the Green function satisfying the Green equation

−G̈ (r1, r2; t1, t2) + c2∇2
1G (r1, r2; t1, t2)−

(

m0c
2

~

)2

G (r1, r2; t1, t2) = δ (r1 − r2) δ (t1 − t2) .

(53)

Obviously, the desired Green function is of the causal retarded type. It can be expressed

as

G (r1, r2; t1, t2) = θ(t1 − t2)θ
(

(t2 − t1)
2 − (r1 − r2)

2 /c2
)

× m0

4π~c
√

(t2 − t1)
2 − (r1 − r2)

2 /c2
J1





m0c
2

√

(t2 − t1)
2 − (r1 − r2)

2 /c2

~





− θ(t1 − t2)
1

2πc3
δ
(

(t2 − t1)
2 − (r1 − r2)

2 /c2
)

,

(54)

where θ(t) is the Heaviside step function. It is important to note that (t2 − t1)
2 −

(r1 − r2)
2 /c2 = 0 is a critical point. And we introduce t∗2 defined as t∗2 = t1−|r1 − r2(t

∗
2)| /c,

which satisfies (t∗2 − t1)
2−(r1 − r2(t

∗
2))

2 /c2 = 0 and t∗2 < t1 simultaneously. For convenience,

we also introduce the variables κ = 1/c, τ = c(t2 − t1) and τ
∗ = c(t∗2 − t1). In order to solve

the integral in (52), we define a new integral variable

y =







√

τ 2 − [r1 − r2(t1 + κτ)]2 , τ 6 τ ∗

−
√

τ 2 − [r1 − r2(t1 + κτ)]2 , τ > τ ∗
. (55)
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Substituting the Green function (54) into (52) and using the new variable y, we can rewrite

(52) as

φ (r1, t1) =− m0~
1

2 c
3

2 g2
4π~c

∫ ∞

0

dy
dτ

dy

√

1− κ2ṙ2
2(t1 + κτ)

J1
(

m0cy
~

)

y

+
~

1

2 c
3

2 g2
4πc2

∫ ∞

−∞
dy
dτ

dy

√

1− κ2ṙ2
2(t1 + κτ)

δ (y)

|y| .

(56)

If we consider the relativistic corrections only up to O(1/c2), then τ can be approximated

as

τ = τ

∣

∣

∣

∣

κ=0

+ κ
∂τ

∂κ

∣

∣

∣

∣

κ=0

+
1

2
κ2
∂2τ

∂κ2

∣

∣

∣

∣

κ=0

. (57)

Denoting r2 = r2(t1) and r = r1−r2, we can express the partial derivative of τ with respect

to κ at κ = 0 as

∂τ

∂κ

∣

∣

∣

∣

κ=0

= −
∂y
∂κ
∂y
∂τ

∣

∣

∣

∣

κ=0

= ṙ2 · r , (58)

and the second derivative of τ with respect to κ at κ = 0 as

∂2τ

∂κ2

∣

∣

∣

∣

κ=0

=
− ∂2y

∂κ2

∂y
∂τ

+ 2 ∂2y
∂κ∂τ

∂y
∂κ

+ ∂2y
∂τ2

∂y
∂κ

∂τ
∂κ

(

∂y
∂τ

)2

∣

∣

∣

∣

κ=0

= − 1
√

y2 + r2

[

ṙ2
2

(

y2 + r2
)

+ (ṙ2 · r)2 − r̈2 · r
(

y2 + r2
)]

.

(59)

Thus, the term dτ
dy

in the integral (56) can be written as

dτ

dy
= −

(

1 +
ṙ2
2 − r̈2 · r

2c2

) |y|
√

y2 + r2
+

(ṙ2 · r)2
2c2

|y|
(y2 + r2)

3

2

. (60)

On the other hand, we can expand another term in the integral(56) as

√

1− κ2ṙ2
2(t1 + κτ) = 1− 1

2
ṙ2
2κ

2 . (61)
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By substituting the expansion (60) and (61) into (56), we can now perform the integral

φ (r1, t1) =
m0~

1

2 c
3

2 g2
4π~c

[

(

1− r̈2 · r
2c2

)
∫ ∞

0

dy
J1
(

m0cy
~

)

√

y2 + r2
− (ṙ2 · r)2

2c2

∫ ∞

0

dy
J1
(

m0cy
~

)

(y2 + r2)
3

2

]

− ~
1

2 c
3

2g2
4πc2

∫ ∞

−∞
dy

[

(

1− r̈2 · r
2c2

)

1
√

y2 + r2
− (ṙ2 · r)2

2c2
1

(y2 + r2)
3

2

]

δ (y)

=
~

1

2 c
3

2g2
4πc2



−e
−m0c

2

~c
r

r
+

r̈2 · r
2c2

e−
m0c

2

~c
r

r
+

(ṙ2 · r)2
2c2

(

1

r
+
m0c

2

~c

)

e−
m0c

2

~c
r

r2





+
m0~

1

2 c
3

2g2
4π~c

[

(

1− r̈2 · r
2c2

)

1
m0c
~
r
− (ṙ2 · r)2

2c2
1

m0c
~
r3

]

− ~
1

2 c
3

2 g2
4πc2

[

(

1− r̈2 · r
2c2

)

1

r
− (ṙ2 · r)2

2c2
1

r3

]

=
~

1

2 c
3

2g2
4πc2



−e
−m0c

2

~c
r

r
+

r̈2 · r
2c2

e−
m0c

2

~c
r

r
+

(ṙ2 · r)2
2c2

(

1

r
+
m0c

2

~c

)

e−
m0c

2

~c
r

r2



 .

(62)

It should be noted that the classical field φ(r1) created by a particle with the trajectory

r2(t2) depends on r1 only through the relative coordinate r1 − r2, which is a manifestation

of translation symmetry. In other words, the classical field φ(r1) created by a particle with

the trajectory r2(t2) remains invariant if both the source particle at r2(t2) and the field

point r1 are shifted by the same distance r0.

Guided by the C.Darwin’s method in [27], we can derive the Lagrangian for two particles

from (62) and (49) as follows

L =−m1

√

1− ṙ2
1/c

2 −m2

√

1− ṙ2
2/c

2

+
~cg1g2
4π

e−
m0c

2

~c
r

r
+

1

c2
~cg1g2
8π

[

ṙ1 · ṙ2
r

− ṙ2
1 + ṙ2

2

r
−
(

1

r
+
m0c

2

~c

)

(ṙ1 · r) (ṙ2 · r)
r2

]

e−
m0c

2

~c
r ,

(63)

where m2 is the mass of the particle with the trajectory r2(t). From the Lagrangian (63),

we can derive the Hamiltonian of the system

H = p1 · ṙ1 + p2 · ṙ2 − L

=
m1c

2

√

1− ṙ2
1/c

2
+

m2c
2

√

1− ṙ2
2/c

2
− ~cg1g2

4π

e−
m0c

2

~c
r

r

+
1

c2
~cg1g2
8π

[

ṙ1 · ṙ2
r

− ṙ2
1 + ṙ2

2

r
−
(

1

r
+
m0c

2

~c

)

(ṙ1 · r) (ṙ2 · r)
r2

]

e−
m0c

2

~c
r

=
√

p2
1c

2 +m2
1c

4 +
√

p2
1c

2 +m2
1c

4 − ~cg1g2
4π

e−
m0c

2

~c
r

r

− 1

c2
~cg1g2
8π

[

p1 · p2

m1m2
− p2

1

m2
1

− p2
2

m2
2

− 1

m1m2

(

1 +
m0c

2

~c
r

)

(p1 · r) (p2 · r)
r2

]

e−
m0c

2

~c
r

r

(64)
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Hence, we can read off the potential between two moving Yukawa-charged particles

V =− ~cg1g2
4π

e−
m0c

2

~c
r

r
− 1

c2
~cg1g2
8π

[

− p2
1

m2
1

− p2
2

m2
2

]

e−
m0c

2

~c
r

r

− 1

c2
~cg1g2
8π

[

p1 · p2

m1m2
− 1

m1m2

(

1 +
m0c

2

~c
r

)

(p1 · r) (p2 · r)
r2

]

e−
m0c

2

~c
r

r

=V0(r)−
1

c2
1

2m2
1

p1V0(r) · p1 −
1

c2
1

2m2
2

p2V0(r) · p2

+
1

c2
1

2m1m2

[

p1V0(r) · p2 + p1 · r
V ′
0(r)

r
r · p2

]

,

(65)

where V ′
0(r) ≡ d

dr
V0(r). V0(r) = −~cg1g2

4π
e−

m0c
2

~c
r

r
is the traditional Yukawa potential describing

interaction between nucleons[30], while the other terms that depend on momentum are the

relativistic corrections to the Yukawa potential.

The massless limit m0 → 0 reduces the traditional Yukawa potential to the Coulomb

potential. However, in the massless limit, equation (65) does not converge to C. Darwin’s

result for electrodynamics, as shown in equation (48). This indicates that the relativistic

corrections to the interaction through a scalar field is different from the relativistic correc-

tions to the interaction through a vector field. It also implies that a simple extrapolation

of non-relativistic potentials may not yield the correct relativistic corrections. Our results,

given by equations (63), (64), and (65), are consistent with results obtained using various

other methods [31–35]. This demonstrates the reliability of our classicalization process and

the obtained results for the Yukawa theory.

IV. DISCUSSIONS AND OUTLOOKS

In this paper, our focus is on finding quantum states that exhibit classical field corre-

spondence. We investigate the evolution of such states through the Schrödinger equation,

which ultimately yields the evolution equations for the classical fields. Regarding fermions,

classical theory does not include fermionic fields; instead, fermions are treated as point

particles. This implies that we only need to address the classicalization of one-particle

quantum mechanics, which has already been extensively studied in earlier works. Through

our classicalization procedure, we obtain a relativistic classical Yukawa theory, from which

we calculate the relativistic corrections to the traditional Yukawa potential. Classical field

theory is often used in cosmology to describe physical systems. For example, in some modern

theories[36–38], neutron star binary systems involve the creation of axions by each neutron

star, acting as light scalar mediators that undergo Yukawa interactions. Since neutron stars

are macroscopic systems that require a classical field theory description, our derived Yukawa

classical theory may be employed to describe the interactions in such macroscopic systems.

Furthermore, although the Yukawa potential with relativistic corrections is derived in

classical theory, it can be applied in quantum mechanics as the potential of the Hamiltonian

[31, 39], similar to the application of Darwin’s relativistic corrections in quantum mechanics
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[40–42]. Yukawa theory is widely used to describe the interactions between fermions through

a scalar mediator. For example, fast-moving nucleon-nucleon scatterings, the Yukawa poten-

tial with relativistic corrections is employed[43–45]. In dark phenomenology, self-interacting

dark matter with a Yukawa potential appears to provide a better explanation for observed

galactic structures compared to collisionless models[46]. To better describe the behavior

of dark matter, [47] utilized non-relativistic effective field theory (NREFT) to calculate

momentum-dependent effective potentials. Using Gromes bracket notation[48], the quan-

tum version of the effective potential (65) can be expressed as follows

V =V0(r)−
1

c2
1

2m2
1

{{p1V0(r) · p1}} −
1

c2
1

2m2
2

{{p2V0(r) · p2}}

+
1

c2
1

2m1m2

[

{{p1V0(r) · p2}}+
{{

p1 · r
V ′
0(r)

r
r · p2

}}]

,

(66)

where Gromes bracket notation{{}} is defined as {{piF (r)qj}} = 1
4

[

piF (r)qj + qjF (r)pi +

piqjF (r) + F (r)piqj

]

. By referring to the derivation method in reference [49], it can

be observed that the first line of equation (66) corresponds precisely to the result ob-

tained from non-relativistic effective quantum field theory. In other words, our result

extends beyond the outcome derived from NREFT by including the additional term

Vr ≡ 1
c2

1
2m1m2

[

{{p1V0(r) · p2}}+
{{

p1 · r V ′

0
(r)

r
r · p2

}}]

. This discrepancy is an interest-

ing issue. For a stable potential, its relativistic corrections to the Hamiltonian can be

obtained, known as the generalized Breit-Fermi Hamiltonian. These relativistic corrections

can be divided into spin-dependent and spin-independent components [50], where the ”spin”

refers to the fermion spin. The spin-independent part, particularly when the interaction is

described by a scalar field, has been the subject of significant controversy[48–55]. The ef-

fective potential (66) is consistent with the results of [51], while the results of NREFT[47]

align with [49]. The term Vr, which accounts for the difference, has later been referred to

as the retardation correction or retardation term. It plays a significant role when studying

bound-state problems [54, 55].

The key point of our method is to find quantum states that correspond to classical observ-

ables. In quantum theory, we use quantum states to describe the system, whereas in classical

theory, we describe the system using physical observables such as momentum, coordinate,

or classical fields. However, not all quantum states can correspond to classical observables.

Nevertheless, we can outline some natural requirements for quantum states that have clas-

sical correspondence. First, vacuum states in quantum theory correspond to the classical

field configuration φclass = 0, πclass = 0. Second, if certain quantum states correspond to a

classical field configuration φclass = φ0, πclass = π0 , then the probability of obtaining φ0, π0
is highest when measuring φ̂, π̂ of the quantum state (in fact, as shown in IIA, φ0 and π0
represent the center of the wave packet), while the probability of obtaining the fields far

from φ0, π0 is much smaller, similar to the behavior of traditional quantum mechanics wave

packets that describe classical point particles with definite position and momentum. Finally,

a quantum state that exhibits classical field correspondence will continue to maintain this

correspondence during its time evolution; it will not evolve into a quantum state that lacks
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classical field correspondence. By analyzing the structure of the vacuum state in the φ/π-

representation and combining the aforementioned constraints, we can identify the quantum

states that correspond to the classical fields. The derivation in IIA demonstrates that the

states which correspond to classical theory are Gaussian-like wave packets, which are co-

herent states. Once we establish the correspondence between quantum states and classical

fields, we can determine how the classical fields evolve over time by studying the evolution

of the quantum states according to the Schrödinger equation.

The quantum states corresponding to classical fields not only allow us to derive the clas-

sical Yukawa theory but also provide a concrete illustration of the fundamental difference

between classical and quantum superposition, even if the double-slit interference patterns

produced by these two types of superposition are identical. Furthermore, in addition to

the previously mentioned properties, we have found another very important property of the

quantum states corresponding to classical fields. If two classical fields are identical in a

certain region, then their corresponding quantum states have the same reduced density ma-

trix in that region. This implies that, although the nonlocal nature of spatial entanglement

seems to contradict the natural notion of locality of classical fields, we can still obtain a

consistent correspondence between classical fields and quantum states. And we only need to

know the classical field in a local region to immediately write out the corresponding reduced

density matrix for that region. Thus, the correspondence between classical fields and quan-

tum descriptions is not only global but also local, and all correspondences are consistent.

While the spatial entanglement of quantum states does not undermine the consistency of the

correspondence between quantum and classical fields, it does lead to other counterintuitive

conclusions. For instance, when two quantum states with the same state in a certain region

are superposed, the resulting superposition state no longer preserves the original state in

that region due to spatial entanglement.

In future research, we plan to investigate the non-perturbative definition of quantum field

theory with the assistance of advanced classicalization techniques. Currently, the regular-

ization of quantum field theory is typically carried out during the calculation of Feynman

diagrams, suggesting that quantum field theory is defined through these diagrams. However,

this perturbative definition fails in non-perturbative regimes. To address this issue, lattice

quantum field theories have been proposed as a means to regulate quantum field theory be-

fore encountering any ill-defined formal calculations. These theories are defined at the level

of the path integral or Hamiltonian [56–65]. While correlation functions in the path integral

formulation of lattice theory can be numerically computed using computers, the calculations

are performed in Euclidean spaces after a Wick rotation. This choice limits our ability to

directly observe real-time dynamics, such as time-dependent processes like string breaking

phenomena, and also introduces challenges associated with the sign problem in important

finite chemical potential scenarios [65–67]. The Hamiltonian formulation of lattice theories,

on the other hand, provides a well-defined Hamiltonian and allows for explicit discussions

about quantum states, entanglement structure, and time evolution [63, 64, 68]. In the case

of a single fermion particle state, it is an eigenstate of the Hamiltonian. Due to the inter-

action between the fermion field and boson field in the Hamiltonian, the excitation of the

one fermion particle state involves both the fermion field and the boson field, rather than
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just the fermion field alone. The same applies to a boson particle. However, in classical

theory, fermion particles and boson fields are directly described by independent variables

in the classical Hamiltonian. This implies that we need to combine the quantum fermion

variable and the boson variable to obtain the classical variables. This mixing process lies at

the heart of the non-perturbative definition of quantum field theory and presents a complex

and challenging problem. In this paper, we take the first step by treating one of the fields as

a classical external source while considering the other field as a quantum field, which can be

viewed as a form of ”junior” classicalization. In future work, we aim to treat both fermion

and boson fields as quantum fields, delving further into this non-perturbative definition of

quantum field theory.
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Appendix A: Calculation for N (t) and f(x, t)

In this section, we consider the evolution of a given quantum state in the Schrodinger

picture. A general state that can revert to classical field theory looks like a coherent state

with a Gaussian wave function(6). To continue our calculation, we first define two new

kernel functions E−1(x,y) and E2(x,y)

E−1(x,y) ≡
∫

d3p

(2π)3
1

Ep

eip·(x−y) , (A1)

E2(y, z) ≡
∫

d3x E(x,y)E(x, z) =
∫

d3p

(2π)3
eip·(y−z)E2

p . (A2)

The kernel E2 acts on an arbitrary function g(x)

∫

d3x E2(x,y)g(x) = −∇2g(y) +m2g(y) . (A3)

The following are the relations between the three kernel functions E−1, E and E2
∫

d3x E(x,y)E−1(x, z) = δ(y − z) , (A4)

∫

d3x E2(x,y)E−1(x, z) = E(y, z) . (A5)

It is convenient to calculate the Schrodinger equation in the φ-representation. In this rep-

resentation, the momentum operator acts as a gradient functional operator π̂(x) = −i δ
δφ(x)

.

For the quantum state (6) in this representation, we have
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π̂(x) 〈φ|ϕ〉 = i

∫

d3y E(x,y)[φ(y)− f(y)] 〈φ|ϕ〉 . (A6)

And then

π̂2(x) 〈φ|ϕ〉 = E(x,x) 〈φ|ϕ〉 −
∫

d3y E(x,y)[φ(y)− f(y)]

∫

d3z E(x, z)[φ(z)− f(z)] 〈φ|ϕ〉 .
(A7)

Considering the property (A2), we find that
∫

d3x π̂2(x) 〈φ|ϕ〉 =
∫

d3x E(x,x) 〈φ|ϕ〉−
∫

d3yd3z[φ(y)−f(y)][φ(z)−f(z)]E2(y, z) 〈φ|ϕ〉 .
(A8)

Then, we let the Hamiltonian act on a given quantum state (6) and consider the property

(A3)

Ĥ 〈φ|ϕ〉 =
∫

d3x

{[

1

2
π̂2(x) +

1

2

(

∇φ̂(x)
)2

+
1

2
m2

0φ̂
2(x) + gφ̂(x)j(x, t)

]

+ C

}

〈φ|ϕ〉

=

[

−1

2

∫

d3y

∫

d3z f(y)f(z)E2(y, z) +
∫

d3y

∫

d3z f(y)φ(z)E2(y, z)

+g

∫

d3x φ(x)j(x, t) +
1

2

∫

d3x E(x,x) + Λ

]

〈φ|ϕ〉 .

(A9)

Let’s recall that the wave function of the quantum state undergoing time evolution is assumed

to have the following form (see (7))

〈φ|ϕ(t)〉 = N (t) exp

{

−1

2

∫

d3xd3y E(x,y)[φ(x)− f(x, t)][φ(y)− f(y, t)]

}

. (A10)

The time-dependent normalization coefficient arises from the evolution of the wave func-

tion, which suggests that we can write the time-dependent coefficient as N (t) = N0e
F (f,t),

where F (f, t) depends on the center position function f and time t. We can consider the

Schrodinger equation i d
dt
〈φ|ϕ(t)〉 = Ĥ 〈φ|ϕ(t)〉 to calculate the explicit form of f and F in

the quantum state. For the time derivative term, we have

d

dt
〈φ|ϕ(t)〉 = d

dt

[

N0e
F (f,t) exp

{

−1

2

∫

d3xd3y E(x,y)[φ(x)− f(x, t)][φ(y)− f(y, t)]

}]

=

{
∫

d3xd3y E(x,y)ḟ(x, t)[φ(y)− f(y, t)] +
∂

∂t
F (f, t)

}

〈φ|ϕ(t)〉 ,
(A11)

where ḟ(x, t) ≡ ∂
∂t
f(x, t). Hence, by considering both sides of the Schrödinger equation

(A9) and (A11), we can express the Schrödinger equation as follows

i

{∫

d3xd3y E(x,y)ḟ(x, t)[φ(y)− f(y, t)] +
∂

∂t
F (f, t)

}

〈φ|ϕ〉

=

[

−1

2

∫

d3y

∫

d3z f(y, t)f(z, t)E2(y, z) +
∫

d3y

∫

d3z f(y, t)φ(z)E2(y, z)

+g

∫

d3x φ(x)j(x, t) +
1

2

∫

d3x E(x,x) + Λ

]

〈φ|ϕ〉 .

(A12)
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The Schrodinger equation (A12) is valid for any arbitrary φ, which require

i

∫

d3x E(x,y)ḟ(x, t) =
∫

d3x f(x, t)E2(x,y) + gj(y, t) , (A13)

i

∫

d3xd3y E(x,y)ḟ(x, t)f(y, t)− i
∂

∂t
F (f, t) =

1

2

∫

d3yd3z f(y, t)f(z, t)E2(y, z) , (A14)

Λ = −1

2

∫

d3x E(x,x) . (A15)

Then, we separate f into real and imaginary parts

f(x, t) = f1(x, t) + i

∫

d3y E−1(x,y)f2(y, t) , (A16)

where f1 and f2 are both real. Substituting (A16) into (A13) and using (A3) , we obtain

i

∫

d3x E(x,y)ḟ1(x, t)−ḟ2(y, t) = i

∫

d3z E(y, z)f2(z, t)−∇2f1(y, t)+m
2
0f1(y, t)+gj(y, t) .

(A17)

Comparing the real and imaginary parts of both sides in (A17), we find the relation between

the real part f1 and imaginary part f2

−ḟ2(y, t) = −∇2f1(y, t) +m2
0f1(y, t) + gj(y, t)

ḟ1(x, t) = f2(x, t) .
(A18)

On the other hand, from (A14), we can work out the explicit form of F (f, t) in terms of the

center function f(x, t):

F (f, t) =
1

2

∫

d3xd3y E(x,y)f(x, t)f(y, t) + i
1

2

∫ t

t0

dτ

∫

d3xd3y E2(x,y)f(x, τ)f(y, τ) ,

(A19)

where t0 is an arbitrary initial time. Fianlly, the normalization coefficient N (t) = N0e
F (f,t)

can be expressed as

N (t) = N0 exp

{

1

2

∫

d3xd3y E(x,y)f(x, t)f(y, t)

+ i
1

2

∫ t

t0

dτ

∫

d3xd3y E2(x,y)f(x, τ)f(y, τ)
}

.

(A20)

Appendix B: Wave function in the π-representation

To demonstrate whether the wave function of the quantum state is localized around

πclass, we can calculate the Gaussian wave function in the π-representation. The eigenstate
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and eigenvalue of the conjugate momentum operator π̂(x) are |π〉 and π(x), which means

π̂(x) |π〉 = π(x) |π〉. The commutation relation of π̂(x) and φ̂(x) yields

〈φ|π〉 = C exp

{

i

∫

d3xπ(x)φ(x)

}

. (B1)

Using completeness, we can write the wave function for state |ϕ(t)〉 in the π-representation

〈π|ϕ(t)〉

=

∫

Dφ 〈π|φ〉 〈φ|ϕ(t)〉

= N ′(t)C exp

{

i

∫

d3x [πclass(x, t)− π(x)]φclass(x, t)

}

×
∫

Dφ exp
{

−1

2

∫

d3xd3y E(x,y)φ(x)φ(y) + i

∫

d3x [πclass(x, t)− π(x)]φ(x)

}

.

(B2)

To finish the integral, we define a matrix T (x,x′) to diagonalize the matrix E(x,y)
∫

d3xd3y T (x,x′)E(x,y)T (y,y′) = δ(x′ − y′) . (B3)

Considering the normalization condition (A4) for the kernel function E(x.y), we can explic-

itly write the auxiliary matrix T (x,x′)

T (x,x′) ≡
∫

d3p

(2π)3
1

√

Ep

eip·(x−y) . (B4)

To diagonalize with the auxiliary matrix T (x,x′), we need to change the integration variable

φ to φ′ via

φ(x) =

∫

d3x′ T (x,x′)φ′(x′) , (B5)

and change the measure of the integral to

Dφ(x) = JDφ′(x′) , (B6)
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where J = |det[T (x,x′)]| is the determinant of the auxiliary matrix. Then, the integral in

(B2) can be done

∫

Dφ exp
{

−1

2

∫

d3xd3y E(x,y)φ(x)φ(y) + i

∫

d3x [πclass(x, t)− π(x)]φ(x)

}

= J

∫

Dφ′ exp

{

− 1

2

∫

d3xd3y E(x,y)
∫

d3x′ T (x,x′)φ′(x′)

∫

d3y′ T (y,y′)φ′(y′)

+ i

∫

d3x [πclass(x, t)− π(x)]

∫

d3x′ T (x,x′)φ(x′)

}

= J

∫

Dφ′ exp

{

− 1

2

∫

d3x′ φ′(x′)φ′(x′)

+ i

∫

d3x′
∫

d3x T (x,x′)[πclass(x, t)− π(x)]φ(x′)

}

= J
∏

x′

∫ ∞

−∞
dφ′(x′) exp

{

− 1

2
d3x′ φ′(x′)φ′(x′)

+ id3x′
∫

d3x T (x,x′)[πclass(x, t)− π(x)]φ(x′)

}

= J
∏

x′

2

∫ ∞

0

dφ′(x′) exp

[

−1

2
d3x′ φ′(x′)φ′(x′)

]

× cos

{

d3x′
∫

d3x T (x,x′)[πclass(x, t)− π(x)]φ(x′)

}

= J
∏

x′





√
π

√

1
2
d3x′



 exp

{

− 1

2

∫

d3x′
∫

d3x T (x,x′)[πclass(x, t)− π(x)]

×
∫

d3y T (y,x′)[πclass(y, t)− π(y)]

}

.

(B7)
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Define a constant C ′ =
∏

x′

(√
π/
√

1
2
d3x′

)

. Furthermore, substituting (B7) into (B2), we

obtain

〈π|ϕ(t)〉

= JN ′(t)CC ′ exp

{

i

∫

d3x[πclass(x, t)− π(x)]φclass(x, t)

}

× exp

{

− 1

2

∫

d3x′
∫

d3x T (x,x′)[πclass(x, t)− π(x)]

∫

d3y T (y,x′)[πclass(y, t)− π(y)]

}

= JN ′′(t)C ′′ exp

{

− i

∫

d3x π(x)φclass(x, t)

}

× exp

{

− 1

2

∫

d3xd3y
(

∫

d3x′ T (x,x′)T (y,x′)
)

[πclass(x, t)− π(x)][πclass(y, t)− π(y)]

}

,

(B8)

where N ′′ = N ′(t) exp
[

i
∫

d3x πclass(x, t)φclass(x, t)
]

is a new normalization coefficient. Note

that the integral of the auxiliary matrix in (B8) can be simplified further in terms of the

kernel function E−1(x,y)

∫

d3x′ T (x,x′)T (y,x′) =

∫

d3p

(2π)3
1

Ep

eip·(x−y) = E−1(x,y) . (B9)

Then, the final expression of the wave function in the π-representation is

〈π|ϕ(t)〉 = JN ′′(t)C ′′ exp

{

−i
∫

d3x π(x)φclass(x, t)

}

× exp

{

−1

2

∫

d3xd3y E−1(x,y)[π(x)− πclass(x, t)][π(y)− πclass(y, t)]

}

.

(B10)

Therefore, the wave function is a Gaussian wave packet with the center located at πclass.
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