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Abstract

Anomaly, a generic feature of relativistic quantum field theory, is shown to be
present in non-relativistic classical ideal fluid. A new result is the presence of anomalous
terms in current algebra, an obvious analogue of Schwinger terms present in quantum
field theory. We work in Hamiltonian framework where Eulerian dynamical variables
obey an anomalous algebra (with Schwinger terms) that is inherited from modified

Poisson brackets, with Berry curvature corrections, among Lagrangian discrete coor-
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dinates. The divergence anomaly appears in the Hamiltonian equations of motion. A
generalized form of fluid velocity field can be identified with the ”anomalous veloc-
ity” of Bloch band electrons appearing in quantum Hall effect in condensed matter
physics. We finally show that the divergence anomaly and Schwinger terms satisfy well
known Adler consistency condition. Lastly we mention possible scenarios where this

new anomalous fluid theory can impact.

Introduction: Anomalies are universal and thoroughly researched phenomena, present
in generic relativistic quantum field theories (QFT) (for reviews see [1]). It is a form of break-

down of certain conservation laws and corresponding symmetries in QFT that are present in
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the corresponding classical field theory. Naive application of equations of motion on certain
composite dynamical variables (e.g. fermion current v (z)v,%(z)) in a classical framework
generates the conservation laws following Noether’s principle. To give the iconic example of
axial or Adler Bell Jackiw anomaly [2], there are vector and axial vector current conservation
laws in mass-less QED, 9*J) (x) = 0" (¢p(z)y, 0 (x)) = 0,0" T} (x) = 9*(P(x)y,75¢(x)) = 0

respectively. However, in QFT, the composite operators themselves, being products of opera-
tors at the same spacetime point, are ill-defined due to the inherent short distance singularity,
thereby making the above equations ambiguous. It becomes necessary to work with suitably
regularized quantum operators. Once the regularization is removed after mathematical op-
erations are performed, the conservation equations can get modified giving rise to anomalies.
In massless QED, both of the above conservation laws can not be maintained. One chooses
to preserve charge conservation, O JX = 0, thus breaking the axial current conservation law,
o*J Ij‘ = %E.B, RHS being the divergence anomaly in axial current, in terms of electric and
magnetic fields. Generically, anomalies act in two distinct way: in external currents (not
coupled to gauge interactions) they can induce physical effects such as 7y decaying into two
photons via axial anomaly. On the other hand consistency of chiral gauge theories demand
vanishing of total anomaly (t'Hooft’s anomaly cancellation condition) thereby constrain-
ing viable models, to wit the Standard Model or Superstring theory (via Green—Schwarz
mechanism) [IJ.

Another crucial aspect of QFT is current algebra (see for example [3]), where certain equal
time commutation relations among current density operators define an infinite-dimensional
Lie algebra. Originally proposed by Gell-Mann to describe strongly interacting hadron
physics, it led to Adler—Weisberger formula and other important physical results and initi-
ated theoretical developments such as Sugawara model, light cone currents, Virasoro algebra,
the mathematical theory of affine Kac—-Moody algebras, and nonrelativistic current algebra
in quantum and statistical physics. Specific applications include conformally invariant field
theory, vertex operator algebras, exactly solvable lattice and continuum models in statistical
physics, exotic particle statistics and g-commutation relations, hydrodynamics and quantized
vortex motion.

Returning to the present context, anomalies can modify the current algebra, i.e. through
the introduction of Schwinger terms [4, [5], computed along similar lines as divergence
anomaly. As proved by Adler [6] and studied by others [7], the divergence anomaly and
Schwinger terms (or commutator anomalies) are complimentary effects - presence of one
type necessitates existence of the other (in fact om 1+41-dimensions the Schwinger terms can
uniquely yield the divergence anomaly [7]) - and the anomalous extensions have to obey the
Adler [6] consistency condition. This will play a major role in our work.

In recent years divergence anomaly has generated a huge amount of interest in an unex-



pected scenario - hydrodynamic regime of a non-relativistic classical field theory. Effect of
anomalous current algebra on Raman scattering in Mott insulators was studied in [8]. Son
and Spivak [9] have shown that large classical negative magnetoresistance of Weyl metals is
connected to the triangle anomaly in classical regime where mean free path of the electron is
short compared to the magnetic length. Further works in related areas are [10] [11]. In [10]
quantum anomalies for global currents in hydrodynamic limit and its novel consequences
were revealed. Gauge anomalies present in in hydrodynamics were also studied in Hamilto-
nian formulation in [11]. After reporting our results [12] we came across the paper [13] that
also discusses divergence anomaly in classical fluid.

All the recent excitement in condensed matter phenomena exploits the divergence anomaly.
Quite surprisingly, in the literature the (divergence) anomaly is simply assumed to exist in
an ad hoc way and there are no attempts to derive it from first principles. Furthermore

there are no mentions of Schwinger terms in these recent works.

Significance and new results of our work: In this Letter we will shed some light on
the two untouched problems mentioned above in the following format:

(I) first principle derivation of anomalous current algebra (~ Schwinger terms) in classical
fluid dynamics;

(IT) derivation of the classic chiral anomaly form ¢?E.B in helicity conservation equation
from the contribution of the above mentioned Schwinger terms;

(III) establishing analogy between the generalized velocity field defined here and the well
known ”anomalous velocity”, appearing in condensed matter physics [14].

(IV) demonstration of Schwinger terms and divergence anomaly satisfying Adler consistency
condition [6].

(V) Construction of Casimir operators (in weak field approximation) in the anomalous
system via Darboux prescription.

The procedure adopted here is systematic and unambiguous but, at the same time, we
emphasize that application of the above approach and ensuing results in the context of fluid
anomaly is completely new.

(VI) Topical interest of the work will be mentioned presently.

To simplify the nomenclature we refer to any non-canonical or anomalous term in algebra
among dynamical variables as Schwinger term. In our scheme, anomalous current algebra
plays the primary role and divergence anomaly appears naturally as a derived quantity. We
explicitly show that the anomalous fluid model can be constructed in a natural way in Hamil-
tonian formalism in Eulerian approach. The quantum input comes from basic generalized
Poisson bracket structure satisfied by the discrete (Lagrangian) fluid particle coordinates.

This phase space characterizes the semi-classical electron dynamics in a magnetic Bloch



band, in presence of a periodic potential with external magnetic field and Berry curvature
[15], 16, 17, 18]. Berry curvature and induced magnetic field in momentum space is respon-
sible for the ”anomalous velocity” in quantum Hall effect [14]. Nonzero fluxes of the Berry
curvature in electron Fermi surface plays an important role in transport phenomena.

To further emphasize the prospects of the present work, we note that the history of
electron hydrodynamics in condensed matter, i.e. situations where electron flow is influenced
by hydrodynamic laws instead being fully Ohmic is nearly fifty years old [19]. In normal
circumstances, electrons in metals behave as a nearly-free Fermi gas since the effective mean
free path for electron-electron collision is quite large which allows impurities and lattice
thermal vibrations (phonons) to destroy a collective viscous fluid-like motion of electrons.
However, in recent years the hydrodynamic regime has been achieved in extremely pure
high quality electronic materials - especially graphene [20], layered materials with very high
electrical conductivity such as metallic delafossites PdC'0oO,, PtCoO, [21] among others.

The all important ingredient in our analysis is the well known map (constitutive relation)
that expresses the continuous Euler fluid variables in terms of the discrete Lagrangian par-
ticle coordinates. Through this map the fluid field algebra inherits the anomalous features
(Schwinger terms) from the quantum corrected Poisson brackets of Lagrangian coordinates
and subsequently divergence anomalies follow from Hamiltonian equations of motion. The
flowchart of our scheme follows:
generalized phase space algebra with Berry curvature corrections [15] [16, [I8] — (via consti-
tutive relations) extended fluid variable algebra — extended fluid equations with divergence
anomaly and Schwinger terms — consistency condition connecting divergence anomaly and

Schwinger terms.

(I) Derivation of anomalous fluid algebra (Schwinger terms): We begin with the
Berry phase corrected (~ anomalous or noncommutative) phase space algebra of the D.O.F.
X;(x), Pj(x) = MX;(x) (M being the point particle mass), to be identified subsequently
with the discrete individual particle (Lagrangian) phase space coordinates [15] 16l 17, 18],

{X:(x), X, (x)} = —%emﬂ Sx—x); {Xi(x), B(x)} = M(d”pt,i%j) 5(x —x);
’ EijkM2Bk /
{Pi(x), Pi(x)} = o o(x —x) (1)
where 0
Fi(x,k) = Z’ A(x, k) = 14 eB(x).Q(k).

- 1+eB(x).Q(k)’
In the above Lagrangian degrees of freedom, coordinate and velocity X(,);, P(n); respectively,

the discrete particle index n is replaced by x in the continuum limit. Furthermore, pq is
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a dimensionful parameter, e is the electronic charge, B the external magnetic field and
Q(k) = Vi x A(k) the Berry curvature in momentum space. For £ = 0, B = 0 one recovers
the free canonical Poisson brackets. 2 appears as a result of electron motion in a periodic
lattice potential. These non-relativistic brackets are at equal time.

It is worthwhile to point out that in general P and k (the crystal momentum) are in fact
related. However, as has been considered in [22], in a toy model approach €2 can be treated
as a constant and furthermore explicit calculations with realistic models have shown [22]
that it is of the order of (lattice constant)?. Throughout our subsequent work and mainly
for computational convenience, we will restrict €2 to be independent of dynamical variables.
At the end we will comment on some other non-trivial possibilities.

Since M is a constant parameter, we will drop it to express formally the above brackets ()
using X;(x), X;(x). This will also help in streamlining the notation because the constitutive
relations connecting the Euler variables density p(r) and velocity fields v;(r) are directly

connected to them (see for example [23]),

p(r) = po/dl’ (X (z) —1), v(r) = fdf;iz(;(’li((i()(i)r; I'). )

Note that j; = pv; constitute the momentum density of the fluid. Even though we are not
directly dealing with relativistic fluid dynamics and our system is without dissipative effects,
still it is worthwhile to mention that this definition pertains to the Landau frame where
Ji(7,t) refers to the values at a fixed spacetime position 7, ¢. The Landau frame is chosen
in the direction of the total energy where the directions of the eigenvector of the energy-
momentum tensor and the conserved current match. This is generally true in non-relativistic
hydrodynamic flow which can be defined as a local flux of particles.

Using () it is straightforward to compute the anomalous fluid brackets,

{p(r), p(r')} = €0} (p(r) Fi(r) 856 (r — ') (3)

{p(r), vi(r')} = iAT + B, (r) Fi(1)) 058 (x — ') + e Fi(r') 05 vidhd(r — ') (4)

8jvi - 82"0]' Bk(r)

{vi(r), v;(r)} = { pAlr) AL

€Bl (I‘)
p

(Fi(r)dyv; — F;(r)dw;) — 2elmn%amvjal (Fu(r)p)



1 Om
- Elmn;anviamvjﬂ(r) - 2€lmnp—2pan(vivj)ﬂ(r)}5(r - I',)

r -
2 20N 3 ) i), o)

We refer to the non-canonical €2-dependent terms as Schwinger terms. It is very impor-
tant to stress that, although Berry curvature €2 behaves as an effective magnetic field, its
effect is distinct from the effect of the true external magnetic field B. In this connection,
note that this anomalous fluid algebra is different from the general structure derived from
the results in [24], where B, E are non-vanishing but €2 = 0. However, the algebra matches
with the brackets used in [I1] for € = 0. We emphasize that even if the (canonical) vorticity
w;; = 0;u; — 0jv; vanishes, effective vorticity can reappear anomalously, as seen in ([B]). Simi-
lar types of extended fluid brackets in different context have appeared in [25]. The canonical

brackets for p.,v(.); are recovered for B = = 0,

{pe(r), pe(r)} =0, {pe(r), vieyi(r')} = F7o(r — '),

’ (0,-1)6-—8-21“-)
{v(i(r), ve; (¥} = — ()]p G

The anomalous fluid algebra ([B]), [ ), (&) constitute first part of our work.

It is important to note that j; = pv; being the momentum density, should act as transla-

o(r—r'). (6)

tion generator, in absence of external field B. This is indeed the case for arbitrary functions

a(p), Ai(v;) as shown below (computational details are provided in Supplementary Material);

{alp(x). / &y o} = z—i@m = da(p(x)) (7)
(). [ @y oo} - o= 0, ). (®)

(II) Conservation law and helicity anomaly: We quickly recapitulate derivation of
canonical fluid equations of motion. Together with the Hamiltonian for a barotropic fluid

(with the pressure P = p(dV')/(dp) — V depending only on density p)

Ho — / dx(z” + V() (9)

and the brackets (@), the canonical continuity and Euler equations are obtained as

p(x) = {p(x), Ho} = =V(pv), v(x)={v(x),Ho} = —(v.V)v - %- (10)



The fluid Hamiltonian in external electromagnetic field is given by

H = /dx (%pv2 + Vi(p) — epd) (11)

where the electric field is E = —V® in a time independent scenario. The effect of magnetic
field B has already been taken into account through the extended symplectic structure (3),
@), [E). The continuity equation gets modified to

p+V.I"=epF.(VxE) (12)
where the anomalous current J®" is

Jor = (%) 4 ep(Fv)B +ep(E x F) + F x VP. (13)

However, in the present time independent case the conservation law p+ V.J*" = 0 survives,
albeit with an anomalous current, since now Maxwell’s equation yields VxE = —(0B) /0t =
0.

The anomalous Euler equation is derived as

vV VP pvxB BYVP VP
v+ = — +e —e F—ev.F)(BV)v+{(— x F).V
1 A A 5 (v.F)(B.V) {(p )
- %vv%(v < (Fp))+20(F x %).V —]—".(% < Vo)) v — e{% +e(E.B)F— (E x F).Vv}

(14)

The most interesting term in the RHS of (I4) is obviously e?(E.B)F since it has the classic
chiral anomaly form.

An important property of fluid dynamics is the vorticity w =V x v and the related

pseudo-scalar quantity helicity ¥ = [dx h = [dx v.w. In Newtonian fluid helicity is

conserved and satisfies a local conservation law. In the present scenario, the modified time-

evolution for helicity can be expressed as
h=vw+vw=—V.(vxXV)+2vw. (15)

Ignoring the divergence term that will drop off upon space integration and using (I4]) we
find

72 = —2(B.B)(w.F) - e(wAE) - e(B'ZP ) (w.F) - e% — (v F)w.(B.Y)Y]
+Uh 4w [F.(C x Vv (16)



where
U = -V (V x F) + Vo2 (F x %)7 C= _V_pP + Vv? — €E.

Let us consider some simple and restrictive cases; (a) Only the first three terms in the
RHS are of O(v) with rest of the terms being of higher order in v. Hence in a low energy
regime these terms can be ignored.

(b) We can consider pressure P to be absent.
(c) Rewriting w.E = (V xv).E=V.(vxE)+v.(V xE) we can consider time independent
external E, B configurations so that V x E = 0 and hence the second term also will not

contribute. Thus we are left with the chiral anomaly term
> = —2¢*(E.B) / dX(w.F). (17)
This is the cherished form of anomaly in Eulerian fluid (in low energy limit) and constitute

another major result.

(IIT) Analogy between Generalized and ”anomalous” velocity [14), (15, 16, 18]:

Let us rewrite J* from (I3) in a more suggestive form as

Jm = (—L (v + ep(2.v)B + ep(E x Q) + (

1+ ¢B.Q )X VP (18)

1+ eB.Q2

Keeping terms of O(e) only we write J* x pv9°" where, ignoring the pressure term, the

generalized velocity is
VI = (1 —eB.Q)v +ep(Q.v)B + ep(E x Q). (19)

On the other hand, following [14] (15 [16, [I§], from the Bloch electron dynamics in a
magnetic band with €, (k) being the n-th band energy,

k . .
f:aegl({)—kxﬂ, k= —¢E—ci x B (20)
we obtain
. Oey(k) .
P= +eE x Q+e(f x B) x Q, (21)

where 1 in (2I)) is referred as the ”anomalous velocity” [14] [15 16, 18]. Note the the e-
dependent terms in (I9) and (21]) are identical. This matching clearly shows that the anomaly
inherited by the ideal classical fluid (from the Bloch band electron dynamics) has a deeper
significance. This will be further strengthened in the next section where we prove consistency

of the full anomalous structure developed in this Letter.



(IV) Consistency condition involving divergence anomaly and Schwinger term:

In this section we restrict to constant external fields E, B, but the results can be easily

extended to non-constant external fields. Let us rewrite the equations (I2)), (@) and (@)
schematically as

p+V.J" =0, (22)

{p(r), p(x")} = S(r,x'); {p(r), 7" (')} = Six,r'). (23)
Taking time derivative of both sides of the generic bracket {p, p} = S equation in (23]
we get

0o{p(r), p(r')} = {0op(x), p(r')} + {p(r), Dop(r’)} = GoS(r, r'). (24)
Using the bracket ([3]), the RHS of (24)) is given by

805(1', I'/) = 8;(6Uk.7-"k82(p)5(r — I'/)) = —8;(ewk.7-"k82(8ljf””)5(r — I'/)) (25)
where J is given by (I3). In LHS of (24) we have

{00p(r), p(r')} + {p(r), Dop(r')} = —{0,J7" (r), p(r') } = {p(r), 0:J7" (')} (26)

Again substituting J#" from (I3) and computing each bracket from the full bracket structure
in Supplemental Material (1,2,3), after a long algebra we recover (28), thereby ensuring that

the consistency condition is satisfied.

(V) Darboux transformation and Casimir Operators: As we have shown the
anomalous fluid model is an extension of the canonical Hamiltonian fluid and since the
latter system has two Casimir operators, total p-charge h-and helicity, (arising out of the
relabeling symmetry in the Euler formulation for fluids), it becomes imperative to construct
extensions of those Casimirs in the anomalous fluid model. In simple systems generally
ever in complicated systems one can fall back to Darboux theorem that guarantees, at
least locally, that one can construct combinations of non-canonical variables that behave
canonically. Instead of working directly with the continuous fluid variables, it is easier to
construct the Darboux map in the discrete noncommutative variables ([Il) where the following

combinations are canonical, up to O(eE, eB, Q) for simplicity:

1 eM
Xi=¢q + mﬁjkpjﬁk, Py =p; + TeilelBka (27)
where {q;,¢;} = {pi,p;} = 0, {a, p;} = di;.

Utilising the basic definition of fluid variables in terms of discrete degrees of freedom

@) it is straightforward to generate the combinations of anomalous variables that behave



canonically (subject to the approximation mentioned above):

pe6) = plr) — e (r) (28)

Jion(e) = 3(x) = o [ doleu X XOF0X0) ~ 1) = SenXBOX () —x))  (29)

It is now straightforward to derive the map between p., v(;). and its anomalous counterpart
p, vy and subsequently construct the Casimir operators in anomalous phase space. Infact
in ([28) we already have one of the cherished Casimirs and we have not shown the explicit
form of the other Casimir, i.e. helicity. A peculiarity of (29]) is that the RHS is not closing
in terms of p, j; and higher moments are coming in to play due to the essential non-linearity
in the model.

(VI) Non-trivial forms of ©: As we have mentioned earlier, besides the constant form
used here, there are non-trivial forms of €2 that are of topical interest in Condensed Matter
Physics, such as
(i) In semiclassical framework of Anomalous Hall Effect [14] 30] in metallic ferromagnets
induces an anomalous velocity contribution to Bloch wavepacket group velocity, gener-
ated by momentum-space Berry curvatures. In this case, the anomalous Hall conductivity
oij = —eijl%Ql consists of the Berry phase €2, a linear combination of reciprocal lattice
vectors G. In this case our formalism can be carried through by simply substituting the
explicit expression for € in density (p) and current (j;) operators.

(ii) Another well known example of non-trivial Berry phase is in Weyl semimetal [31];
Q = +p;/(2|p]*). A Weyl semimetal is a 3D crystal whose low energy excitations are
Weyl fermions. The Berry curvature monopoles are located at Weyl points in the Brillouin
zone. Unfortunately due a naive adaptation of our formalism for this particular case might

be computationally problematic due to the presence of v; in RHS of the anomalous brackets
in (3 Q).

Discussion: In this paper, we have developed an extended classical fluid model incor-
porated with Berry phase effects that generates a divergence anomaly ~ ¢*E.B (having
the form of Adler-Bell-Jackiw chiral anomaly) in helicity conservation equation. We have
shown a direct analogy between the generalized fluid velocity field defined here and the well
known ”anomalous velocity” appearing in quantum Hall effect in condensed matter physics.
Overall validity of the entire anomalous structure is demonstrated through the satisfaction
of Adler consistency condition. We have developed a systematic program to construct the
Casimir operators for the anomalous fluid model. Lastly we have discussed applicability of
our scheme in some specific Berry curvature structures that are of interest in Condensed
Matter Physics.

10



Our approach is semiclassical where we have constructed the anomalous fluid bracket
structure based on Poisson brackets augmented with (quantum mechanical) Berry phase
effect. The latter is applicable for electrons moving in magnetic Bloch bands. Hence our
anomalous fluid model can have relevance in hydrodynamic equations describing electron gas
models subject to spin-orbit-like interactions in condensed matter systems, such as graphene
[26]. In condensed matter systems in a semi-classical framework, transport is studied through
Boltzmann equation involving the distribution function f(x,p,t) and the density function
appearing here is p(x,t) = [mf dv. Thus the anomalous equations revealed here will
alter the Boltzmann equation. Electron transport in Bloch bands in hydrodynamic limit are
given by Eulerian fluid equations which should be modified appropriately. An interesting
recent case in point is the work [27] where transport of collective excitations, named as chiral
Berry plasmons, in hydrodynamic limit, is studied in generic interacting metallic systems
with nonzero Berry flux. In [28], chiral liquids, consisting of right-left asymmetric massless
fermions is considered where electromagnetic current in presence of external magnetic field
will carry a chiral anomaly.

Previously, O(h?) corrections were introduced in classical fluid equations [29] from a
moment expansion of the Wigner-Boltzmann equation. Interestingly in the present work,
the Berry curvature plays an essential role in inducing O(h) correction. This can be seen by

comparing a classical model Lagrangian

1
L= §mv2 —ed +eAv (30)
with e dimensionless and [B] = & [E] = 4 and the definitions of Lorentz force and

electromagnetic fields respectively

F=v(E+v xB), E:—VCD—%—?, B=VxA

with a quantum Lagrangian
L = hki- — et X A + hkAg 4 e® — W (31)

[hk] = ML [Ap] = L, [F] = &z = & with [B.Q] being dimensionless. In the above Ap

ML M
is the Berry potential and 2 = th x Ap the Berry curvature. Coming back to the fluid

variables, its dimensions are [p] = 2, [v] = £.

Abanov and Wiegmann [13] have also shown the presence of chiral anomaly in a gen-

eralized helicity conservation equation. However the framework is entirely different from
ours and this is reflected in the difference between the explicit anomaly equations. In [I3]

the anomaly appears to be induced as a non-inertial effect. On the other hand we have

11



followed throughout a systematic Hamiltonian approach from first principles, starting from
a semi-classical Poisson algebra with Berry phase corrections that induces a generalized
(anomalous) fluid algebra. Subsequently the Hamiltonian equations of motion yields the
generalized continuity and Euler equations leading to the anomaly. Furthermore, current

algebra and Schwinger terms do not play any role in [13].

Acknowledgement: S.G. would like to thank Professor Peter Horvathy for correspon-
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The following important set of brackets is derived from the definition j; = puv;,

{01, p(K)) = euudf (1) Fe), 050 — ) 0
{001, u(x)y = LI ) 4y o005 ) e ) ) G0 e )] (2)

ij B / 52 . r’ / 05 ; r!
(i), ()} = ZEZE L s p ) (Y B )iy (1) OF S (=1 ) — (2L 4w B ) s (1) OF S (x 1)
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A A A
y 3)
+qmna;(fn%)ra;;5(r —r) (4)
1 ,
pr) = pe(r) + St ije) (r)
. , 1 s oor
3(r) = Gios) + po [ dalZenSudididfs(at) — ) + SemaBid(a(x) - v)

[d3x j; = [d3x pv; as translation generator in absence of external magnetic field B:
(i) Let us compute the Poisson bracket {«(p), pu;} using eq.s (3,4,5) from the main text, with
B =0.
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Straightforward calculation yields

(ate), [ @pu(x)} = 526) [ @ enn 0l (udgde = ) + o)t - 1)) )

We drop the first term as it is a total derivative term to obtain

{a(r), / dr'pu(r)} = g—i(r) [ / d*r'p(r')dfo(r — 1) | = g—i@p(r) = Ja(r). (6)

Next, we consider an arbitrary function of velocity A;(v;). After some non trivial algebra
we find, using

{0:(r), / & puy ()} = / &' [5(r — ) Djv; — vi (1) 5(r — v')] = Djui(r) (7)
the final result A
(o), [ dr'ps)} = Tl opui(e) = 0,A), (8)



