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ABSTRACT: We analyze the global symmetries and anomalies of 4d N' = 1 field theories that
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consist of a resolved C?/7Z;, singularity fibered over a smooth Riemann surface of genus
g > 2, supported by a non-trivial G4-flux configuration labeled by a collection of 2(k — 1)
flux quanta, {N;}. For k = 2, this setup defines a non-trivial superconformal field theory
(SCFT) in the IR, which is holographically dual to an explicit AdS5 solution first described
by Gauntlett, Martelli, Sparks, and Waldram. The generalization to k£ > 3 is hard to tackle
directly within holography. Instead, in this paper we lay the groundwork for a systematic
analysis of such a generalization by adopting anomaly inflow methods to identify continuous
and discrete global symmetries of the 4d field theories. We also compute the 't Hooft
anomalies for continuous symmetries at leading order in the limit of large N, N;.
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1 Introduction and summary

Geometric and brane engineering provide a powerful framework for the construction of non-
trivial quantum field theories (QFTs) and the analysis of their strongly coupled regimes.
A prominent example is furnished by 4d superconformal field theories (SCEFTs) realized
as the low-energy limit of Mb5-brane configurations in M-theory. Large classes of strongly
coupled 4d SCFTs can be realized by wrapping M5-branes on a Riemann surface with
defects, preserving N’ =2 [1, 2] or N’ =1 [3-7] supersymmetry.

In this work we aim to investigate a class of constructions that remains largely un-
explored: Mb5-branes probing flux backgrounds. As a case study, we consider M5-branes
wrapped on a Riemann surface and probing a resolved C2/Z; singularity. Such setups
should be contrasted with M5-branes probing an unresolved C2/Z;, singularity, which yields



well studied 6d (1,0) SCFTs [8-13]. The latter may be further compactified to four dimen-
sions on a Riemann surface, see e.g. [14-22].

Our analysis is motivated by a class of M-theory solutions, first discussed by Gauntlett,
Martelli, Sparks, and Waldram (GMSW) [23], of the form AdS5 x,, Mg, a warped product
of AdSs5 and an internal space Mg. These solutions can be interpreted as the near-horizon
geometry of a stack of M5-branes probing a resolved C2?/Zy singularity, fibered over a
smooth genus-g Riemann surface ¥4, and stabilized by a G4-flux configuration threading
four-cycles constructed with 3, and the resolution two-cycle of C2/Zs [24], the latter being
a CP! fibration over 2y X S2. Such an interpretation is supported by the features of an
equivalent description of the internal space Mg as a fibration of a 4d space My over X,
where M)y is the resolution of the orbifold S*/Zs, obtained by the blow-up of the Zo fixed
points at the north and south poles of S%.

The setups described above admit a natural generalization, in which the group Zs is
replaced by Zj; with k > 3. More precisely, we consider a different topology for Mg: we
still take Mg to be a fibration of a 4d space My over X,, but now My is the resolution of
S4/Zy, obtained by blowing up the fixed points of the Zj action at the poles of S*. The
blow-up procedure generates a collection of k — 1 two-cycles at each pole. A non-trivial
G4-flux threads My as well as the four-cycles obtained by combining these resolution cycles
with ¥,. In total, we have 2k — 1 flux parameters: one flux quantum N is interpreted as
the number of M5-branes in the stack, while two independent sets of £ —1 flux quanta Ny,
Ng, (i=1,...,k —1) describe the resolution of the orbifold singularities at the north and
south poles of S%.

The above discussion gives a concrete characterization of the topology of Mg and the
flux configuration threading it. The key physical question is whether this putative topology
and its flux data can correspond to actual well-defined M-theory setups that yield non-
trivial 4d field theories. A possible inroad into this problem is to search for explicit AdSs
solutions in 11d supergravity in which the internal space has the topology of Mg and is
supported by a G4-flux configuration with the prescribed flux quanta. In other words,
these solutions would be the & > 3 generalization of the & = 2 GMSW solutions. The
BPS systems governing AdS5 solutions preserving N/ = 1 superconformal symmetry are
well-understood [23, 25]. A direct search for AdSs solutions of the desired kind for k > 3,
however, turns out to be prohibitively hard. Another possible strategy could be to try to
construct a supergravity solution that describes the flux background probed by the Mb5-
brane stack. Even in the case of kK = 2, however, such a solution is not available, suggesting
that it might be particularly challenging to push forward this approach for general k.

Faced with the difficulties outlined above, we turn to a different methodology for
investigating if the topology and flux configuration under examination can yield interesting
physics. Our approach is based on anomaly inflow. More precisely, the central working
assumption of this paper is that the topology of Mg and the associated flux configuration
can be regarded as admissible boundary conditions for the 11d supergravity fields in the
vicinity of a codimension-7 object, extended along four non-compact spacetime dimensions
and furnishing a low-energy description of the wrapped Mb-brane stack probing the flux
background. The boundary conditions specified by Mg, and the flux threading it, induce



an anomalous gauge variation of the low-energy M-theory effective action. Systematic
methods have been developed [26]—building on [27, 28]—which take the topology and flux
data on Mg as input, and yield an inflow anomaly polynomial Iénﬂow that encodes the
anomalous gauge variation induced by the boundary. According to the inflow paradigm,
this variation cancels exactly against the 't Hooft anomalies of the 4d degrees of freedom
that capture the IR dynamics of the wrapped Mb5-branes probing the flux background.

The main goal of this paper is the explicit implementation of this circle of ideas to
the Mg input data described before. This proves to be a non-trivial task. We uncover a
rich pattern of symmetries and associated anomaly theories, demonstrating the power and
flexibility of inflow methods.

Our analysis involves two classes of global symmetries in 4d. The first class consists
of ordinary continuous symmetries associated with the isometries of Mg. The second class
is associated with cohomology classes in Mg and consists both of higher-form symmetries
[29] and ordinary symmetries (i.e. O-form symmetries). Expansion of the M-theory 3-form
onto non-trivial cohomology classes of Mg yields a collection of external U(1) p-form gauge
fields (with p ranging from 0 to 3) that enters the 5d low-energy effective action of M-theory
reduced on Mg. Following the general recipe of [30], we analyze the topological mass terms
for these fields in the 5d low-energy effective action, thereby identifying which U(1) gauge
symmetries in 5d are spontaneously broken to discrete, cyclic subgroups. Our findings are
summarized in table 2. Depending on the choice of boundary conditions, these discrete 5d
gauge symmetries correspond to different discrete global symmetries in four dimensions.

The main focus of this work is the study of continuous symmetries. As a result,
we integrate out the U(1) p-form gauge fields that are topologically massive in 5d—and
thus correspond to broken U(1)’s. The residual, unbroken symmetries include ordinary
symmetries, as well as “(—1)-form” symmetries associated with the axionic fields in table
2, which are best understood in terms of anomalies in the space of coupling constants [32].
Notice that a careful bookkeeping of broken symmetries is essential in order to compute
correctly the 't Hooft anomalies for unbroken symmetries, as discussed in [24] for the case
of k=2.

The key ingredient in the computation of the 't Hooft anomalies for continuous sym-
metries is the construction of the class Fj4, which is the closed, equivariant completion
of the cohomology class describing the background G4-flux configuration [26, 33]. Here,
equivariance refers to the action of the continuous isometries of Mg.? We are mainly inter-
ested in determining those terms in the inflow anomaly polynomial that are leading in the
limit of large flux quanta N, Ny,, Ns,. To this end, it is sufficient to integrate E3 along
the internal Mg directions. This procedure accounts for the effect of the two-derivative
C3 A G4 N\ G4 coupling in the low-energy M-theory effective action. In general, Iénﬂow also
receives contributions from the higher-derivative coupling Cs A Xg in the action—where Xg

'For a related discussion for 3d ABJM-type models, see [31].

?In the process of carrying out this construction, we verify the absence of cohomological obstructions [34].
The latter would signal the spontaneous breaking of some of the continuous symmetries associated with
isometries of Mg. See [35, 36] for a realization of this mechanism in the context of wrapped M5-brane
setups.



is a certain combination of Pontryagin classes constructed from the 11d metric, reported
n (4.6)—but these terms are subleading in the limit of large N, Ny, Ng,, and fall beyond
the scope of this work. (They are studied in the special case k = 2 in [24].)

The full result of the calculation outlined above (including the contribution of the
axionic fields) is recorded in appendix C. Section 4.4 contains more compact expressions
valid in some special cases of interest (we do not report the axionic terms). Equation (4.16)
gives the full answer for k = 3, for arbitrary values of the flux parameters N, Ny,, Ng,. In
(4.21) we record the result for generic k, in the special case in which all the resolution flux
quanta Ny, Ns, are equal.

The rest of this paper is organized as follows. In section 2 we describe the geometry
and flux configuration of the internal space Mg for generic k > 2, determining useful bases
for the relevant (co)homology groups of Mg. Section 3 is devoted to the analysis of the
topological mass terms originating from reduction of 11d supergravity on Mg. In section 4
we present the computation of the inflow anomaly polynomial for continuous symmetries,
and record the results of this calculation. We conclude with a brief discussion in section 5.
Several appendices collect useful technical material.

2 Geometric setup

We discuss in this section the salient topological features of the 6d internal space that is
described by the fiber bundle
My — M6 — Eg, (21)

with the fiber M, being the manifold obtained by resolving the fixed points of the orbifold
S4 )7y, i.e.
M4 - [54/Zk]resolved (22)

for £ > 2, and X, is a higher-genus Riemann surface with g > 2.

2.1 Orbifold action and resolution of singularities

Under the orbifold action of Zj, the isometry group SO(5) D SO(4) = SU(2);, x SU(2)r
of the four-sphere S* is reduced to a U(1);, x SU(2)g subgroup.® With a slight abuse of
notation, SU(2) g is identified as the R-symmetry of the theory, and U(1), is identified as a
flavor symmetry. For the purpose of illustrating the topology of the orbifold, we can write
the metric of S*/Z;, as

. 1 1
ds*(S* /7)) = dn? +sin®p e De? + 1 dsQ(Sfb) , (2.3)
k
Dy =dp+ 5 cos 0di, dsQ(Si) = df? + sin® 0 dyp? (2.4)

where 7,6 € [0, 7], while the angular coordinates ¢ and 1 both have periodicities of 2,
thus allowing us to identify U(1)z, = U(1), and SU(2)r = SU(2),,. We make a few remarks

5Note that there is an enhanced symmetry for k = 2 where we still have SU(2)r x SU(2)r as the
isometry group [24].



regarding the metric shown above. Firstly, the angle v is the usual azimuthal angle of Sfb
where the circle S}p vanishes at # = 0, 7. Secondly, the latter term of the metric (2.3) is
written, up to the factor of 1/k? due to the orbifold action, as a Hopf fibration of S® over
Sfb with fiber Si,. It should also be noted that there exist two orbifold fixed points at
1n = 0,7 which are locally (charge-k) single-center Taub-NUT spaces.

We analyze in this work the scenario where the two orbifold singularities are resolved
through blow-up. More details of this procedure are recorded in appendix A. The resultant
resolved manifold, My, is locally a multi-center Gibbons-Hawking space with k — 1 aligned
two-cycles separated by k (unit-charge) Kaluza-Klein monopoles at n = 0, 7 respectively,
hence reducing the SU(2), isometry into its U(1), subgroup. Accordingly, the fiber My
stands on its own as the fiber bundle

Sc,la — M4 — Szlﬂ X M2 s (25)

where M, is the compact 2d space spanned by 7 and 6, whose boundary dMs; is described
by the four intervals with 7,0 = 0,7. An illustration of the topology of My before and
after the resolution of the orbifold singularities is provided in figure 1. Moreover, a metric
on My can be cast into the schematic form,

ds®(My) = ds*(Ma) + R}, (n,0)dy* + R7(n,0) D>, (2.6)
Dy =dp — L(n,0)dy . (2.7)

The function L(n, ) encodes information about the fibration in M, whose significance will
be discussed shortly. The functions Ry(n,6) and R,(n,0) parameterize respectively the
radii of the circles S}p and S; with respect to the position on My. In particular, Ry (n,0)
vanishes everywhere on the boundary of My, whereas R, (7, 0) is nonvanishing everywhere
on M except at the positions of the 2k Kaluza-Klein monopoles on 9 Ms.

It is instructive to use a single periodic parameter, t ~ t + 1, to parameterize the
boundary dM,. The locations of the monopoles, t; for i = 1,..., 2k, further divides 9 My

into distinct intervals, so that
2k

OMy = | [ti, tis] . (2.8)
i=1
Without loss of generality, we pick a convention that ¢; corresponds to (n,6) = (0,0) and
tog corresponds to (1,6) = (m,0). As derived in appendix A, L(n, 6) is a piecewise constant
function on dMs, described by

i—g if1<i<k,
l; = L(ti <t < ti+1) = (2.9)

%—i ifk4+1<q<2k.

The difference n; = ¢; — £;_1 measures the Kaluza-Klein charge of the i-th monopole. In
particular, the charge of each monopole for 1 < i < k is +1, while for £k 4+ 1 < ¢ < 2k

the charge is —1, with the relative sign accounting for the opposite orientations relative
to Ms at n = 0,m. The sum of the charges along n = 0 and n = 7 is equal to k and —k
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Figure 1: Illustration of the topology of My, with the ¥ and ¢ angles suppressed, before
(left) and after (right) the resolution of the orbifold singularities at n = 0,7. We may
roughly think of the coordinates 1 and 6 as the 2d “latitude” and “longitude” respectively.
The circle S}b vanishes along the entire boundary dMs,, whereas S; vanishes only at the
monopoles, which are labeled by the index ¢ = 1,...,2k. The blue bubbles overlaid on
OM> depict the resolution two-cycles connected with unit-charge Kaluza-Klein monopoles
after the orbifold singularities are blown up.

respectively as expected. With each resolution two-cycle, there is an associated U(1) gauge

symmetry, so there is an overall U(1)*~! symmetry at 7 = 0 and similarly at 1 = .
Following the same line of argument, it would be intriguing to generalize our results to
partially resolved orbifold fixed points where there is a reduced number of monopoles but
with generally non-unit charges, provided that (with the appropriate orientations) they
sum up to k along each of the two boundary intervals at n = 0,7, i.e.
Zni:{+k atn:Owi'thlgnigk, (2.10)

: —k atn=mwith —k<mn; <-1.

For each |n;| > 2, a U(1)/™I*! subgroup in the fully resolved setup enhances to an SU(|n;|)
gauge symmetry [37]. Geometrically, this corresponds to collapsing a pair of adjacent
resolution two-cycles into a charge-|n;| monopole. We show an example of such a partially
resolved setup in figure 2 to illustrate the enhancement of gauge symmetries. A further
analysis of these general scenarios is left to future work.

2.2 Topological twists

The twisting of My over the Riemann surface introduces U(1) connections over ¥4 to the
global angular forms dy and Dy originally defined on My. Specifically, we preserve 4d
N =1 supersymmetry by performing the following topological twist [3, 4],

dip — Dyp = dip — 2wy AT, (2.11)
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Figure 2: An example of a partially resolved orbifold fixed point for k = 25. Here we only
show the interval corresponding to n = 0. (There is an analogous situation at n = 7 with a
generally different charge configuration.) Each number denotes the charge of the monopole
above it, while each blue bubble represents a resolution two-cycle sandwiched between
two unit-charge monopoles. Note that there is no two-cycle adjacent to any monopole
whose charge is greater than one. There is a U(1) gauge symmetry associated with each
two-cycle, and an enhanced SU(|n;|) gauge symmetry associated with each monopole with
charge 1 < |n;| < k.

where x = 2 — 2g is the Euler characteristic of 3, and A¥ is the local antiderivative of the

normalized volume form V3" as defined by
/ Vo =1. (2.12)
Eg
Similarly, we may also promote
dp — Do = dp — LDy — 2nC AT (2.13)

for some integer flavor twist parameter . As we will soon see, the topological twist of the
U(1)y x U(1), isometry group over the Riemann surface leads to non-trivial relations in
the homology of Mjg.

2.3 Homology of Mgz and sum rules

The physics of the 5d supergravity theory obtained by reducing M-theory on the 6d internal
space, which we will explore in more depth in the next section, depends crucially on the
topology of Mg. Therefore, it is important for us to understand the homology of Mg.

One-cycles Based on the earlier discussion, we observe that there is no one-cycle in
My, so the only one-cycles present in Mg are those associated with the Riemann surface
¥4. There are in total 2g one-cycles in Mg that are formally the pullbacks (via the dual
cohomology) of the standard A and B cycles of the Riemann surface, which we denote as

eyt e {eitr elry (2.14)

where u = 1,...,2g and p = 1,..., 9. The intersection pairing between the A and B cycles
is as usual given by

(e, = (B, CB)y —0, (e, cBy — (B Ey g, (219

which can be compactly expressed by the following intersection matrices [30],

0 oPe 0 o
ICuU — ’Cuv — pq , 216



the latter being constructed such that K"YIC,,, = —d% . To complete the discussion of
one-cycles, we note that there exist dual harmonic one-forms Ay ,, in de Rham cohomology

that can be chosen to be orthonormal to the one-cycles Clz’u, ied

/ My =0, . (2.17)
cr
Two-cycles The Riemann surface 3, is a two-cycle on its own, but when pulled back to
Mg it remains to be a bona fide two-cycle only at the positions of the monopoles where S}ﬂ
and Sj, vanish simultaneously, thus yielding a set of 2k two-cycles in Mg which we denote
schematically as

C3" = Sgli=s, (2.18)

for ¢ = 1,...,2k. We also have the resolution two-cycles resulting from the blow up
of the orbifold singularities of S*/Z; at n = 0,7. Each of these resolution two-cycles
extends between adjacent monopoles at ¢t = ¢;,¢;41 on OMs, where S}b vanishes but Si,
is nonvanishing. By the same token, there exist two other two-cycles stretching between
n = 0 and n = 7, or in other words, on the intervals ¢t < t < try1 and top, < t <
respectively. In terms of figure 1, these two-cycles can be visualized as bubbles sitting on
the § = 0,7 intervals. Overall, this gives us another set of 2k two-cycles,’

Ch = [ti, tir1] x S

L. (2.19)

We hereafter refer to these collectively as the “resolution two-cycles.”

The naive counting of the two-cycles listed above tells us that the total number of
two-cycles in Mg is 4k. However, it turns out that the twisting of the U(1), x U(1),
bundle trivializes certain linear combinations of these two-cycles. As explained in detail in

appendix B, this can be most easily seen by working with the dual de Rham cohomology
group, H?(Mg) = Ho(Ms), and we find that the following homological relation is satisfied,

Gy — eyt = (xti — ) Ch. (2.20)

We see from (2.20) that only one of the (32E " is independent of the Ci. We end up with two
overall homological sum rules relating the 2k cycles C3,

2k ‘ 2k '
dci=0, > 4Ci=0. (2.21)
i=1 i=1

Note that the first sum rule can be heuristically understood as the fact that the sum of
all the two-cycles Ci forms the boundary of the 3d space composed of Sé and Ms. The
second Betti number can then be computed as by(Mg) = 4k — 2k — 1) — 2 = 2k — 1,
where the former factor of 2k — 1 comes from the recurrence relation (2.20), while the

4In the remainder of this paper, any discussion invoking the use of cohomology groups is implicitly
understood to be within the context of de Rham cohomology unless otherwise specified.

SFor the sake of comprehension, we are ignoring the generally non-trivial bundle structures when writing
such schematic expressions of cycles as direct products of subspaces.



factor of 2 comes from the two sum rules (2.21).% For practical purposes, it is convenient
to pick some complete basis of 2k — 1 two-cycles, C§, from among those listed in (2.18)
and (2.19), and construct the corresponding dual cohomology class representatives, ws g,
by orthonormalizing their inner products, i.e.

/ wa g =05 (2.22)
C(l

2

Three-cycles We can pair up one of the resolution two-cycles C4 and one of the Riemann
surface one-cycles ClE "™ to form a three-cycle in Mg,

Cy" =) x €1 = [ti,tiaa] x SLx €™ (2.23)

It is straightforward to check that these are all the non-trivial three-cycles residing in Mg.
Note in particular that there is no one-cycle in M, that can be paired with the Riemann
surface. Given the structure of (2.23), it is unsurprising that the two sum rules for the
two-cycles are directly inherited, i.e.

2k ' 2k '
Soat=0, YL =0 (2.24)
=1 i=1

for each w =1, --- ,2g. These sum rules can be worked out through an analysis resembling
that for the two-cycles. The third Betti number is simply given by bs(Ms) = (2k)(2¢9) —
2¢g(2) = 4g(k — 1). As in the previous cases, we can always choose a complete basis of
three-cycles C§, with x = 1,...,b3(Ms) being a collective index for (i,u), whose inner
product with the dual cohomology class representatives, As, is orthonormal.

Four-cycles The obvious candidate for a four-cycle in Mg is just
Cac=My. (2.25)
We can also pair up a resolution two-cycle with the Riemann surface, i.e.
Cai=Chx Xy = [ti,tir1] X Sj; X Y. (2.26)

Once again, we seek out relations between these four-cycles by working with the dual
cohomology group, H*(Mg). We can repeat essentially the same exercise as before to
arrive at the homological relations,

2% 2%k
204,1‘ = xCsc, Zﬁi Cyi = (Cyc - (2.27)
i—1 i1

Unlike the cases we saw earlier, the right-hand sides of the relations above do not vanish;
they are equal to M4 up to multiplicative factors of the topological twists. These two sum
rules are a manifestation of the non-trivial structure of the bundle My — Mg — X,. For
example, because of the twist associated with the U(1), bundle, the sum of all C4; does

5Note that if we were to restrict to My only, then we would have ba(M4) = 2k — 2 instead.



| I ba bs by bs  bg X |
Xl 1 29 1 - - - - 21-y9)
My 1 0 26-—2 0 1 - - 2k

Mg | 1 29 2k—1 4g(k—1) 2%k—1 2g 1 4k(1—g)

Table 1: Betti numbers and Euler characteristics of X, My, Ms.

not form the boundary of any manifold as one might intuitively expect, reflecting the fact
that Mg is not simply a product manifold. In fact, the two topological twists trivialize
different linear combinations of four-cycles (or four-forms, in cohomology). The vanishing
of the RHS of (2.21) and (2.24), on the other hand, can be attributed to the absence of
any two-cycle or three-cycle in My playing the role of Csc in (2.27). As expected from
Poincaré duality, the fourth Betti number is by(Mg) = 2k — 2+ 1 = 2k — 1 = bo(Msg). We
again note that a set of basis four-cycles C{' and dual cohomology class representatives fo
can be suitably chosen such that they are orthonormal to one another.

Here we would like to make a detour and mention that one can define the flux quanta,

G G

N = ) )
2m Cyy 2T

Csc

N; = (2.28)

where G4 is the M-theory four-form flux. They obey sum rules analogous to (2.27), i.e.

2k 2k
Y Ni=xN, > LN;=(N, (2.29)
i=1 i=1

which implies that there are only 2k — 1 independent flux quanta characterizing Gjy.
Five-cycles Similarly to the discussion of three-cycles, the only five-cycles in Mg are
CY =Cyox CPM, (2.30)

where u = 1,...,b5(Mg) with b5(Mg) = b1 (Mg) = 2g by virtue of Poincaré duality.

The Betti numbers and the Euler characteristics of ¥, My, Mg are tabulated in table
1.7 As a sanity check, all the Betti numbers are consistent with Poincaré duality. It is
also explicitly verified that x(Ms) = x(24) x(Ma) as expected from the Serre spectral

sequence.s

Natural basis of (co)homology classes We will frequently employ a natural basis of
homology classes, and hence cohomology classes, in the rest of this paper. In addition
to the standard A and B cycles of the Riemann surface as the obvious choice of basis

one-cycles ClE ", we choose the basis four-cycles Cy, to be

Cii<a<k—1="Cai<i<ki-1, Caa=k =Cac, Cakti<a<2ki—1=Cakti<i<on—1, (2.31)

"Recall that the Euler characteristic of a manifold M can be computed using the alternating sum,
dimM i
X(M) =322 (=1)"bi(M).
8Everywhere else we use the symbol x to refer specifically to the Euler characteristic of the Riemann
surface Xg4.

,10,



which are respectively the k — 1 four-cycles C4 4, as in (2.26), in the “north” where n =0,
the four-cycle Cq,c = My, and the k — 1 four-cycles Cy; in the “south” where n = . As an
aside, it is convenient to adopt an intuitive naming convention,

Cii<i<i—1 =CaN, Capyi<i<on—1 = Ca8yp - (2.32)

We select the basis two-cycles C§ to be those which are Poincaré-dual to the basis four-
cycles described above, so that their dual cohomology class representatives obey

/ Q5 A wy g =05 (2.33)
Mg

Last but not least, we pick the basis three-cycles C§ to be combinations of the basis two-
cycles Cy 7* and the basis one-cycles Cl2 .

3 Continuous and discrete flavor symmetries

In this section we analyze continuous zero-, one-, and two-form global symmetries for
the 4d field theories of interest, and study their breaking to discrete subgroups. More
precisely, we identify the global symmetries of the 4d QFTs from the gauge symmetries
of 11d supergravity reduced on Mg, taking care to account for spontaneous symmetry
breaking from topological mass terms in the 5d low-energy effective action. Expansion
of the three-form potential C's on the cohomology classes of Mg provides part of the 5d
spectrum of massless gauge fields. Additional gauge fields arise from the isometries of Mg.
In particular, we can couple the U(1)y, U(1), isometries to a pair of massless, abelian
gauge fields Allp, AY, respectively. However, these abelian gauge fields will not participate
in the Stiickelberg mechanism of primary interest in this section, so we will turn them off
until section 4, and focus for the time being on the cohomology sector of the spectrum.
The independence of gauge fields associated with isometries from those in the cohomology
sector is given explicitly by (4.13).

The three-form potential Cs gives rise to massless abelian p-form gauge fields in the
reduction to 5d via the Kaluza-Klein mechanism. These are the fields in one-to-one cor-
respondence with the cohomology classes of Mg. We can identify them by expanding the
variation of C'5 away from its background value as

0C3 ag A By c3
—=—A — A —= A — . 3.1
27 2 3ot 2 W2,a 2 Lu 27 (3.1)

Recall that QF, A3 ;, wa q, and A1, are the de Rham cohomology class representatives of
Mg introduced in section 2. The zero-, one-, two-, and three-forms af, A{, By, c3 are
dynamical, abelian 5d gauge potentials, with field strengths quantized in units of 27. In
terms of these field strengths f{¥ = dafj, F3* = dAT, HY = dBjy, and y4 = dcs, we can
express the four-form flux as

Gy JT

R LU VTS N S 1 W (3.2)
2 et T on 3o T or 2o T on LuTor: '
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The fluxes N, are also quantized,

G =N, €7, (3.3)
Cia 2T
in virtue of G4-flux quantization in M-theory [38].
At low energies, some of the continuous, abelian p-form gauge symmetries are sponta-
neously broken to discrete subgroups. In order to see this, we must consider the effects of
topological terms in the 5d low-energy effective action. The relevant topological term in

the 11d low-energy effective action is the Chern-Simons coupling,

Scs = —2% %%% . (3.4)
My, 27 27 27
Note that here and in the equations to follow we have suppressed wedge products. Kinetic
terms for the 5d gauge fields descend from 11d kinetic terms for G4 via a standard Kaluza-
Klein reduction, and likewise topological terms in the 5d low-energy effective action are
obtained from reduction of Scg. These topological terms in the 5d effective action can be
expressed in terms of a six-form as

Scs = 27 / 19 il =1q. (3.5)
Ms

The six-form I can be compactly expressed in terms of intersection numbers,

Icaﬁfy = /M W2 q W2 3W2 ~ , /Cg = /M W2 o Qf, chy = /M A3,x A3,y7
6 6 6

(3.6)
ng = )\l,u )\l,v Qg v Kuaz = )\l,u W2, o A3,:1: .
Mg Mg
With the field strengths Fy turned off, Is can be written as
el BEE PESHY 1 f i
6T 6 o or 2 " 2r 27 27 | 2 or2r o
1 HY HY FY vy
SN ke, 23 O Ng KPR R 3.7
Tote b oo TN Ra gy (8.7)

Note that the last two terms are quadratic in the external field strengths. These are the
topological mass terms which spontaneously break one of the bg(M;g) zero-form symmetries
and all by (M;g) one-form symmetries to discrete subgroups. To see this more directly, we
choose a basis of one-forms with intersection numbers as in (2.16), and a Poincaré-dual set
of two- and four-forms, i.e. ICg = 55, so that

HyyHy B

1 —-N .
6 - 27 27 “oron’ (38)
where we have split the index u =1,...,2g as

HY = (HY, H3p), p=1,...,9. (3.9)

Following the argument in [30, 39], we assume that there is no half-integral contribution to the flux
quantization condition as far as the setup in this paper in concerned.
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Gauge fields Multiplicity 5d gauge symmetries

c3 bo(Ms) =1 Zp, two-form symmetry

Y = (BY, Bay) b1(Mg) = 2g (Zn X Zn)9 one-form symmetry

¢ = (A, AY) | bo(Mg) =2k —1 | Zy, and U(1)?*=2 zero-form symmetries

af bs(Ms) = 4g(k — 1) axionic

Table 2: Summary of the 5d p-form gauge fields and symmetry groups arising from coho-
mology classes of the internal space Mg. Recall that n = ged(Ny).

With an appropriate basis rotation one can pick out the single one-form gauge field A,
which couples to 74 [30],

— Ny Fg' vy = —ndAivs, n = ged(Ny) . (3.10)

We denote the remaining by(Mg) — 1 gauge fields which do not appear in any topological
mass term by A¢. Under this choice of basis, the topologically massive contributions to
the 5d low-energy effective action can be written as

1

= <—n03 dA, — NBidB, Z) . (3.11)
27 Ms ’

As discussed in [30], the gauge fields Aj, c3, and B, Bg,i are thus effectively continuum
descriptions of discrete gauge fields, with gauge groups Z,,, Z,, and Zy X Zy, respectively.
The spontaneous symmetry breaking of the original continuous gauge symmetries to these
subgroups is governed by a Stiickelberg mechanism. The resulting 5d gauge symmetry
groups are summarized in table 2.

Note that in the limit where the 2k — 2 northern and southern flux quanta {Nx;, Ng;}
(see our convention as defined around (2.32)) are taken to be zero in (3.10), the integer n
simply becomes N, the only non-trivial flux parameter. In this case, we see that the self-
dual Zpy two-form symmetry of the 6d SCFT would yield a Zy zero-form symmetry and a
Zpn two-form symmetry upon reduction to 4d. By turning on additional flux parameters,
these discrete symmetries of the 4d theory are broken to discrete Z,, zero- and two-form
symmetries [30].

The full holographic interpretation of these symmetry groups as global symmetries
of a dual 4d SCFT would require a choice of boundary conditions. Different boundary
conditions are generally associated with different boundary SCFTs. We refer the reader to
[30] for a detailed discussion of possible scenarios.

4 Inflow anomaly polynomial

This section is devoted to the computation of the inflow anomaly polynomial for the con-
tinuous symmetries of the internal space Mg we have described. The computation will
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require us to first integrate out the topologically massive fields corresponding to discrete
symmetries. For the sake of simplicity, we restrict attention to cases in which the flavor
twist parameter ¢ in (2.13) is fixed to zero.

4.1 Anomaly inflow methods for wrapped Mb5-branes

Consider a stack of N Mb5-branes with worldvolume Wy in a background spacetime M.
We are interested in setups in which four dimensions Wy are left external and while the rest
of the brane worldvolume directions are wrapped on a smooth, compact Riemann surface.
The global symmetries of the field theory defined on the extended spacetime W, can admit
't Hooft anomalies. These anomalies are fully determined by the fibration

My — Mg — Eg, (41)

and can be encoded in a six-form anomaly polynomial I(?FT using the descent formalism
[27, 28]. As described in [26], this 't Hooft anomaly polynomial can be computed via
anomaly inflow. Since the full M-theory is anomaly-free, the anomaly polynomial IngFT
associated with the 4d theory must be exactly canceled by a combination of contributions
from the classical anomalous variation of the effective 11d supergravity action and from
decoupled modes,

pipflow 4 AQFT y pgleconpled — g, (4.2)

This mechanism allows us to access IngFT directly via —1, énﬂow in the large-N limit, where
the contributions from decoupled modes are expected to be subleading.

To identify the inflow contribution Iénﬂow to the anomaly in 4d, we compute the fiber
integral

Jinflow /M Tio, (4.3)
6

where 715 is a characteristic class formally defined on a fiducial 12d space Mio such that
OMys = Mjy;, and given explicitly by

1
Tiy=—5 E3 — E4Xg. (4.4)

The N Mb5-branes act as a magnetic source for the four-form flux, resulting in classical
anomalous variation of the 11d effective action related to Zjo via descent. This anomalous
variation is encoded by the form Ej, defined to be G4/27 evaluated near the brane stack
under suitable boundary conditions [24, 26] with the normalization

E,=N. (4.5)
My

Ey4 is closed, globally defined, and invariant under the symmetries of the 4d theory. The

eight-form Xg is given in terms of the first and second Pontryagin classes of the tangent

bundle T'M7; by

Xg = 19% [} (T Myy) — 4ps(TM1)] - (4.6)
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Note that the first term in (4.4) scales as N3, while the second term is linear in N. Since
we are interested here in large-IN perturbative anomalies, we will restrict attention to the
E3 term for the rest of this paper. We now turn to a more detailed discussion of the
construction of the form FEj.

4.2 Construction of Fy

In order to compute the d = 4 inflow anomaly polynomial (4.3), we must first obtain the
globally defined and closed four-form E4. On top of the p-form gauge fields introduced in
the previous section, F4 also depends on the abelian gauge fields A;p, AY associated with
the isometries of Mg, with field strengths given by

Fy =dAf,  I,J€{,p}. (4.7)
The construction of Ey follows from the expansion of G4/27 in (3.2),

By = N ()4 NIL A (A, yea o N £ e L NS o e N A (g

where all forms shown are defined on the fiducial space Mip. Here f, F5', Hg, and 4
represent background field strengths, which we have re-scaled by factors of N so as to
make the large-N scaling of the anomaly polynomial explicit. The forms (Q§)%, (A3 ),
(w2,0)Y, and (A1,,)°? are extensions of the de Rham cohomology class representatives Qf,
A3 4, w2 o, and Ay, on Mg to the full My5. These forms can be constructed by first gauging
the representative of a given de Rham cohomology class with respect to the isometries, and
then constructing a closed and globally defined completion. Suppressing indices labeling
individual cohomology classes, these completions are of the forms

A= )%,
wil = ws + —2Iw
2 TR o0 0,1
FQI (4.9)
A= A5+ 52 A,
Ff F/ F
qu—Qi%—% %ﬂ—gz—ﬁo,u

where the label “eq” stands for “equivariant,” while “g” stands for “gauged.” The details
about the parameterization of the auxiliary forms wq s, A1 7, Q27, and Qg 1y are left to
appendix B. Several ambiguities in the choice of such forms, and the corresponding field
redefinitions that keep Iénﬂow invariant, are discussed in appendix D.

4.3 Integrating out massive fields

With (4.8) in hand, the E3 term in (4.4) can be expanded as in (B.31). However, in order
to study the perturbative anomalies for continuous global symmetries in 4d, we must first
integrate out the topologically massive 5d fields. In particular, as discussed in section 3,
the fields A;, c3, and B, Bgﬂ- correspond to topologically massive gauge fields in 5d, and
thus cannot be interpreted as background fields for continuous symmetries in the 4d theory.
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All topological mass terms quadratic in external field strengths can be eliminated from the
polynomial (B.31) using the equations of motion for the 5d fields ¢35 and BY, respectively,

FI Fo 1 f:v fy
N,Ng %22 L NNgKP 22 — Z N2k, ZLI1 — 4.1
oNg Ip7 5o+ NNgKo 5o = 5 NP Ry 55 - =0, (4.10)
JTF 1 Hy Ii s
N,J& 172 . “ N o 28 N J172 4.11
o J1us or 2n T g Ve bw oo Kuaz 21 21 0, (4.11)

where we have defined the integrals

167 1 (0% (0% (6%
~7165§/ ( 2,192"‘926,194)7 j]uxz/
Mg

(Aver M 05 = A 908, A ). (412)
Ms

The forms Qgﬂ ; and Aj .y introduced in constructing the closed completions (02§)°? and
(A3,z)° are defined only up to the addition of harmonic forms. As a result, the mixing be-
tween field strengths associated with isometries and those associated with the cohomology
classes of M implied by (4.10) and (4.11) can be removed by an appropriate choice of 25
and Ay ;7 that fixes

NoNsg JPP =0,  NoJf, =0 (4.13)

for all I and z. A detailed demonstration is provided in appendix B. Under this condition,
all dependence on the field strengths FJ associated with the isometries of Mg drops out of
the equations of motion (4.10) and (4.11). Therefore we can safely restrict to the cohomol-
ogy sector when integrating out the topologically massive fields. The Stilickelberg mecha-
nism governing the spontaneous symmetry breaking to the discrete subgroups described in

section 3 is thus unaffected by the presence of gauge fields coupled to the isometries of Mg.

4.4 Results for continuous symmetries

After integrating out topologically massive fields from (B.31), we can compute the inflow
anomaly polynomial for continuous symmetries. In appendix C, we record the full anomaly
polynomial Iénﬂow in the large- N limit for x < 0 and ¢ = 0, including all continuous higher-
form symmetries. We stress that Iénﬂow encodes the perturbative anomalies associated
with continuous, but not discrete symmetries of the total worldvolume theory. A formal
treatment of the latter will require an application of the technology developed in [30] using
differential cohomology, which we defer to future work. Despite the appearance of multiple
auxiliary functions in (C.1), the inflow anomaly polynomial is solely a function of the field
strengths f{, FQI , 5, and the parameters k, x, N,. The precise functional dependence of
1, énﬂow on these parameters, however, is contingent on the specific choice of the various forms
appearing in (4.9). Nonetheless, the difference in Iénﬂow resulting from distinct choices can
be compensated by redefinitions of Fs'. We refer the reader to appendix D for a detailed
discussion. Under appropriate field redefinitions, we verified that (C.1) reproduces the
k = 2 inflow anomaly polynomial in [24], which describes the 4d field theory dual of the
GMSW solution.

To illustrate the generalized construction developed here, consider first the case when
k = 3, and let us restrict attention to the portion of Iénﬂow corresponding to zero-form

symmetries by setting all f = 0. In addition to the decoupling convention (4.13), we
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adopt the convention that the bases of two- and four-cohomology classes are Poincaré-dual

to one another,
K5 = / Qf Nwa g =03 . (4.14)
Msg

As a result, with the axionic field strengths f{ turned off, integrating out .A; using (4.10)

is equivalent to imposing
2k—1

> NJF§ =0 (4.15)
a=1

as in [24]. In the four-cycle basis (2.31), with 2k — 1 independent associated flux quanta
N, Nx;, Ng,, the k = 3 inflow anomaly polynomial can then be expressed as

. N
flow __ 6 N; S;
R (NNi & N, , FYN & —F} ) , (4.16)
where we have defined
3y N3 N
I§ == %" = (N, + Ny N, + N8, ) ()
1 2 2 /3
+ 3—X2(NN1 + NN2)(2NN1 + NN1NN2 + 2NN2)(F2 )
1
- 9X—3N(NI%1 +NN1NN2 +N1%2 _NS22 _NSQNsl - N§1)2(F;D)3
1 3 2 2 3 W\2 XN3 P\2 Y
+ W@NM + 3NX, NN, — 3NN, Ny, — 2NN2)(F2 ) Fy — K(% ) Fy
N 9 2 O\ 1) 9N N, N,2\ / 02
+ @(NNl + NN1NN2 +NN2)(F2 ) F2 + T(NMFQ + NNze )(FQ )
3N IN
= o NN (1 + B () — (N By o+ N By ) (1)

1
+ ?(ngh + NN1NN2 +N1%2)(NN1F2NI + NN2F2N2)(F2w)2

N2
- ?(NN1F2N1 + Nn, Fy ) (FS)?
N
- a |:NN1(NN1 + 2]VN2)F2N1 - NN2(NN2 + 2NN1)F2NQ} FQwFQSD
N3 N2
— DR - B R 4 (2] B 20 [Ny (B + N ()]
+ N%(Nx, + Nx,) | (FIN)?2 — FNEN2 4 (FN2)? 3N g BN 4 N ]
Ny + NNy) [(F5) b I (Fy?)7| Fy 2 NyL'g "+ NNy Ly 2
ON
- SN, + NN, N, N, NN, — ) [(F? - B+ ()]
N2
+ ? [3NN2(F2Nl)2 _3NN1(F2N2)2 + (NNl - ]\71\12)(FQN1 +F2N2)2] Fép
XN3 Ny No Ni1\2 N1 ~No N2\2
= (B B2) 8 — LR B + (7))

4 NN, B+ Ny YY) (B2 — B B + (B)?]
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+O(N?NN15NN2)NSUNSQ)' (417)
Note that in addition to the symmetry of Iénﬂow under
Ny, ¢+ Ns,,  FYieo —FJ7, (4.18)

of which we have made explicit use above, the inflow anomaly polynomial is invariant under
the simultaneous exchanges

Ny, ¢ Nx,_,, FNie F)*', Ng, < Ng,_,, Fie F' F,——F, (4.19)

Both symmetries are in fact present for any k. The symmetry under (4.18) can be exhibited
for general k most easily in the case in which all resolution flux quanta are equal,

Nn,, Ns, = Ny (4.20)

foralli=1,2,...,k—1. For these uniform flux configurations, the large-/NV inflow anomaly
polynomial for continuous zero-form symmetries is given by

15k2x3 N3 — 60k? (k* — 1)xNNZ + 16k(k* — 1)(3k* — 2) N3

2 3Iinﬂow: Fw
(2m)" 15 14402 )
2N3 —2(k2 — 1)NN2
24y
k—1 . .
3kxyN2Ny — 6(k? — 2ki + 2i2) NN2 . :
+Z X N ( ) N <F2NZ _F2‘Sz> (FZw)z
=1 8X
k—1
—2)NNE / N, s N2NN (N, S
- z SRR R Y S (R ) (R
=1
L N3 — 2(k2 — 2ki + 2i2 + 2)N2N; . .
L3 V20 = 2+ 2 DN [ e ()
=1
2 kv N3 — 2(k2 — 2ki + 22 — k + 20)N2N N Yy
+ Z X ( 7/;{1‘ 1 + 7/) N (F21\IZF2I\IZ+1 +F281F281+1) F21/1
=1
k—1k—1 9
NNZ . _
-3 (FNI + E ) (FQNJ i FQSJ> Y
i=1 j=1 X
Y )+ (1
=1
2 (k=2 — DN2NN /N Nowr S Sons
_Z 2 <leFzZ+ +F21F21+)F280
=1
—1
2XN3 N, S,
- [\ - 5
=1
k—2 .
(k=20 = 2XN® [, Niv2 e Siy2 S
_Z . |:(F2 )2F2 +1_(F2 )2F2 +1]
=1
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" 2 k — 2i) N3
+ Z N T (e - S (Y]

k—1k-1

N; Si N; S
S e ] ()
i—1 j—1
k—2k—1

S N () (1 )

=1 j—1
+ O(N, Nx) . (4.21)

We observe the invariance of the expression under the exchange, FQN QR —F2S i, as expected.

4.5 Parity symmetries

As noted above, the inflow anomaly polynomial for continuous, zero-form symmetries with
general k is invariant under the same exchanges (4.18) and (4.19) as the k = 3 polynomial.

inflow
6

In other words, I, is even under the involutions,

Pns Ny, ¢ N, , FYi s —F5 (4.22)
Paw,: NwiNs, & Nxy_ s Ns,_o  FYi,FSio By B3P B — —Ff,  (4.23)

and odd under the involution,

Pew, : Ny Ns, ¢ Nxy o Ns, o, F3 FST s —Fp v ) FY — —Fy.
(4.24)

We illustrate the effects of these involutions on the configuration of the “resolution fluxes,”
NN;, Ns,, in figure 3. In addition, one can apply the actions of Pyxg and Pgw,, (or PEWw)
successively to find that IV is also even (or odd, in the case of Prw ) under

PxsPew, : Ny, & Ng, ., Fyi e N N 8 (4.25)
PrnsPew, : N, ¢ Ns, ,, Foies —FBy*, FY — —Fy. (4.26)

Note that we can identify Pns and Prw,, (or Pew,,) with generators of the dihedral group
Dy acting on Ny, Ns,, Fyi, F5".

Here we offer a geometric interpretation of the aforementioned symmetries in the
anomaly polynomial in terms of discrete isometries of My. With reference to (2.6), or
(A.7) for a more explicit version, the metric of My is invariant under each of the following
discrete transformations,

Py n—mw—n, (4.27)
Po,: O0—=1m—0, ¢©— —p, (4.28)
Poy: O0—=m—0, ——1. (4.29)

We interpret these as distinct parity symmetries of My. As can be seen in figure 3, the
exchange of flux quanta induced by P, is identical to that by Pyg, leading us to identify
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N N U
NNy NNgs Ny, Ny, Nn,_, N, _, Nx, Ny,
0= M, =0 0= M, 9—0
Ns,_, Ns,_, Ns, Ng, Ns,, Ng,_, Ns, Ng,

§
§

Figure 3: Illustration of the effects of the involutions Pxs (left), and Prw,, or Prw,, (right)
on the flux quanta Ny, Ng,. For example, under the action of Pyg, the roles of, say, N,
and Ng,, are interchanged, as indicated by one of the red double arrows in the diagram on
the left. The two-form field strengths F2N ¢ FQSZ follow a similar exchange pattern.

the former as the geometric origin of the invariance of Iénﬂow under the latter. Similarly,
we are led to the conclusion that Py, and Py, are respectively the geometric origins of
the even and odd parities of Iénﬂow under Pgw,, and Pgw,. Note further that the global
angular form (Dg)® = Dy + AY has a definite (odd) parity only if AY — —AY under the
action of Py,. Likewise, the global angular form (D)% = Dy + Allp has a definite (odd)
parity only if Aif — —Aib under the action of Py,. These explain the sign changes of Fy
and sz in (4.23) and (4.24) respectively.

We would like to remind the reader that the invariance of I8 under (4.22) and
(4.23) is made manifest as a consequence of choosing the natural basis of (co)homology
classes introduced in section 2. In another basis the transformation properties of Iénﬂow

are generally obscured by nontrivial redefinitions of the flux quanta and field strengths.

5 Conclusion

In this work, we have started a systematic exploration of setups featuring wrapped Mb5-
branes probing a family of flux backgrounds, consisting of a resolved S*/Z;, fibered over a
higher-genus Riemann surface ;. This class of setups for & > 3 is challenging to analyze
directly in holography or in the probe picture. Anomaly inflow techniques, however, provide
a powerful inroad into the investigation of these setups. Indeed, these methods hinge
on robust topological and flux data, which can be inferred without solving explicitly the
supersymmetry conditions and equations of motion.

Our findings exhibit a rich pattern of global symmetries and 't Hooft anomalies. This
is already visible if we restrict our attention to continuous symmetries only, and focus
on terms in the anomaly polynomial that are leading in the limit of large N, Ny, Ns,.
Our computations can be extended in two natural directions. Firstly, we could retain
the topologically massive fields in our analysis in order to investigate 't Hooft anomalies
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involving discrete symmetries. This task was addressed for £ = 2 in [30] (see in particular
appendix E), and it would be interesting to consider the general case k > 3 using the
results of this paper as a starting point. Secondly, we could access the subleading terms
in N, Ny,, Ns, by taking into account the effect of the higher-derivative topological term
C3 A\ Xg in the M-theory effective action. This requires a determination of the class Xg,
computed in the presence of non-zero backgrounds for the connections Alf, AY associated
with the isometries U(1)y, U(1),. A possible strategy to achieve this goal is to consider local
expressions, given in terms of differential forms, to compute the class Xg. This approach
has been successful in the case k = 2 [24]. The approach of that paper, however, relies on
a special feature of the case k = 2: the resolved C?/Zy singularity admits a description
both in terms of a Taub-NUT geometry and in terms of an Eguchi-Hanson geometry. The
latter description greatly facilitates the computation of Xg based on local expressions, but
is unfortunately unavailable for £ > 3. It would therefore be interesting to revisit the
problem of the determination of the class Xg for k > 3, possibly exploiting more refined
computational techniques such as spectral sequences in equivariant cohomology.
According to the inflow paradigm, the output Iénﬂow of the inflow computation is to
be identified with minus the anomaly polynomial of the 4d field theory realized by the
wrapped Mb-branes. The results of this work give us access to the cubic terms in N, Ny,

Ng, inside the quantity Igd QFT _ —Iénﬂow. Armed with this knowledge, one can perform

Igd QFT 5 learn about the 4d dynamics. In an upcoming paper [40], we

adopt a-maximization [41] on Igd QT ¢4 explore whether the 4d IR dynamics can define a

manipulations on

non-trivial SCFT, and to compare this putative SCF'T to other theories originating from
wrapped Mb5-branes.
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A Resolution of S§*/Z; orbifold singularities

Here we explicitly describe the blow-up of the orbifold singularities at the level of the
metric. Under a coordinate transformation p = cos 7, the orbifold metric (2.3) becomes

2

ds?(5/2,) = ¥ +<1—u2>[i

k2

1
2 2 i .2 2
e Dy” + 7 (d6” + sin® 6 dyp )} : (A1)

Expanding around g = +1, we obtain a single-center Taub-NUT space with charge k,

ds? (S4/Zy) = Vi Dg® + Vi [dRi + R2 (d6® + sin® 0 dsz)] , (A.2)
+
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where Ry = (1 F p)/k and Vi = k/2Ry. The singularities at 4 = £1 are resolved by
locally replacing the Taub-NUT space with a multi-center Gibbons-Hawking space,

1
o (o + As)” + Vi ds” (R?), (A.3)
+

2
ds:l:

with the harmonic potential Vi having the general form,

B 1Z'r£ax -
= ) =il Ad
ValB) = st 5 3 7 (4.4)

where R4 ; is the distance between the position Rin R3 and the i-th Kaluza-Klein monopole
at = £1. The potential behaves asymptotically the same as that in (A.2) if and only if

Ny
vy =0, Zni,i =k. (A.5)
i=1

The former condition states that the size of the Si, circle goes to zero at each monopole.
In this work, we focus on the case where both orbifold singularities are fully resolved by
fixing i!** = k and n4; = 1 for all ¢, such that the space around each monopole is locally
Euclidean, i.e. RA‘/Z,HM, = R*/Z = R*'Y Furthermore, the connection one-form A. is

related to the potential through dVL. = xps dA+, and has a straightforward solution,
1 k
Ai = 5 Zl COS Hiﬂ' dlﬂi,i s (Aﬁ)

where 04 ; and 14 ; are the standard polar and azimuthal angles in R3 with respect to the i-
th monopole at p = £1. We further impose that all the azimuthal angles are identified with
the angle v of the unresolved orbifold, i.e. ¥4 ; = 1, so as to preserve a U(1)g subgroup
of the original SU(2)p isometry. Geometrically, this means that we have k — 1 two-cycles,
separated by k& monopoles, aligned along the axis associated with the U(1), symmetry.

To summarize, the resultant resolved space, My, has a U(1)y x U(1),, isometry group,
and, omitting the “+” notation for visual clarity, its metric near y = 1 (or equivalently,
17 = 0,7) can be written as

k 2
ds?(My) = ﬁ (dcp + % ; cos b; dzp> + ; 2]1% [dR? + R2(d6;? + sin? 6 dwﬂ .
(A.7)
By construction, 6; takes a value of 0 or m at u = 41, so the size of the circle S}p, which
is given by Zle R;sin?6;/2 at 4 = +1 and (1 — p?)sin?6/4 at |u| < 1, vanishes along
the boundary dMs, where M, is defined as the 2d space spanned by (u,8). It is useful to

i=1""

19T his can be easily verified by performing the coordinate transformation R+ ; = 7‘3[,1'/27&,2', which leads
to dsi’i = driyi + ri’i [(1/n2i’i)an2 +(1/4) (d02 + sin? 0 dq/)Q)}.
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Figure 4: Value that the function L takes (written in blue) in each boundary interval of
M> separated by monopoles for the case of k = 5.

define the function,

k
—%Zcos@i if p==41,
L(p,0) = i=1 (A.8)

k
—50059 if [u] <1,

such that the global angular form associated with Si, can be written as Dy = dyp — L di
everywhere in My. We observe that along dMs, the function L is piecewise constant
and periodic. Specifically, if we trace the value of L anticlockwise along OM,, it starts
with 1 — k/2 right next to (n,0) = (0,0), increases by 1 whenever we cross a monopole
till reaching k/2 right after (n,0) = (0,7), then it decreases by 1 whenever we cross a
monopole till reaching —k/2 right after (n,6) = (7, 0), and finally returns to 1 — k/2 after
crossing the first monopole at (n,0) = (0,0). As an example, we illustrate the behavior of
L along OM,; for k =5 in figure 4.

B Cohomology class representatives of Mg

The various homological relations in Mg can be derived by working with its dual de Rham
cohomology groups. We start with the relatively trivial case of constructing cohomology
class representatives of H'(Mg). The most general one-form that is covariant under the
action of the U(1), x U(1), isometry group of Mg can be written as
_ v DY Dy 0

A= XA+ X > 1 Xy > X, (B.1)
where X, Xép , X§ are zero-forms and Xfe is a one-form, all defined on M, and the
index w is summed over 1,...,b;(Mg). We want A; to be closed and invariant under the
isometries of Mg. The former condition amounts to requiring

dXY =0, Xx(XY-LXO)+¢(X$ =0, dXJ-LX{)=-LdX$=0, dX}°=0, (B2)
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which immediately tells us that X§ are constants. We can also combine the constraints
_<

X
which together with (B.1) implies Xép = X7 =0, since L is a position-dependent function

above to deduce

AdX{ — LX$) = —2dX$ = —LdX$ =0, (B.3)

(with respect to Ms). This automatically makes A\ gauge-invariant. In addition, we
conclude that X?G has to be exact because by construction,

0
. X7 =0 (B.4)
c
for all u. Therefore, without loss of generality, we can simply pick Ay, for u =1,...,2¢g to
be the cohomology class representatives of H'(Mg).

Let us now write down the most general two-form that is covariant under the isometries

OfMG,

Dy Dy v DY Dy S8 0
P_IA—LZ 4+ WINANL 4+ WAL +WV. W B.5
o o T o T s T ot e, (B.5)

where Wép “",I/VOZ are zero-forms, Wlw ,W{ are one-forms, and W2179 is a two-form, all of

(A.)Q:WO,(ﬂ

which are defined on Ms.!!' Imposing closure on wsy yields the following conditions,
W =0, dWy —LWY)=0, dWy =—x(Wy —LW{)—CWf, dwy’=0. (B.6)

In addition, note that the interior products act on the connection forms as ¢y, DY = 1,
Do = —L, 1,D¢ =0, 1,Dp = 1. If we take the interior product of wo with respect to
the isometries of Mg, we get

Lywa = — (WY — LWY), Lows = —WY . (B.7)

Both of these one-forms vanish when integrated over any of the one-cycles in Mg, i.e. ClE “
because they do not contain any factor of A, by construction, thus meaning they are
exact,

WY — LWY =dwy, Wy =dwg, (B.8)

where Wéﬂ and W are single-valued functions defined on Mj. A similar argument implies
VV277(9 is also exact. Hence, a generic member of H?(Mg) can be parameterized as

Dip

o

Dy

wy = (AW + LAWE) N 2= + dWg A o (WY + CWEVs. (B.9)

We check that wy as constructed above is invariant under the isometries of Mg,

Lypwy = dipws + tydws = —d2W0w =0, Lywr=diws+ Lpdws = —d2W0‘p =0. (B.10)

"Strictly speaking, we can also add terms linear in A1, to wa, but they can only be trivial if we want
w2 to be in H?(Mg).

12This statement can be equivalently phrased in terms of equivariant cohomology. The operator analo-
gous to the ordinary exterior derivative, d, is the equivariant exterior derivative, dg = d — ¢, where I labels
the generator of the isometry group. Defining @, = (dW(}L’ + LdW{) A (Dy/2r) + dWE A (Dg/27), it can
be shown that ws is equivariantly closed, i.e. dgw2 = 0. A review of equivariant cohomology can be found,
for example, in [42].
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The inner products between a generic cohomology class representative (B.9) and the two-
cycles (2.18), (2.19) are given by

/CE¢w2 = _XW(;p|t=ti - <W6p|t=ti 9 \/CZ w2 = W6P|Z+l . (Bll)
2 2

Recall that OM, is the preimage of the zero section of the U(1)y bundle, so wy can only
be globally defined if terms explicitly containing D vanish on Ms. We therefore have to
impose the following regularity constraint on wo,

[dWy + LdW],,,. =0, (B.12)

and when combined with (B.11), it implies

Lo [,
o oo

wy = (xti — C)/ wa. (B.13)

¢
Since ws is an arbitrary element of H2(Mg), the relation above holds if and only if
Gy -t = (xti — Q)€ (B.14)

Making use of the single-valuedness of W, the sums of the second relation in (B.11) as
well as (B.14) over i = 1,..., 2k respectively lead to two sum rules,

2k ‘ 2k '
dci=0, > 4Ci=0. (B.15)
=1 =1

If we follow the same lines of arguments for the three-forms, we find that a generic
cohomology class representative in H3(Mg) can be parameterized as
D D
Az = [(dsgfv“ + LdS§™) A Dy + dS5 A 2@

2 o

] A M, (B.16)

where Sg “and SJ" are zero-forms defined on Mp, while a generic cohomology class rep-
resentative in H*(Mg) can be parameterized as

Dy D D
Q4sz1A—wA2—‘p+(dU0+LXT1—<T1)A zw
7T

D
ZEAVEXTLAZ2AVE,  (B.AT)
27 s 27

where Uy and T} are respectively zero-forms and one-forms defined on M,. The two sum
rules (2.24) for the three cycles can be readily derived based on the previous discussion for
the two-cycles. For the four-cycles, on the other hand, we note that

tit1
/ Q4 = / dT1 = / T1 s / Q4 == X/ T1 . (B18)
Cic Mo OM> Cayi t;

Meanwhile, the regularity constraint analogous to (B.12) is

[dUo + LxT) — CTI]@MQ =0. (B.19)
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It then follows that

2% 2%k
204,1‘ = xCsc, Zﬁi Cii = (Cyc - (B.20)
i1 i1

The aforementioned parameterizations of A\;, wo, Az, 4 are only well-defined on Mjg.
In order for the Kaluza-Klein expansion of G4 to make sense in M7, we need to construct
the appropriate cohomology class representatives that are also invariant under gauge trans-
formations in Mj. The first step to achieving this goal is to introduce U(1) connections
over M to the global angular forms Dy and Dy respectively by promoting

Dy — (D) =Dy + AY . Do — (Dp)? = Dy + A, (B.21)

where Aib and AY are 5d one-form gauge fields. For completeness, if the Riemann surface
is a sphere, i.e. ¢ = 0, which we do not consider in this paper unless otherwise specified,
then there is an enhanced SO(3)x isometry. In this case, the volume form V3~ has to be
promoted to the (normalized) global angular form,

b
1
V2E — % = & €abe (DY A Dybyc F“b y°), (B.22)

where y* with a = 1,3 are coordinates of ¥, embedded in R3, and Dy® = dy® — A{y,
with A% being an external SO(3)x, connection and F§? is its field strength. We hereafter
use the notation A, w§, A§, Qf to denote respectively the expressions (B.1), (B.9), (B.16),
(B.17) with the replacements (B.21) implemented. Except for A, which is trivial, these
gauged forms are not suitable candidates for the cohomology class representatives because

they are no longer closed and gauge-invariant. The proper candidates are of the following

forms,
Xiq = )\%,
FI
FI .
AF = A+ gAY
Ff F/ F

qu—Qg+_QQI+2 2 QOIJa

for a zero-forms wq 1, Qo 1.7, one-form A; j, two-form Qg j, where {I, J} = {9, ¢} label the
isometries. If we impose closure and gauge-invariance on A{?, wy?, Ag?, Q% we find that
they satisfy

2mirA1 =0,
2mirwe + dwo 1 =0,
w2 0,7 (B.24)
27TL[A3—|—dA17[:0, 27TL([A17J) =0,
27TL]Q4+dQQ7]:O7 27TL(]QQ7J)+dQO7[J:O7
where the following identity,
dos + AL(L1ay)F = (day)® + F (110y)® (8.25)
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for some generic p-form «, defined on Mg, has been used [26, 30]. Note that wo r, A1 1,
Qo 1, Qo 1 are all defined only up to addition of closed forms.

We introduce below the explicit parameterizations for such forms in the specific context
of this work. First of all, we have

D D
dSdp = —27m1yQy = —LdT7 N\ Dy _ a7y A 22 4 duy A Vi,
Do 2m 2m (B.26)
ng#p = —27TL¢Q4 =dI1 A o + xT1 A V22 ,
w
which admit the globally defined solutions (up to addition of closed two-forms),
1 D D
Qo = ——(dUy + LxT1) A DY _pale, 200V3"
X 2m 27 (B.27)
D D
oo = (Vo + LYo +T0) A DY Vo n 52 —x¥0 U,

where Yy 4, Yo, are zero-forms defined on Ms. Note that the regularity of 25, and Qs ,
along OMs (where the circle S}ﬂ vanishes) requires [dUp + LxT1], My = [dYo,y + LdYo, +
Tl] oMy = 0. Consequently we can derive (up to additive constants)

1 1
Qo,yp = _; Uos, Qoye = B Yo, Qoge=Yoe- (B.28)

The rest of the forms needed to complete the gauge-invariant cohomology class represen-
tatives can be similarly solved for to obtain (up to addition of closed one-forms)

Moy = SiMus Mg = SE0 A, (B.29)
and (up to additive constants)
Wo,yp = W(?? wo,p = W(;p . (B30)

Now we are in a position to explicitly evaluate various intersection numbers associated
with cycles of different degrees in Mg, as well as miscellaneous integrals involved in the
equations of motion (4.10) and (4.11). Before doing so, it is instructive to first record an
expansion of E} as follows,

lEjf .
6
Fl FJ Ff 1 Fl g pK
NaNgN, 52522008 1 (9 1) ()% + ¢ NalgN, 5252208 )5(95 )5 (9 )

2N ﬁf_{;FQIF_QJQa

T yFI FJ
Y on 2 27 27 OJJ(A?’#’?)g(A&y)g — N?N, f_lf_l_Q—z

Y or 21 21 27

A12r (93 )% (Asy)®

F21F2JF2a B \& g FQIFQJFf s

+ NNsNy 5= 5= 5= woar (Q,5)" (U)" + NNaN; 5= 5552 Q6 1y (w2,6)%(€))

1 Fy F{ F) (0n \e(of e o FlFgF} .
+5 NNalNg ggg(ﬁgﬁ (25, 7)" (w2)% + NN, o O 9 wo,a1(w2,3)8 (1)

1, FIFF] . | L P RS Fy

= N, —=—=—=(QY g g4 - N3Z2 272 g g g
g N Na oo (051) (@2,5)8 (Wo)® + g N7 5 -5 5 (w2a)(w2,5) (w24)

1

2
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1 fmfyFIFJ f fyFIFa
Cinew LLILER RS gy - S L
1,21 l,yJ( 4) 9 21 21w 2 2w

A As )8
2 “or 2r 2 27 wo,a1(A3,2)8(Asy)

- N? g%%% At zr(w2,0)B(Asy)8 — N2N, . 52 ;I?’ At ar M (Q4)®
LI o S

T W ) SR O VA £ SYRPNCAE

+ NN, Nj 52 S (05)F(24)* + NN g—;;—;(wm)g(gf)g, (B.31)

where we kept only terms with six internal legs because they survive under a fiber inte-
gration over Mg.'® Let us also define the choice of basis of (co)homology classes via the
expansions,

Cic=0a8Cra, Cii=0aCoa, C'=020CS, Ch=0.CS, C¥"=ccy, (B.32)

for some real coefficients ag, af', b , b, c;’u, and the cycles Cy4 ¢, C4, C C2, C“L are
defined in section 2.4 In terms of the differential forms introduced earlier to parame-
terize the cohomology class representatives, the orthonormality between cycles and their
dual cohomology class representatives can be rewritten as expressions for these expansion

coefficients,

t;
ag:/ T a?‘:x/ Yoo
OMo t; (B33)

bt = =X Wi (t), by = W (tigr) = Wi (), i = SE (tipa) — SO0 (L) -

The intersection numbers that are relevant in the computation of Iénﬂow are

ICuv = >\1,u A >\1,v ) Kg = / W2« A Qf ) ’Cmy = A3,:1: A A3,y )
> Me Me (B.34)

ng = >\1,u A >\1,v A QZ{ v Kuoz = >\1,u Nw2q N A3,:1: )
MG M6

with u,v = 1,...,2¢9 and o, = 1,...,2k — 1 and x,y = 1,...,4g(k — 1). As discussed
in section 2, by choosing A;, to be orthonormal to the standard .4 and B cycles of the
Riemann surface Yy, the intersection number /Cy,, can be compactly written in the following

Kuw = ( 0 5pq> : (B.35)
—6pg 0

On the other hand, recall that the cohomology class representatives ws o, A3z, f can be

form,

respectively parameterized as

D
A DY P Dy
o o

131f we include the g = 0 case in our consideration, then we will have terms cubic in e3 which yield a

ws, (dW0 o+ LAWE,) + AW, A o2 Xwgfavf , (B.36)

nonvanishing integral as determined by the Bott-Cattaneo formula [43].
14The expansion of the one-cycles is trivial given that we use the standard A and B cycles of the Riemann
surface as our basis one-cycles.
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D D
Moo= (dSY2 + LASEY) A 52 A+ dSEE A 52 A, (B.37)

o 27
Dy Dy Dy s Dy 5
T=dIT' N —=—— AN —+ (dU§" + LxTY") N =— N V% THEN —=——NV5". B.38
4 AR 27r+( o + LxXTY") o 2 XA AYS (B.38)
Let us first focus on (B.36), the regularity constraint (B.12) implies that within each open
interval (t;,t;4+1) on OMa, the functions WO% o, and Wa‘j o, are locally related by

Wgzja(ti <t <tip1) = Wai — LW, (1), (B.39)

with w,,; being a real constant, which can be expressed in terms of the expansion coefficients
: DRSS DIN 2 1o i __ Bt o : : a
in C;"" = by C§ and C4 = b, CS for a generic basis of two-cycles C§' as

.
|

)

1 .,
Wai = —— b + 4
X

1
W (t) + bg], (B.40)
j=1

for some reference value W (¢1). Here and elsewhere in this paper sums from j =1 to 0
are understood to be zero.

Following an analogous approach we can also derive

1—1
sii = Sy (t) + LSS (t) + > (6 — ;) e, (B.41)
j=1
1—1
Ug (ti) = Ug'(t1) — D _¢;a5 (B.42)
j=1

for some reference values Sépyf(tl), Sg (t1), Ug(t1). As an aside, the exterior derivatives
(on 9My) of regularity constraints like (B.12) restrict
dW(fa{t:ti = dW(fa{t:ti = ngﬁf = dSéif{t . dUéX{t:ti - Tla‘tzti =0 (B.43)

‘t:ti =t

foralli=1,...,2k.

To evaluate a given intersection number, one can convert the integral over Mg into an
integral over the boundary My via Stokes’ theorem, which can be further broken into a
sum of integrals over all the open intervals (¢;,%;11). Note that (B.43) guarantees that such
integrals do not receive any singular contribution potentially induced by discontinuities of
the function L at the positions of the KK monopoles. For instance, we can deduce that

2k
KP = / (WEa dU =W ) = =3 waaf . (B.44)
OM> i=1
At first sight the expression above may naively seem to depend explicitly on the reference
value W, (t1). However, if we shift this reference value by §Wg, (t1), then
2k

OKE = =W, (t1) Y tia] =0, (B.45)
=1
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where we made use of the second sum rule in (2.27) (with ¢ = 0) in the second equality.
This shows that the intersection number ng is in fact independent of the choice of the
reference value, W, (t1). Similarly, we find that

2k
Koy = —Kuw S [S85 (4) + i Sy 1) — el (B.46)

i=1

where the value of Sée (i) is constrained by the regularity of Az, to be

1—1
sgﬁ;g(ti) - sgfg‘(tl) T (B.47)
1

J

The intersection number Ky, is invariant under shifts in the reference values Sée *(t1) and
Sy (t), ie.

2k 2k
0Ky = —Kouw |55 (t1) D i + 650 (t1) D b =0 (B.48)
i=1 i=1

by virtue of the first sum rule in (2.24). In addition, K¢, is trivially given by
K, = Kuwads, (B.49)
which obviously does not depend on the reference value of any auxiliary function, while
the remaining intersection number,
2k 1
Kuoz = —Kuw Y _ [bgsgﬁ’;(ti) -3 bicht — &bgc;’“] : (B.50)
i=1

again does not change under a shift in the reference value, ng V(ty), ie.
2k ‘
5Kuozx = _Icuv 558%7;(151) Z bé, =0 ; (B51)
i=1

which follows from the first sum rule in (2.21).
Next we proceed to study the following integrals which appear in the equations of
motion (4.10) and (4.11),

1
J = 5/ < 3‘71/\QE+Q§,I/\Q§),
M (B.52)
jfoiéw: = / <A1,ml A >\1,u A Qﬁf - >‘1,u VAN Q%I A\ A3,m> ,
Mg
with I = 1), . We can follow essentially the same procedure as before to obtain
1 2k
g ==3 [ag UL (t;) + aP U (t;) — t;ala?| | (B.53)
i=1
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720 =33 (Lt ttnn -)] (L 4005, ) 00
- E af + 6 (Y, (tiv1) — Yo%(tz‘))] wa(ti)
[+ 60 ) - Y8, 00) i
1

+ LY () (Yo (tinn) = Vi, (1)) — 4 [; af + 4 (Yo, (tiv) — %‘fv(ti))} Yo (tis1)

+mf£¢<ti>(yo%¢<ti+1>—Yon(ti))—eEa (Y (ti) — YOt >>]Yo¢< )

YR (b)Y () — Y1 m‘;m») | (B.51)
1 2k
e = ——Kun »_ 8% a8, (B.55)
X =1
2k
jcgua: = Kuv Z Sg,i (Yz)o,écp(ti-i-l) - YO(?go(ti)) : (B56)
=1

As usual, the regularity constraint that has to be imposed on Qg#, is given by
[dYO% + LdYg', + Tf‘]aM2 =0. (B.57)

Integrating both sides of the relation above over dMs, yields a continuity condition on

2k 2k
Z (Ve (tig1) — Yot ZYO,@ - ) YL, (B.58)
i=1 i=k+1
which constrains the otherwise arbitrary values of Y(ﬁp(ti) for i =1,...,2k. For example,

one convenient choice of these values is

‘2‘—2 if1<i<k,
Yoo(ti) = o (B.59)
—i ifk+1<i<2k.

Regardless of the choice of Y% (¢;), the regularity constraint (B.57) further determines

i—1
(63 (07 1 (7 (07 (63
Yiro(ts) = Yy (t) — (1= 6i1) Y [; af + 4 (Yoo (tjs1) — Yo, (t5)) (B.60)
=1

for some reference value Y, (t1).
Unlike the intersection numbers, the integrals .7$ A , jg A , jlﬁ‘w, jﬁm are sensitive to

the reference values Ug'(t1), Yg',(t1), Sépyf(tl), S§u (t1). Nevertheless, if we impose the
convention

NoNz J% =0 (B.61)
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for each I =1, ¢, then we can uniquely fix

2k 2k i—1
1 2
NUS (t) = N [§ 0i(Ngal)* +23 " Nga! ij,ya]] : (B.62)
i=1 =2 7j=1

2k
« 1 2
NaYgy(t) = TN [Z [(Nﬁaf) — DXNBUY (ti41) Ny (Yo (i) — Y'O’\,/cp(ti))i|

i=1
+ 221\@3@ Z [N @)+ XN, (Y (1) — Y&p(tj))} (B.63)
j=1
Similarly, if we impose the convention
NoJns =0 (B.64)

for each I =, ¢, each u =1,...,2¢g, and each x = 1,...,4g(k — 1), then we can uniquely
fix

2k i—1
u 1 N -
Spa(t) = ——= >~ Naaf Y (6 — ;) ", (B.65)
XV = j=1
2k i—1 .
S§a(t) = ZN Vi (bin) = Ve, (6] D (6 — £5) ™ (B.66)

— j=1
C The full inflow anomaly polynomial

With some algebra, it can be shown that in a given (co)homology basis parameterized
by the expansion coefficients ag' bE : , b ci™ as defined in (B.32), the full large-N inflow
anomaly polynomial for arbitrary ﬂux configurations is

Iinﬂow,large—N o

6
2 A13 Fw
EW) E |:€N +3NU02U01+1:|<27T>

3x
3 &9
9y [_ (N} + NiUoi Yo i1 + Ni Yo Unit
2x = X
~ B B ~ F¢ 2 Jors
+ (U1 +6iNilo) (Yopis1 — Yovsoﬂ‘)} (ﬁ) ﬁ
2k

1 2 - -
+ Z [— N} + Ni Yo Yopit: — — e NP Yo i — < Nl Yoin

1 ~ .~ ~ ~ ~ ~ F2w Fgo
+ ;NiUO,iH + Uo,iY0,pi + Uo,i+1Yo,0,i4+1 | (Yo,p,i+1 — Y0,0,0) 9\ 2

+ - Z [ NEYo piv1 + 2NiYo i1 Y0001 — (Ni%,w,i + xY0.0.i Y0041
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. . 5 . 5 . F¥
—Uo,i (Yo,p,i + Yo,pi41) + %512 (Yo,p,i41 — YO,go,i)2> (Yo,p,i+1 — YO,go,i):| (ﬁ)

2% »
3N 1 F, s
n— |:_waz€N +wa2N UO@+1:|< > 2
X = 2 27 27
N < [1 ) i - . FY Ff Fy
+ ~ - > Wa,i N7 + XWa,iNi Yo i1 + XWa,iU0,i (Yo,p,i41 — Y0,0,1) o or o
2%k 2
~ ~ - - 1 ~ FY\° F¢
—XN D, |:wa,iYE)7¢7i+1YE),<p,i+1 — Wa,i Y00, 0,0 + 5 Waili (Yrpie1 — Yo, z)] (ﬁ) ﬁ
i1
2k P Ié;
Fy F3' F,
+ N? ZZ1 [wa,iwﬁ,iNi — (Wait1 — Wai)(Waip1 — wpi) (i1 — ) Uo z+1:| gg -
2%k
xIN? .
#2550 Wit = ) w1 — 03 i1 — £) T
i1
. - F§ F FY
— Wa w5, (Yopit1 = Youi) | 550 5
2%k
xIV?
+ > [(wa7i+1 — Wa,i)(Wa,it1 — Wai) (Wy,i41 — Wayi) (G + Lis1)
i1
= 3(Wa,i+1 — Wa,i)(Wgit1 — W) (Wait1liv1 — Wy ils)
F FP Fy
+ 3(Wa,i+1 — Wa,i) (Wg,i11Wy,i41 — Wa Wy i) (b1 — )] 2; 5 5
N2 2k o
— Kuwv [ S.i8y,iNi + Uit S&UJ + ¢y Uoit1 Séf’;fi — 55,LiNi 3
i—1
N Sg = Lic e U GN; SE Se i
S 0,2,i — tiz ¢y Vo,it1 + 45 0,2, 20,950 | 9 9 \ 20
2%
+ E/C Z AU + 24U SE°- —}—c”U S Luyn G
2x uv x Gy V0, z V0,8 °0,y,i 0,i 20,z — XCx L0,0,i 20,y,i
i—1
B0y Sd’ u Sw u g N, Siﬂﬂ) g
— XCy Y046 90 i 0,,i4+1 20,y,i+1 T Vi 90 3 it120,2,i+1
. NP
— X878, (Y0011 — Y0,0,1) 3y 97 o
M [+ Vo041 S Yo,0.i4188 i1 — Yo,0.i58,
- 7 uv Z s$7'l( 079072—’—1 O,y,l+1 790 ( 0 sY, l) y 7/( 079072—’—1 O,ZB,Z+1 0790 ( 0 T Z)
i—1
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| R
=4 (Yb ®, Z+1SO z z+1Sé)0y i+1 YO’SO’ZSO T ZSO’% ):| 2 271'(' %

N3 2k

‘E,iJrl lu Z’U El+1 >i+1 zv
- 5 K [&ba it — By  pEi i
=1

S F Py

bZS
X 27 2w 2w 27

0,z,t

Soyz+2><£2b@50“50yl]

N3 2k
— 7 ICM; |:1Ua ZCZ uSO

i=1

Yy F%@ Fo
+ walc“’SO + wq Zc’ uc”v} fl f—l—— (C.1)

Yol Tyt o2m 27 21 2m

where the shorthand notation,
N; = Noai, Uni = NaUg'(ti), Youwi = NaViy(ti), Yoei = NaYi,(t),  (C.2)

is employed. We introduced the constants ¢; in (2.9), and the intersection matrix Cy, is
explicitly written in (B.35), whereas the definitions of the other auxiliary functions are
recorded in appendix B.

For concreteness, let us we focus on the natural basis of homology classes that we
described towards the end of section 2. It is straightforward to deduce that the choice of
basis four-cycles,

Cii<a<ki—1 = Cai<i<ki—1, Caa=k =Csc, Capti<a<oki—1 = Cakti<i<ok—1, (C.3)

can be equivalently written in terms of the coefficients,

a _ s« « _ f«x
a¢ =90y, Qisgok = 05
1<a<k—1 a a=k _ X k+1<a<2k—1 _ Qk —
a’@ k _% ) a’i=k - 5 ) a’z k ]{7 ) (04)
1<a<k—1 _ _k—a -k _ X k+l<a<2k-1_ o —k
i=2k =TT aisg), = o7 %i=2k T

Note that we used the two four-cycle sum rules (2.27) to determine the coefficients in the
latter two lines. The two-cycles that are Poincaré-dual to the basis four-cycles satisfy

2k
/cg:/ OFf Awag ==Y afwg; =05 . (C.5)
Mg =1
Applying the condition above to the “natural” four-cycles yields the constraints,
sl<a<k—1 _ a k—a
- - wﬁya - % wﬁyk - k w572k ?
= X
—0§7" = S(wpk + wp ), (C.6)
_ 2k — —k
_ghtl<a<2k-1 _ Waa — o wak — a Wa.ok
k k
which have the solution,
o o
wg itk2k = — 05 — X We k= Wh ok = (C.7)
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The b?’i and biﬁ coefficients are related to the constants wg; through

B =X b — iy T i — 4 bi—tig

as can be derived utilizing (B.39) and the single-valuedness of W’ B(t)'15 We also defined
=(#h) _ potk Do

pi oy lim1wsi — Liwsi | Weal — Wi Wei — Wi (C.8)

the “natural” three-cycles in section 2 to be Cg , with the index =

parameterized here as a tuple (8 # k,v). It follows from (B.32) that

C;’Z(B#km) =bj 4, - (C.9)

The collection of expansion coefficients presented above fully specifies our basis of homology
classes that is relevant to the anomaly polynomial.

As explained in detail in appendix B, the reference values of the auxiliary functions
used in (C.1) are uniquely fixed under the convention (4.13), apart from Y%, for which we
choose to parameterize as in (B.59). To summarize, we have

2k 2k j—1 i—1

- 1

Ui = 5y <Z GN?+2> Ny Y emNm> =Y 4Ny, (C.10)
j=1 j=2  m=l j=1

. 1 2k 9N k 2k j—1 N
Yowi=sao | DN - 22NN 423 N Y [Nm + X (B — 5m,k)]
2x°N j=1 k j=1 j=2 m=l k
i—1
1 N
— Z [— N; + = (0,21 — 5j7k)} ) (C.11)
j=1 LX
N
— if1<i<k,
Vopi=1{ 2k (C.12)
0,00 — .
N
~5 ifk+1<i<2k,
2k j—1 i—1
1 .
o= =0 DN (G = ) =D ey, (C.13)
XN j=2 m=l j=1
2k—1 k—1 i—1
1 k ) 1 k ) .
w,u . U _ - - 3 U U
St =7 . (5 +e]> =1 (2 @) AR DDA (C.14)
Jj=1 j=1 j=1
2k j—1 2k—1 k-1
XV = j=1 J=1
i—1 '
+ > (L= t) ", (C.15)
j=1

where the sums over j from 1 to i—1 are to be understood to not contribute if i = 1. Lastly,
it is worth emphasizing again that all the auxiliary functions listed above are (rational)

functions of only x, N, Ng, af, bE’Z, bi,, ¢, so there is no extra data required to compute
Iinﬂow,large—N
6 .

5Recall that the quantity n; = £; — £;_1 is the charge of the i-th Kaluza-Klein monopole along dMa.
For a fully resolved setup, we have n; = +1 for 1 <i < kandn; = —1for k+ 1 <i < 2k.
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D Basis-(in)dependence of the anomaly polynomial

depends on the specific choices of

The explicit expression of Iénﬂow’large'N

1. the basis of cohomology classes, i.e. F, A3z, w2 oy A1u;
2. the non-closed forms associated with isometries, i.e. QF ;, A1 .1, Woar;

used in constructing Fy, both of which can be further shifted with exact forms. We argue
that the invariance of Iénﬂow’large'N can be restored with appropriate redefinitions of either
or both the flux parameters and the external field strengths.'6

Let us first consider a generic change of basis of cohomology classes (related to the
basis of homology classes via orthonormality), plus a shift in the choice of representative

within each cohomology class,

(09) = RGO +d0g, A, = (Ry)l Asy +dAa,

. 5 . ) (D.1)
W q = (RQ)a w5+ dwl,a > )‘1,u - (Rl)u )‘1,1) + d)\O,u >

for some constant matrices R, € GL(bp(M6),R) and globally defined, gauge-invariant
forms QF, Aoz, w1, Ao It results in the shifts below by solving the closure constraints
on Ej,
/ /
(25) = (Ra)F %, +2ms s (15) = (RaFA -

(D.2)
Lot = (Ra)y Ay yr + 2miha g, whor = (Ra)5 wo,sr + 27mLiwi g -

We can check that under the redefinitions,'”
N =(R{NANs. (1) =ReDp A, () =(RyVGF . (HYY = (R{)LHY,
(D.3)

the four-form flux E,; merely acquires an additional globally defined exact piece,'®

x\/ Fa !/ Hu /
Ey=Ey+d|NL(9§)*+ N (J;%T)(AQ,;,;)g + N %(wm)g +N (2—77)(>\0’”)g , (D.4)

Iénﬂow’large'N is invariant. It guarantees as well that the equations of motion

implying that
(4.10) and (4.11) are automatically preserved.
Alternatively, we may consider shifts of the non-closed forms in F, associated with

isometries of Mg, by linear combinations of harmonic forms plus exact forms,

(QS,I), =05+ (T2,1)*P wa g + dOSr, N =Mer+ (Ti0)s A+ dAogr,

, (D.5)
wo,ar = wo,al + (70,1)a ;

6We also expect the O(N) contribution to I&*#" from —E4Xs C T2 to be invariant, but we refrain
from discussing it in detail given that we do not explicitly construct Xg in this paper.

17Strictly speaking, if we were to preserve the integral quantization condition (3.3), then we should limit
R4 € GL(2k — 1,Z).

"*Here we implicitly used the identity d(wp)® + A" (L1wp)® = (dwp)® + F'(11)® with Lw, = 0 for some
gauge-invariant p-form w, [26].
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for some constant real matrices 727, 71,7, constant real vectors 7o r, and some globally
defined, gauge-invariant forms Q% ; and Ag 7. The matrices 737 and 77,7 are not totally
unconstrained as we will soon see. Demanding closure of E) requires that

!/

(.r7) =15+ (E)?fWO,BU) +2mu Q) gy + (Tors)” (D.6)
for some constant real vectors 7o ;. It is again straightforward to check that under the
redefinitions,

Fey Fo N FI HwY Hy T FI

B B Doz, UL il

2 27 N 2 27 27 21 27w (D.7)
V_QZE_&(%UVF_{F_QI_(%I) g F
2r 2 N 7 27 2 Yo o

the four-form flux F, is shifted with an exact piece,
F] Ff

EQ:E4+d[Naﬁ( £1)° +Nf—2—2(A07$1)g : (D.8)

inflow,large- N

Note that, however, this is not sufficient to keep I invariant.?’ We also need to

enforce the equivalence between the shifted equations of motion,

(6% 167 F FOé 1
NaNﬁ{jI Ay K2 [(T2,0)" — (T2,1)"] }— + NN icﬁ -5 N? Ky gl ;:17 =0, (D.9)
3 fr ] Ly HY
N a 2o v Bal L J1 72 a 73
Oé{jlu:v 2 Icuv(ﬂ,f)m uB:r [(7-2 I) (7-271) ]}27{' o +3 2 ,Cuv o
F
N Kuaz or 9 0, (D.lO)

and (4.10) and (4.11) respectively, which amounts to imposing the following constraints on
Ta,r and Ti,1,

3
NaNgK3 [(Te)™ = (T2r)?] =0, 5 NaK3y(TLr)i + Na Kupe (T2 = (T21)**] = 0,

(D.11)

flow, large- . .
inflowlarge-N o verified as a consistency check that

so as to maintain the invariance of I
after the aforementioned redefinitions of the field strengths, the expression we obtain using
(C.1) for rrfowlarseN a¢ 1 — 9 correctly reproduces the independently derived result of
[24].

191f we were to impose that these redefined field strengths are also appropriately quantized, then it would
require Ng(72,1)*" /N, (T1,1)%, Na(To,r5)* /N, (To,r)a € Z

20The paradox can be resolved by understanding the fact that f¥, F¥, FS, HY are not mutually inde-
pendent, so (4.8) can be interpreted as an expansion in an overcomplete basis of external field strengths.
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