arXiv:2111.03012v2 [hep-th] 23 Feb 2022

Spectral triple with real structure on fuzzy sphere

Anwesha Chakraborty*!, Partha Nandi ™, and Biswajit Chakraborty *2

'Department of Theoretical Sciences,
S.N. Bose National Centre for Basic Sciences,
JD Block, Sector 111, Salt Lake, Kolkata 700106, India
2Department of Physics,
Ramakrishna Mission Vivekananda Educational and Research Institute,
PO-Belur Math, Howrah-711202, West Bengal, India

February 24, 2022

Abstract

Here we have illustrated the construction of a real structure on fuzzy sphere S? in its spin-1/2 representation.
Considering the SU(2) covariant Dirac and chirality operator on S? given by Watamura et. al. in [U. C
Watamura, S Watamura, Comm. Math. Phys., 183 P-365-382 (1997); Comm. Math. Phys. 212 P-395-
413(2000)], we have shown that the real structure is consistent with other spectral data for KO dimension-4
fulfilling the zero order condition, where we find it necessary to enlarge the symmetry group from SO(3) to
the full orthogonal group O(3). However the first order condition is violated thus paving the way to construct
a toy model for an SU(2) gauge theory to capture some features of physics beyond standard model following
Connes et.al. [A. H. Chamseddine, A. Connes and W. D. van Suijlekom, JHEP 1311, 132 (2013)).
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1 Introduction and motivation

Fuzzy sphere (FS) S? is a simple example of noncommutative geometry (NCG), introduced a long time back by J.
Madore [I] which can be thought of as a deformation of the usual commutative 2-sphere S?. Recently, there have
been a flurry of activities involving fuzzy sphere in the high energy physics community as this provides yet another
non-perturbative technique in quantum field theory [2] and which is alternative to the lattice gauge theory, where
the latter is based on finite-discretization of spacetime. The main advantage is that the algebra of F'S can carry
representations of SU(2) Lie group, which is given by Ma,,+1 matrices for its n-th representation, so it is fruitful
to study the geometry in context of both matrix models and NCG.

Our aim in this paper, is to just construct real structure on a fuzzy sphere, so that we can have a real and
even spectral data in our possession. This in turn, should pave the way to construct a simple toy model having
SU(2) gauge symmetry by taking the internal space to be a fuzzy sphere S? in an almost commutative geomet-
rical framework, which we would like to take up as our future work . Although, there are various proposals of
Dirac operators on fuzzy sphere [1, 3, [ [5], along with the grading operator in some cases, the real structure
on fuzzy sphere seems to be the most important missing ingredient. In this backdrop we have considered the
SU(2) covariant Dirac operator and grading operator on S? proposed by Watamura et.al. in [6] and made an
attempt to construct the real structure on fuzzy sphere in its lowest spin-1/2 representation. The S2 in its 1/2
representation is a very special one in the family of fuzzy spheres. Not only that it represents a space of maximal
noncommutativity, the algebra Ap describing this space is given by the unital algebra of 2 x 2 matrices M2(C)
and which is entirely spanned by the 4 generators: (I,&) i.e. the identity operator and three su(2) generators.
Clearly, this feature will not persist for S? associated with higher n > 1 representations p,. As we shall see
that this can be leveraged to construct the real structure. But for that we had to enlarge the symmetry group
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of the fuzzy sphere from SO(3) to O(3)-the total orthogonal group and found that it can be assigned a KO
dimension-4. The Dirac operator, however, violates the first order condition, which was a necessary condition in
the formulation of the standard model of particles in the framework of almost commutative geometry [7, [8]. In
this context, let us point out the literatures [9] [I0], where Connes et.al. has come up with necessary mathematical
formalism for spectral triples where although the first order condition gets violated, it nevertheless eventually facil-
itates the development of a phenomenologically viable model like Pati-Salam model, which goes beyond standard
model. This gives us another motivation to formulate a complete spectral data for the fuzzy sphere so that one can
use it to construct a toy model, to begin with, to capture some of the aspects of physics beyond the standard model.

The paper is organized as follows: In section-2 we have provided all the ingredients of the spectral triple of
the fuzzy sphere, except the real structure i.e. the algebra , the Hilbert space, the Dirac operator and the grading
operator for a spin-1/2 fuzzy sphere. As said earlier, the latter two structures were borrowed from Watamura
et.al. [6]. Here we found it necessary to introduce a suitable hierarchies of Hilbert spaces. In section-3, we have
derived the eigenspinors of the Dirac operator given in [6] and also constructed the chiral spinors followed by the
representation of the algebra and the opposite algebra in various Hilbert spaces in section-4. In section-5, we have
determined the KO dimension of the theory followed by a detailed derivation of the real structure operator and
then verified the zero-order condition. The spectral data however, is shown to violate the first order condition.
We have concluded and discussed the future direction of this work in section-6.

2 Spectral Triple for S?

52 algebra is given by
[:iiv'ij] :iAEijkjk; iajvk S {17253} (1)

Here ) is the noncommutative parameter having the dimension of length and the Casimir operator r2 = p, (%2) =
Pn(#:).pn(2:) allows only a discrete set of values given by A’n(n + 1), where n € {1,1,3,...} is the SU(2)
representation index. We shall work here with n = % representation only and reserve Z; to denote n = %
representation only: p%(:%:) = 7 and higher order (n > 1, 3,
arises. This set of infinite number of fuzzy spheres, indexed by n, can be thought foliating noncommutative R3
where all of these fuzzy spheres can be associated with their respective radii r, = A\/n(n +1).

Now with n = %, a representation of the algebra () is furnished by the 2D Hilbert space

! »

where the actions of ;s on H. can be written in terms of ladder operators 1 and 3 as,

elg) =a-|-g) =0 o= 5) =Alg)e-[5) = - 3)

.) representation as p, (&) explicitly, when need
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The orthonormality and completeness condition for H. are given as,
1\ /1 1 1 1 1
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where H, is defined below in (&l).
For the algebra of the triplet, we take Ap = H,- the space of Hilbert Schmidt (HS) operators acting on H.:
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where H, is the dual of H,.. These four basis elements of the form |m)(n| := |m,n) also satisfies orthonormality
and completeness as (),

(m/,n'|m,n) = 0m m On.n; Z Im,n)(m,n| = Iy, € Hy ® H, (6)

where
(m', | = [m/,n)" = (Im")(n'])* = [n)(m’| (7)



Here the inner product between a pair of HS operators |¢), |¢) € H, is defined as ,

+3
(Gl1) = try (¢*0) = Y (il¢"vli); i) € He (8)
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with *- operation being the involution operation of the algebra Ap = #H, and corresponds to the simple hermitian
conjugation in this case fulfilling the following properties

()" =a; (ab)* =b"a" Va,b€ Ap )

One can expect to identify the inner automorphism symmetry of Ar with the gauge symmetry of Ap. Regarding
the Hilbert space of the spectral triple (which should be a bi-module of the algebra) , we take it as C* @ H, i.e.

Hr = C* @ Hy = spanc{|61)),162)), [$3)), [64)), [65)), |96)), [67)), |¥s))} (10)

where
1)) ( % % ) ¢2)) <’%><O H) , os)) = (‘ - %0><%’> » |da)) = (’ - %>O< - %’>
0 0 0
|¢5)) <% %>7 ¢6)) = <’§><_%‘>, |¢7))—<‘_%><%‘>7 |¢8))—<’_%><_%’> (11)
where the {|¢,)); = ..,8} furnish a complete and orthonormal basis for C? @ H,,:

((¢#|¢#’)) = 5##’; Z |¢,u Qb,u =1y, €EHFr® HF (12)

Here the inner-product between a pair of elements [¢1)), [¢2)) € Hr = C? @ H, has been defined as,

(W1lih2)) = tra,ece (V] 2) (13)

where we have reserved the dagger (1) symbol for its use in Hp:

(=10 = (@l (@) for 1) = ([£)) 1 lale) € My and (el (Gl By ()

We shall refer to the basis [¢x)) (A = 1,2,....,8) as the canonical basis. Note that here we have a hierarchies of
Hilbert spaces H.,H, = He @ He and Hp = C? @ H, and the respective elements are denoted by |.),].),].)) -
Further the Hilbert space Hp can be regarded as the module (in-fact a bi-module in our case as the right action
can also be defined) of the algebra Ap, through the diagonal representation m(a) = diag(a,a) Va € Ap.
Finally , the Dirac operator and the chirality operator are given by [0]
7; ~ R A 1 — ’_‘,R A

Dp = E'YFeiijitTj Tk; YR = N(U'x -
Here the superscript R represents the right action of the operator £;. In absence of any superscript ,the action of
Z; is taken to be from the left- by default; the superscript L is suppressed in this case.
Although, our analysis will be restricted here for n = % representation, we would like to mention here that

for general case, 7, is the radius of n-th fuzzy sphere as mentioned below () and N = A(n + %) serves as a

normalisation constant for v in (I5]) , which is mandated to satisfy 7% = 1. For n= % case they simply become,

(15)

r2 = 3A and N =)\ (16)
2 4
This algebra Ap (@), Hr ({I0) and Dp ([IT) furnishes the three primary ingredients for our spectral triple of the
fuzzy sphere . In order to formulate a gauge theory in the framework of an almost commutative manifold, we can
therefore first compose this spectral triple with these three ingredients (BIOME) with those of a compact Euclidean
manifold M, to get the composite spectral triple as

A=C"(My, Ap); H=L*(My,Hr)=L*(My) ®Hp; D=Dy®@1+~5® Dp (17)



In addition to these data , we need also to have the total grading operator v and the real structure J. The former
is given by
Y=Y QF (18)

where 7 is given in ([5). Regrading the latter, we first need to have the real structure Jp for S? first, so that
the composite real structure can be written as,

J=Iu @ Jr (19)

where [Jjs is the real structure for My and its action is simply given by a complex conjugation.

3 Determination of eigenspinors of Dy and the chiral basis

In order to obtain Jr, we first need to obtain the eigen-spinors of the Dirac operator Dp ([IH) . Now since the
Hilbert space C? ® H, is 8-dimensional, we expect to have 8 linearly independent eigen-spinors, which can also
provide an orthonormal complete set of basis for C? ® H, and will serve as an alternative to the canonical basis
[oa)) (A€ {1,2,....,8}). To this end ,one can take as an ansatz

_ (Xmn Amn|m)(n| , 11
[v)) = ( Zp,q Bp,q|p><q| ) € Hqy ®C27 n,m,p,q e {2= 2} (20)

satisfying the eigenvalue equation

Drl|y)) = mly)) (21)

and solve it. R R
Further since [Dp, ﬂ =0, where J = {J1, J2, J3} are the 3-components of the total angular momentum

(& — &) (22)

where L can be regarded as the orbital angular momentum and like J this too is dimensionless. It is clear at this
stage that these eigen spinors can be lebelled by their respective 'mass’ m 21 , j?, Js eigenvalues as |m;j, j3))
satisfying,

Drlm;j,j3)) = mlm; j,j3));  Jalm;j,gs)) = jalms 4, da)); - J2|ms . da)) = 5(G + 1)|m; 4, 53)) (23)



A long but straight forward calculation yields the following structures for the normalised eigen spinors,

L ([5G vB-n|-5)( -4 =[5 3)

1)) =

|¥2)) =

|
[9)) = — <(1—\/§>]_%><
(

7)) =
(24)

As mentioned above, these |[¢y))’s (A € {1;2,....,8}) too satisfy the orthonormality and completeness relations
like |¢px))’s i.e. (I2) will hold even if we replace |¢x)) by |1a)).

It should be noted at this stage that both m = 41 are doubly degenerate and constitute spin - % doublets
in the sense that these pair of doublets (1, 12) and (13,14 ) satisfy

Trln)) = J-lih2)) = 05 i) = [h1));  J-[¢h)) = |v2))

Jels)) = J-[va)) = 05 Jyla)) = |3));  J-|v3)) = |tha)); Jr=J1Ei)s (25)

Like-wise, the mass-less spinors (m=0) have degeneracy 4 and constitutes an angular momentum j = % quadruplet.

So here too the highest and lowest weight states [¢5)) and |16)) are annihilated by J and J_ respectively and
all the four states here can be connected by multi-fold actions of these ladder operator J .
Furthermore , the chirality operator vz can be shown to connect massive spinors across the family as,

Y3 =Yp1;  Ya = Yro (26)

so that the condition {vr, Dr} = 0 is trivially satisfied. This enables us to introduce the so-called the chiral basis
as
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(27)

Note that here, on the other hand, we have used the notation |vy;7,j3)), with 7 being the eigen value of the

chirality operator vr to lebel the states :
Finally all the zero modes |¢5)), ..

Yr|Y; 35 J3)) = 13 5, 93)) -

33

.+ |1s)) have negative chirality: v = —1. We can therefore write them as,

3:3))

o= (BH) -

0 3 3
/l/} = = Y 0?
= {|-gjqg) 3D
1\/1 1 1
1 —}5 E‘JF =3 —5} 31
e (DAY o,
£)(-1
1\/1
! -3)(3] 3 1
|w8)):_ :l_lu_u__)) (28)
A -3y 7
where we have again used the notation |v;j,j3)) with v = —1 for all massless modes.

Let us now pause for a while to point out the physical origin for the assignments of different js eigen values
to the Dirac and chiral spinors. It may be recalled at this stage that, the (2n + 1)-dimensional Hilbert space
H. for a n -th fuzzy sphere can be identified with a finite dimensional subspace of an infinite dimensional Fock
space generated by the ladder operators (dl,di) and (as, d;) fulfilling [dq, d;] = dqa8, of 2D decoupled harmonic
oscillator system which is the Hilbert space given by,

F := Spanc{|n1) ® |n2) = |n1,n2) = (auf)™ (azf)" [0,0) V ni,no € Z} =P 113 A F (29)
. C 1 2) = 1,702 \/’)’L_ll \/n—2' ) 1,762 "6{01511751---} n

ni +n2 _

Here F,, = Span{|n1,n2)

tation of nt" fuzzy sphere and the states belonging to F,, can be denoted, alternatively as |n,n3) for ng =
Note that, the Hilbert space F, splits into direct sum of such subspaces F,,, which furnishing by themselves the
irreducible representation of su(2) Lie algebra for a fixed value of n. Now the su(2) Lie algebra generators in that
particular representation, fulfilling (), can be given by “Jordan Schwinger’ map [12],

p(d) = - (3)

n} for a fixed value of n, is the subspace of F, which provides the represen-

na2—nj

—5T05 ; (30)



It can be shown that, under the action of the ladder operators p,(#+) made out of (30), F,, forms an invariant
sub-space. The Casimir operator corresponding to n'" representation, satisfy the relation

pn(32) = p(&:)-pn(i5) = A2 n(n + 1) (31)

and can be assigned as the value of the square of the radius 7, for the associated S? (see below ().
However note that, in our construction, we are working with the Hilbert space Hp = C? ® H, ([I0), where

H, = He®He,. So by using Clebsch-Gordon decomposition of SU(2) representation #, will split into direct sum
of a 3 (triplet F7) and 1 (singlet Fy) -dimensional representation of su(2): 2@2=3® 1 as,

soae 1= (13 |- 54 =00

£ = |- ) =11
Triplet - €)= [|5) (5[~ |- 1){( -] =10 (32)
&) ==[3)( - | =1,1)

where |.,.) gives the (n,n3) values. Clearly r2 eigenvalue in the triplet subspace can be taken to be the square
of the radius for n = 1 fuzzy S? in units of A : r¥ = 1(1+1) = 2.

Likewise the Hilbert space Hr = C? ® H, , which is spanned by the Dirac spinors (alternatively the chiral
spinors) can be shown to split, through Clebsch-Gordon rule, into a quadruplate and a pair of doublet states as-
2X (2x2)=4®2®2 and will therefore span the representation space of spin- 3/2 and 1/2 fuzzy sphere with
r?% =2(3 +1)A\? and 7“2% = 2(% + 1)A? respectively. That is why, the massive Dirac spinors, which constitute the

pair of doublets, get assigned with js = :I:% values, whereas the 4 massless spinors belonging to the quadruplate,

have j3 values { 3,—2,2.3} (see [24) and (25) for reference).

4 Representation of algebra generators in H.,H,, and Hp

Before taking up the computation of real structure it will be advantageous to construct the representation of
algebra generators in the Hilbert spaces H., Hq, and Hp.

To obtain the representation of algebra in the Hilbert space H. we simply left multiply the identity Ip;, (@) by
#; and make use of (@) to get,

=t = ([5Gl - 2 al) =t ()Gl |- 20
SRCEDE) - e

where the rows and columns of the Pauli matrix o1 are labeled by (1) and (—3) respectively.We can proceed
similarly to identify Zs and Z3 as,

som st =22 (B3 H) =3 =3 (|2 =

(34)
so that we can combine all these three components to write compactly as.
A A
SNz 35
T=30 (35)

These are the representations of left actions of coordinate operators Z; on H.. The corresponding expressions for
the right actions of 27’s on H.can be obtained in a similar manner (as the action of 22 is only defined on H,. ),

= (B -3 2 e

Note that both the left and right actions on #. and H,. have apparently the same forms in terms of Pauli matrices
(B5I36) but their domain of actions remain different; it is H. for #; and H. for #f*. Tt therefore becomes quite

obvious that 7% s satisfies the condition of opposite algebra i.e.

[#3,2] =0, (afw]) = afaf (37)



and therefore the lie- algebra satisfied by 7 picks up a minus sign in its structure constant:

[, 5] = —iXeijndy (38)

Now we will represent the algebra generators in the basis of H,. To this end, let us first denote the four basis
elements of H, in (@) as

=31 = 3 =153 1)
=] 30311 ) == 331 5-) .

so that the completeness relations (@) for H, can be written as

4
Zm Yl =Tory; p=1,2,3,4 (40)

At this point it will be convenient to express the basis |17,) in terms of the algebra generators so that we can use
them in our future calculations.

L0y L s (00 1) e 00\ & . (0 0\ 1 s

We can now determine representation of ; on H, by just left multiplying I, by Z; as we did in (33)) to get
after a straightforward computation,

4

N . . A
&=, =) | (] = 59 ® I (42)
p=1
And for the right action :%f we can like-wise obtain
. A
B =20, =Y i) (] = 5l2®0; (43)
p=1

so that we can write both ([@2J43]) in a more compact index-free notation as

=

A - A

Note that, in ([@2] 3] the operator &; acts on |n,) from left and right respectively and does not touch the (|
sector. In addition the operators {2} E3) act on H,, where the first entry of the tensor product acts on H, from

left and the second entry acts on H, from right. One can now easily verify that both # and R satisfy their
respective su(2) and opposite su(2)® algebras [, which are isomorphic to () and (BS) respectively.
Finally, we need to find the representation of #; on Hp = C? ® Hq. 2; acts on Hp through the diagonal

representation 7 :
a 0 a® 0
m(a) = (O a> . w(a®) = ( 0 aR> ;o€ Ap =H, (45)

The completeness condition for the space Hp can be written more explicitly as,
n . 0 .
SI(5) e 0+ ()0 m] = (40
p=1 "
So we can write, in particular, for Z; as,

(@) = m(oa) e = Z[(”) L0 (40 )0 ) ()

n=1

LaBaRim,n) = 22 (I ® 1) (12 ® 05)(jm) {n]) = A (T2 ® 03)(Im) (nfo;) = 27 |m)(no; 0.



A straightforward computation using (I} B9) and

s A A A A (48)
1M = 27737 T172 = 27747 T1M3 = 2771, T1Ma = 2772
yields
N A
(1) = 5 [163)) (611 + 194)) (821 + 101)) (83 + [62)) ((9a] + [67)) ((95] + [68)) ((96] +[¢5)) ((¢7] +[6)) (5]
(19)
This can be recast in the form of a matrix as
0 01 0
0 0 0 1
1 0 0 O
., _AJl0O 1 0 O Ao @I, 0 A
m(d1) =5 00 10 _§< 0 o—1®12>_§12®(01®12) (50)
0 0 01
1 0 0 0
01 00
where the rows and columns are labelled by ¢1, ¢, ...., ¢g in this order.

Proceeding like-wise we get similar structure for 7(#2) and 7(&3) , and enables us to write all these more compactly
as

ﬂ@:%b@@@b) (51)

Coming to the right action 7(Z%), we again consider the first component (%), which can be written like ()

| oty ==t -5 (5 Y [(8) o 0+ (%) 0 w]

i=1
_ 771501 *
—2K0>mm+ggmmﬂ (52)
Now making use of the identities
N N R SR 53)
mxy = 2772, 221 = 2771, n3x1 = 2774, Nax1 = 2773,

we readily obtain

A
(1) = 5 [192)) (911 + 161)) (82 + [64)) (93] + [¢3)) ((9a] +15)) ((d6] + [d6)) ((95] + [é7)) ((ds] + [s)) (7]
(54)
Again its matrix form can virtually read off as,
01 00
10 0 0
0 0 0 1
A A A
W(j{%) _ 5 0 0 1 0 0 Lo o — 5 <12<§§0_1 I2<§go-1> = 512® (IQ®O’1) (55)
10 0 0
0 0 01
0 010

And proceeding similarly we arrive at the corresponding representation of the right action in a more compact form
as

- A
n(zf) = 712 ® (12 ® &) (56)
Now from the very structures of () (I) and (%) (B0), it is clear that
[r(&:),m(@)] =0 V¥ i,j €{1,2,3} (57)

and

K2

[ ("), m(257)] = —iXegnm(@y) (58)
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5 Determination of real structure Jr

Now since we have the grading operator yp already existing (&), the internal spectral triple must have even KO
dimension. It therefore follows immediately that the real structure Jg , if it also exists , must commute with the
Dirac operator Dp ([IH) [7, 11]:

[Dr, Jr] =0 (59)

Therefore , this operator should connect states having the same mass eigen values . For m = =1, there are
virtually no ambiguities and one can safely take

|11,%)) — i|j:1,—%)) (60)

Further in the paper [I1] the author has indicated that the KO dimension of a triple should be 0 or 4 if I defined
below is non-zero:

I=dim(Hy) —dim(H_)#0 (61)

where H, is a subspace of the total Hilbert space Hp which is also the positive eigen-space of the chirality
operator v and H_ is the negative chirality subspace. As can be seen in our case, using (27) and (28] that
1 =2-6=-4+# 0. So we can restrict our search for KO dim = 0 and 4.

Writing more compactly (i.e suppressing the double ket notation used in (24))), we can have either,

Trr =25 JTrs =va;  JTrb2 =915 Jra =93 (62)
or Tr1 = Yo Jpbs =4 JTppa = =15 Jra = =93 (63)
Considering these possibilities , we see immediately from the structures of ¢, ...., s (24]), that the simple swapping

<%’ — < — %’ and ’%> — ’ — %> followed by an interchanging of upper and lower components of all the eight

spinors 1, ..., g in (24]) accomplishes the transformation in (G2G3) and extends even to the massless sector as,

JrYs = Ye;  JTrr =Ygy Jribs = ¥s;  JTribs = Y7 (64)
or Jrbs = ve;  JTrbr = ¥s; Jrbe = —vs;  Jris = —r (65)

The above swapping operation in H. implies the following swapping operation at the level of H,:
1\ /1 1 1 1 1 1\ /1
2l = =23k (-3l =[2Gl (66)

Finally at the level of the total Hilbert space Hp = H, ® C?, this implies the swapping within the following four
pairs of canonical basis vectors ([T :

P14 @85 P2+ P77 @3 < Pg; P4 @5 (67)

The signs can be different depending on the KO dimension 0 or 4. Note that here we had to augment the swapping
in ([66) with the exchange of upper and lower components. The importance of real structure, if it exists, should
enable us to relate the elements of the opposite algebra A% to that of Ap as,

7w(a®) = Jpm(a®) T p; a€ Ar = Hyand o’ € AL =Hy (68)
fulfilling
[7(a),7(b°)] =0, Va,be Ap (zero order condition) (69)
and, preferably, also
[[Dr,m(a)],w(b%)] =0 (first order condition) (70)

For this, one may expect to identify a° = a’* eventually, so that the opposite algebra A% can be thought of being
generated by #£.

As it turns out there are no consistent solution for real structure Jp satistying the properties appropriate for KO
dimension=0 and (G8)). So we consider the transformations (G3) and (G3) and try to construct a real structure
operator for KO dimension= 4.

The Hilbert space H, can be splitted into two sub-spaces as Hq, = Hﬁff:o @ 7{535‘60, the former with the eigen
states Ls = 0 (i.e linear span of 71,74 ) and later with eigen states having L3 = +1 (i.e. linear span of 72 and
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n3). B9) indicates that the action of Jr should be such that it swaps between the eigen spinors in the respective
sectors, also interchanging the components of the C2that is the lower and upper components of the spinors. To
show the transformation explicitly sector-wise we proceed as follows :

(1)
_ (m 0 ). (m 0\ [0 ). (0 m
Ly = 0 Sector (O> = (_m), <0) S <_m), <m> S <O> (m S (m (71)
The interchange of 11 and 7y implies the following conversion in H, (we have used ( EI])):

T3 — —j?g (72)

L3 = +1 Sector : <%°’) = <7;)2) : (é) - <_873> (73)

Here 12 <+ 173 implies the following interchanges in H,:

(2)

i e d (74)

With the above interchanges in mind it is tempting to try constructing the real structure by including a total
space inversion followed by a hermitian conjugation.
Let us first try to implement the space inversion with,

i— 3 — P¥= -7, (75)

where the parity operator P can be unitarily implemented in H, by the following transformation in the 7, basis

B as,

m m sedidf 00 0 m 0 0 0 1\ [m
o 7 0 eimls 0 0 792 0O -1 0 0 o
. _ 0 - 76
N3 s 0 0 eimls 0 73 0 0 =1 0] |mns (76)
gz U 0 0 0 Haalt) \m 10 0 0/ \m
so that the following relations
m = P =ma; 1y = Pna = —na; ny = Pz = —n3; my = Py =m (77)

hold, where the transformation (73] becomes quite obvious if we use (7).

We should mention at this stage , however, that under the transformation (78)) the original commutator bracket (1)
is not invariant as it stands, as it satisfies only an SO(3) symmetry. In other words, the commutation relation will is
not preserved if its structure constant e;;;; is treated as a pseudo tensor and held fixed under parity transformation.
We can however make it to respect the enlarged O(3) symmetry as well , if we elevate €;;, to Ejj; which is now
a tensor satisfying the following property,

Eiji = €iji, for right handed system
= —¢;51 for left handed system

where €123 = +1 as is usually defined in a typical right handed system. In this context we would like to mention

that for our n = % case, the unital algebra Ap (4), which can also be expressed as
Ar = Spanc{n,n2,n3,m1} = Spanc{lz, 1,22, 3} (78)
follows the multiplication rule:
. A2 iA .
TiZj = Z(SijIQ + Eeijkxk € Ar (79)

appropriate for a right handed system. Particularly for ¢ # j, in a right handed system,

W . :
T1Zo = > 3, and cyclic permutation
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while for the left handed system

T1dg = —%:ﬁg, and cyclic permutation (80)
Note that left handed system can be obtained from the right handed system by the action of any generic O(3)
element satisfying det=-1. The above parity operator introduced in (75) is one such example. So generally for a
left-handed system the multiplication rule can be defined as,

A2 A
.fij?j = Z(SijIQ — %eijkjk S AF (81)
So we propose a new multiplication rule which combines those of both right handed (79) and left-handed (§I))

systems and is given by,
LN 2 .
Tixj = Z(SijIQ + %Eijkxk c Ar (82)

This ensures,
P(%:3;) = &%, (83)

So the multiplication rule is now changed, keeping the underlying vector space of the algebra same. Now the
coordinate algebra ([Il) remains invariant under the action of P, and the total symmetry group is now enhanced
to O(3) from SO(3) as mentioned earlier. BInfact the O(3) symmetric Lie algebra satisfied by #;’s now is simply
obtained by anti-symmetrizing ([82) to get

[, 2] = iINEijn i (84)
The corresponding Lie-algebra satisfied by the right action #f is therefore given by,

(28, 28] = —inE;af (85)
which too enjoys an enlarged O(3) symmetry now. The O(3) covariant fuzzy sphere has been investigated earlier
in [I3], where it was shown that, a O(3) covariant fuzzy sphere is built by imposing a energy cutoff on a quantum
particle confined in a potential of the form V(r).
It therefore becomes quite obvious that this parity symmetry too should be implemented through an automorphism
symmetry of the algebra Apr (4) . And this can be done by requiring the elements of Ap to transform as scalar
under parity (3):

a(l, %) = (I, @) = a(lz, &); T =& (86)

Next we can implement the transformation (74) in #, by a hermitian conjugation H (the involution operator)
or * operation introduced below (@). Further, we need an operator which can act on the C? sector of the total
Hilbert space and interchanges the upper and lower components.

Having all the basic ingredients in our disposal, we can now introduce the real structure as,

0 1

Jr = (iUQ)@(HOP) = (_1 0

> ® (HoP) (87)

where P ([TH[76) acts linearly. It can be further checked that Jp as defined in (7)) is an anti-unitary and anti-linear
operator. We now, as an example, demonstrate Jpi1 = —tbo, where ; and o are eigen spinors (24 of the
Dirac operator D . For that, it will be convenient to first re-express 1, 12 in terms of {7, } to get,

N (M B=Dm 2=V3ms ). y_ 1
1/“‘N< 2~ V3 ) d¢2_N<774+(\/§—1)771>’ N=3-753 (88)
Then

Jrpr =N (_01 é) ((H ((D; 2)(121);; (_\/\g/g_);)nél)) =N (—01 é) (m—tz(\—/g\/_?)?gnl) =N (774 (f (_\/\5/5—)7713)77) S

(89)

2We would like to mention that the relation (Z3)) is more stringent than (1) in the sense that (1) follows from (@) by simple anti-
symmetrization, but the converse is not true; it will not hold for fuzzy S2 associated with any m > 1 representation. For example,
n=1 case, one can take (p1(&;));x = —iXey;p fulfilling (1), but will not satisfy (Z9).
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where we have made use of (B3] and the following set of relations:
(H o P)m =na; (HoP)ny=—ns; (HoP)ns=—n (HoP)ni=m (90)
Proceeding in a similar manner, we get

Tr2 = 15 Trs = —a; Jra = 35 Jrs = ve; JTrbe = —s; Trr = —vs; Jribs = Y73 (91)
This implies
Ji=-1 (92)

appropriate for KO dimension-4. We are thus left with the task of verifying (68)) with real structure . To that end,
consider (H o P)(&;n;) for example. Upon simplification, using ( [[AR3I)), this can be recast in the form

. Ty Zid3 Ty EiT3 ; 30 "R
Ho P)(&;m) = (HoP)(Z =H(-= =—— = —I; 93
(H o P)(iim) = (H o P)(5-+ =52 = H(=Th+ =) = - 204 55 gty (93)
Similarly we get for other components of 7, the following relations,
(H o P)(&i12) = @33 (H o P)(&m3) = & (H o P)(&ima) = —&{'m (94)

Eventually, we get the following relations, using (), giving the actions of Jr on the canonical basis (IIl) of Hp:

Trl¢1)) = —|ds)); Trld2)) = |67)); Trlds)) = |d6)); Trlda)) = —|¢s))
Trl¢s)) = 1¢4)); Trlde)) = —|d3)); Trlér)) = —|¢2)); Trl¢s)) = |¢1)) (95)

Using all these one can write down using (@),

8

Trn(@1) Tk = Ten(@) b, T = Tr > w(@1)|é:)) ((6i] T (96)

i=1

For the purpose of explicit demonstration, let us work with first term from the, as a sample, right hand side of
the above equation given by,

Fentanlon) (@} =~ (T (@0

— (& o) puren (MGEFF) (o
L
0

(s s ) (sl = (3, ) (sl = —forD) (5 (o7)
Proceeding similarly for every term in the right hand side of (@6, we get,
Tem(d1)  Th = _% [l$2)) ((41] + [¢1)) ((d2] + [04)) ((¢3] + |¢3)) ((S4]
+05)) ((d6] + [96)) ((95] + [07)) (@] + |68)) ((d7]] = —m(277) (98)
For all the algebra generators we can readily show
m(#9) = Tpm(@:) T = —m (@) (99)
We can therefore identify #? = —2 rather than as 2¢ = £, as anticipated earlier. But the presence of the

minus sign turns out to be a harmless, as it simply shows that elements of the opposite algebra A% is also now
subjected to the parity transformation as

&) =~ = P}’ (100)
This means that both #° and Z® act from the right and thus belongs to A%, but while ZR satisfies the commutator
algebra (B3] appropriate for right handed system, #° will satisfy that of left handed system. But since again the
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more general form of commutation relation is now given by (83]), satisfying the entire O(3) symmetry, it immediately
follows that ¢ will also now satisfy the same SU(2) ' Lie-algebra (G3):

[27,27] = —iXeyndy

It therefore follows trivially the following commutator relation is also satisfied.
(Tem (@) Th, Tem (i)' T = [w(5), 7(37)] = —idesgem (i) (101)

Finally we would like to mention that our orbital angular momentum (22)) flips sign under parity and is consistent
with our new definition of angular momentum given in a commutative context (R3) as L; = E;;,2;pr, rather than
as €;;5Z;pr. This forces the o; occurring in the spin part to flip sign, thereby ,rendering the chirality operator
(@) , an even object under parity. Further if we replace €;;; by Eji in the Dirac operator (I3)) , it too becomes
even under parity.

5.1 Violation of first order condition

The requirement of first order condition given by [[Dp,w(a)], 7(b°)] = 0 actually encodes the fact that the Dirac
operator is a differential operator of order one and it is a derivation of the algebra A, into itself, with the entire
opposite algebra A° = JAJ* belonging to its commutant. In [9], it was shown that, by violating the first order
condition, the fluctuated Dirac operator D4 becomes noninvariant under the inner fluctuation and to make it
invariant again we have to add a qudratic inner fluctuation term to D4 .

To that note, let us check whether the condition is valid or not in our context. For that, let us choose, 7(a) =
m(#1) = diag(2;, ;) and 7(b°) = n(2y) = diag(¥;,2;). Now using the form of the Dirac operator given in (L3,
we can show,

. o { ~ Ra . . "R~ "R .
[Dp,m(@0)], m(2p)] = o F leijios ® 2578, 1@ &), I® Iﬂ = —Z—F [(Ul ®ifi; — 0 @ #'3:),1® Iﬂ
2
= —Z F (elpmaijijfi - ejpmalijj?ﬁ) }é 0 (102)
Tn

So the first order condition is violated.

6 Discussion and future direction

In this paper we have tried to provide a consistent formulation of an even and real spectral triple for the fuzzy
sphere in its 1/2 representation using Watamura’s prescription of Dirac and grading operator [6]. We started by
obtaining the explicit expressions of the eigen spinors of SU(2) covariant forms of Dirac and chirality operators.
Finally, we demonstrate how the real structure operator in spin-1/2 representation, consistent with the spectral
data of KO dimension-4 can be obtained. This spectral triple for fuzzy sphere then should serve as the required
mathematical structures necessary to build gauge theories on.

In fact, since the above mentioned spectral triple violates the first order condition - an important ingredient
in spectral formulation of standard model, this opens the door to investigate phenomena beyond standard model
through a toy model where we can take the fuzzy sphere as the internal space along with 4D commutative man-
ifold so that the algebra becomes C°°(M, M3(C)). This should help us to build SU(2) gauge theory using the
formulation of almost commutative geometry a la’ Connes. Also, in this prescription, the Dirac operator of the
fuzzy sphere, being SU(2) covariant, by default, can be regarded to be a fluctuated one to begin with. It thus
remains to understand whether it will be a sensible idea to fluctuate an already fluctuated Dirac operator. A
deeper understanding of this and other related issues are essential to build consistent models, which can perhaps
shed light on the physics beyond standard model. Besides, the fully fluctuated Dirac operator should play a role in
defining the “Higgs field”, with which one may be able to build some plausible cosmological model. For example,
one may try to describe the interaction between gravity and dark matter candidates [14] at a higher energy scale.

Finally, it will be interesting to compare the effective action derived through spectral action principle with
that of the usual Kaluza-Klein theory, where spacetime manifold is taken in the product form My x S? [15], where
52 is the commutative 2-sphere and to study their contrasting features.
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