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In this manuscript, we consider the extension of the Hilbert-Einstein action to ana-
lyze several interesting features of the theory. More specifically, the Lagrangian f(R) is
replaced by f(R,Lm) in action, where R is the Ricci scalar, and Lm is the matter La-
grangian. We derive the motion equations for a test particle in the Friedmann-Lemâıtre-
Robertson-Walker (FLRW) flat and homogeneous spacetime. We also derive the energy
conditions in this framework. Then, we use the cosmographic parameter such as Hubble,
deceleration, jerk, and snap parameters to constraint the model parameters. As a result,
we observe that with the constraint range of model parameters our model shows the
current accelerated expansion of the universe.

Keywords: Modified gravity; f(R,Lm) gravity; energy conditions; cosmography.

Mathematics Subject Classification 2020: 83D05, 83F05, 83C15

1. Introduction

In the early of 20th century, Albert Einstein proposed general Theory of Relativ-

ity, Which changes the perception of the universe. After that, this theory plays a

lead role to describe the geodesic nature of spacetime. Later on, it is successfully

tested the Solar System tests, but this theory somehow fails to describe all grav-

ity phenomena till date such as accelerated expansion, flatness issue, fine-tuning

problem etc. In last few decades, the modern cosmological observations of type

Ia supernovae pointed that the expansion of the Universe is accelerating [1,2,3,4].

According to a modern study, expansion is instancing and examines repercussion
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of a mysterious force known as Dark Energy, which possesses a crucial negative

pressure and positive energy density [5,6,7]. Even so, no incontrovertible evidence

has yet materialized to solidify the pressure of Dark Energy. As an outcome, many

alternative models have come up to explain this problem.

Moreover, modified theories of gravity are evolved as one of the best way

to describe the accelerated expansion of the universe without presence of Dark

Energy[8,9,10,11,12,13]. Some of them are widely known as f(R) gravity theory,

f(T ) gravity theory, f(R, T ) gravity theory, where R is Ricci scalar and T is an

energy-momentum tensor [14,15,16,17,18,19,20,21]. The f(R,Lm) gravity theory

was proposed recently by including the explicit coupling of the Lagrangian den-

sity corresponding to matter (Lm) and Ricci scalar (R) [22]. Apart from these

observations, any modified theory of gravity should follow a significant role in the

energy conditions. These conditions define the casual and geodesic composition of

spacetime in modified gravity [23,24,25,26,27,28,29,30].

The basic energy conditions used in the general theory of relativity are the weak

energy condition (WEC), the null energy condition (NEC), the dominant energy

condition (DEC), and the strong energy condition (SEC) [24]. These energy condi-

tions play an essential role in understanding singularity theorem such as black hole

thermodynamics [31]. The Raychaudhuri equations play a vital role in reporting

the attractive behavior of gravity and positive energy density [32]. There are sev-

eral approaches in the literature deriving energy conditions by modifying Einstein’s

GR, one can check for instance, EC constraints in f(R) theory [27,28], f(R, T ) the-

ory [33], f(G) theory [30,34], f(R, T,RµνT
µν) theory [44], f(T ) theory [36],f(R,G)

theory [37], f(G, T ) theory [38], f(R,�R, T ) gravity [39], f(R,Lm) gravity [40,41],

f(Q) gravity [42], f(Q, T ) gravity [43] etc. Also, energy conditions plays a vital

role to discuss the casual and geodesic nature of spacetime. Sharif and Zubair did

an interesting study in f(R,Lm) gravity, there they discussed nicely second law of

thermodynamics in f(R,Lm) gravity [44]. In this paper, we derived and discussed

the energy conditions of f(R,Lm) gravity.

The manuscript is presented as in the following steps. In Section-2, we present

the fundamental framework of f(R,Lm) gravity. At the beginning of Section-3, we

derived the well-known strong energy condition (SEC), and the null energy condi-

tion (NEC) in f(R,Lm) gravity from Raychaudhuri equations for the test particle.

Later on in Section-3,we obtained equivalent result by taking the transformation

p → peff and ρ → ρeff into NEC and SEC of f(R,Lm) that is ρ + p ≥ 0 and

ρ+ 3p ≥ 0, respectively . Also, we obtain the WEC and DEC in f(R,Lm) gravity

that is ρ ≥ 0 and ρ − p ≥ 0 from this transformation [45,46]. In Section-4 the

energy conditions studied with the special model with f(R,Lm) = eαR−βRLm by

using parameters of the jerk, the snap, and the deceleration parameters. Finally,

gathering all the outcomes, we concluded in Section-5.
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2. f(R, Lm) gravity

Here, we have considered a well-motivated action for f(R,Lm) gravity has been

present in [22]. The action is given as

S =

∫

f(R,Lm)
√−g d4x (1)

where f(R,Lm) be a arbitrary function of R and Lm. Here R represent the

Ricci scalar and Lm represent the Lagrangian density of matter. The action of

f(R) with casual matter-geometry coupling is redeem when f(R,Lm) = 1
2f1(R) +

G(Lm)f2(R), where fi(R)(i = 1, 2) and G(Lm) are general function of the Ricci

scalar and the Lagrangian density of matter, respectively.

Varying the action (1) with respect to metric gαβ , yield the field equation:

fR(R,Lm)Rαβ + (gαβ�−▽α▽β)fR(R,Lm)− 1

2
[f(R,Lm)

− fLm(R,Lm)Lm]gαβ =
1

2
fLm(R,Lm)Tαβ (2)

where � = gαβ ▽α ▽β , fR(R,Lm) = ∂f(R,Lm)
∂R

and fLm
(R,Lm) = ∂f(R,Lm)

Lm
. It has

been suppose that Lm only depends upon the metric tensor.

By definition, the matter energy-momentum tensor is given by

T = − 2√−g

δ(
√−gLm)

δgαβ
(3)

The contraction of equation (2) gives

fR(R,Lm)R+3�fR(R,Lm)−2[f(R,Lm)−fLm
(R,Lm)Lm] =

1

2
fLm

(R,Lm)T

(4)

where T = Tα
β .

Now, applying covariant derivation to the equation (2), one can write (2) as

[22],

▽α [fR(R,Lm)Rαβ − 1

2
f(R,Lm)gαβ + (gαβ� − ▽α▽β)fR(R,Lm)] ≡ 0. (5)

Furthermore, one can write the generalized conservation equation as

▽α Tαβ = 2▽α ln[fLm
(R,Lm)]

∂Lm

∂gαβ
. (6)

3. Energy Conditions

3.1. The Raychaudhuri equation

Energy conditions plays vital role to understand the casual and geodesic behavior of

spacetime. These conditions are derived from the well-known Raychaudhuri equa-

tion [32]. Energy conditions in f(R,Lm) gravity can obtain by simply reviewing

the Raychaudhuri equation.



December 9, 2021 1:53 WSPC/INSTRUCTION FILE ms-ijgmmp

4 L.V. Jaybhaye et al.,

The Raychaudhuri equation for congruence of time-like geodesics with the vector

field uα is defined as:

dθ

dτ
= −1

3
θ2 − σαβσ

αβ + ωαβω
αβ −Rαβu

αuβ, (7)

where θ, Rαβ , ωαβ and σαβ represents the expansion parameter, the Ricci tensor,

the rotation and the shear associate with the congruence resp. While in the case of

null geodesics, the Raychaudhuri equation is given by

dθ

dτ
= −1

2
θ2 − σαβσ

αβ + ωαβω
αβ −Rαβk

αkβ , (8)

here the null vector field is kα. From the above equations, it is clear that the Ray-

chaudhuri equation is a purely geometric statement and independent of the gravity

theory. In order to constrain the energy momentum tensor by the Raychaudhuri

equation, the Ricci tensor helps to connect it with the motion equations of gravity.

In case of GR, one can write equations (7) and (8) as (keeping in mind that gravity

is always attractive)

SEC: Rαβu
αuβ ≥ 0 (9)

NEC: Rαβk
αkβ ≥ 0 (10)

Using (9) and motion equations, one can obtain

Rαβu
αuβ =

(

Tαβ − T

2
gαβ

)

uαuβ ≥ 0 (11)

where T is trace of energy-momentum tensor Tαβ . Now, we consider the fluid de-

scription of spacetime as a perfect fluid with energy density ρ and pressure p,

Tαβ = (ρ+ p)uαuβ − pgαβ. (12)

Now, one can recover SEC from (11) in GR theory

ρ+ 3p ≥ 0. (13)

Also, from equation (10) and Einstein’s field equations, we get

Tαβk
αkβ ≥ 0. (14)

Now, from (12), the NEC reads as

ρ+ p ≥ 0. (15)
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3.2. Energy Condition in f(R, Lm) gravity

In analogy with GR, we can write the field equation (2) as:

Gαβ ≡ Rαβ − 1

2
gαβR = T

eff
αβ , (16)

where T
eff
αβ is the effective energy-momentum tensor and it can be represented as

T
eff
αβ =

1

fR(R,Lm)

{

1

2
gαβ [f(R,Lm)−RfR(R,Lm)]− (gαβ�−▽α▽β)fR(R,Lm)

}

+
1

fR(R,Lm)

{

1

2
fLm

(R,Lm)Tαβ

}

(17)

After contracting equation (17), we get

T eff =
1

fR(R,Lm)
{2[f(R,Lm)−RfR(R,Lm)]− 3�fR(R,Lm) + 2fLm

(R,Lm)Lm}

+
1

fR(R,Lm)

{

1

2
fLm

(R,Lm)T

}

(18)

where T = gαβTαβ. Hence corresponding Ricci tensor reads

Rαβ = T
eff
αβ − 1

2
gαβT

eff . (19)

For attractive gravity, we need an additional condition which is different from Ray-

chaudhuri equation as

fLm
(R,Lm)

fR(R,Lm)
> 0 (20)

The flat and isotropic metric is chosen as:

ds2 = dt2 − a2(t)dx2
3 (21)

where dx2
3 carry the spatial part of the metric and a(t) represents the scale factor.

We can obtain R = −6(2H2+Ḣ), hereH =
˙a(t)

a(t) is the Hubble expansion parameter,

and Γ0
αβ = a(t) ˙a(t)δαβ(αβ 6= 0), which are components of the affine connection.

Now, from condition (9) and (19), the SEC for f(R,Lm) gravity reads

T
eff
αβ uαuβ − 1

2
T eff ≥ 0. (22)

Then equation (22) with (12) and (20) turns into (where we have used the condition

gαβu
αuβ = 1 )

ρ+ 3p− 2

fLm
(R,Lm)

[f(R,Lm)−RfR(R,Lm)]

+
6

fLm
(R,Lm)

[fRRR(R,Lm)Ṙ2 + fRR(R,Lm)R̈+HfRR(R,Lm)Ṙ− 2Lm ≥ 0,

(23)
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here,‘.
′

= d
dt
. The NEC for f(R,Lm) gravity reads:

T
eff
αβ kαkβ ≥ 0 (24)

by the fallowing same path as the SEC, the above relationship turns into as fallow:

ρ+ p+
2

fLm
(R,Lm)

[FRRR(R,Lm)Ṙ2 + fRR(R,Lm)R̈] ≥ 0. (25)

Now, following Raychaudhuri equation and by taking transformations ρ −→
ρeff and p −→ peff , we can directly derived the expressions for SEC and NEC. As

a result, we find equivalent results ρ + p ≥ 0 and ρ + 3p ≥ 0 for NEC and SEC,

respectively. If one expand this approach to ρ ≥ 0 and ρ− p ≥ 0, then one can find

WEC and DEC in f(R,Lm) gravity.

By using the equation (17) and (21), the effective energy density and the effective

pressure can obtained as

ρeff =
1

fR(R,Lm)
{1
2
[f(R,Lm)−RfR(R,Lm)]−3HfRR(R,Lm)Ṙ+

1

2
fLm

(R,Lm)Lm

+
1

2
fLm

(R,Lm)ρ}, (26)

peff =
1

fR(R,Lm)

{

1

2
[RfR(R,Lm)− f(R,Lm)] + fRRR(R,Lm)Ṙ2 + fRR(R,Lm)R̈

}

+
1

fR(R,Lm)

{

3HfRR(R,Lm)Ṙ− 1

2
fLm

(R,Lm)Lm +
1

2
fLm

(R,Lm)p

}

(27)

Then, the DEC in f(R,Lm) gravity can be written as

ρ− p+
2

fLm
(R,Lm)

[f(R,Lm)−RfR(R,Lm)]

− 2

fLm
(R,Lm)

[fRRR(R,Lm)Ṙ2 + fRR(R,Lm)R̈+ 3HfRR(R,Lm)Ṙ] + 2Lm ≥ 0,

(28)

and, the WEC in f(R,Lm) gravity take the following form

ρ+
1

fLm
(R,Lm)

[f(R,Lm)−RfR(R,Lm)]− 6

fLm
(R,Lm)

HfRR(R,Lm)Ṙ+Lm ≥ 0.

(29)

Now, in the further study one can use the above energy conditions to explore some

cosmological applications in f(R,Lm) gravity.
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4. constraint on f(R, Lm) gravity

In this section, our aim is to constraint the model parameters in order to discuss

the present cosmological scenario. For this purpose, we are going to use the cosmo-

graphic parameters such as Hubble parameter H , deceleration parameter (q), jerk

parameter (j) and snap parameter (s). Furthermore, One can write the Ricci scalar

R and its derivatives in terms of cosmographic parameters as

R = −6H2(1 − q) (30)

Ṙ = −6H3(j − q − 2) (31)

R̈ = −6H4(s+ 8q + q2 + 6) (32)

where

q =
1

H2

ä

a
, j =

1

H3

ä

a
and s =

1

H4

ä

a
. (33)

To proceed further and to explore the cosmological scenarios, we presume the

Lagrangian f(R,Lm) as

f(R,Lm) = eαR − βRLm (34)

where α, β are non-zero constants.

Then, the energy condition (23), (25), (28), and (29) can be rewritten as

SEC: ρ+ 3p+
2e6αH

2(q−1)

β(q − 1)
×

[

1

6H2
− α(q − 1)− 3α2H2[6αH2(j − q − 2)2 − (s+ j + 7q + q2 + 4)]

]

−2Lm ≥ 0

(35)

NEC: ρ+ p− 2α2H2e6αH
2(q−1)

β(q − 1)

[

6αH2(j − q − 2)2 − (s+ 8q + q2 + 6)
]

≥ 0 (36)

DEC: ρ− p− 2e6αH
2(q−1)

β(q − 1)
×

[

1

6H2
− α(q − 1)− α2H2[6αH2(j − q − 2)2 − (s+ 3j + 5q + q2)]

]

+ 2Lm ≥ 0

(37)

WEC: ρ− e6αH
2(q−1)

β(q − 1)

[

1

6H2
− α(q − 1) + 6α2H2(j − q − 2)

]

+ Lm ≥ 0 (38)

To simplify our discussion, we rewrite the ECs with the present time as
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SEC: ρ+ 3p− 2Lm ≥ A(α, β), (39)

here, A(α, β) = −2e6αH
2
0(q0−1)

β(q0 − 1)
×

[

1

6H2
0

− α(q0 − 1)− 3α2H2
0 [6αH

2
0 (j0 − q0 − 2)2 − (s0 + j0 + 7q0 + q2 + 4)]

]

NEC: ρ+ p ≥ B(α, β) (40)

where, B(α, β) =
2α2H2

0e
6αH2

0 (q0−1)

β(q0−1)

[

6αH2
0 (j0 − q0 − 2)2 − (s0 + 8q0 + q20 + 6)

]

DEC: ρ− p+ 2Lm ≥ C(α, β) (41)

where

C(α, β) =
2e6αH

2
0 (q0−1)

β(q0 − 1)
×

[

1

6H2
0

− α(q0 − 1)− α2H2
0 [6αH

2
0 (j0 − q0 − 2)2 − (s0 + 3j0 + 5q0 + q20)]

]

(42)

WEC: ρ+ Lm ≥ D(α, β) (43)

where, D(α, β) = e6αH2
0 (q0−1)

β(q0−1)

[

1
6H2

0
− α(q0 − 1) + 6α2H2

0 (j0 − q0 − 2)
]

To discuss the cosmological model’s viability, we take the present values of

cosmological parameters such as H0 = 67.9, q0 = −0.664, j0 = 1.223, s0 = 0.394

[47,48]. As we discussed previous, currently our universe is showing accelerated

expansion and for that SEC has to violate of a cosmological model [47].

4.1. Case-1: Lm = −ρ

In this subsection, our aim is to constraint the model parameters α, β. For this

purpose, we consider the observational constraint values of the cosmographic pa-

rameters such as H0, q0, j0, s0. Moreover, ρeff should be positive throughout the

evolution of the universe. Keeping this in mind, from equation (43), we find that

−D(α, β) ≥ 0 for α < 0, β < 0. With this range of parameters, we also observe that

A(α, β) < 0, B(α, β) < 0 and C(α, β) > 0. These inequalities suggest that SEC

and WEC violates whereas DEC satisfies. The behavior of our model align with

the models presented in [49] and shows the accelerated expansion of the universe

in the present time.
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4.2. Case-II: Lm = p

Here, in this subsection, we choose the matter Lagrangian Lm = p. With the values

of cosmographic parameters and following the procedure discussed in first case, we

are able to constraint the model parameters α, β. For α > 0 and β > 0, we find

that A(α, β) < 0, B(α, β) < 0, C(α, β) > 0 and D(α, β) > 0. The results for this

case is also an agreement with the current accelerated expansion of the universe.

5. Conclusion

In the last few decades, observational cosmology has been growing rapidly and mo-

tivating researchers to go beyond the standard description of gravity, i.e., Einstein’s

GR. In this regard, we presume a modified Hilbert-Einstein action, where the La-

grangian f(R) is replaced by f(R,Lm). However, one of the crucial roles is to test

their self-consistencies in energy conditions. The main motivation for working in

this theory is to discuss the current status of the universe through the cosmolog-

ical model and to check its’ compatibility with the casual and geodesic structure

of space. And, it is well-known that energy conditions play an important role in

checking such type test. In this study, we have discussed the energy conditions

following the formulation of the energy conditions in the framework of modified

theories of gravity [50,51,52] for f(R,Lm) gravity. This procedure allows extra de-

grees of freedom, which emerges concerning general relativity (GR). Further, we

grouped them as an effective energy-momentum tensor(T eff). In proceeding, we

derived the strong, the weak, the dominant, and the null energy conditions in the

context of f(R,Lm) gravity in the GR analogy. Although we have followed the GR

analogy, the energy conditions meaning can be totally different from GR, and the

geodesic structure, casual structure, and gravitational interaction may be altered.

This suggests that the physical meaning of the modified theories of gravity depends

on the energy conditions [53]. We also derived all the energy conditions for a spe-

cific f(R,Lm) Lagrangian has two parameters α, and β. Moreover, we discussed

energy conditions with two different choices of matter Lagrangian Lm such as for

Lm = −ρ and Lm = p. In GR, without considering a cosmological constant, a

non-positive contribution in the Raychaudhuri equation is generally interpreted as

the manifestation of the attractive character of gravity. In particular, strong energy

condition (SEC) has to be satisfied to maintain the attractive character of gravity.

But, in the case of the modified theory of gravity, one of the energy conditions may

positively contribute to the Raychaudhuri equation. This fact opens the possibility

to explain the accelerated expansion of the universe or the repulsive behaviour of

modified theories of gravity [54]. SEC needs to be violated to achieve the repul-

sive behaviour in the context of modified theories of gravity [54]. Keeping this in

mind and using the recent observational values of cosmographic parameters, we can

constrain the model parameters α and β. In case Lm = −ρ, we observed that for

α < 0, β < 0, our model shows the accelerated expansion of the universe. But, in

case of Lm = p, model shows accelerated behaviour for α > 0, β > 0.
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These previous findings enabled us to test the viability of various families of

f(R,Lm) gravity models, paving the way for a comprehensive description of gravity

compatible in the dark energy era. Another intriguing fact is that our free parame-

ters have a lot of leeways, allowing for several testable scenarios for f(R,Lm) grav-

ity. Furthermore, exploring the coupling of f(R,Lm) with the scalar fields would be

interesting, looking into cosmological parameters constraints or possible analytical

models.
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