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1 Introduction

The holographic relationship between the Sachdev-Ye-Kitaev model [1, 2] and Jackiw-

Teitelboim gravity [3, 4] gives rise to numerous research activities to the Schwarzian ac-

tion (see e.g. [5]), which provides the boundary description of the bulk JT gravity. The

Schwarzian derivative {t, τ} defined as

{t, τ} =

...
t

ṫ
−

3

2

(

ẗ

ṫ

)2

, ṫ = ∂τ t, (1.1)

itself appears in seemingly unrelated fields of physics and mathematics (see e.g. [6]).

The action of the bosonic Schwarzian mechanics reads (see e.g. [5])

Sschw[t] = −
1

2

∫

dτ
(

{t, τ}+ 2m2ṫ2
)

. (1.2)

Remarkably, the equation of motion of this higher-derivative action is equivalent just to

d

dτ

[

{t, τ}+ 2m2ṫ2
]

= 0. (1.3)
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The characteristic feature of the Schwarzian derivative (1.1) is its invariance under SL(2,R)

Möbius transformations acting on t[τ ] via

t→
at+ b

ct+ d
. (1.4)

The presence ofm2ṫ2 term in the action (1.2) modifies the realization of SL(2,R) symmetry.

The simplest way to understand the modification is to notice that the action (1.2) can be

represented as [5]

Sschw[t] = −
1

2

∫

dτ {F, τ} , F [τ ] =
tan (mt[τ ])

m
, (1.5)

and, therefore, the action (1.2) possesses the SL(2,R) invariance via

F →
aF + b

cF + d
(1.6)

with F [τ ] defined in (1.5).

Being invariant under d = 1 conformal transformation, the Schwarzian derivative nat-

urally appears in the transformations of the conformal stress tensor T (z) [7]

T (z) =

(

dz̃

dz

)2

T̃ (z̃) + {z̃, z} . (1.7)

The N=1, 2, 3, 4 supersymmetric generalization of the Schwarzian derivative are present in

the transformation properties of the current superfield J (N )(Z) generating N - extended

superconformal transformations [8]. Thus, we have complete zoo of the supersymmetric

Schwarzians.

The treatment of the supersymmetric Schwarzians as the anomalous terms in the trans-

formations of the currents superfield J (N )(Z) [8] leads to the conclusion that the structure

of the (super)Schwarzians is completely defined by the conformal symmetry and, therefore,

should exist a different, probably purely algebraic, way to define the (super)Schwarzians.

The main property of the (super)Schwarzians, which defines their structure, is their in-

variance with respect to (super)conformal transformations. The suitable way to construct

(super)conformal invariants is the method of nonlinear realizations [9–12] equipped with

the inverse Higgs phenomenon [13]. Such approach demonstrated how the Schwarzians can

be obtained via the non-linear realizations approach, was initiated in [14] and then it was

applied to different superconformal algebras in [15–18]. Later on, this approach has been

extended to the cases of non-relativistic Schwarzians and Carroll algebra [19].

The reason to prefer the non-linear realizations approach to construction of supersym-

metric Schwarzians to the approach related to the superconformal transformations is much

wider area of its applications. Indeed, the non-linear realization method works perfectly

for any (super)algebra and the set of invariant Cartan forms can be easily obtained. Thus,

the main questions in such approach are

• What is the role and source of the “boundary” time τ and its supersymmetric part-

ners?
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• What constraints have to be imposed on the Cartan forms? What forms nullified

and how to construct the action from the surviving forms?

• What additional technique can be used to simplify the calculations?

Of course, these questions were partially analyzed and answered in the papers [14–18].

However, some important properties and statements were missing. Moreover, the con-

straints proposed in these papers looks like the results of illuminating guess. The main

puzzle is the fact that the constraints were imposed on the fermionic projections of the

forms, but not on the forms themselves. Thus, the questions why it is so and what happens

with the full Cartan forms after imposing of such constraints have been not fully analyzed.

Finally, in the cases of more complicated superconformal groups the calculations quickly

become a rather cumbersome and the standard technique does not help.

In this paper we try to answer these questions. Firstly, we introduce the “boundary

super-space”, where supersymmetry is realized on even and odd coordinates in standard

way. Secondly, the constraints will be imposed on the full Cartan forms by either nullifying

them or identifying with the “boundary” forms. Finally, in the complicated situations we

will invoke into game the Maurer-Cartan equations and will demonstrate their usefulness.

In particular, we will show that there is only one invariant, N=3 super Schwarzian, in the

case of N=3 superconformal symmetry.

2 Three steps towards Schwarzian. N=0 case

In this Section we will repeat the construction of bosonic N=0 Schwarzian within nonlinear

realization approach [14]. Mainly, while repeating the steps discussed in [14], we will point

the reader’s attention at the differences between our approach and those one presented in

[14].

2.1 Step one: the sl(2,R) algebra

The bosonic conformal group in d = 1 is infinite-dimensional. Its finite dimensional sl(2,R)

subalgebra spanned by the Hermitian generators of translation P , dilatation D and con-

formal boost K, can be fixed by the following relations

i [D,P ] = P, i [D,K] = −K, i [K,P ] = 2D. (2.1)

If we parameterized the SL(2,R) - group element g as

g = ei t(P+m2K)ei zKeiuD, (2.2)

then the Cartan forms

g−1dg = iωPP + iωDD + iωKK (2.3)

would read [20]

ωP = e−udt, ωD = du− 2zdt, ωK = eu
(

dz + z2dt+m2dt
)

. (2.4)
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The infinitesimal sl(2,R) transformations

g → g′ = ei aP ei bD ei cK g (2.5)

leaving the forms (2.4) invariant read

δt = a
1 + cos(2mt)

2
+ b

sin(2mt)

2m
+ c

1− cos(2mt)

2m2
,

δu =
d

dt
δt, δz =

1

2

d

dt
δu−

d

dt
δt z. (2.6)

At this step our consideration differs from those in [14] only by the presence of the term

m2K in the group element (2.2). This additional term generates the m-dependent terms

in the Cartan forms (2.4) and in the transformations (2.6). As we already discussed in the

Introduction this modification is not important.

2.2 Step two: invariant inverse Higgs conditions

All Cartan forms in (2.4) are invariant with respect to sl(2,R) transformations (2.6). No-

tice, within the nonlinear realization approach we implicitly mean that the “coordinates” u

and z are functions depending on time t. However, neither “time” t, nether its differentials

dt are invariant under sl(2,R) transformations (2.6). Thus, to get the invariants one has

to introduce the “boundary time” τ 1 and parameterize the form ωP as

ωP = e−udt = dτ ⇒ ṫ = eu. (2.7)

Let us stress again that the τ is a new “boundary time” which completely inert under

sl(2,R) transformations. Correspondingly, the rest sl(2,R) forms now read

ωD = (u̇− 2euz) dτ, ωK = eu
(

ż + eu
(

z2 +m2
))

dτ. (2.8)

Now, nullifying the form ωD we will express the field z(τ) in terms of dilaton u(τ) and

then, using (2.7), in terms of “old time” t:

ωD = 0 ⇒ z =
1

2
e−uu̇ =

ẗ

2ṫ2
. (2.9)

This is particular case of the Inverse Higgs phenomenon [13].

2.3 Step three: the Schwarzian action

After the Second step only one field, “old time” t(τ), and only one invariant, form ωK ,

remain. Form ωK now reads2

ωK =
1

2

[

ü−
1

2
u̇2 + 2m2e2u

]

dτ =
1

2

[ ...
t

ṫ
−

3

2

(

ẗ

ṫ

)2

+ 2m2ṫ2

]

dτ (2.10)

1The analogue goes to JT gravity in which τ is the time along the boundary (see e.g. [19]).
2The form ωP = dτ is also invariant. However, adding this form to the action evidently does not produce

new equations of motion.
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Thus, the Schwarzian action (1.2) can be re-obtained within our approach as

S[t] = −

∫

ωK . (2.11)

It proves useful to rewrite the form ωK and, therefore, the Schwarzian action (2.11) in

terms of dilaton u(t) and “old time” variable t

S[u] = −

∫

ωK =

∫

dt

(

(

dy

dt

)2

−m2y2

)

, y(t) = e
1

2
u(t). (2.12)

Thus, formally speaking, the action of Schwarzian mechanics is just the action of one

dimensional harmonic oscillator rewritten in terms of time variable t depending on new

inert time variable τ .

Note, one may always change the variables t, z, u to the new ones t̃, z̃, ũ by passing

from the parametrization (2.2) to m = 0 one

ei t(P+m2K)ei zKeiuD = ei t̃P ei z̃Kei ũD (2.13)

It is easy to check that these two parametrizations related as

m t̃ = tan(mt). (2.14)

Clearly, this is just the transformation (1.5).

Until now our consideration, being purely bosonic one, coincided with those presented

in [14]. However, the generalization to the supersymmetric case will contain some new fea-

tures. To obtain supersymmetric Schwarzians, one has to consider the proper superalgebra,

which differs from (2.1) by the presence of supercharges Qi, superconformal charges Si and,

possibly, internal symmetry generators J ij. The new ingredients include the introduction

of the superconformally inert “boundary” superspace with coordinates τ and θi using the

relations

ωP = △τ,
(

ωQ
)i

= dθi, (2.15)

where the forms △τ and dθi are invariant with respect to standard superspace transfor-

mations δτ ∼ ǫθ, δθ ∼ ǫ.

The crucial property of the conditions (2.15) is that they include the Cartan forms

ωP and ωiQ themselves. Therefore, their invariance under superconformal transformations

is manifest. After imposing condition ωD = 0 also, one should obtain that the remaining

forms are composed of supersymmetric Schwarzians and their derivatives.

Note that the forms at the right hand side of equations (2.15) are not arbitrary but

constrained by the Maurer-Cartan equations of the respective superconformal algebra. If

△τ is assumed to be generalization of dτ , these equations imply that the forms at the

right hand side of equations (2.15) should be standard invariant forms on superspace. This

question is studied in detail in Appendices A, B and C.
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3 N=1 Schwarzian

The N=1 super-Schwarzian was firstly introduced in [21]. Then it has been reproduced in

[8]. Within the nonlinear realization of the supergroup OSp(1|2) it was re-constructed in

[15]. Thus, in this purely illustrative Section, we will show that the our constraints (2.15)

work perfectly, resulting in the proper N=1 super-Schwarzian. The crucial property of

our construction is that nullifying of the N=1 super-Schwarzian, similarly to the purely

bosonic case, implies nullifying of all Cartan forms, besides ωP and ωiQ. In addition, we

will find the m2-modification of the N=1 super-Schwarzian.

The superconformal algebra osp(1|2) contains, in addition to the generators D, P , K,

Hermitian fermionic superchargeQ and superconformal charge S. Their (anti)commutation

relations are:

i [D,P ] = P, i [D,K] = −K, i [K,P ] = 2D,

{Q,Q} = 2P, {S, S} = 2K, {Q,S} = −2D,

i [D,Q] =
1

2
Q, i [D,S] = −

1

2
S, i [K,Q] = −S, i [P, S] = Q. (3.1)

The general element of the N=1 superconformal group OSp(1|2) can be parameterized in

analogy with the bosonic case:

g = ei t(P+m2K) eξQ eψSei zKei uD. (3.2)

The Cartan forms

g−1dg = iωPP + ωQQ+ iωDD + ωSS + iωKK (3.3)

explicitly read

ωP = e−u△t = e−u (dt+ i dξ ξ) , ωD = du− 2z△t− 2i dξ ψ,

ωK = eu
(

dz + z2△t+ i dψ ψ + 2i z dξ ψ +m2(1− 2i ξψ)dt
)

,

ωQ = e−
u
2 (dξ +△t ψ) , ωS = e

u
2

(

dψ + z
(

dξ +△t ψ
)

−m2ξdt
)

. (3.4)

The parameters of the group element (3.3) are assumed to be fields that depend on τ and

θ, the coordinates of the N=1 superspace. Supersymmetry is realized on these coordinates

in standard way:

δτ = i ǫθ, δθ = ǫ ⇒ δdθ = 0, δ△τ = 0, △τ = dτ + i dθ θ. (3.5)

The inert covariant derivatives defined with respect to △τ and dθ 3, have the form

dτ∂τ + dθ∂θ = △τDτ + dθD ⇒

{

Dτ = ∂τ ,

D = ∂
∂θ − i θ ∂

∂τ ,
D2 = −i ∂τ . (3.6)

3These forms and transformation laws, if needed, can be obtained using the coset space techniques, for

example, considering coset g̃ = ei τP eθQ, with P and Q forming N=1 Poincare superalgebra. However, they

are simple and standard enough to be treated even without reference to nonlinear realizations techniques.
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Treating all the group parameters in (3.2) as fields that depend on τ , θ, we impose the

following conditions on the forms ωP , ωQ:

e−u△t = e−u (dt− i ξdξ) = △τ ⇒

{

ṫ− i ξξ̇ = eu,

Dt+ i ξDξ = 0,
(3.7)

e−
u
2 (dξ +△tψ) = dθ ⇒

{

Dξ = e
u
2 ,

ξ̇ + euψ = 0.
(3.8)

Finally, one has to nullify the form ωD to express the superfield z in terms of t(τ, θ)

and ξ(τ, θ)

ωD = du− 2zeu△τ − 2i e
u
2 dθψ = 0 ⇒

{

u̇ = 2zeu → z = 1
2e

−uu̇,

Du = 2i e
u
2ψ.

(3.9)

Note, only first equation in (3.9) is new, the second one just follows from the equations

(3.8). Altogether, equations (3.7),(3.8), (3.9) allow to express superfields u, z, ψ in terms

of the Goldstone superfield ξ(τ, θ):

u = 2 log(Dξ), ψ = −
ξ̇

(Dξ)2
, z =

Dξ̇

(Dξ)3
. (3.10)

Calculating the remaining Cartan forms ωS and ωK with relations (3.10) and their conse-

quences taken into account, one finds that

ωS = −△τ

[

ξ̈

Dξ
− 2

ξ̇Dξ̇

(Dξ)2
+m2(Dξ)3ξ

]

≡ −△τS(ξ, {τ, θ}),

ωK = −△τD (S(ξ, {τ, θ})) − i dθS(ξ, {τ, θ}). (3.11)

Now, all our forms are expressed in terms of N=1 Schwarzian [21]

SN=1 = S(ξ, {τ, θ}) =
ξ̈

Dξ
− 2

ξ̇Dξ̇

(Dξ)2
+m2(Dξ)3ξ. (3.12)

If we compare these expressions (3.12) with those ones from the paper [15], we conclude

that the constant parameters in [15] should be chosen as g = 1, p = 0. Thus, in the

case of N= 1 super-Schwarzian our constraints (2.15) are equivalent (modulo unessential

“p”-freedom) to the constraints introduced in the paper [15]. However, already in the

case of N=2 super-Schwarzian we will consider in the next Section the preference of our

constraints (2.15) becomes evident.

It is clear that the simplest invariant superfield action can be constructed as

SN1schw = −

∫

ωK ∧ ωP = −

∫

ωS ∧ ωQ =

∫

dτdθSN=1. (3.13)

In component form, it reads

SN1schw = −
1

2

∫

dτ

[ ...
t

ṫ
−

3

2

ẗ 2

ṫ2
+ 2m2ṫ2 + i

...
ξ ξ + 3ξ̈ξ̇

ṫ
−

−i

...
t ξ̇ξ + 3ẗξ̈ξ

ṫ2
+ 3i

ẗ 2ξ̇ξ

ṫ3
+ 2im2ṫξξ̇

]

, (3.14)
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where t and ξ are the first components of respective superfields.

One should stress that in contrast with the bosonic case, the N=1 Schwarzian (3.12)

can not be expressed in terms of the super-dilaton u only due to the presence of the last

term which explicitly depends on the fermionic superfield ξ, without derivatives.

The infinitesimal Q and S transformations, generated by the element eǫQ+εS, read

δt = i cos(mt)ǫξ − i
sin(mt)

m
εξ, δξ = ǫ cos(mt)−

sin(mt)

m
ε. (3.15)

All these expressions (3.11), (3.12), (3.13) are invariant with respect to these transforma-

tions and, therefore, they are invariant with respect to all OSp(1|2) transformations.

It is completely clear now that if we nullify the super-Schwarzian then the all Cartan

forms in (3.3) will be equal to zero, besides the forms ωP and ωQ which will coincide with

the “boundary” forms △τ and dθ (3.5), as expected.

4 N=2 Schwarzian

The N=2 super-Schwarzian has been introduced in [22] and then it was re-obtained in

[8]. The treatment of the N=2 super-Schwarzian within the nonlinear realization of the

su(1, 1|1) supergroup was initiated in [15]. The consideration performed in [15] correctly

reproduced N=2 super-Schwarzian but unfortunately the constraints used there imposed

the further constraint on the super-Schwarzian to be a constant. In this Section we will

demonstrate that our variant of the constraints (2.15) correctly reproduce N=2 super-

Schwarzian, expressed all su(1, 1|1) Cartan forms in terms of this super-Schwarzian and

its derivatives. Finally, we will show that imposing the constraints on the full Cartan

forms makes possible to utilize the Maurer-Cartan equations which drastically simplify all

calculations.

In the case of N=2 supersymmetry we are dealing with the N=2 superconformal

algebra su(1, 1|1) defined by the following relations

i [D,P ] = P, i [D,K] = −K, i [K,P ] = 2D,
{

Q,Q
}

= 2P,
{

S, S
}

= 2K,
{

Q,S
}

= −2D + 2J,
{

Q,S
}

= −2D − 2J,

i [J,Q] =
1

2
Q, i

[

J,Q
]

= −
1

2
Q, i [J, S] =

1

2
S, i

[

J, S
]

= −
1

2
S,

i [D,Q] =
1

2
Q, i

[

D,Q
]

=
1

2
Q, i [D,S] = −

1

2
S, i

[

D,S
]

= −
1

2
S,

i [K,Q] = −S, i
[

K,Q
]

= −S, i [P, S] = Q, i
[

P, S
]

= Q. (4.1)

Let us remind the conjugation properties of the generators

(P )† , (D)† , (K)† , (J)† = P,D,K,−J

(Q)† , (S)† = Q,S. (4.2)

The superfields are assumed to depend on the coordinates of the “boundary” N=2 super-

space τ , θ, θ̄. The supersymmetry transformations and differential forms, invariant with
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respect to them, 4 are

δτ = i
(

ǫθ̄ + ǭθ
)

, δθ = ǫ, δθ̄ = ǭ,

δdθ = 0, δdθ̄ = 0, δ△τ = 0, △τ = dτ + i
(

dθ̄ θ + dθ θ̄
)

. (4.3)

Using the invariant forms (4.3), one may easily construct the covariant derivatives

Dτ = ∂τ , D =
∂

∂θ
− i θ̄

∂

∂τ
, D =

∂

∂θ̄
− i θ

∂

∂τ
,

{

D,D
}

= −2i ∂τ . (4.4)

Similarly to the previously considered cases, we choose the following parametrization

of the general element of the N=2 superconformal group SU(1, 1|1)

g = ei t(P+m2K) eξQ+ξ̄Q eψS+ψ̄Sei zKei uDeφJ (4.5)

where the parameters t, ξ, ξ̄, ψ, ψ̄, z, u and φ are, as we stated above, the superfunctions

depending on {τ, θ, θ̄}. The Cartan forms

g−1dg = iωPP + ωQQ+ ω̄QQ+ iωDD + ωJJ + ωSS + ω̄SS + iωKK (4.6)

explicitly read

ωP ≡ e−u△t = e−u
(

dt− i (ξdξ̄ + ξ̄dξ)
)

,

ωQ = e−
u
2
+i φ

2 (dξ + ψ△t) , ω̄Q = e−
u
2
−i φ

2

(

dξ̄ + ψ̄△t
)

,

ωD = du− 2z△t− 2i (dξψ̄ + dξ̄ψ), ωJ = dφ− 2ψψ̄△t+ 2(dξ̄ψ − dξψ̄)− 2m2ξξ̄dt

ωS = e
u
2
+i φ

2

(

dψ − iψψ̄dξ + z (dξ + ψ△t) −m2
(

1− i ξ̄ψ
)

ξdt
)

, (4.7)

ω̄S = e
u
2
−iφ

2

(

dψ̄ + iψψ̄dξ̄ + z
(

dξ̄ + ψ̄△t
)

−m2
(

1− i ξψ̄
)

ξ̄dt
)

,

ωK = eu
(

dz + z2△t− i (ψ dψ̄ + ψ̄ dψ) + 2i z (dξ ψ̄ + dξ̄ψ) +m2
(

1 + i
(

ψξ̄ + ψ̄ξ
))2

dt
)

.

Now, imposing the constraints (2.15), i.e. identifying the forms ωP , ωQ, ω̄Q (4.7) with

△τ , dθ, dθ̄ (4.3) respectively, will result in the following equations

e−u△t = e−u
(

dt+ i
(

dξ̄ξ + dξξ̄
))

= △τ ⇒











ṫ+ i
(

˙̄ξξ + ξ̇ξ̄
)

= eu,

Dt+ iDξ ξ̄ = 0,

Dt+ iDξ̄ ξ = 0,

(4.8)

e−
1

2
(u−i φ) (dξ + ψ△t) = dθ ⇒











ξ̇ + euψ = 0,

Dξ = e
1

2
(u−i φ),

Dξ = 0,

(4.9)

e−
1

2
(u+i φ)

(

dξ̄ + ψ̄△t
)

= dθ̄ ⇒











˙̄ξ + euψ̄ = 0,

Dξ̄ = e
1

2
(u+i φ),

Dξ̄ = 0.

(4.10)

4If needed, they can be obtained by considering coset g̃ = ei τP eθQ+θ̄Q
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Finally, one has to nullify the form ωD :

ωD = du− 2euz△τ − 2i (e
1

2
(u−i φ)dθψ̄ + e

1

2
(u+i φ)dθ̄ψ) = 0 ⇒











u̇− 2euz = 0,

Du = 2i e
1

2
(u−i φ)ψ̄,

Du = 2i e
1

2
(u+i φ)ψ.

(4.11)

From these relations one may obtain several important consequences. In particular, we

have

Du = iDφ,Du = −iDφ, ⇒
[

D,D
]

u = −2φ̇,
[

D,D
]

φ = 2u̇, (4.12)

Dψ̄ = 0, Dψ = 0, ψ = −
ξ̇

DξDξ̄
, ψ̄ = −

˙̄ξ

DξDξ̄
, (4.13)

DξDξ̄ = eu, u̇ =
Dξ̇

Dξ
+
D ˙̄ξ

Dξ̄
,

Dξ̄

Dξ
= eiφ, φ̇ = i

(

Dξ̇

Dξ
−
D ˙̄ξ

Dξ̄

)

. (4.14)

Now, one may check that the form ωJ reads

ωJ = i

[

Dξ̇

Dξ
−
D ˙̄ξ

Dξ̄
− 2i

ξ̇ ˙̄ξ

DξDξ̄
+ 2im2ξξ̄DξDξ̄

]

△τ ≡ i △τ SN=2. (4.15)

Thus we see, that N=2 Schwarzian SN=2 appears automatically. One may check that the

other Cartan forms, ωS, ω̄S and ωK can be also expressed in terms of the N=2 Schwarzian

only

ωP = △τ, ωQ = dθ, ω̄Q = dθ̄, ωJ = iSN=2△τ,

ωS = −
1

2
SN=2 dθ −

i

2
DSN=2△τ, ω̄S =

1

2
SN=2 dθ̄ +

i

2
DSN=2△τ, (4.16)

ωK =
1

2
DSN=2dθ −

1

2
DSN=2dθ̄ +

1

4

(

i
[

D,D
]

SN=2 − S2
N=2

)

△τ.

The transformation laws of the basic superfields t, ξ, ξ̄, are induced by left multipli-

cation g′ = g0g. In the case of superconformal transformations g0 = eǫQ+ǭQeεS+ε̄S the

transformation laws of t and ξ, ξ̄ read

δt = i
(

ǭξ + ǫξ̄
)

cos(mt)− i
sin(mt)

m

(

ε̄ξ + εξ̄
)

,

δξ = cos(mt)ǫ+ i ǫm sin(mt)ξξ̄ −
sin(mt)

m
ε+ i ε cos(mt)ξξ̄, (4.17)

δξ̄ = cos(mt)ǭ− i ǭm sin(mt)ξξ̄ −
sin(mt)

m
ε̄− i ε̄ cos(mt)ξξ̄.

The modified N=2 Schwarzian SN=2

SN=2 =
Dξ̇

Dξ
−
D ˙̄ξ

Dξ̄
− 2i

ξ̇ ˙̄ξ

DξDξ̄
+ 2im2ξξ̄DξDξ̄ (4.18)
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is invariant with respect to these transformations. Thus one can expect that the proper

superfield Schwarzian action reads

SN2schw = −
i

2

∫

dτ dθ dθ̄S = −
1

2

∫

ωJ ∧ ωQ ∧ ω̄Q =

= i

∫

ωP ∧ ωS ∧ ω̄Q = −i

∫

ωP ∧ ωQ ∧ ω̄S . (4.19)

Evaluating the integral, one can find the component action

SN2schw = −
1

2

∫

dτ

[ ...
t

ṫ
−

3

2

ẗ 2

ṫ2
+ 2m2ṫ2 −

1

2
φ̇2 − i

...
t
(

ξ̇ξ̄ + ˙̄ξξ
)

ṫ
− 3i

ẗ
(

ξ̈ξ̄ + ¨̄ξξ
)

ṫ2
+

+i

...
ξ ξ̄ + ¨̄ξξ + 3ξ̈ ˙̄ξ + 3¨̄ξξ̇

ṫ
+ 3i

ẗ2
(

ξ̇ξ̄ + ˙̄ξξ
)

ṫ2
− 2

...
t ξξ̄ξ̇ ˙̄ξ

ṫ3
+
ξξ̄
(
...
ξ ˙̄ξ −

...
ξ̄ ξ̇
)

ṫ2
−

−3
ξ̇ ˙̄ξ
(

ξ̈ξ̄ − ¨̄ξξ
)

ṫ2
+ 9

ẗ2ξξ̄ξ̇ ˙̄ξ

ṫ4
+ 3

ξξ̄ξ̈ ¨̄ξ

ṫ2
− 6

ẗξξ̄
(

ξ̈ ˙̄ξ − ¨̄ξξ̇
)

ṫ3
− 2

φ̇ξ̇ ˙̄ξ

ṫ
− (4.20)

−2im2ṫ
(

ξ̇ξ̄ + ˙̄ξξ
)

+ 2m2φ̇ṫξξ̄
]

.

where t, ξ, ξ̄ and φ are the first components of respective superfields.

The calculations leading to the expressions (4.16) are rather involved. They become

more and more complicated while passing to higher supersymmetries. However, the fact

that our constraints (2.15) are imposed on the Cartan forms opens the way to use the

Maurer-Cartan equations which drastically simplify the calculations. The N=2 case pro-

vides a nice possibility to demonstrate on the simplest example how everything is working

on. We put this consideration in the Appendix A.

Comparing our expressions for the final Cartan forms (4.16) with the constraints which

were used in the paper [15] we conclude that the constraint

ωS|dθ = −
1

2
SN=2 = p

immediately restricts N=2 Schwarzian to be a constant. Clearly, this condition is unrea-

sonably strong. Thus, the N=2 case is the first one in which our set of constraints (2.15)

and ωD = 0 becomes preferable with respect to those ones formulated in [15].

5 N=3 Schwarzian

The N= 3 super Schwarzian

SN=3 =
1

2

ǫpqrDpξnDqDrξn
DkξlDkξl

(5.1)

has been introduced in [8]. Then it was re-obtained within the nonlinear realization of the

supergroup OSp(3|2) in [17]. However, the constraints introduced in [17] lead, besides the

N= 3 super Schwarzian SN=3, to some new OSp(3|2) invariants with unclear geometric

meaning. In this Section we will demonstrate that our constraints (2.15) and ωD = 0 being
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applied to superalgebra osp(3|2) results in the Cartan forms expressed in terms of SN=3

and its derivatives only.

The osp(3|2) superalgebra contains 6 bosonic (P,D,K, Ji) and 6 fermionic generators

Qi, Sj obeying the following (anti)commutators:

i [D,P ] = P, i [D,K] = −K, i [K,P ] = 2D,

{Qi, Qj} = 2δijP, {Si, Sj} = 2δijK, {Qi, Sj} = −2δijD − ǫijkJk,

i [D,Qi] =
1

2
Qi, i [D,Si] = −

1

2
Si, i [K,Qi] = −Si, i [P, Si] = Qi,

i [Ji, Qj] = ǫijkQk, i [Ji, Sj ] = ǫijkSk, i [Ji, Jj ] = ǫijkJk. (5.2)

Here, all generators are chosen to be hermitean, i, j, k . . . = 1, 2, 3 and ǫijk is completely

antisymmetric symbol, ǫ123 = 1. We parameterize the general element of the N=3 super-

conformal group as5

g = ei tP eξiQi eψjSjei zKeiuDeiφiJi , (5.3)

with the invariant Cartan forms defined as

Ω = g−1dg = iωPP + (ωQ)iQi + iωDD + i (ωJ)i Ji + (ωS)i Si + iωKK. (5.4)

The forms of P , D, K generators read

ωP = e−u (dt− i ξidξi) ≡ e−u△t,

ωD = du− 2z△t− 2i dξiψi, (5.5)

ωK = eu
(

dz + z2△t− i ψidψi − 2i zψidξi
)

.

The forms of fermionic generators and Ji, unlike (5.5), include rotations, induced by the

exponent eiφkJk , which can be parameterized with SO(3) matrix Mij :

(

ωQ
)

i
=
(

ω̂Q
)

j
Mij ,

(

ωS
)

i
=
(

ω̂S
)

j
Mij ,

(

ωJ
)

i
=
(

ω̂J
)

j
Mij +

1

2
ǫijkdMjmMkm,

Mij =
(

eq
)

ij
, qij = ǫijkφk,

(

M−1
)

ij
=Mji, detM = 1. (5.6)

The hatted forms here are

(ω̂Q)i = e−
u
2 (dξi +△tψi) ,

(ω̂J)i = −i ǫijk

(

ψjdξk +
1

2
△tψjψk

)

, (5.7)

(ω̂S)i = e
u
2 (dψi − iψiψjdξj + z (dξi +△t ψi)) .

We treat the parameters of the OSp(3|2) group element as superfields that depend on the

coordinates of the N=3 superspace, τ and θi. The N=3 supersymmetry is realized on

these coordinates in standard way,6

δτ = i ǫiθi, δθi = ǫi, δdθ = 0, δ△τ = 0, △τ = dτ + i dθi θi. (5.8)

5From now on, to simplify all calculations, we will omit the term m2K in the group element (5.3).
6Just as before, these forms and transformation laws can be obtained by considering coset element

g̃ = ei τP eθiQi , where P and Qi form N= 3 Poincare superalgebra
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Correspondingly, the N=3 covariant derivatives read

Dτ = ∂τ , Di =
∂

∂θi
− iθi

∂

∂τ
, {Di,Dj} = −2iδij∂τ . (5.9)

Just as before, we enforce the following invariant constraints on the Cartan forms

ωP = △τ,
(

ωQ
)

i
= dθi, ωD = 0. (5.10)

As was suggested by the results of the previous Section, much information about the

Schwarzian can be obtained by analyzing structure of the Cartan forms with the help of

Maurer-Cartan equations

d2Ω1 − d1Ω2 =
[

Ω1,Ω2

]

.

Leaving detailed description of this calculation to the Appendix B, we present here only

the result:

ωP = △τ,
(

ωQ
)

i
= dθi, ωD = 0,

(

ωJ
)

i
= i△τDiS + dθi S,

(

ωS
)

i
= △τ

(

SDiS −
1

2
ǫipqDpDqS

)

+ i ǫijkdθjDkS, (5.11)

ωK = △τ
(

− iSṠ +
1

6

(

ǫpqrDpDqDrS
)

−DkSDkS
)

+ i dθi

(

SDiS −
1

2
ǫipqDpDqS

)

.

Therefore, all the Cartan forms (5.4) can be written in terms of just one fermionic superfield

S and its derivatives, with no constraints on S coming from Maurer-Cartan equations. It

is natural to identify this fermionic superfield with the N=3 super-Schwarzian:

S = SN=3. (5.12)

To relate SN=3 to the group superfield parameters, one should study the conditions

(5.10) explicitly, writing all their projections with respect to △τ and dθi:

ωP = △τ ⇒ ṫ+ i ξ̇i ξi = eu, Di t+ iDiξj ξj = 0,
(

ωQ
)

i
= dθi ⇒ Djξk = eu/2Mjk, ψk = −e−uξ̇k. (5.13)

The condition Di t + iDiξj ξj = 0 can be considered as primary one. From it, one can

obtain

Di

(

Djt+ iDjξk ξk
)

+Dj

(

Dit+ iDiξk ξk
)

= 0 ⇒

−2i δij
(

ṫ+ i ξ̇kξk
)

+ 2iDiξkDjξk = 0 ⇒ DiξkDjξk = δije
u, (5.14)

and Diξj is proportional to the orthogonal matrix. This way one can also obtain the

derivative of u, Die
u = −2iDiξj ξ̇j . Condition ωD = 0 then just expresses z in terms of u

as z = 1
2e

−uu̇.

With these conditions taken into account, one can write down dθp projection of
(

ωJ
)

i

as

(

ωJ
)

i
= . . .+ dθp

[

− iMikǫklmDpξlψm +
1

2
ǫijke

uDpDjξm Dkξm

]

= (5.15)

= . . .+ dθp

[

+ i e−3u/2DiξkDpξl ǫklmξ̇m − 2i ǫipke
−uDkξm ξ̇m +

1

2
ǫijke

−uDpξmDjDkξm

]

.
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To proceed further, one should note that, as a consequence of (5.13), the fermionic super-

field ξi satisfies a quadratic relation

ǫipqDmξnDpDqξn = 2i ǫimkDkξn ξ̇n +
1

3
δimǫpqrDpξnDqDrξn. (5.16)

To obtain it, one should take the relationDm

(

ǫipqDpDqt
)

= −2i ǫimkDk ṫ+
1
3δim

(

ǫpqrDpDqDrt
)

,

which follows just from anticommutation relations of Di, and substitute Dit = −iDiξj ξj
(5.13). Also taking into account that

DiξkDpξl ǫklmξ̇m = det
(

Dξ
)

ǫipn
(

Dξ−1
)

qn
ξ̇q = e3u/2ǫipne

−uDnξq ξ̇q, (5.17)

the form
(

ωJ
)

i
(5.15) reduces to

(

ωJ
)

i
= . . . + dθiSN=3, SN=3 =

1

6
e−uǫpqrDpξnDqDrξn =

1

2

ǫpqrDpξnDqDrξn
DkξlDkξl

. (5.18)

Obtained SN=3 is just the already known N=3 Schwarzian [8, 17].

The obvious candidate for Schwarzian action in N=3 case is

SN3schw = −
1

6

∫

dτdθidθjdθkǫ
ijkSN=3. (5.19)

This is further substantiated by the fact that dτ projection of ωK , which defines the

component Schwarzian action, contains ǫpqrDpDqDrSN=3. Using this property to calculate

component form of (5.19), one obtains

SN3schw = −
1

6

∫

dτǫijkDiDjDkSN=3 = −
1

2

∫

dτ





∂2τ
(

ṫ+ i ξ̇i ξi
)

ṫ+ i ξ̇i ξi
−

3

2

(

∂τ
(

ṫ+ i ξ̇i ξi
)

ṫ+ i ξ̇i ξi

)2

−

−2i
ξ̇iξ̈i

ṫ+ i ξ̇i ξi
+ 2i sṡ− 2i

ṀkmMknξ̇mξ̇n

ṫ+ i ξ̇i ξi
− ṀklṀkl

]

. (5.20)

Here, t, ξi and Mij are the first components of respective superfields, and s is the first

(fermionic) component of the N=3 Schwarzian (5.18). It should be taken as independent,

as calculating
{

Di,Dj}SN=3 using DiSN=3 extracted from △τ projection of
(

ωJ
)

i
Cartan

form,

DiSN=3 =
1

2
e−uMikǫklmξ̇lξ̇m +

i

2
ǫijkMjmṀkm, (5.21)

one arrives just to an identity.

In terms of Cartan forms, the integral (5.19) could be written as

SN3schw = −
1

6

∫

ωP ∧
(

ωQ
)

i
∧
(

ωQ
)

j
∧
(

ωJ
)

k
ǫijk. (5.22)

6 N=4 Schwarzian

Let us, finally, consider the construction of the N=4 Schwarzian. In this paper, we do not

make an attempt to consider the N=4 superconformal algebra D(2, 1, α) and concentrate
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on its particular limit, the su(1, 1|2) superalgebra. The corresponding N=4 Schwarzian

has been constructed in [8, 23] and then it was re-obtained within the nonlinear realization

su(1, 1|2) superalgebra in [16]. In this Section we are going to use our set of constraints

(2.15) and ωD = 0 to demonstrate that all the Cartan forms in this case can be expressed

in terms of N=4 Schwarzian and its derivatives.

The su(1, 1|2) superalgebra contains usual conformal generators P , D, K, supersym-

metric and superconformal charges Qα, Q
α =

(

Qα
)†
, Sα, S

α =
(

Sα
)†

and generators of

the su(2) subalgebra Tα
β = −

(

Tβ
α
)†
, Tα

α = 0 :

[

D,P
]

= −iP,
[

D,K
]

= iK,
[

P,K
]

= 2iD,
{

Qα, Q
β
}

= 2δβαP,
{

Sα, S
β
}

= 2δβαK,
{

Qα, S
β
}

= −2δβαD − 2Tα
β ,
{

Qα, Sβ
}

= −2δαβD + 2Tβ
α, (6.1)

[

D,Qα
]

= − i
2Qα,

[

D,Qα
]

= − i
2Q

α,
[

D,Sα
]

= i
2Sα,

[

D,Sα
]

= i
2S

α,
[

K,Qα
]

= iSα,
[

K,Qα
]

= iSα,
[

P, Sα
]

= −iQα,
[

P, Sα
]

= −iQα.

The generators D,K,P commute with su(2); the commutators of su(2) with themselves

and fermionic generators read

[

Tα
β, Tµ

ν
]

= i
(

δβµTα
ν − δναTµ

β
)

,

[

Tα
β, Qγ

]

= i

(

δβγQα −
1

2
δβαQγ

)

,
[

Tα
β, Qγ

]

= −i

(

δγαQ
β −

1

2
δβαQ

γ

)

,

[

Tα
β, Sγ

]

= i

(

δβγSα −
1

2
δβαSγ

)

,
[

Tα
β , Sγ

]

= −i

(

δγαS
β −

1

2
δβαS

γ

)

. (6.2)

Here, indices α, β, . . . = 1, 2 can be raised and lowered with help of antisymmetric tensors

ǫαβ , ǫ
αβ , ǫαβǫ

βγ = δγα, ǫ12 = ǫ21 = 1.

The SU(1, 1|2) group element can be parameterized as

g = ei tP eξ
αQα+ξ̄αQα

eψ
αSα+ψ̄αSα

ei zKeλβ
αTαβ

eiuD. (6.3)

The Cartan forms defined in standard way

Ω = g−1dg = iωPP+iωKK+iωDD+
(

ωQ
)α
Qα+

(

ω̄Q
)

α
Qα+

(

ωS
)α
Sα+

(

ω̄S
)

α
Sα+

(

ωT
)

β
αTα

β

(6.4)

are rather involved. Explicitly, the forms of the scalar bosonic generators, P,D and K read

ωP = e−u△t, △t = dt+ i
(

dξαξ̄α + dξ̄αξ
α
)

, ωD = du− 2i
(

dξαψ̄α + dξ̄αψ
α
)

− 2z△t,

ωK = eu
[

dz + z2△t+ i
(

dψαψ̄α + dψ̄αψ
α
)

+△t
(

ψαψ̄α
)2

+ 2
(

dξαψ̄α − dξ̄αψ
α
)(

ψβψ̄β
)

+

+2i z
(

dξαψ̄α + dξ̄αψ
α
)]

. (6.5)

The forms for su(2) generators Tα
β and fermionic generators are

(

ωT
)

β
α = −i

(

e−i λ
)

γ

αd
(

ei λ
)

β

γ +
(

ei λ
)

β

σ
(

e−iλ
)

ρ

α
(

ω̂T
)

σ
ρ, (6.6)

(

ωQ
)α

=
(

e−i λ
)

ρ

α
(

ω̂Q
)ρ
,
(

ωS
)α

=
(

e−iλ
)

ρ

α
(

ω̂S
)ρ
,

(

ω̄Q
)

α
=
(

ei λ
)

α

ρ
(

ˆ̄ωQ
)

ρ
,
(

ω̄S
)

α
=
(

ei λ
)

α

ρ
(

ˆ̄ωS
)

ρ
,
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where
(

ω̂T
)

β
α = 2

(

dξαψ̄β − dξ̄βψ
α +△tψαψ̄β

)

− δαβ
(

dξγψ̄γ − dξ̄γψ
γ +△tψγψ̄γ

)

,
(

ω̂Q
)α

= e−
u
2

(

dξα +△tψα
)

,
(

ˆ̄ωQ
)

α
= e−

u
2

(

dξ̄α +△tψ̄α
)

,
(

ω̂S
)α

= e
u
2

[

dψα + 2i dξ̄βψ
βψα − iψβψ̄βdξ

α − i△tψα ψβψ̄β + z
(

dξα +△tψα
)]

, (6.7)
(

ˆ̄ωS
)

α
= e

u
2

[

dψ̄α + 2i dξβψ̄β ψ̄α + iψβψ̄β dξ̄α + i△tψ̄α ψ
βψ̄β + z

(

dξ̄α +△tψ̄α
)]

.

We subject the forms to the usual conditions (2.15)

ωP = △τ,
(

ωQ
)α

= dθα,
(

ω̄Q
)

α
= dθ̄α, ωD = 0, (6.8)

where △τ , dθα, dθ̄α are invariant with respect to N=4 supersymmetry transformations 7

△τ = dτ + i dθα θ̄α + i dθ̄α θ
α, δτ = i

(

ǫαθ̄α + ǭα θ
α
)

, δθα = ǫα, δθ̄α = ǭα. (6.9)

Correspondingly, the N=4 covariant derivatives read

Dα =
∂

∂θα
− i θ̄α∂τ , Dα =

∂

∂θ̄α
− i θα∂τ ,

{

Dα,Dβ

}

=
{

Dα,Dβ
}

= 0,
{

Dα,D
β
}

= −2i δβα∂τ . (6.10)

From now on we will treat all fields as the superfields depending on the coordinates of

“boundary” superspace
{

τ, θα, θ̄α
}

.

The analysis of Maurer-Cartan equation, which we leave for Appendix C, shows that

all the Cartan forms, aside of constrained ωP ,
(

ωQ
)α

,
(

ω̄Q
)

α
, ωD, can be written in terms

of three quantities Sα
β, Sα

α = 0:

(

ωT
)

β
α = Sβ

α△τ,
(

ωS
)α

=
1

3
△τDγSγ

α − iSβ
αdθβ,

(

ω̄S
)

α
= −

1

3
△τDγSα

γ + iSα
βdθ̄β ,

ωK = △τ

(

1

12

[

Dµ,Dν

]

Sµν −
1

2
SµνS

µν

)

−
i

3
dθαDγSα

γ +
i

3
dθ̄αD

γSγ
α. (6.11)

Unlike previously considered systems, Sα
β satisfy differential constraints

D(γSαβ) = 0, D(γSαβ) = 0, (6.12)

which imply that Sαβ form an N=4, d = 1 vector multiplet. In full agreement with the

previous cases we call Sαβ by N=4 super-Schwarzian

SαβN=4 = Sαβ. (6.13)

The last step is to expressN=4 super-Schwarzian in terms of our basic superfields
{

t, ξα, ξ̄α
}

.

The relations between the fields t, ξα, ξ̄α, ψ
α, ψ̄α, u, z and constraints on them can be

obtained by expanding relations (6.8) in terms of △τ , dθα, dθ̄α. The ωP conditions read

ωP = △τ ⇒ ṫ+ i
(

ξ̇α ξ̄α + ˙̄ξαξ
α
)

= eu,

Dαt+ i
(

Dαξ
β ξ̄β +Dαξ̄βξ

β
)

= 0,

Dαt+ i
(

Dαξβ ξ̄β +Dαξ̄βξ
β
)

= 0. (6.14)

7Just as before, these expressions follow from the “boundary” Cartan forms defined through the element

g0 = ei τP eθ
αQα+θ̄αQα
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The
(

ωQ
)α

and
(

ω̄Q
)

α
conditions read

(

ωQ
)α

= dθα ⇒ ψα = −e−uξ̇α, Dβξ
α =

(

eiλ
)

β
αeu/2, Dβξα = 0, (6.15)

(

ω̄Q
)

α
= dθ̄α ⇒ ψ̄α = −e−u ˙̄ξα, Dβ ξ̄α =

(

e−iλ
)

α
βeu/2, Dβ ξ̄α = 0.

Finally, the ωD = 0 conditions are

ωD = 0 ⇒ Dαu = −2i e−uDαξ
β ˙̄ξβ, Dαu = −2i e−uDαξ̄β ξ̇

β, z =
1

2
e−uu̇. (6.16)

It can be shown that the conditions (6.14), (6.15) are equivalent to

Dαt+ iDαξ
γ ξ̄γ = 0, Dαt+ iDαξ̄γ ξ

γ = 0, Dαξ̄β = 0, Dαξβ = 0 (6.17)

and define the N=4 linear multiplet, with one “physical” boson, four fermions and three

“auxiliary” bosons (though in the system under discussion all are dynamical). It can be

shown that the same phenomenon as in N=2 case happens: the commutator of covariant

derivatives, acting on t, reduces to τ -derivative of ξα, ξ̄β:

[

Dα,D
β
]

t = 2δβα∂τ
(

ξµξ̄µ
)

. (6.18)

and ξα, ξ̄β can not be expressed entirely in terms of t. This again does not put the system

on-shell:

DαD
βt = δβα

(

− i ṫ+ ∂τ
(

ξµξ̄µ
))

, DαDβD
βt = −

1

2
DαDβD

βt = 0, ∂τDα

(

− i t+ ξµξ̄µ
)

= 0.

(6.19)

Now, one can obtain the N=4 Schwarzian as △τ projection of the form
(

ωT
)

α
β. The

mentioned projection reads

(

ωT
)

β
α = △τ

[

−i
(

e−iλ
)

γ
α∂τ
(

ei λ
)

β
γ − 2e−u

(

e−iλ
)

µ
α
(

ei λ
)

β
ν ξ̇µ ˙̄ξν + δαβ ξ̇

µ ˙̄ξµe
−u
]

.(6.20)

In comparison, calculating traceless part of
[

Dβ,D
α
]

u using (6.15), (6.16), one finds:

[

Dβ,D
α
]

u−
1

2
δαβ
[

Dγ ,D
γ
]

u = −4i
(

e−iλ
)

γ
α∂τ
(

ei λ
)

β
γ −

−8e−u
(

e−iλ
)

µ
α
(

ei λ
)

β
ν ξ̇µ ˙̄ξν + 4δαβ e

−u ξ̇µ ˙̄ξµ. (6.21)

Therefore, the N=4 Schwarzian reads

(

SN=4

)

β
α =

1

4

(

[

Dβ,D
α
]

−
1

2
δαβ
[

Dγ ,D
γ
]

)

u =

=
1

4

([

Dβ ,D
α
]

−
1

2
δαβ
[

Dγ ,D
γ
])

log
(

Dµξ
ν Dµξ̄ν

)

, (6.22)

as expected.

As Sαβ satisfies the irreducibility conditions of the vector multiplet,
[

Dµ,Dν

]

Sµν trans-

forms w.r.t. supersymmetry as an auxiliary field (gets shifted by a total derivative). There-

fore,

SN4schw = −
1

12

∫

dτ
[

Dµ,Dν

]

Sµν =
1

6

∫

dτdθαdθ̄β Sα
β (6.23)
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is the N=4 Schwarzian action. In terms of Cartan forms, it can be presented as

SN4schw =
1

6

∫

(

ωQ
)α

∧
(

ω̄Q
)

β
∧
(

ωT
)

α
β =

i

6

∫

ωP ∧
(

ωS
)α

∧
(

ω̄Q
)

α
=

= −
i

6

∫

ωP ∧
(

ωQ
)α

∧
(

ω̄S
)

α
. (6.24)

Evaluating the integral in (6.23), one can obtain the component action

SN4schw = −
1

2

∫

dτ





∂2τ
(

ṫ+ i ξ̇αξ̄α + i ˙̄ξαξ
α
)

ṫ+ i ξ̇αξ̄α + i ˙̄ξαξα
−

3

2

(

∂τ
(

ṫ+ i ξ̇αξ̄α + i ˙̄ξαξ
α
)

ṫ+ i ξ̇αξ̄α + i ˙̄ξαξα

)2

+

+2i
ξ̈α ˙̄ξα + ¨̄ξαξ̇

α

ṫ+ i ξ̇β ξ̄β + i ˙̄ξβξβ
+
(

e−iλ
)

ρ
β
(

e−iλ
)

σ
α∂τ
(

eiλ
)

α
ρ ∂τ

(

ei λ
)

β
σ−

−4i

(

e−i λ
)

ρ
β∂τ
(

ei λ
)

β
σ ξ̇ρ ˙̄ξσ

ṫ+ i ξ̇αξ̄α + i ˙̄ξαξα



 . (6.25)

Here, as usual, t, ξα, ξ̄α, λα
β are the first components of respective superfields.

7 Conclusion

In this work we re-consider the application of the method of nonlinear realizations to

the N = 0, 1, 2, 3, 4 (super)conformal groups. As compared to the previous attempts to

utilize the nonlinear realizations for construction of the super-Schwarzians [14–18], our

consideration is based on the minimal set of constraints imposed on the Cartan forms.

These constraints include

• The constraints on the forms ofN -extended super Poincare generators ωP = △τ, ωiQ =

dθi. Here, the forms △τ, dθi depend on the coordinates of “boundary” superspace
{

τ, θi
}

and they are invariant with respect to rigid N -extended supersymmetry trans-

formations;

• The final constraint reads ωD = 0. It provides some variant of the Inverse Higgs

Phenomenon constraints [13].

We explicitly show that this minimal set of constraints is enough to express all Cartan

forms of the N = 0, 1, 2, 3, 4 (super)conformal groups in terms of corresponding (super-

)Schwarzians and their derivatives.

In the cases of higher supersymmetries the calculations quickly become rather cum-

bersome. Having at hands the constraints written on the Cartan forms (not on their

projections!) it proved useful to use the Maurer-Cartan equations which help to express

all Cartan forms in terms of the single object - N super-Schwarzian. However, to find the

expression of the N super-Schwarzian in terms of the basic superfields one has to again

use all set of constraints.

The idea to use the “boundary” superspace to impose the proper constrains on the

Cartan forms was firstly formulated in [14, 15]. However, the full set of constraints used in
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the papers [14–18] seems to be unessentially strong. At least our analysis shows that these

constraints unavoidably restrict super-Schwarzians.

We are planning to apply the proposed approach to N -extended superconformal group

including the variant of OSp(4|2) superconformal symmetry. Another interesting problem

is to obtain non-relativistic and/or Carrollian versions of the Schwarzian [19].
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A Maurer-Cartan equations for SU(1, 1|1)

Let us demonstrate the usefulness of the Maurer-Cartan equations for supergroup SU(1, 1|1)

on the example of N=2 super Schwarzian.

We find it preferable to write down the Maurer-Cartan equation in the form :

d2Ω(d1)− d1Ω(d2) = [Ω(d1),Ω(d2)] . (A.1)

Here, differentials d1, d2 are assumed to commute, d1 d2 = d2 d1, and differentials of bosonic

and fermionic functions are bosons and fermions, respectively. If Ω(di) = g−1dig, as it

should be for a Cartan form, equation (A.1) reduces to just an identity. However, if one

substitutes Ω just as in (4.6), it would be possible to derive nontrivial relations the structure

functions of the forms satisfy.

Substituting the expansion of the Cartan form in generators (4.6) into (A.1), one

obtains

d2ω1P − d1ω2P = −
(

ω1Pω2D − ω1Dω2P

)

+ 2i
(

ω1Qω̄2Q + ω̄1Qω2Q

)

, (A.2)

d2ω1K − d1ω2K =
(

ω1Kω2D − ω1Dω2K

)

+ 2i
(

ω1Sω̄2S + ω̄1Sω2S

)

, (A.3)

d2ω1D − d1ω2D = −2
(

ω1Pω2K − ω1Kω2P

)

−

−2i
(

ω1Qω̄2S + ω̄1Qω2S + ω1Sω̄2Q + ω̄1Sω2Q

)

, (A.4)

d2ω1J − d1ω2J = −2
(

ω1Qω̄2S − ω̄1Qω2S − ω1Sω̄2Q + ω̄1Sω2Q

)

, (A.5)

d2ω1Q − d1ω2Q = ω1Pω2S − ω2Pω1S +
1

2

(

ω1Dω2Q − ω2Dω1Q

)

−

−
i

2

(

ω1Jω2Q − ω2Jω1Q

)

, (A.6)

d2ω̄1Q − d1ω̄2Q = ω1P ω̄2S − ω2P ω̄1S +
1

2

(

ω1Dω̄2Q − ω2Dω̄1Q

)

+

+
i

2

(

ω1J ω̄2Q − ω2J ω̄1Q

)

, (A.7)

d2ω1S − d1ω2S = −ω1Kω2Q + ω2Kω1Q −
1

2

(

ω1Dω2S − ω2Dω1S

)

−

−
i

2

(

ω1Jω2S − ω2Jω1S

)

, (A.8)

d2ω̄1S − d1ω̄2S = −ω1K ω̄2Q + ω2K ω̄1Q −
1

2

(

ω1Dω̄2S − ω2Dω̄1S

)

+

+
i

2

(

ω1J ω̄2S − ω2J ω̄1S

)

. (A.9)
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Here, to make notation shorter, we denote ω1P = ωP (d1) and so on. Explicit substitution

ω1P = e−u
(

d1t+i d1ξξ̄+i d1ξ̄ξ
)

and others should reduce these equations to identities. Let

us, however, impose the constraints (4.8), (4.9), (4.10), and ωD = 0 directly on the forms.

Then all the forms (4.6) should written in terms of △τ , dθ, dθ̄:

ωP = △τ, ωQ = dθ, ω̄Q = dθ̄, ωD = 0, ωJ = i△τS + dθΦ− dθ̄Φ, (A.10)

ωS = △τ Ψ+ dθA+ dθ̄B, ω̄S = △τ Ψ+ dθB + dθ̄A, ωK = △τC + dθΣ− dθ̄Σ,

where S, Φ, Φ, A, A, B, B, C, Σ, Σ are so far unconstrained superfunctions.

With ωP = △τ and ωQ = dθ, ω̄Q = dθ̄, dωP equation (A.2) is satisfied identically, as

d2△1τ − d1△2τ = d2
(

d1τ + i
(

d1θθ̄ + d1θ̄θ
))

− d1
(

d2τ + i
(

d2θθ̄ + d2θ̄θ
))

=

=
(

d2d1 − d1d2
)

τ − i
(

d2d1 − d1d2
)

θ θ̄ − i
(

d2d1 − d1d2
)

θ̄ θ +

+2i d1θ d2θ̄ + 2i d1θ̄d2θ == 2i d1θ d2θ̄ + 2i d1θ̄d2θ, (A.11)

as the differentials d1, d2 commute. Note that as ωD = 0, equation (A.2) is just the

Maurer-Cartan equation satisfied by the Cartan forms of N=2, d = 1 Poincare supergroup.

Therefore, the choice of conditions ωP = △τ and ωQ = dθ, ω̄Q = dθ̄, where△τ , dθ, dθ̄ is are

standard invariant forms on N= 2, d = 1 superspace, is rather natural from supergeometry

point of view.

Substituting this relation into equation (A.6), we find that

0 = d2d1θ − d1d2θ =
(

△1τ d2θ −△2τd1θ
)

(

A+
1

2
S

)

+
(

△1τ d2θ̄ −△2τd1θ̄
)

B +

+i d1θ d2θΦ+
i

2

(

d1θ̄ d2θ − d2θ̄ d1θ
)

Φ. (A.12)

While Ψ is yet undetermined, just one equation (A.6) is strong enough to show that the

form ωS can not have a dθ̄ - projection, and dθ and dθ̄ projections of ωJ are absent. Also

it relates dθ projection of ωS and △τ projection of ωJ : A = −1/2S. The analysis of dω̄Q
equation (A.7) leads to analogous results B = 0, A = 1/2S.

Most convenient next step would be to study dωJ equation (A.5). As we already

reduced ωJ to ωJ = i△τS, taking into account that

d2ω1J = d2△1τ S +△1τ
(

△2τ Ṡ + d2θDS + d2θ̄ DS
)

, (A.13)

we find

d2ω1J−d1ω2J = −2
(

d1θ d2θ̄+d1θ̄d2θ
)

S+i
(

△1τd2θ−△2τd1θ
)

DS+i
(

△1τd2θ̄−△2τd1θ̄
)

DS.

(A.14)

Comparing this with the right hand side of (A.5), where ωS = △τΨ − 1/2dθS and ω̄S =

△τΨ+ 1/2dθ̄S, we find that dθ × dθ̄ terms cancel from (A.5), while the rest imply

Ψ = −
i

2
DS, Ψ =

i

2
DS, (A.15)

and the forms ωS, ω̄S, ωJ can be written in terms of just one quantity S:

ωS = −
i

2
△τDS −

1

2
dθ S, ω̄S =

i

2
△τS +

1

2
dθ̄ S, ωJ = i△τS. (A.16)
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Next step further would be to check dωD equation (A.4). As the left hand side of (A.4)

is zero due condition ωD = 0, we do not need to take the differential of anything. Simply

putting results for the forms ωS , ω̄S and the ansatz for ωK into (A.4), we find that dθ× dθ

terms cancel and others imply

Σ = −
1

2
DS, Σ = −

1

2
DS. (A.17)

To determine C, we should consider dωS or dω̄S equations (A.8), (A.9). The left hand side

of (A.8) can be calculated from (A.16) as

d2ω1S − d1ω2S = −d1θ d2θDS +
1

2

(

d1θd2θ̄ + d1θ̄d2θ
)

DS +

+
(

△1τd2θ̄ −△2τd1θ̄
)

(

−
i

2
DDS +

1

2
Ṡ

)

. (A.18)

Substituting the ωS , ω̄S and ωJ (A.16) to the right hand side, as well as the ansatz for ωK
(A.10), one obtains

−ω1Kω2Q + ω2Kω1Q −
i

2

(

ω1Jω2S − ω2Jω1S

)

= (A.19)

= −d1θ d2θDS +
1

2

(

d1θd2θ̄ + d1θ̄d2θ
)

DS +
(

△1τd2θ̄ −△2τd1θ̄
)

(

−C −
1

4
S2

)

.

Thus all dθ × dθ, dθ × dθ̄ terms cancel out and one finds

C =
i

4

[

D,D
]

S −
1

4
S2, ωK =

1

4
△τ
(

i
[

D,D
]

S − S2
)

−
1

2
dθDS +

1

2
dθ̄DS. (A.20)

As every projection of all the forms is already found in terms of S and its derivatives, one

can only check by direct calculation that dωK equation (A.3) is satisfied. It is indeed so,

with no constraints imposed on S.

The results (A.16), (A.20) are in full agreement with ones obtained by straightforward

calculation of (4.16). Though for N=2 Schwarzians this analysis was somewhat tedious

and not particularly easier than direct calculation of multiplet defining conditions, it is still

important. At first, it shows that the structure of Cartan forms in N= 1 and N=2 cases

is not a coincidence and reflects fundamental properties of supersymmetric Schwarzians.

Secondly, in the N=3 and N=4 cases, the irreducibility conditions of multiplets become

more and more important, while remaining highly nonlinear, and calculation of their con-

sequences becomes increasingly difficult. Therefore, analysis of Maurer-Cartan equations

becomes more convenient way to identify proper Schwarzians even from technical point of

view.

B Maurer-Cartan equations for OSp(3|2)

The main Maurer-Cartan equation

d2Ω1 − d1Ω2 =
[

Ω1,Ω2

]
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for osp(3|2) with general structure of the Cartan form given by (5.4) can be reduced to a

set of relations

i (d2ω1P − d1ω2P ) = −2
(

ω1Q

)

i

(

ω2Q

)

i
+ i
(

ω1Dω2P − ω2Dω1P

)

,

d2
(

ω1Q

)

i
− d1

(

ω2Q

)

i
= ω1P

(

ω2S

)

i
− ω2P

(

ω1S

)

i
−

1

2
ω2D

(

ω1Q

)

i
+

1

2
ω1D

(

ω2Q

)

i
+

+ǫimn
((

ω1Q

)

m

(

ω2J

)

n
−
(

ω2Q

)

m

(

ω1J

)

n

)

, (B.1)

i (d2ω1D − d1ω2D) = −2i (ω1Pω2K − ω2Pω1K) + 2
((

ω1Q

)

i

(

ω2S

)

i
−
(

ω2Q

)

i

(

ω1S

)

i

)

,

i
(

d2
(

ω1J

)

i
− d1

(

ω2J

)

i

)

= ǫimn
((

ω1Q

)

m

(

ω2S

)

n
−
(

ω2Q

)

m

(

ω1S

)

n
+ i
(

ω1J

)

m

(

ω2J

)

n

)

,

(

d2
(

ω1S

)

i
− d1

(

ω2S

)

i

)

= ω2K

(

ω1Q

)

i
− ω1K

(

ω2Q

)

i
+

1

2
ω2D

(

ω1Q

)

i
−

1

2
ω1D

(

ω2Q

)

i
+

+ǫimn
((

ω1J

)

m

(

ω2S

)

n
−
(

ω2J

)

m

(

ω1S

)

n

)

,

i (d2ω1K − d1ω2K) = −2
(

ω1S

)

i

(

ω2S

)

i
− i
(

ω1Dω2K − ω2Dω1K

)

.

The primary conditions are ωP = △τ ,
(

ωQ
)

i
= dθi and ωD = 0. The remaining forms can

be expanded in terms of △τ and dθi as

(

ωJ
)

i
= △τBi + dθj Sij,

(

ωS
)

i
= △τ Ψi +Aijdθj, ωK = △τ C + dθiΣi. (B.2)

Analyzing equations (B.1), one can obtain that dωP equation is satisfied automatically.

The part of dωQ equation, proportional to △τ ∧ dθ, implies that Aij = ǫijkBk, and dθ ∧ dθ

part is satisfied if ǫijkSjm + ǫijmSjk = 0, which happens if and only if Sij = δijS.

Analyzing dωJ equation one obtains from dθ ∧ dθ part that Bj = iDjS, while the

△τ ∧ dθ part implies that

Ψi = SDiS −
1

2
ǫijkDjDkS. (B.3)

The dθ ∧ dθ part of dωD equation is then satisfied automatically, and the rest implies just

Σi = iΨi. The dωS equation is more complicated, producing two relations:

(

△1τ d2θj −△2τ d1θj
)(

DjΨi − i ǫijkDkṠ + Cδij + δijBkBk −BiBj + ǫijkS Ψk

)

= 0,

2i
(

d1θjd2θj
)

Ψi + i ǫijk(d1θjd2θm + d1θmd2θj
)

DmDkS = (B.4)

= i (d1θid2θm + d1θmd2θi
)

Ψm − (d1θid2θj + d1θjd2θi
)

SBj + 2
(

d1θjd2θj
)

SBi.

Substituting Bi, Ψi into these equations, one finds that of the first one only δij component

survives while the second one is satisfied automatically. To show this, one should use the

identity

ǫijkXm = ǫmjkXi + ǫimkXj + ǫijmXk ⇒

Dm

(

ǫipqDpDqS
)

= −2i ǫimkDkṠ +
1

3
δim
(

ǫpqrDpDqDrS
)

. (B.5)

After that, one obtains

C = −iSṠ +
1

6

(

ǫpqrDpDqDrS
)

−DkSDkS. (B.6)
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The dωK equation reduces to two relations

iDiC + Ψ̇i+2i ǫijkΨjDkS = 0, −2i δijC −DjΨi−DiΨj − 2δijDk SDkS +2DiSDjS = 0.

(B.7)

They are satisfied identically, leaving no constraints on S. To prove this, one should use the

relation Di

(

ǫpqrDpDqDrS
)

= −3i ǫipqDpDqṠ, which follows from (B.5). Thus one obtains

the complete solution of osp(3|2) Maurer-Cartan equations (5.11).

C Maurer-Cartan equations for SU(1, 1|2)

With Ω given by (6.4), the Maurer-Cartan equation

d2Ω1 − d1Ω2 =
[

Ω1,Ω2

]

splits into bosonic equations

i
(

d2ω1P − d1ω2P

)

= −i
(

ω1Pω2D − ω1Dω2P

)

− 2
(

ω1Q

)α(
ω̄2Q

)

α
− 2
(

ω̄1Q

)

α

(

ω2Q

)α
,

i
(

d2ω1K − d1ω2K

)

= i
(

ω1Kω2D − ω1Dω2K

)

− 2
(

ω1S

)α(
ω̄2S

)

α
− 2
(

ω̄1S

)

α

(

ω2S

)α
,

i
(

d2ω1D − d1ω2D

)

= −2i
(

ω1Pω2K − ω1Kω2P

)

+ 2
(

ω1Q

)α(
ω̄2S

)

α
+

+2
(

ω̄1Q

)

α

(

ω2S

)α
+ 2
(

ω1S

)α(
ω̄2Q

)

α
+ 2
(

ω̄1S

)

α

(

ω2Q

)α
, (C.1)

d2
(

ω1T

)

β
α − d1

(

ω2T

)

β
α = 2

((

ω1Q

)α(
ω̄2S

)

β
−
(

ω̄1Q

)

β

(

ω2S

)α
−
(

ω1S

)α(
ω̄2Q

)

β
+

+
(

ω̄1S

)

β

(

ω2Q

)α)
− δαβ

((

ω1Q

)γ(
ω̄2S

)

γ
−

−
(

ω̄1Q

)

γ

(

ω2S

)γ
−
(

ω1S

)γ(
ω̄2Q

)

γ
+
(

ω̄1S

)

γ

(

ω2Q

)γ)
+

+i
(

ω1T

)

µ
α
(

ω2T

)

β
µ − i

(

ω1T

)

β
µ
(

ω2T

)

µ
α.

and fermionic equations:

d2
(

ω1Q

)α
− d1

(

ω2Q

)α
= ω1P

(

ω2S

)α
− ω2P

(

ω1S

)α
+

1

2

(

ω1D

(

ω2Q

)α
− ω2D

(

ω1Q

)α)
+

+i
((

ω1T

)

β
α
(

ω2Q

)β
−
(

ω2T

)

β
α
(

ω1Q

)β)
,

d2
(

ω̄1Q

)

α
− d1

(

ω̄2Q

)

α
= ω1P

(

ω̄2S

)

α
− ω2P

(

ω̄1S

)

α
+

1

2

(

ω1D

(

ω̄2Q

)

α
− ω2D

(

ω̄1Q

)

α

)

−

−i
((

ω1T

)

α
β
(

ω̄2Q

)

β
−
(

ω2T

)

α
β
(

ω̄1Q

)

β

)

, (C.2)

d2
(

ω1S

)α
− d1

(

ω2S

)α
= −ω1K

(

ω2Q

)α
+ ω2K

(

ω1Q

)α
−

1

2

(

ω1D

(

ω2S

)α
− ω2D

(

ω1S

)α)
+

+i
((

ω1T

)

β
α
(

ω2S

)β
−
(

ω2T

)

β
α
(

ω1S

)β)
,

d2
(

ω̄1S

)

α
− d1

(

ω̄2S

)

α
= −ω1K

(

ω̄2Q

)

α
+ ω2K

(

ω̄1Q

)

α
−

1

2

(

ω1D

(

ω̄2S

)

α
− ω2D

(

ω̄1S

)

α

)

−

−i
((

ω1T

)

α
β
(

ω̄2S

)

β
−
(

ω2T

)

α
β
(

ω̄1S

)

β

)

.

With conditions (6.8) applied and all the forms written as combinations of △τ , dθα, dθ̄α
with superfield coefficients

(

ωS
)α

= △τ λα + dθβAβ
α + dθ̄βB

αβ,
(

ω̄S
)

α
= △τ λ̄α + dθ̄β Aα

β + dθβBαβ ,
(

ωT
)

α
β = Sα

β△τ + dθγ Σγα
β − dθ̄γ Σ

γ
α
β, ωK = △τ C + dθαχα − dθ̄αχ̄

α, (C.3)
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it can be straightforwardly checked that dωP equation (C.1) is satisfied identically. Sub-

stituting (C.3) into the dωQ equation, one finds

0 =
(

△1τd2θ̄β −△2τd1θ̄β
)

Bαβ +
(

△1τd2θ
β −△2τd1θ

β
)(

Aβ
α + iSβ

α
)

+

+i d1θ
γd2θ

β
(

Σγβ
α − Σβγ

α
)

− i
(

d1θ̄γd2θ
β − d2θ̄γd1θ

β
)

Σ
γ
β
α = 0. (C.4)

Therefore, one should take Bαβ = Σγβ
α = Σ

γ
β
α = 0 and Aβ

α = −iSβ
α. Considering dω̄Q

equation in the same way, one finds also Aα
β = iSα

β.

Then one should consider dωT equation (C.1). The dθ×dθ̄ terms in this equation read

2iSβ
α
(

d1θ
γd2θ̄γ + d1θ̄γd2θ

γ
)

= 2i
(

d1θ
αd2θ̄γ + d1θ̄γd2θ

α
)

Sβ
γ +

+2i
(

d1θ
γd2θ̄β + d1θ̄βd2θ

γ
)

Sγ
α − 2i δαβ

(

d1θ
νd2θ̄µ + d1θ̄µd2θ

ν
)

Sν
µ. (C.5)

These terms cancel, but to prove this it is necessary to take into account that α, β = 1, 2,

and these indices can be raised and lowered using the antisymmetric ǫαβ , ǫ
βγ tensors. Then,

if Mβ
γ = 2i

(

d1θ
γd2θ̄β + d1θ̄βd2θ

γ
)

, one notes that

Mγ
αSβ

γ +Mβ
γSγ

α − δαβMµ
νSν

µ =

=
(

Mγ
αSβ

γ −MγβS
αγ
)

+MγβS
αγ +Mβ

γSγ
α − δαβMµ

νSν
µ =

=MγβS
αγ +Mβ

γSγ
α =

(

−Mβγ +Mγβ

)

Sαγ = Sβ
αMµ

µ, (C.6)

which cancels the left hand side of (C.5). The △τ ×dθ and △τ ×dθ̄ terms in dωT equation

read

△1τd2θ
γ −△2τd1θ

γ : DγSβ
α = 2δαγ λ̄β − δαβ λ̄γ ,

△1τd2θ̄γ −△2τd1θ̄γ : DγSβ
α = −2δγβλ

α + δαβλ
γ . (C.7)

Therefore, superfields Sαβ satisfy the set of constraints of N=4, d = 1 vector multiplet

D(γSαβ) = 0, D(γSαβ) = 0, λα =
1

3
DγSγ

α, λ̄α = −
1

3
DγSα

γ . (C.8)

Analyzing the dωD equation, one quickly finds that the dθ × dθ̄ terms cancel, and

others imply χα = i λ̄α, χ̄α = −iλα.

The dθ×dθ̄ terms also cancel from dωS equation, and the remaining△1τd2θ
α−△2τd1θ

α

term implies that

−
1

12

[

Dµ,Dν

]

Sµν = −C −
1

2
SµνS

µν . (C.9)

To obtain this, one should use the vector multiplet conditions (C.8) to find

DβD
γSγ

α = −3i Ṡβ
α − 1

2δ
α
βDµDνS

µν , DαDγSβ
γ = −3i Ṡβ

α + 1
2δ
α
βDµDνS

µν ,

DµDνSα
β = DµDνSα

β = 0. (C.10)

Using this, it is easy to prove that dωK equation does not lead to any new conditions.

Finally, all the forms are written in terms of Sα
β and its derivatives (6.11).
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