arXiv:2111.04643v3 [hep-th] 16 Mar 2022

PREPARED FOR SUBMISSION TO JHEP

(super)Schwarzian mechanics

Nikolay Kozyrev and Sergey Krivonos

Bogoliubov laboratory of theoretical physics,
Joint institute for nuclear research,
Joliot-Curie, 6, 141980 Dubna, Russia

FE-mail: nkozyrev@theor. jinr.ru, krivonos@theor. jinr.ru

ABSTRACT: In this paper we revisit the construction of supersymmetric Schwarzians using
nonlinear realizations. We show that N'= 0,1, 2, 3,4 supersymmetric Schwarzians can be
systematically obtained as certain projections of Maurer-Cartan forms of superconformal
groups after imposing simple conditions on them. We also present the supersymmetric
Schwarzian actions defined as the integrals of products of Cartan forms. In contrast with
the previous attempts to obtain the super-Schwarzians within nonlinear realizations tech-
nique, our set of constraints does not impose any restriction on the super-Schwarzians.

KEYWORDS: Schwarzian, extended supersymmetry, (super)conformal symmetry

ARX1v EPRINT: 2111.04643


http://arxiv.org/abs/2111.04643v3
mailto:nkozyrev@theor.jinr.ru
mailto:krivonos@theor.jinr.ru
https://arxiv.org/abs/2111.04643

Contents

1 Introduction 1
2 Three steps towards Schwarzian. N'=0 case 3

2.1 Step one: the si(2,R) algebra 3

2.2 Step two: invariant inverse Higgs conditions 4

2.3 Step three: the Schwarzian action 4
3 N=1 Schwarzian 6
4 N=2 Schwarzian 8
5 N=3 Schwarzian 11
6 N=4 Schwarzian 14
7 Conclusion 18
A Maurer-Cartan equations for SU(1,1|1) 19
B Maurer-Cartan equations for OSp(3|2) 21
C Maurer-Cartan equations for SU(1,1|2) 23

1 Introduction

The holographic relationship between the Sachdev-Ye-Kitaev model [1, 2] and Jackiw-
Teitelboim gravity [3, 4] gives rise to numerous research activities to the Schwarzian ac-
tion (see e.g. [5]), which provides the boundary description of the bulk JT gravity. The
Schwarzian derivative {t,7} defined as

cee . 2
{t,7) = % - g C) Ci—ot, (1.1)

itself appears in seemingly unrelated fields of physics and mathematics (see e.g. [6]).
The action of the bosonic Schwarzian mechanics reads (see e.g. [5])

1 .
Sscnult] = =3 /dT ({t, 7} + 2m*#). (1.2)
Remarkably, the equation of motion of this higher-derivative action is equivalent just to

% (b7} + 2m?] = 0. (1.3)



The characteristic feature of the Schwarzian derivative (1.1) is its invariance under SL(2,R)
Mobius transformations acting on t[7] via

_}at—i—b
ct+d

(1.4)

The presence of m?#? term in the action (1.2) modifies the realization of SL(2, R) symmetry.
The simplest way to understand the modification is to notice that the action (1.2) can be
represented as [5]
1 tan (mt|7
Senall] = =5 [ar{pry,  Fp] = S, (15)

m
and, therefore, the action (1.2) possesses the SL(2,R) invariance via

_}aF—i—b
cF +d

(1.6)

with F[r] defined in (1.5).
Being invariant under d = 1 conformal transformation, the Schwarzian derivative nat-
urally appears in the transformations of the conformal stress tensor T'(z) [7]

T(z) = (%)21?(2) +{3,2}. (1.7)

The N'=1, 2, 3, 4 supersymmetric generalization of the Schwarzian derivative are present in
the transformation properties of the current superfield JW )(Z ) generating N - extended
superconformal transformations [8]. Thus, we have complete zoo of the supersymmetric
Schwarzians.

The treatment of the supersymmetric Schwarzians as the anomalous terms in the trans-
formations of the currents superfield JW)(Z) [8] leads to the conclusion that the structure
of the (super)Schwarzians is completely defined by the conformal symmetry and, therefore,
should exist a different, probably purely algebraic, way to define the (super)Schwarzians.
The main property of the (super)Schwarzians, which defines their structure, is their in-
variance with respect to (super)conformal transformations. The suitable way to construct
(super)conformal invariants is the method of nonlinear realizations [9-12] equipped with
the inverse Higgs phenomenon [13]. Such approach demonstrated how the Schwarzians can
be obtained via the non-linear realizations approach, was initiated in [14] and then it was
applied to different superconformal algebras in [15-18]. Later on, this approach has been
extended to the cases of non-relativistic Schwarzians and Carroll algebra [19].

The reason to prefer the non-linear realizations approach to construction of supersym-
metric Schwarzians to the approach related to the superconformal transformations is much
wider area of its applications. Indeed, the non-linear realization method works perfectly
for any (super)algebra and the set of invariant Cartan forms can be easily obtained. Thus,
the main questions in such approach are

e What is the role and source of the “boundary” time 7 and its supersymmetric part-
ners?



e What constraints have to be imposed on the Cartan forms? What forms nullified
and how to construct the action from the surviving forms?

e What additional technique can be used to simplify the calculations?

Of course, these questions were partially analyzed and answered in the papers [14-18].
However, some important properties and statements were missing. Moreover, the con-
straints proposed in these papers looks like the results of illuminating guess. The main
puzzle is the fact that the constraints were imposed on the fermionic projections of the
forms, but not on the forms themselves. Thus, the questions why it is so and what happens
with the full Cartan forms after imposing of such constraints have been not fully analyzed.
Finally, in the cases of more complicated superconformal groups the calculations quickly
become a rather cumbersome and the standard technique does not help.

In this paper we try to answer these questions. Firstly, we introduce the “boundary
super-space”, where supersymmetry is realized on even and odd coordinates in standard
way. Secondly, the constraints will be imposed on the full Cartan forms by either nullifying
them or identifying with the “boundary” forms. Finally, in the complicated situations we
will invoke into game the Maurer-Cartan equations and will demonstrate their usefulness.
In particular, we will show that there is only one invariant, A'=3 super Schwarzian, in the
case of N'=3 superconformal symmetry.

2 Three steps towards Schwarzian. N'=0 case

In this Section we will repeat the construction of bosonic N'=0 Schwarzian within nonlinear
realization approach [14]. Mainly, while repeating the steps discussed in [14], we will point
the reader’s attention at the differences between our approach and those one presented in

[14].

2.1 Step one: the si(2,R) algebra

The bosonic conformal group in d = 1 is infinite-dimensional. Its finite dimensional s/(2,R)
subalgebra spanned by the Hermitian generators of translation P, dilatation D and con-
formal boost K, can be fixed by the following relations

i[D,Pl=P, i[D,K|=-K, ilK,P]=2D. (2.1)

If we parameterized the SL(2,R) - group element g as

g= eit(P-i-mQK)eizKeiuD’ (2.2)
then the Cartan forms
g 'dg =iwpP +iwpD +iwgK (2.3)
would read [20]
wp=e “dt, wp=du—2zdt, wg =-¢c" (dz + 22dt + det) ) (2.4)



The infinitesimal si(2,R) transformations
g = g = P (D GicK o (2.5)

leaving the forms (2.4) invariant read

1 + cos(2mt) b sin(2mt) N 1 — cos(2mt)

ot =a 2 om | 2m?
d 1d d

At this step our consideration differs from those in [14] only by the presence of the term
m?K in the group element (2.2). This additional term generates the m-dependent terms
in the Cartan forms (2.4) and in the transformations (2.6). As we already discussed in the
Introduction this modification is not important.

2.2 Step two: invariant inverse Higgs conditions

All Cartan forms in (2.4) are invariant with respect to sl(2,R) transformations (2.6). No-
tice, within the nonlinear realization approach we implicitly mean that the “coordinates” u
and z are functions depending on time ¢. However, neither “time” t, nether its differentials
dt are invariant under sl(2,R) transformations (2.6). Thus, to get the invariants one has

to introduce the “boundary time” 7 ! and parameterize the form wp as
wp=e Yt =dr = {t=c¢" (2.7)

Let us stress again that the 7 is a new “boundary time” which completely inert under
sl(2,R) transformations. Correspondingly, the rest si(2,R) forms now read

wp = (i — 2e"2)dr, wg =e" (2 +e" (2* +m?))dr. (2.8)

Now, nullifying the form wp we will express the field z(7) in terms of dilaton u(7) and
then, using (2.7), in terms of “old time” ¢:

1 t
—0 = z=ce = —. 2.9
wp z=get= o (2.9)
This is particular case of the Inverse Higgs phenomenon [13].

2.3 Step three: the Schwarzian action

After the Second step only one field, “old time” ¢(7), and only one invariant, form wg,
remain. Form wy now reads?

1 1 1 3/t :
wi =5 |ii — 5112 + QerQU] dr = [% -5 (Z) + 2m2t2] dr (2.10)

!The analogue goes to JT gravity in which 7 is the time along the boundary (see e.g. [19]).
2The form wp = dr is also invariant. However, adding this form to the action evidently does not produce
new equations of motion.



Thus, the Schwarzian action (1.2) can be re-obtained within our approach as

S = —/WK. (2.11)

It proves useful to rewrite the form wg and, therefore, the Schwarzian action (2.11) in
terms of dilaton wu(t) and “old time” variable ¢

S[u] = —/wK = /dt <<%)2 - m2y2> L y(t) = exu®), (2.12)

Thus, formally speaking, the action of Schwarzian mechanics is just the action of one
dimensional harmonic oscillator rewritten in terms of time variable ¢ depending on new
inert time variable 7.

Note, one may always change the variables t,z,u to the new ones ¢, Z,% by passing
from the parametrization (2.2) to m = 0 one

A H(PHmPK) 12K jiuD _ itP iZK jiaD (2.13)
It is easy to check that these two parametrizations related as
mt = tan(mt). (2.14)

Clearly, this is just the transformation (1.5).

Until now our consideration, being purely bosonic one, coincided with those presented
in [14]. However, the generalization to the supersymmetric case will contain some new fea-
tures. To obtain supersymmetric Schwarzians, one has to consider the proper superalgebra,
which differs from (2.1) by the presence of supercharges Q°, superconformal charges S* and,
possibly, internal symmetry generators J%. The new ingredients include the introduction
of the superconformally inert “boundary” superspace with coordinates 7 and @' using the
relations

wp = AT, (wQ)i = ', (2.15)

where the forms A7 and df® are invariant with respect to standard superspace transfor-
mations 07 ~ €6, 60 ~ e.

The crucial property of the conditions (2.15) is that they include the Cartan forms
wp and wég themselves. Therefore, their invariance under superconformal transformations
is manifest. After imposing condition wp = 0 also, one should obtain that the remaining
forms are composed of supersymmetric Schwarzians and their derivatives.

Note that the forms at the right hand side of equations (2.15) are not arbitrary but
constrained by the Maurer-Cartan equations of the respective superconformal algebra. If
AT is assumed to be generalization of dr, these equations imply that the forms at the
right hand side of equations (2.15) should be standard invariant forms on superspace. This
question is studied in detail in Appendices A, B and C.



3 N=1 Schwarzian

The N'=1 super-Schwarzian was firstly introduced in [21]. Then it has been reproduced in
[8]. Within the nonlinear realization of the supergroup OSp(1]2) it was re-constructed in
[15]. Thus, in this purely illustrative Section, we will show that the our constraints (2.15)
work perfectly, resulting in the proper N'=1 super-Schwarzian. The crucial property of
our construction is that nullifying of the N'=1 super-Schwarzian, similarly to the purely
bosonic case, implies nullifying of all Cartan forms, besides wp and wég. In addition, we
will find the m?-modification of the A'=1 super-Schwarzian.

The superconformal algebra osp(1|2) contains, in addition to the generators D, P, K,
Hermitian fermionic supercharge @) and superconformal charge S. Their (anti)commutation
relations are:

i[D,P]=P, i[D,K|=-K, i[K,P]=2D,
{Q,Q}=2P, {5,S}=2K, {Q,S}=-2D,
1 1
i[l),QHZZ 5(9, i[l)ﬂs]:: __§£i i[}(,QH ::_”g’i[}%‘s]::CQ' (3'1)
The general element of the N'=1 superconformal group OSp(1]2) can be parameterized in
analogy with the bosonic case:

g= o (PHm’K) £Q S jizK jiuD (3.2)

The Cartan forms
g ldg = iwpP +wgQ +iwpD +wgS +iwg K (3.3)
explicitly read

wp=e “Nt=e"(dt +1d{&), wp=du—2z/At—21déY,

wi = e"(dz + 22 At +idyp + 21 2 dE +mP(1 — 21 &ep)dt),

wo = e 2 (dE+ At), ws=e?(dy+ z(dE + Aty)) — m3Edt). (3.4)
The parameters of the group element (3.3) are assumed to be fields that depend on 7 and

6, the coordinates of the N'=1 superspace. Supersymmetry is realized on these coordinates
in standard way:

0T =1i€d, 60 =¢ = 06d0 =0, AT =0, AT =dr +1df0. (3.5)

The inert covariant derivatives defined with respect to A7 and df 3, have the form

ZDT ::ar7 .
o s D?=-io0.. (3.6)

D=2 i

d70, + d00y = ATD, + dOD = {
00 or?

3These forms and transformation laws, if needed, can be obtained using the coset space techniques, for
iTP _0Q
e

example, considering coset g = e , with P and @Q forming N'=1 Poincare superalgebra. However, they

are simple and standard enough to be treated even without reference to nonlinear realizations techniques.



Treating all the group parameters in (3.2) as fields that depend on 7, 6, we impose the
following conditions on the forms wp,wq:

Cun —u , B i—i&€ = e,

e "NAt=ce (dt_lgdg)_ATj{Dt—i—ing:O, (3.7)
7% _ Dg:e%’
e 2 (d§+ Aty) = df = {S+e“¢:0. (3.8)

Finally, one has to nullify the form wp to express the superfield z in terms of ¢(7,0)
and £(T,0)

u=2ze* — z=

u 3.9
Du = 2ie2q. (39)

wp = du — 2ze* AT — 2iezdih =0 = {

Note, only first equation in (3.9) is new, the second one just follows from the equations

(3.8). Altogether, equations (3.7),(3.8), (3.9) allow to express superfields u, z, ¥ in terms
of the Goldstone superfield &(7,0):

3 D¢

u=2log(D§), =—-"7r5, z= -

e D ey

Calculating the remaining Cartan forms wg and wg with relations (3.10) and their conse-

(3.10)

quences taken into account, one finds that

£ ED¢
ws = —AT D_§ - 2(D§)2 + m2(D§)3§ = _ATS(§7 {770})7
wg = —AT1D (S, {T,0})) —1d0S (£, {r,0}). (3.11)
Now, all our forms are expressed in terms of N'=1 Schwarzian [21]
_ & LEDE s
Swo1 = S(E (1)) = g — 2pgs + mADO (312

If we compare these expressions (3.12) with those ones from the paper [15], we conclude
that the constant parameters in [15] should be chosen as ¢ = 1,p = 0. Thus, in the
case of N'= 1 super-Schwarzian our constraints (2.15) are equivalent (modulo unessential
“p”-freedom) to the constraints introduced in the paper [15]. However, already in the
case of N'=2 super-Schwarzian we will consider in the next Section the preference of our
constraints (2.15) becomes evident.

It is clear that the simplest invariant superfield action can be constructed as

SNischw = — /wK Nwp = — /ws Nwg = /de@SNl. (3.13)

In component form, it reads

L TE s L, Eesi
Slechw:_i/d’T [7—§t—2+2m2t2+1¥_

| Tt site | %

5 5o+ mzigg'] , (3.14)



where t and £ are the first components of respective superfields.

One should stress that in contrast with the bosonic case, the N'=1 Schwarzian (3.12)
can not be expressed in terms of the super-dilaton u only due to the presence of the last
term which explicitly depends on the fermionic superfield &, without derivatives.

The infinitesimal Q and S transformations, generated by the element e+ read

. sin(mt)

i t
0t =1 cos(mt)e€ — i _ sin(m )6.

g€, 0& = ecos(mt) (3.15)

m

All these expressions (3.11), (3.12), (3.13) are invariant with respect to these transforma-
tions and, therefore, they are invariant with respect to all OSp(1|2) transformations.

It is completely clear now that if we nullify the super-Schwarzian then the all Cartan
forms in (3.3) will be equal to zero, besides the forms wp and wg which will coincide with
the “boundary” forms A7 and df (3.5), as expected.

4  N=2 Schwarzian

The N'=2 super-Schwarzian has been introduced in [22] and then it was re-obtained in
[8]. The treatment of the N'=2 super-Schwarzian within the nonlinear realization of the
su(1,1|1) supergroup was initiated in [15]. The consideration performed in [15] correctly
reproduced N'=2 super-Schwarzian but unfortunately the constraints used there imposed
the further constraint on the super-Schwarzian to be a constant. In this Section we will
demonstrate that our variant of the constraints (2.15) correctly reproduce N'=2 super-
Schwarzian, expressed all su(1,1|1) Cartan forms in terms of this super-Schwarzian and
its derivatives. Finally, we will show that imposing the constraints on the full Cartan
forms makes possible to utilize the Maurer-Cartan equations which drastically simplify all
calculations.

In the case of N'=2 supersymmetry we are dealing with the N'=2 superconformal
algebra su(1,1]1) defined by the following relations

i[D,Pl=P, i[D,K|=-K, il|K,P]=2D,

{Q,Q} =2P, {S,S}=2K, {Q,S}=-2D+2J{Q,S}=-2D-2J,
H2.Q1= 2.1 [1Q) = 12, LSl =18 i[25] =15,

i[D,Q]= %Q, i [D,Q] = %@, i[D,S]= —%S, i[D,S] = —%?,

i[K,Q =-5,i[KQ]=-5, i[PS]=0,il[P5]=Q. (4.1)

Let us remind the conjugation properties of the generators

@' (9" =q,5s. (4.2)

The superfields are assumed to depend on the coordinates of the “boundary” N'=2 super-

space T, 0, 6. The supersymmetry transformations and differential forms, invariant with



respect to them, * are

57’2i(6§—|—€9), 50 =¢, 86 =E¢,
6df =0, 6df =0, 6AT =0, Ar=dr+i(d§o+dhd). (4.3)

Using the invariant forms (4.3), one may easily construct the covariant derivatives

o .0 — 8 8 _ .
DT —(97, D=— —19—7_, D= 8_9__195’ {D,D} == —2167—. (44)

Similarly to the previously considered cases, we choose the following parametrization
of the general element of the N'=2 superconformal group SU(1,1|1)

g= eit(P+m2K) 65Q+§6 ewS—f—qZ?eizKeiuDequ (4.5)

where the parameters t,&,€,9,1, z,u and ¢ are, as we stated above, the superfunctions
depending on {7,0,0}. The Cartan forms

g ldg =iwpP +woQ +woQ +iwpD +wyJ +wsS + wsS +iwg K (4.6)
explicitly read

e At =e " (dt —1(EdE + £dE))

wo=eEHE (dE+ P AL), o = e 57 F (dE + 9 At)

wp = du — 2z At — 21 (d€) + dEv), wy = dp — 20tp Nt + 2(dExp — dédp) — 2m2E€dt

(dp — ippdE + 2 (d€ +p At) —m? (1 —1&p) &dt), (4.7)
(A +i9npdE + 2z (d€ + o At) —m? (1 —1&yP) &dt),

Wi = € (dz+z2At—i(¢d1,Z_)+1Zd1,Z)) + 22 (dED + dEw) +m? (141 (€ + 9E))° dt) .

wp

—1

_.
v ke

NS

&l

s =¢€

Now, imposing the constraints (2.15), i.e. identifying the forms wp,wq,wq (4.7) with
AT, df, df (4.3) respectively, will result in the following equations

) P+i(ge+ée) =en,
e At =e"(dt +1 (d€§ + dE€)) = O = Dt+iDEE=0, (4.8)
Dt+iDEE =0,
£+ e =0,
e 21O (e LAty =df = { DE=es(wio) (4.9)
D¢ =0,
1 £+ e =0,
o~ 3(uti ¢) (dE+pAt)=df = DE = exutio) (4.10)
DE = 0.

41f needed, they can be obtained by considering coset §j = ™" ?9+9Q



Finally, one has to nullify the form wp :

u—2e%z =0,
wp = du — 2e"2 AT — 2i (e%(“_i 9 dfo + ez (uti Ndiyp) =0 = Du = 2i e3(u-i P,
Du = 2i 3t Phip.
(4.11)
From these relations one may obtain several important consequences. In particular, we

have
Du=iD¢,Du=~iD¢, = [D,D]u=—2¢, [D,D]¢ =21, (4.12)
Dy =0, Diyp=0, w_—ﬁ, zp——ﬁ (4.13)
DEDE = e¥, 4 = g§+§§ g—gzew, b =i (g—g—g—g) (4.14)
Now, one may check that the form w; reads
wy=1i g—g—g—g—?i%—i—ﬁm §§D§D§] AT =i AT Sp—o. (4.15)

Thus we see, that N'=2 Schwarzian Syr—s appears automatically. One may check that the
other Cartan forms, wg,ws and wx can be also expressed in terms of the N'=2 Schwarzian

only
wp = ATywg =df, wg =df, w;=iSy=_2AT,
1 i — 1 =
ws = —5Sn—2df %DSNZQAT, @5 = 5Sn—2 df + %DSNZQAT, (4.16)
1 1— =~ 1 —
wie = 5DSN=pdf = 5DSN=df + 7 (i [D, D] Sy=s — Sir—y) AT
The transformation laws of the basic superfields t, £, €, are induced by left multipli-

cation ¢’ = gog. In the case of superconformal transformations gy = ecQ+EQeSHES he

transformation laws of ¢ and €, ¢ read

6t = i (€€ + €§) cos(mt) — s1n(mt (8¢ +€f),
d¢ = cos(mt)e +iem sin(mt)§§ — sm(mt)g + i€ cos(mt)EE, (4.17)
6€ = cos(mt)é — iemsin(mt)E€ — Sinf?:lt)é — & cos(mt)&E.
The modified N'=2 Schwarzian Sy'—»
Sn—o = 23 — % — 2 55__ + 2im2¢EDEDE (4.18)

DS D¢ DEDE

,10,



is invariant with respect to these transformations. Thus one can expect that the proper
superfield Schwarzian action reads

i = 1
SNQSchw = —%/deHdHS:—§/wL] /\Q)Q /\(DQ:
:i/wp/\ws/\wQ:—i/wp/\wQ/\ws. (4.19)

Evaluating the integral, one can find the component action

- . .
SN2schw = —% /dT [i _3e +om2? — %qbQ it (&; &) 3 t(ff;- £€) N

L EErEea Bl P EE)  TEE (68— €8)
t —_ o .t2 . ts, P . t2 .
SE(EE 80 | Pl gele (HEE(EE 8, 0E¢

t? t4 t? t3. t
—~2imPH (€€ + €€) + 2mdice]

— (4.20)

where ¢, £, € and ¢ are the first components of respective superfields.

The calculations leading to the expressions (4.16) are rather involved. They become
more and more complicated while passing to higher supersymmetries. However, the fact
that our constraints (2.15) are imposed on the Cartan forms opens the way to use the
Maurer-Cartan equations which drastically simplify the calculations. The N'=2 case pro-
vides a nice possibility to demonstrate on the simplest example how everything is working
on. We put this consideration in the Appendix A.

Comparing our expressions for the final Cartan forms (4.16) with the constraints which
were used in the paper [15] we conclude that the constraint

1
wsldp = —55/\/:2 =p

immediately restricts N'=2 Schwarzian to be a constant. Clearly, this condition is unrea-
sonably strong. Thus, the N'=2 case is the first one in which our set of constraints (2.15)
and wp = 0 becomes preferable with respect to those ones formulated in [15].

5 N=3 Schwarzian

The N'= 3 super Schwarzian

l querén Dqugn
2 Dp& Dr&

Sn=s = (5.1)
has been introduced in [8]. Then it was re-obtained within the nonlinear realization of the
supergroup OSp(3|2) in [17]. However, the constraints introduced in [17] lead, besides the
N= 3 super Schwarzian Sy'—3, to some new OSp(3|2) invariants with unclear geometric
meaning. In this Section we will demonstrate that our constraints (2.15) and wp = 0 being

— 11 —



applied to superalgebra osp(3|2) results in the Cartan forms expressed in terms of Sy—3
and its derivatives only.

The 0sp(3|2) superalgebra contains 6 bosonic (P, D, K, J;) and 6 fermionic generators
Qi, S; obeying the following (anti)commutators:

i[D,Pl=P, i[D,K]=—-K, il[K,P]=2D,
{Qi,Q;} =26;P, {5:,5;} =20;K, {Qi,S;} = —20i3D — €k,
1

1D, Qi = 5Qi 1[D,5] = 380 1[K,Q] =55, 1 [P,5] = Qi

i[Ji, Qs] = €jnQr, 1 [Ji,Si] = €Sk, 1 Ji, Jj] = €ijud- (5.2)

Here, all generators are chosen to be hermitean, 7,7, k... = 1,2,3 and ¢;;;, is completely

antisymmetric symbol, €193 = 1. We parameterize the general element of the N'=3 super-

conformal group as®

g= eitP 652@1 e@[)ij ei ZKeiUDeid)iJi, (53)
with the invariant Cartan forms defined as
Q=g ldg=iwpP + (wg); Qi +iwpD +i (wy); Ji + (ws); Si +iwk K. (5.4)
The forms of P, D, K generators read
wp = e “(dt —1i&d&) = e “At,
wp = du — 2zt — 2i d€;;, (5.5)
wrg = e* (dz + 22Nt —1 Pidip; — 2i zwid@) .
The forms of fermionic generators and J;, unlike (5.5), include rotations, induced by the

exponent e ?7k which can be parameterized with SO(3) matrix M;;:

1
(w@); = (@Q); Mij, (ws); = (¥s);Mij, (wr); = (91) ;Mij + 5€ijndMjm Myrm,
Mi' = (eq)ij’ qij = eijk¢k, (M_l)ij = Mjia det M = 1. (56)

The hatted forms here are
(©Q); = €2 (d& + Dty)
(Wy); = —1€jk (zpjdfk + %At¢j¢k> , (5.7)
(@s); = €2 (dipi — 1¢hithjd&j + 2 (dé; + Dt ay)) .

We treat the parameters of the OSp(3|2) group element as superfields that depend on the
coordinates of the AN'=3 superspace, 7 and 6;. The N'=3 supersymmetry is realized on
these coordinates in standard way,%

or =1ieb;, 00; = ¢, 0d9 =0, AT =0, AT =dr +1db;0;. (58)

®From now on, to simplify all calculations, we will omit the term m?K in the group element (5.3).
6Just as before, these forms and transformation laws can be obtained by considering coset element
§=¢e""e%Q where P and Q; form N'= 3 Poincare superalgebra
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Correspondingly, the N'=3 covariant derivatives read

D, =0, D, =2 2

o 5o ADiDj} = ~2idi;0-. (5.9)

Just as before, we enforce the following invariant constraints on the Cartan forms
wp = AT, (WQ)i =db;, wp=0. (5.10)

As was suggested by the results of the previous Section, much information about the
Schwarzian can be obtained by analyzing structure of the Cartan forms with the help of
Maurer-Cartan equations

dof — di Qe = [, Qo]

Leaving detailed description of this calculation to the Appendix B, we present here only
the result:

wp = AT, (WQ)i:dHia wp =0, ((,UJ) =iATD;S +db; S,

i

(ws), = AT (SDZ-S - %eiququS> +iegrdd; DyS, (5.11)
wi = D7 i8S+ é(epququDrS) ~ DiSDyS) +id0; (SD;S ~ %eiququS).

Therefore, all the Cartan forms (5.4) can be written in terms of just one fermionic superfield
S and its derivatives, with no constraints on S coming from Maurer-Cartan equations. It
is natural to identify this fermionic superfield with the A'=3 super-Schwarzian:

S = Sp—s. (5.12)

To relate Syr—3 to the group superfield parameters, one should study the conditions
(5.10) explicitly, writing all their projections with respect to A7 and d#;:

wp=AT = E+i&&G=e", Dit+iDig& =0,
(wo); = dbi = Dj& = e"/* My, vy = —e " (5.13)

The condition D;t +iD;§;&; = 0 can be considered as primary one. From it, one can
obtain

—216;; (£ +1&k) + 21 D& D& = 0 = Dy&y, D&, = d5¢", (5.14)

and D;§; is proportional to the orthogonal matrix. This way one can also obtain the
derivative of u, D;e" = —2i D;§; §] Condition wp = 0 then just expresses z in terms of u
as z = %e*“u.

With these conditions taken into account, one can write down df), projection of (w J)i
as

. 1
(ws), = ... +db, [ — i Mixerim Dpéithm + 5 ijie” DpDsm Dkgm] - (5.15)

- : . - : 1 -
= o+ dOy | +1¢7 /2 Di& D& euamém — 2 €iphe ™" Do €m + 5€i5k¢" Dypim D Diom -
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To proceed further, one should note that, as a consequence of (5.13), the fermionic super-
field &; satisfies a quadratic relation

. 1
6z‘qumgn Dqugn =2 Eimkagn &n + géimepqupgn Dqugn- (5-16)

To obtain it, one should take the relation D,, (eiququt) = —2i eimkai—i—%éim (epququDrt),
which follows just from anticommutation relations of D;, and substitute D;t = —iD;§; ¢;
(5.13). Also taking into account that

D;& ngl eklmém = det (Df) €ipn (Dgil)qnéq = esu/Qeipneiangq éqa (5'17)

the form (wy), (5.15) reduces to

1 1 €pgrDp&y Dy D)€
= ...+ dO;Sn—3, Snes = —€ “epgrDpln DyD, &, = = LL LN 47T 5.18
(WJ)Z + dbiSn=3, ON=3 66 Epqr pgn q rgn ) Di& Dkgl ( )
Obtained Syr—3 is just the already known N'=3 Schwarzian [8, 17].
The obvious candidate for Schwarzian action in N'=3 case is
1 ,
SNzschw = —¢ / drd0;d6;d0keT* Spr—s. (5.19)

This is further substantiated by the fact that dr projection of wg, which defines the
component Schwarzian action, contains €,q,DpDqD,Sx—3. Using this property to calculate
component form of (5.19), one obtains

1/dT R(i+ibe) 3 (@(Hiéi@))Q_

1
SN3schw = ~% /dTGijkDiDjDkSNZB =—c

2 i+i&e 2\ {4166
.'..' M M : . . i
o Y gigs g MimMindmn  yp yp | (5.20)
t+i& & t+1&i &

Here, t, & and M;; are the first components of respective superfields, and s is the first
(fermionic) component of the N'=3 Schwarzian (5.18). It should be taken as independent,
as calculating {Di, D;}Spr=3 using D;Sy—3 extracted from A7 projection of (w J)i Cartan
form,

1 .. i .
DiSn=3 = ¢ “Mig€rim&m + §€ijijkam, (5.21)

one arrives just to an identity.
In terms of Cartan forms, the integral (5.19) could be written as

1 .
SN3schw = _E/WP A (wq); N (WQ)j A (wy), €77, (5.22)

6 N =4 Schwarzian

Let us, finally, consider the construction of the N'=4 Schwarzian. In this paper, we do not
make an attempt to consider the N'=4 superconformal algebra D(2,1, ) and concentrate
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on its particular limit, the su(1,1|2) superalgebra. The corresponding N'=4 Schwarzian
has been constructed in [8, 23] and then it was re-obtained within the nonlinear realization
su(1,1]|2) superalgebra in [16]. In this Section we are going to use our set of constraints
(2.15) and wp = 0 to demonstrate that all the Cartan forms in this case can be expressed
in terms of N'=4 Schwarzian and its derivatives.

The su(1,1]|2) superalgebra contains usual conformal generators P, D, K, supersym-
metric and superconformal charges Q,, Q% = ( )T, Se, 5S¢ = (Soé)T and generators of

the su(2) subalgebra T,° = —(Tﬁo‘)T, T,“=0:
[D,P] = -iP, [D,K]=iK, [P,K]=2iD, {Qa,Q"} =265P, {S,,5°} =23}K,
{Qa, 5%} = —208D — 21,7, {Q", S5} = —264D + 2T, (6.1)
[DaQa] = _%Qaa [DaQa] = _1§Qaa [D,Sa] = %Saa [Dasa] = 55%
[K7 Qa] = iSOH [K7@a] = i§a7 [P7 Saj| =i QQ’? [Pa §a] = _laa
The generators D, K, P commute with su(2); the commutators of su(2) with themselves
and fermionic generators read

[T, T,] =1 (0uTa” = 07,

[TaﬁgQ'\/] =i <5€Qa — %5@6%) , [Ta57@v] — <5g@5 _ %55@7) 7

. 1 — . — 1
[TCVB’S’Y] =1 <5’€SCV - 5655‘/> ) [Taﬁ’s’y] =1 (635ﬁ - 56(@57) : (62)
Here, indices o, 3,... = 1,2 can be raised and lowered with help of antisymmetric tensors
€ B, eaﬁeﬁ“/ =0), €19 =€ = 1.

The SU(1,1|2) group element can be parameterized as
g=c¢' tP o8 Qa+8aQ® U™ SatPaS* 12K A5 Ta piuD. (6.3)
The Cartan forms defined in standard way
Q=g 'dg = iwpPHwx K+iwpD+(wg) " Qat (), +(ws) " Sat (@s) , S+ (wr) , Tu”
(6.4)
are rather involved. Explicitly, the forms of the scalar bosonic generators, P, D and K read

wp =e YAt, Nt=dt+1i (df“ga + dgafo‘), wp = du — 2i (d§o‘zﬁa + déazp“) — 2z/A\t,
wg = e" [dz + 22t +i (dwal/;oz + dl/;oﬂ/}a) + At(wal/;a)Q + Q(dfadja - dgoﬂ/}a) (1?61/;6) +
+2i 2 (dE% o + d€atp®)]. (6.5)
The forms for su(2) generators T,,” and fermionic generators are
(wT)BO‘ = —i (e_u)vo‘d (e“‘)ﬂv + (e”‘)ﬁ a (e_i)‘)po‘(d)T)ap, (6.6)
o —iA) af~ \P a —iA) a(~ \P
(wQ)" = (¢7) “(@a)’ (ws)" = () *(45)"

(@), = (¢*) 7(Ga),» (@s),= () *(@s),
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where
(1), = 2(de%05 — €™ + A p) — 35 (€7, — dEy™ + AT),
(60)" = e H (™ + A7), (), = % (da + Atia),
(Ws)* = €2 [dy™ + 21 dEgypPy® — 1P epgde™ — i Atp™ Pepg + 2(dE™ + Aty®)], (6.7)
(©s), = €2 [dq + 20 dEP P e + 19 g ds +iAtha ¥P1hp + 2(déa + Atha)].
We subject the forms to the usual conditions (2.15)
wp = AT, (wQ)a = do%, (@Q)a =df,, wp=0, (6.8)

where A7, df®, df,, are invariant with respect to AN'=4 supersymmetry transformations ”

AT =dr +1d6%0, +1dh, 0%, 6T =i (eo‘éa + €4 (90‘), 50% = €%, 60, = &,. (6.9)
Correspondingly, the N'=4 covariant derivatives read

D, = a%a —i6,0;, D*= (% —i6°0;,
{Do.Dg} ={D* D"} =0, {D,, D"} = —2i620,. (6.10)
From now on we will treat all fields as the superfields depending on the coordinates of
“boundary” superspace {7’, <, 9_(1}-
The analysis of Maurer-Cartan equation, which we leave for Appendix C, shows that
all the Cartan forms, aside of constrained wp, (wQ)a, ((DQ)Q, wp, can be written in terms
of three quantities S,?, S, = 0:

a_1, = 1 _

(WT)ga = S A1, (wg)" = gATDVSVO‘ —185%db°, (ws), = _§A7-D75av +18,%d0;,
1 _ 1 : C T

wi = L7 (ﬁ [Dy, Dy S™ — 5%8“”) - %d@“ DS, + %d@am&% (6.11)

Unlike previously considered systems, S,” satisfy differential constraints
D& =, DO§*P) =, (6.12)

which imply that S®? form an N'=4, d = 1 vector multiplet. In full agreement with the
previous cases we call S* by N'=4 super-Schwarzian

S, =8, (6.13)

The last step is to express N'=4 super-Schwarzian in terms of our basic superfields {t, N }
The relations between the fields ¢, €%, &y, ¥, ¥a, u, z and constraints on them can be
obtained by expanding relations (6.8) in terms of A7, df%, df,. The wp conditions read

wp=AT = i+i(é:aga +§a§a) =e",
Dat +1i (Daéﬁ gﬁ + Daéﬁéﬁ) = 0’
Dt +i(D"¢P €5 + DépeP) = 0. (6.14)

"Just as before, these expressions follow from the “boundary” Cartan forms defined through the element
go=¢e"" 0" Qa+0aQ%
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The (wQ)a and ((DQ)a conditions read
(wo)™ = db* = ¢ = —eT"EY, Dpg® = () e, D™ =0, (6.15)
(@Q), = da = o =—e""6a, D&, = (e7) Pe? Dyé, = 0.
Finally, the wp = 0 conditions are
wp=0 = Dyu=-2i equagﬁgﬁ, D%y = —21&“3“555’5, z = %e*“u. (6.16)
It can be shown that the conditions (6.14), (6.15) are equivalent to
Dot +1Da87 &, =0, D +iD%E, & =0, Dol =0, D% =0 (6.17)

and define the N'=4 linear multiplet, with one “physical” boson, four fermions and three
“auxiliary” bosons (though in the system under discussion all are dynamical). It can be
shown that the same phenomenon as in N'=2 case happens: the commutator of covariant

derivatives, acting on t, reduces to 7-derivative of £, 55:
(Do, DP|t = 2650, (€"€,). (6.18)

and £<, SB can not be expressed entirely in terms of ¢t. This again does not put the system
on-shell:

Do DPt = §5(—1ii+0,(¢"E,)), DaDsD’t = —%DaDgﬁBt =0, 0;Do(—it+&"¢,) =0.

(6.19)
Now, one can obtain the N'=4 Schwarzian as AT projection of the form (WT)aﬁ . The
mentioned projection reads

(wr) 5 = O [=1 (e7) 20, (1) ;7 = 27 (e71) 2(¢1) €€, + 05" Eue ™| (6.20)
In comparison, calculating traceless part of [Dg, D*|u using (6.15), (6.16), one finds:
B 1 o o (i i
[Dg, DO‘} U — 553 [ny, D“/] u = —4i (e )‘)VO‘(?T (e )‘)B7 —
—8e ¢ (e*i)‘)ua (ei’\)ﬁ” S“ £, + 453‘ e é“ gu. (6.21)
Therefore, the N'=4 Schwarzian reads

(sw-0)," = 1 (18,77 - 3350, 77] ) u -

(105, D] - 508D, D)) log (D, D'&,). (622

IO

as expected.

As S satisfies the irreducibility conditions of the vector multiplet, [D;u ﬁy] SHY trans-
forms w.r.t. supersymmetry as an auxiliary field (gets shifted by a total derivative). There-
fore,

1

— 1 _
SNasehw = —75 [ d7 [D,,D,]|S" = G / drd9*dfs S.” (6.23)
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is the N'=4 Schwarzian action. In terms of Cartan forms, it can be presented as
1 .
Swacnn = 5 [ (@0)" A @0)y A ()P = 5 [wr A (ws)" A (@0), =
‘/u4>A(wa¥A(@ghf (6.24)

Evaluating the integral in (6.23), one can obtain the component action

ol =

1 (i +1€°6 +168%) 3 (0(i+iéG +idut))
oo (e

SN4schw = 3 N — = N P =
416, +i€,Ee 2\ i+ifed, +i&.ge

o, 468 CIAY B (a—iA) an (LA N o
+2 : — + Or P 0: -
1t’+i£5£}a+i£}a£5 )00,

(efi,\)pﬁaT (ei)\).ﬁoépéo_
{+ifoba +ikate

—4 .(6.25)

Here, as usual, t, %, &,, Ao are the first components of respective superfields.

7 Conclusion

In this work we re-consider the application of the method of nonlinear realizations to
the N' = 0,1,2,3,4 (super)conformal groups. As compared to the previous attempts to
utilize the nonlinear realizations for construction of the super-Schwarzians [14-18], our
consideration is based on the minimal set of constraints imposed on the Cartan forms.
These constraints include

e The constraints on the forms of A-extended super Poincare generators wp = AT, wég =
d9’. Here, the forms A7, df#® depend on the coordinates of “boundary” superspace
{7', 6”'} and they are invariant with respect to rigid N -extended supersymmetry trans-

formations;

e The final constraint reads wp = 0. It provides some variant of the Inverse Higgs
Phenomenon constraints [13].

We explicitly show that this minimal set of constraints is enough to express all Cartan
forms of the NV = 0,1,2,3,4 (super)conformal groups in terms of corresponding (super-
)Schwarzians and their derivatives.

In the cases of higher supersymmetries the calculations quickly become rather cum-
bersome. Having at hands the constraints written on the Cartan forms (not on their
projections!) it proved useful to use the Maurer-Cartan equations which help to express
all Cartan forms in terms of the single object - A/ super-Schwarzian. However, to find the
expression of the N super-Schwarzian in terms of the basic superfields one has to again
use all set of constraints.

The idea to use the “boundary” superspace to impose the proper constrains on the
Cartan forms was firstly formulated in [14, 15]. However, the full set of constraints used in
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the papers [14-18] seems to be unessentially strong. At least our analysis shows that these
constraints unavoidably restrict super-Schwarzians.

We are planning to apply the proposed approach to N -extended superconformal group
including the variant of OSp(4]2) superconformal symmetry. Another interesting problem
is to obtain non-relativistic and/or Carrollian versions of the Schwarzian [19].
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A Maurer-Cartan equations for SU(1,1|1)

Let us demonstrate the usefulness of the Maurer-Cartan equations for supergroup SU(1, 1|1)
on the example of N'=2 super Schwarzian.
We find it preferable to write down the Maurer-Cartan equation in the form :

d2§2(dv) — di2(dz) = [Q2(d1), (d2)] - (A1)

Here, differentials dy, dy are assumed to commute, di dy = ds dy, and differentials of bosonic
and fermionic functions are bosons and fermions, respectively. If Q(d;) = g 'd;g, as it
should be for a Cartan form, equation (A.1) reduces to just an identity. However, if one
substitutes € just as in (4.6), it would be possible to derive nontrivial relations the structure
functions of the forms satisfy.

Substituting the expansion of the Cartan form in generators (4.6) into (A.l), one

obtains
dowrp — diwap = —(w1pwap — wipwap) + 2i (w1gWag + G1ow2q), (A.2)
dyw1 g — diwsre = (Wikwap — Wipwak) + 2i (Wisies + W1swas), (A.3)
dowip — dywep = —2(w1pwrk — wigwap) —
—2i (w1Qwas + W1Qwas + WisWaQ + Wiswaq), (A.4)
dowry — diway = —2(wigwas — B1Qwas — wW1sWaq + W1sW2Q), (A.5)

1
dowig — diwag = wipwas — wapwis + §(W1DW2Q — wapwiQ) —

i
-3 (wuwzQ - WQleQ)7 (A.6)
_ _ _ _ 1 _ _
doi1g — diwag = wipWas — wapWis + §(W1Dw2Q — wap@i) +

i

+§ (w1s@2q — was@10), (A7)
1
dowis — diwas = —W1KgWaQ + WagwWi1Q — §(W1DW2S — wapwis) —
i
) (wigwas — wajwis), (A.8)
dai1s — diles = —wW1KgWaQ + WakWi1Q — 5(0011)@25 — waplis) +
1
+§ (W1J@2s - w2J@1S)- (A.9)
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Here, to make notation shorter, we denote w1p = wp(dy) and so on. Explicit substitution
wip=e " (dlt +id1£§+id1§£) and others should reduce these equations to identities. Let
us, however, impose the constraints (4.8), (4.9), (4.10), and wp = 0 directly on the forms.
Then all the forms (4.6) should written in terms of A7, df, df:

wp = AT, wg=db, bg=4df, wp=0, wy=1A7S+dI P — dOD, (A.10)
wg = ATV +dOA+dIB, wg= ATV +dIB + dOA, wix = ATC + dOY — dhY,
where S, ®, ®, A, A, B, B, C, ¥, ¥ are so far unconstrained superfunctions.
With wp = A7 and wg = df), g = df, dwp equation (A.2) is satisfied identically, as
do\N1T — d1DNoT = do (le +1i (d1«99+ dléé?)) —d; (dQT +1i (dg@é—i— dzé@)) =
= (d2d1 — d1d2)7' —i (d2d1 — d1d2)9 6 —i (d2d1 — d1d2)§9 +
+2id0 dgé + 2i dlédge == 2id0 dgé +2i dlédga, (A.ll)
as the differentials dj, do commute. Note that as wp = 0, equation (A.2) is just the
Maurer-Cartan equation satisfied by the Cartan forms of N'=2, d = 1 Poincare supergroup.
Therefore, the choice of conditions wp = AT and wg = df, wg = df, where A7, d6, df is are
standard invariant forms on N'= 2, d = 1 superspace, is rather natural from supergeometry

point of view.
Substituting this relation into equation (A.6), we find that

0 =dad10 — didof = (AlT dob — AQlee) <A + %S) + (AlT dgé — AQleé)B +

i 10200 + 5 (10 da) — do0 d16). (A12)

While ¥ is yet undetermined, just one equation (A.6) is strong enough to show that the
form wg can not have a df - projection, and df and df projections of w; are absent. Also
it relates df projection of wg and At projection of wy: A = —1/2S. The analysis of dwg
equation (A.7) leads to analogous results B = 0, A = 1/2S.

Most convenient next step would be to study dw; equation (A.5). As we already
reduced wy to wy =1 ATS, taking into account that

dowry = do N7 S + AlT(AQTS + do0DS + dgéES), (A.l?))
we find

dowr g—diway = —2(d19 d29_+d19_d29)8—|—1 (A17d29—A27d19)DS+i (AleQH_—AQleH)DS.

(A.14)
Comparing this with the right hand side of (A.5), where wg = ATV — 1/2dfS and wg =
ATV 4 1/2d6S, we find that df x df terms cancel from (A.5), while the rest imply

U= —%Es, T = %DS, (A.15)
and the forms wg, Wg, wy can be written in terms of just one quantity S:

ws = —%Afﬁs - %das, g = %ATS n %déS, wy =iATS. (A.16)
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Next step further would be to check dwp equation (A.4). As the left hand side of (A.4)
is zero due condition wp = 0, we do not need to take the differential of anything. Simply
putting results for the forms wg, wg and the ansatz for wk into (A.4), we find that df x d6
terms cancel and others imply

Y= —%DS, Y= —%Es. (A.17)

To determine C, we should consider dwg or diwg equations (A.8), (A.9). The left hand side
of (A.8) can be calculated from (A.16) as

1 _ _ —
dowrg — diwas = —d10ds0DS + 5 (d19d29 + d19d29)DS +
_ B 1.
+(A1Td20 — AQletg) (—%DDS + 58) . (A.18)

Substituting the wg, ws and wy (A.16) to the right hand side, as well as the ansatz for wk
(A.10), one obtains

i
—W1KW2Q T WarW1Q — B (WlJWZS - wszls) = (A.19)

1 _ _ _ _ _ 1
= —d10dy0DS + §(d16d20 + d19d29)D8 + (Aﬂ'dge — AQletg) <—C — 182> .
Thus all df x df, df x df terms cancel out and one finds
i — 1, 1 . — 9 1 | —
C = 1 [D,D]S — ZS , WK = ZAT(I [D,D]S -8 ) — §d9DS + §d0DS. (A.20)

As every projection of all the forms is already found in terms of S and its derivatives, one
can only check by direct calculation that dwg equation (A.3) is satisfied. It is indeed so,
with no constraints imposed on S.

The results (A.16), (A.20) are in full agreement with ones obtained by straightforward
calculation of (4.16). Though for /=2 Schwarzians this analysis was somewhat tedious
and not particularly easier than direct calculation of multiplet defining conditions, it is still
important. At first, it shows that the structure of Cartan forms in N'= 1 and N'=2 cases
is not a coincidence and reflects fundamental properties of supersymmetric Schwarzians.
Secondly, in the N'=3 and N'=4 cases, the irreducibility conditions of multiplets become
more and more important, while remaining highly nonlinear, and calculation of their con-
sequences becomes increasingly difficult. Therefore, analysis of Maurer-Cartan equations
becomes more convenient way to identify proper Schwarzians even from technical point of
view.

B Maurer-Cartan equations for OSp(3|2)
The main Maurer-Cartan equation

do — d1Qy = [Q1,9Q]

— 21 —



for osp(3|2) with general structure of the Cartan form given by (5.4) can be reduced to a
set of relations

i (dywip — diwap) = —2(w1g),(w2q); + 1 (wipwap — wapwip),
1 1
d (le)i —d (W2Q)i = wip (WQS)i — w2p (W1S)i - 5”21) (le)i + §W1D (W2Q)z‘ +
+€imn ((le)m(WQJ)n - (WQQ)m(le)n) ) ( 1)
i (dow1p — diwsp) = —2i (wipwar — wapwik) +2 ((wig),(was); — (w2q),(wis),) »

i (do
(d:

(wir), = di(w21);) = €imn ((W10),, (w2s),, = (W2q),, (w15),, +1(w11),,(w27),,)
(w1s), = di (as),) = w2rc (1), ~ @ik (a); + 5wap(@1), ~ 3@1p(@2a), +
+€imn ((le)m(WZS)n - (WZJ)m(Wls)n) )

i (dow1g — diwar) = —2(w1s), (was); — 1 (Wipwer — wapwik).

The primary conditions are wp = AT, (WQ)i = df; and wp = 0. The remaining forms can

be expanded in terms of A7 and df; as

(WJ)i = ATB; + dHJ Sija (WS) =ATV¥; + Aijdﬂj, wrg = A7 C + db;%;. (B2)

i

Analyzing equations (B.1), one can obtain that dwp equation is satisfied automatically.
The part of dwg equation, proportional to A7 Adf, implies that A;; = €;;, By, and df A df
part is satisfied if €;4Sjm + €;jmS;r = 0, which happens if and only if S;; = 4;;S.

Analyzing dw; equation one obtains from dfl A df part that B; = iD;S, while the
AT A df part implies that

1

The df A df part of dwp equation is then satisfied automatically, and the rest implies just

>; =1V,;. The dwg equation is more complicated, producing two relations:

(Al’T d29j — AQT dlej) (D]\Ifz - iEijkaS. + C(SZ] + 52]Bchk - BZBJ + eiij \I’k) = 0,
2i (dlé?jdgé?j)\lli + iel'jk(dl(gjdgem + dlé?mdgé?j)DkaS = (B.4)
= 1(d192d20m + dlﬂmdﬁl)\llm — (dleidgej + d19]d291)SB] + 2(d19]d29])SB2

Substituting B;, ¥; into these equations, one finds that of the first one only d;; component
survives while the second one is satisfied automatically. To show this, one should use the

identity

€ijkXm = EmjkXi T €imkXj + €jmXp =

. . 1
Dy (€ipgDpDyS) = —2i €jmi DipS + 30im (€pgrDpDyD,S). (B.5)
After that, one obtains

.1
C=-i8§+2 (€pgrDpD¢D,S) — D SDyS. (B.6)
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The dwg equation reduces to two relations

iD;C+ \I/Z + 2i eijk\I}jDkS =0, —2i (5”0 - D]\I/Z - DZ\IIJ — 25UD’€ SDpS +2D;S DJS =0.

(B.7)
They are satisfied identically, leaving no constraints on S. To prove this, one should use the
relation D; (epququDrS) = -3i el-ququS , which follows from (B.5). Thus one obtains
the complete solution of osp(3]2) Maurer-Cartan equations (5.11).

C Maurer-Cartan equations for SU(1,1|2)

With € given by (6.4), the Maurer-Cartan equation
doft — d1 Q2 = [, Qo]
splits into bosonic equations

i (dowip — diwap) = —i (w1pwap — wipwap) — 2(W1Q)a(@2Q)a - 2(@1Q)a(w2Q)a,
@25)(1 - 2(@1S)a(w2s)a,
i (dowip — diwap) = —2i (wipwak — wikwap) + 2(wig a(@s)a +
+2(@1Q)a(w2s)a + 2(w15)a(@2Q)a + 2(5115)&(002@)&, (C.1)
dafenr)* — drfer)* = 2((w10)" (@25), — (@16) 2)" (1) (n0) , +
+(@15),620)%) 35 (r0)" @), -
—(@10),(w25)" = (w15) " (@20)., + (@15) , (w@)") +

+i (wir) W (war) g i (wir) 5" (war) L

—~

i (dowr i — diwor) = i (wikwap — wipwar) — 2(wig)”

~—

and fermionic equations:

da(w10)" = di (20)* = w1 (25)” — war (w15)" + 5 (w1p (w20)" ~ w2n (1)) +
i ((w11) " (020)” = (wr) " (1) ).
da(inq), — i (820),, = wrp(@ns),, — v (@15),, + 5 (w10 (@20),, ~ 20 @10),,) -
i ((@11), (@20), -~ (wr),” @10) ). (©2)
a(w15)" = di w25)" = —wirc(20)" + e (610)" = 5 (wap (was)* —wan(wns)) +
+ ((w17) " was) = (war) 1 (15)).
a(@15),, = i (@25), = e (E20) , + o (@10),, — (@10 (@25),, o (@15),) -

=i ((wir) 7 (@25) 5 = (wor) " (®15) 5)-
With conditions (6.8) applied and all the forms written as combinations of A7, d6%, df,
with superfield coefficients
(ws)a = ATA* + d@ﬁAga + déﬁBaﬁ,

s), = OT Aa +dis AP + d0°Bg,
(wr),” =8 AT +d07 56" — do, T

(@
0P wrg = ATC +dO% g — dOx®, (C.3)
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it can be straightforwardly checked that dwp equation (C.1) is satisfied identically. Sub-
stituting (C.3) into the dwg equation, one finds

0= (Aﬂ'dzég — AQleéﬁ)Baﬁ + (Aﬂ'dg@ﬁ — AQleaﬁ) (Aga + iSﬁa) +
Fid107d20° (2,5% — $5,%) — i (d10yd20" — dof,d10°)S 5> = 0. (C.4)

Therefore, one should take B*? = X% = fq/ga =0 and Ag® = —i1S3*. Considering dwg
equation in the same way, one finds also A,” =i8,°.
Then one should consider dwr equation (C.1). The df x df terms in this equation read

2i Sﬁa (dleﬂ/dzéy + dlé,ydgeﬂ/) =2i (dleo‘dﬁv + dléydgeo‘)SgV +
+2i (d197d29_5 + dléﬁdQG’y)Sf\/a —2i (Sg (dle”dgﬂ_“ + dlﬁ_ﬂdQH”)S,,“. (05)

These terms cancel, but to prove this it is necessary to take into account that o, 5 =1, 2,
and these indices can be raised and lowered using the antisymmetric €,g, %7 tensors. Then,
it Mg" = 2i (dlmdgég + dlégdgm), one notes that

Mfya557 + Mﬁ“’&ya — 5gM,uVSu'u =
= (M,*Sp” — M,gS*) + M,gS*" + Mg S~ — 6GM," S, =
= 7550{“{ + MﬁPYSA{a = ( — Mﬁv + Mvg)safy = SﬁaMﬂ‘u, (C.G)

which cancels the left hand side of (C.5). The A7 x df and A7 x df terms in dwr equation
read

Al’Tan’Y - AQ’lea’Y : DA/SBCV == 2(535\5 - 6%5\7,
Alezéq/ — AQleé»y : E’ySga = _2(%)\04 + 5%)\7. (C?)

Therefore, superfields S*? satisfy the set of constraints of N'=4, d = 1 vector multiplet

— 1 - 1
DS =, DOS¥) =0, I\ = gDVS,YO‘, Ay = —gD»ySa“/- (C.8)
Analyzing the dwp equation, one quickly finds that the df x df terms cancel, and
others imply xa = iAas Xa = —iAa.
The df xdf terms also cancel from dwg equation, and the remaining A;7do0%—Ao7d; 0

term implies that

1 N v 1 v
- [Dy, DS = —-C — 5SS (C.9)

To obtain this, one should use the vector multiplet conditions (C.8) to find

DsDYS,* = =318 — $0§D, D, 8", D*D,Sg” = —3185 + 165D, D, 5",
D,D,S.? = DFD'S,P = 0. (C.10)

Using this, it is easy to prove that dwg equation does not lead to any new conditions.
Finally, all the forms are written in terms of S,” and its derivatives (6.11).
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