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Tunneling of Hawking radiation for BTZ black hole revisited
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We re-examine Hawking radiation for a nonrotating (2+41)-dimensional BTZ black hole and
evaluate the transmission probability of tunneling through the barrier of the event horizon employ-
ing the standard method of WKB approximation. Our results are presented for both uncharged and
charged cases. We also explore the associated thermodynamics in terms of Hawking temperature
and provide estimates of black hole parameters like the surface gravity and entropy.
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I. Introduction

In the theory of general relativity (GTR) the black hole solutions are generally described by four
types of metrics. The simplest one is of course the Schwarzschild metric with no electic charge and
where there is spherical symmetry. To deal with the electric charge, Reissner—-Nordstrém metric is the
relevant one that addresses the geometry of empty space surrounding a charged, nonrotating black
hole. Kerr metric gives a generalization of the Schwarzschild metric wherein spin effects are taken into
account. It was shown much earlier by Newman et al. [I,2] that the Kerr solution is derivable from the
Schwarzschild solution for the vacuum Einstein case and further Kerr-Newman solution follows from
the Reissner—Nordstrom metric for the Einstein-Maxwell theory through a set of complex-coordinate
transformations in terms of a null tetrad of basis vectors. In a wider perspective, Kerr-Newman metric
deals with both charge and spin of the black hole (see, for a recent review, [3]).

To consolidate quantum gravity with other forces of nature one has to take into account extremely
strong gravitational effects. A black hole is a natural place to look for them. Interest in (2+1)-
dimensional gravity, which serves as a toy model for understanding how gravity operates in higher
dimensions, owes to the foundational work of Banados et al. (BTZ) who showed that such a simplified
formulation had an embedded black hole solution [4]. In contrast to Schwarzschild and Kerr types of
black holes, the BTZ is asymptotically anti-de Sitter (AdS) and not being asymptotically flat. The
metric shows no curvature singularity at the origin. The static BTZ geometry is a solution of the
Einstein equations with a fixed value of the negative cosmological constant —1/1? [5,6]. In [4] was
included the cosmological constant possessing a negative sign in the formalism of three-dimensional
vacuum Einstein theory.

For detailed analyses of general types of BTZ black holes having charge and spin see [7HI0]. Another
interesting aspect of the BTZ black hole solution is that it reveals thermodynamical properties akin to
the Schwardschild’s black hole of (341)-dimensions. See [11] for an early review. BTZ black hole has
been studied in the context of quantum gravity and Hawking temperature allowing for the presence
of nonzero spacetime noncommutativity [12]. For further related works see [13L[14].
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In recent times, the construction of AdS charged BTZ black hole was carried out and a class
of plausible solutions were explored in [I5]. The dynamical and thermodynamical behaviour were
investigated and Hawking radiation [16] was estimated by Parikh and Wilczek [17] in the background
of conventional quantum mechanical tunneling (see also [I8-20]). It needs to be emphasized that the
study of Hawking radiation in the context of BTZ black hole and null-geodesic formalism within the
scenario of [I7] was also taken up by Wu and Jiang [21] for the rotational uncharged BTZ black hole.
An idea to measure Hawking-like features and the Unruh effect in the laboratory was proposed in [22].
Furthermore, the effect of generalized uncertainty principle was inquired to assess Hawking radiation
in (2+1)-dimensions [23]. In addition, the effect of quantum gravity on the stability aspects of black
holes was discussed in [24]. The BTZ black hole was also analyzed for massive gravity in a more
general context [25] to ascertain Hawking radiation and provide an estimate of tunneling probability.
The particular work of Kim [26] is especially interesting in that he studied viable black hole solutions
in the context of its global structure [27]. In a similar spirit he attempted a derivation as in [I,2]
but concentrated only for the three-dimensional spacetime. His analysis rested on the interpretation
that the three-dimensional geometry is just a 6§ = 7 cut of the four-dimensional spacetime with
0 representing the polar angle. In particular, his nonrotating result correctly resembled the BTZ
solution.

One of the purposes of this work is to use the BTZ metric to reassess the transmission probability of
radiation for nonrotating black holes in (2+1)-dimensions corresponding to the uncharged and charged
cases. We remark that apart from [17], study of tunneling was also taken up for the dilatonic black
hole in [28]. However, as will be clear from the steps provided in the following section, the approach
and analysis of the present work is quite different. Noting that the picture for the (2+1)-dimension
is markedly different from the (3+1)-case in that as per our study the temperature is found to be
proportional to the square root of mass rather than inverse of it for both uncharged and charged black
holes [11], we demonstrate that the tunneling probability for the charged black holes emerges smaller
than the uncharged one. Interestingly, our finding is in tune with what is obtained in [12] by including
noncommutative effects when rotational effect is ignored.

In Section II, we set up the metric by transforming the Painlevé time to Schwarzschild time with
the help of a suitable shift involving an arbitrary function of the radial coordinate. This facilitates
arriving at the generalized structure of the metric for the (2+1)-dimensional black hole. It is then
exploited to address the issue of the tunneling probability of Hawking radiation for an uncharged black
hole employing the WKB approximation and comparing the result with the existing estimates made
from different perspectives. In section III, we consider in a similar way the case of the charged black
hole. In Section IV, we compute the essential thermodynamic quantities [29] like the surface gravity
and entropy of a black hole. Finally, in section V, we present a short summary.

II. Tunneling for uncharged nonrotating BTZ black hole

We begin by representing the BTZ metric for a nonrotating uncharged black hole of mass M in spherical
polar coordinates by

ds®> = Z(r)dt* — Z7Y(r)dr? — r?d¢? (2.1)
2
Z(r)=—-M+ 7 (2.2)

Throughout this work we will employ natural units. In (2.1) ¢ is the Painlevé time and we have
followed Kim’s [26] treatment by picking the slice § = 7/2. As noted by Pantoja et al [30], the metric
(2.1) is a solution of the vacuum Einstein field equations taking the cosmological constant value to
be A = —llg. As elaborated there, corresponding to a strictly positive mass value, the horizon of the
black hole is at the point r = v/MI, for a negative mass value, the black hole is non-existent while the
interval —1 < M < 0 is linked to the metric generated by a point source at the origin. The vacuum
state corresponds to M = 0. In the present problem, because of M > 0, the positive values of the
outer (ryy:) and inner horizon (r;,) are automatically obeyed.



Without loss of generality, let us transform to the Schwarzschild time (ts.;) by making the shift

t =tsecn —&(7) (2.3)

where £(r) is an arbitrary function of r and the prime denotes the derivative with respect to r. Ac-
cordingly, dt? becomes

dt* = dt?, + &2 (r)dr® — 2¢ (r)drdtsen (2.4)
Substituting (2.4) in (2.1) we derive the following form for ds?
ds? = Z(r)dth., + [Z(r)e?(r) — Z7H(r)]dr? — 2Z(r)E (r)drdtse, — r*de* (2.5)

Since &(r) is arbitrary we choose it to render the coefficient of dr? unity. Thus we are led to the
following pair of relations

Z(rEr)? =27 ) =1 — &r)=xyZ7Y —2(r) (2.6)

We can therefore recast (2.5) in the form

ds? = Z(r)dt}, + dr* —r? (r)/Z7Y( Z=2(r)drdtgen (2.7)

The radial null geodesic will obey

Z(r)dt%, + dr® —2Z(r)\/Z=Y(r) + Z=2(r)drdtse, = 0 (2.8)

and hence we have

dr
dtS ch

A (20) + (1) — 220 )T 220 () ) =0 (29)

(2.9) can be rewritten in the form

72 — 2 Z(r)\/Z~Y( 2(r)+Z(r)=0 — F=+1+Z(r)*1 (2.10)

where the overdot refers to the derivative with respect to the Schwarzschild time. The negative sign
refers to an incoming geodesic while the positive sign stands for an outgoing geodesic. It is assumed
that the pair production occurs just inside the event horizon at r;, ~ ry.

A couple of points are in order. If €2 is the energy of the particle that is created during the pair
production then the mass of the black hole after emission would be M —Q(> 0). Since 7, is the radius
of the event horizon when the particle is produced just inside it, while r,,; is the radius of the event
horizon when the particle has tunneled across and emitted out of the black hole, these are determined
from solutions of Z(r) =0

Tin = IVM
Fowt = WIT= 00

where 1ot < Tin, With 74, in conformity with the constraint for a positive mass mentioned earlier.
With this background we proceed to calculate the tunneling probability of Hawking radiation.

The region between r;, and r,, separating the two points acts as a potential barrier for the
tunneling particle to overcome. For the particle produced during pair production, its energy would be
lower than the acting barrier thus mimicking a classically forbidden region. In this region the action
¢ is imaginary and we can profitably use the WKB approximation, as a semiclassical way, to estimate

(2.11)



the tunneling probability [17,25]. See the works in [31H36] where the issue of tunneling probability
has also been addressed. Indeed writing for the imaginary part of the action

Tout Tout Pr
Im¢ = Im/ prdr = Im/ / dp,dr (2.12)
Tin Tin 0

and noting from Hamilton’s equation the relationship

H
dp, = dT (2.13)

where H takes the values M and M — 2 corresponding to p, = 0 and p, = p, respectively, we project

the integral (2.12) to read
Tout M- dH
Im¢ = Im/ / —dr (2.14)

Then, substituting the value of 7 from (2.10) and concentrating on the outgoing geodesic we are led
to

Tout M-Q dH ( )
Im¢ = Im/ / e r 2.15

Let M (= M) and M (= M — Q) be the respective mass of the black hole before and after the pair
production. Since the emitted particle has a very negligible mass, we can approximate

M = Miy = Moyt

(2.16)
dM ~ —dS)

The integral limits in (2.15) translate to = 0 when M = M and Q = Q when M = M —Q with dH
replaced by —df2. As such, the expression (2.15) becomes

(2.17)

I C I /Tout / dQ d
m( = —Im T
rin Jo 14+ /14 Z(r)]

From the consideration that the emitted particle has a very small energy of the order of €2, binomial
expansion in the vicinity of the event horizon, where the quantity Z is supposed to be small, gives a

simplified representation
Tout Q 2dQ
Im¢ = —1 ——d 2.18
we =t | g 219

to first order in Z. Replacing M by M — Q and substituting (2.2) in (2.18) we obtain

Tout
Im(¢ = —Im/ /
2

To tackle the above integral we substitute —M + € + % = —4a implying d2? = —4da. Further, the

limits Q =0 — a = «(0) and 2 = Q — a = a(Q?) also hold. As a consequence, Im( is convertible to
the form

dr (2.19)

2
[ M+Q+l2]

Tout a()
Im¢ = 2 Im / / o (2.20)
. a( ) l1—«

We now use the residue theorem of complex analysis to estimate the integral (2.20). Noticing that
there is a simple pole at o = 1 and that the residue at this point is —1 it follows that

¢ = —47(Tout — Tin) = 47 (Fin — Tout) (2.21)



This gives straightforwardly the following result for the tunneling probability
['(©2) ~ exp(—2Im() = exp(—8mp) (2.22)

Ql
where p = i — rout = —— + O(Q?). A comparison of the right side of (2.21) with the estimate
p L= ST () p g (2.21)

made in [2I] for the rotational uncharged BTZ black hole shows that ours is a factor of 2 too large.

More precisely, while (2.22) shows the dependence of exp(—ﬁ), the (3 + 1)-dimensional calculation

of Parikh and Wilczek [17] depicts a slightly different behaviour of exp(—M). A similar form like
(2.21) was obtained in the massive gravity case [25] but the difference of r;, and 7., depended on
a complicated function of the mass. It is interesting to note that if rotational contributions are
discarded then the noncommutative result of [12] matches with ours including the dependence of I" on

exp(——).

III. Tunneling for charged nonrotating BTZ black hole

The charged counterpart of the nonrotating BTZ metric [8HI0L29] can be written as:

ds* =Y (r)dt* = Y (r)dr? — r2d¢? (3.1)
T’2 T 9
Y(r)=-M+ 2 EQ Inr (3.2)

We follow a similar prescription as in the previous section to calculate the tunneling probability
of this black hole. The radius of the event horizon before and after emission are given by .

Q1?1 20474 272 2
Tin = — +Z\/7TQZ—87TQZ+16ZM

221
Tout = 77% + Z\/72Q4l4 - 87TQ212 + 1612(M — Q)

(3.3)

This is obtained by setting Y'(r) = 0 similar to the vanishing criterion of Z(r) undertaken in the
previous section to determine the corresponding r;;, and 7.
The imaginary action can then be expressed as:

Tout Q
Im¢ = —Im/ / 2dSY 5 dr (3.4)
rin 04 (M- Q)+ = — T Q%]

2 2
After suitable substitution and using the residue theorem to solve the above integral, the final
tunneling probability for the charged BTZ black hole is determined to be

['(Q) ~ exp(—8n0o) (3.5)
where
21%Q) N
Vm2Q4 — 8w Q212 4 1612M
and m2Q** +16M1? > 87Q%12. Comparing with the result (2.22) we see that the tunneling probability
for the charged nonrotating black hole is smaller than the uncharged one. Further, we remark that

the dependence on the mass M of the argument of the above exponential is different from the (3 +
1)-dimensional case [17], where it was found that for a black hole with charge Q the transmission

probability went like & exp {—477(2§2(M — ) — (M —Q)/(M—-Q)2 - Q%+ M/M? - QQ]

0(9?) (3.6)

0 =Tin — Tout =




IV. Thermodynamical aspects

The influential works of Bekenstein, Hawking, Bardeen et al [16,37.38] in the 1970s paved the way
for active research in black hole thermodynamics. In particular, Bekenstein [37] postulated that
the area of the event horizon was proportional to its entropy. Further works by Bardeen et al [38]
laid the foundations of the four laws of black hole thermodynamics by drawing an analogy from the
conventional ones of thermodynamics.

In the present context we set up our results against the standard ones of [39H41]. According to
Hawking’s theory [16] the so-called information paradox could be resolved by the emission of particles
from a black hole due to quantum pair-production near the event horizon. One denotes by Ty as
characteristic temperature when the radiation occurs. The value of p obtained for the uncharged
black hole when substituted in (2.22) gives the Boltzmann factor exp(—Tg—H) where £ = (1 is the energy
of the emitted particle. Similarly for the charged case we employ the estimate of o made in (3.6).
This provides us with the following expression of Hawking temperature (7) of the (2+1)-dimensional
uncharged (uc) and charged (c) black hole:

. VM

=Y 4.1
T 47l (4.1)

e /m2QUY — 87Q212 + 1612M
TC = o2 (4.2)

Since the surface gravity  in both cases is 277 we at once deduce straightforwardly

VM
uc _ 4.3
K 57 (4.3)
o V2N — 8TQ212 + 1612 M
812

We know from Bekenstein’s work [37] that the area of a black hole event horizon is proportional
to its entropy. This means that just like entropy can never decrease, the area of the event horizon of
a black hole can only increase. In (341)-dimensions the surface of a black hole is the area of a sphere
(47r?). In (2 + 1) dimensions the analogue can be identified with its perimeter A = 2775, A simple

derivation yields for the respective areas of uncharged and charged black holes

Av¢ = 271/ M — Q (4.5)
7T2Q2l2
2

These relations imply for the entropy relations

(4.4)

AC =

+ g\/w2Q4z4 — 87 Q22 + 162(M — Q) (4.6)

A 7l
=TT (4.7)
A 2 2l2
g=dT 2 + /T QUT S QP + 16 (M — 9) (4.8)

Note that the functional forms of S¢ and S%¢ are different. Evidently, because of the influence of the
charge @, S¢ is higher than S“c.

V. Summary

In this paper we introduced a set of complex coordinate transformations to reinterpret the BTZ metric
in terms of Painlevé coordinates. Thus the basic equations were set up that give conditions for the
incoming and outgoing geodesics. Following Parikh and Wilczek’s approach, we then evaluated the
transmission probability of Hawking radiation for both uncharged and charged nonrotating black holes
in the framework of WKB approximation. The related issue of black hole thermodynamics was also
discussed and estimates of typical thermodynamical parameters, like the surface gravity and entropy,
were made.
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