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1 Introduction and Summary

In the past few years it is observed renewed interest in the study of non-relativistic
string theories in Newton-Cartan (NC) formulation [I, 2]. Basically, NC gravity
provides covariant description of Newton’s law. However it is very remarkable that
NC description can be extended also into more broader class of theories, as for
example field theory and string theory. In fact, non-relativistic string theory was
originally introduced in 2000 in two papers [3, 4]. These theories were defined
without Newton-Cartan formalism which was firstly introduced in the context of
string theory in the remarkable paper [5], for related works, see for example [34]
7, 8, [, (10, (11, 12} 13} (14, 15, [16] 17, I8, 19, 20, 21, 22). Different formulation of
non-relativistic string was presented in [6] that was based on T-duality of string
theory in the background with null isometry E [34] new form of non-relativistic
string theory was proposed that has interesting property that non-relativistic string
naturally couples to two form field mp;y in the similar way as non-relativistic particle
couples to mass form myy;.

This new proposal of non-relativistic string was further studied in [40] where
canonical formulation of this theory was found. We also analysed the possibility to
impose uniform light-cone gauge on this theory and found Hamiltonian on reduced
phase space. Uniform light-cone gauge was used in [35] 37, [38] [39] B where it was
shown that it is very efficient for the study of dynamics of the relativistic string in
AdSs x S°. We showed in [40] that such an uniform light cone gauge fixing can be
imposed in case of non-relativistic string as well at least at the formal level.

In this paper we continue the analysis of new non-relativistic string when we focus
on its explicit formulation as non-relativistic limit of AdSs x S° background. Our
starting point is an important paper [41] where non-relativistic strings in AdSs x S®
was defined by specific limiting procedure. We combine this procedure with the
definition of Newton-Cartan fields as was given in [34] and we will be able to find
Newton-Cartan background fields for non-relativistic limit of AdSs x S°. Explicitly,
we find 2 x 2 twobein 7,7 together with field 7,7 that was introduced in [34]. Then
we will be able to determine two form m,;n and hence corresponding Hamiltonian.
As the next step we study gauge fixed form of the theory when we impose uniform
light-cone gauge. Solving Hamiltonian constraint we determine Hamiltonian on the
reduced phase space. We find that the structure of this Hamiltonian depends on
the free parameter that defines generalized uniform light cone gauge [35], 37, 138, 139].
Then we study equations of motion on the reduced phase space. We show that it is
possible to have configuration with all free fields to be equal to zero and concentrate
on the dynamics of the mode z;. However then we find that the equation of motion
for z; is solved by arbitrary function and hence does not determine dynamics of z;
at all. We mean that this is a sign that the present form of uniform light cone gauge
is not suitable for the specific form of non-relativistic string studied in this paper.

Then in order to study properties of non-relativistic string in more details we

2For related works, see [23], 24] 25| 26| 27, 28, 29| [30, B3] 132} 33| 15].
3For review, see for example [36].



focus on its Lagrangian equations of motion. We determine their form for general
background. Since these equations of motion are rather complicated in the full
generality we restrict ourselves to an analysis of the dynamics of single coordinate
z1. We find solution that has formally the same form as solution found recently
in [42] however there is a crucial difference since we consider extended string along
non-compact coordinate and hence we should interpret this solution as the string
with infinite number of spikes.

Let us outline our results. The main goal of this paper was to find Hamiltonian
for new non-relativistic string in AdSs x S° background. Performing appropriate
limit we determined components of Newton-Cartan fields and then we obtained cor-
responding Hamiltonian. We studied its gauge fixed form and we argued that the
uniform light cone gauge could be too restrictive to obtain interesting dynamics. On
the other hand it is possible that different gauge fixing procedure, as for example
static gauge, could lead to non-trivial dynamics of free world-sheet fields on AdS,
background as was shown in [41]. We also studied Lagrangian equations of motion
and we found solution corresponding to string extended along one free spatial co-
ordinate and non-trivial dynamics along of z; coordinate that agrees with solution
found in [42].

This paper is organized as follows. In the next section (2)) we review basics facts
about new non-relativistic string and its canonical formulation. Then in section
@) we find its form in non-relativistic limit of AdSs x S°. In section () we study
properties of this string in uniform light-cone gauge. In section (Bl we determine
Lagrangian equations of motion and study correspoding solution. Finally in ap-
pendix () we perform non-relativistic limit in coordinates that were used [41] and
find corresponding Hamiltonian.

2 Review of New Non-Relativistic String and Its
Canonical Formulation

In this section we review basic facts about new non-relativistic string action as was
proposed in [34] and that has the form

S = —g /d20\/__T[TthMN + e my ] 0oz s (1)

We firstly describe derivation of this action, following [34]. Let us introduce rela-
tivistic vielbein e,; so that target space metric has the form

~—

a b
IMN = €xrNTab » (2

where we use the similar notation as in [34] so that frame indices are a,b =0, ...,
and where 7, = diag(—1,1,...,1). Note that space-time indices are M, N
0,1,...,9. Following [34] we also introduce parametrization of NSNS two form
By as

Il o

B _ a_ b a_b
MN = 5”@(€MWN —enT) -



To begin with let us write Nambu-Goto form of the action for relativistic string in
general background

1
S =—cTr | d*o+/—det gop — CTF/d2O'§€aﬁBaﬁ , (4)

where gos = gun0.2M 052" | Bag = BynOaz™ O and where €”' = 1 = —¢y
and T is string tension. As in [34] we introduce indices a = (A, a) corresponding
to directions longitudinal and transverse to string world-sheet where A = 0,1 are
longitudinal and a = 2,...,9 are transverse. Then we have

e = (cE]Vf[‘,e]\j}) , ML= (CHA?,WA}) (5)
so that
Gop = CapBAES + duee)
Bag = %CznAB(EaAHBB - ESTL) + %5“*’(663”/5’ —eg'Ty) -

We further parametrize longitudinal components in the following way

1 1
A_ _A B_A A_ A _B A
Ey =1y —|——2627TM€B , Iy =€y +—2C27TM ,

where €' = egen©. Inserting (7)) into (2)) we finally get

1
Jop = C*Tap + 577AB(TQA7TBC€CB + TBBT('QCECB) + hop

C_A_D_B
+4627]AB7T(1 €c Tz €p

where
Taf = TaATBBT]AB , hag = eaaeﬁbéab ) 9)
Then it can be shown that the resulting non-relativistic action has the form

T

S = 5 /dza[\/ —T7% hap + €Pmag) (10)

where we introduced rescaled tension ¢1r» = T and we have taken the limit ¢ — oco.
Finally we also introduced matrix 7 = TaATB sn AP which is 2 x 2 matrix inverse to
Tap- We also introduced 2 x 2 twobein 7% that obeys the condition

TaATBA = 55 , TaATaB = 52 ) (11)
Note that mag = mynOaz™ g that is written in (I0) is defined as

1 1
MMN = 57AB [T — T T ] + §5ab[61\371\? — eNTy) - (12)



The canonical form of the action (I0) was recently analysed in [40] where it was
shown that the Hamiltonian is sum of two first class constraints

H= / do(N"H, + NTH,) | (13)

where

Ho :pMacer ~ 0 )
H, = 2Tyt Peppt,” + T?hye + My kM Ny 2 0
(14)
where 11, is defined as
Iy = par + T Osa™ (15)

After the review of main properties of new non-relativistic string action we proceed
to its explicit form when we consider non-relativistic limit of AdSs x S°.

3 Non-Relativistic AdS x S° Background

Following general prescription reviewed in the previous section we would like to find
Newton-Cartan fields for non-relativistic limit of AdSs x S°. Let us now consider
AdSs x S®° background in Cartesian global coordinates where line element has the
form

ds® = grrdT? + g7,7,dZ'dZ° + geed®* + gy,y,dY'dY" (16)
where
1+ & 1
grr = — < 4Z’f> . P=ZiZ, 9rz, = 3%
I =i (1- %)

-2\ A
~ 4AR? 2 _ i
goe = s gviy, = | T2 5@', Y°=VvY",
(1+%) 7 (1+%> !

where 4, j = 1,2, 3,4 and where R is common radius of AdSs and S°. It is convenient
to write this line element as ds* = e % bn,;. Then, following [41], we define non-
relativistic limit as

(17)

T—ct, Zi—cz, Zpm—>2m, P—o0, Yi—y, R=cRy, (18)

where m = 2, 3,4 and where non-relativistic limit corresponds to ¢ — oco. We start
with the vielbein e © that after rescaling (I8) takes the form

1_|_Z_2 1+Z_12 1 mim
60: 4ZRde0:C 4§Odt+—%dt .
I_W _ﬁ CQRO( _Q)Q

(19)



Then comparing this expression with (Bl) and (7) we can identify

2
2

0 _ I+ 1_ Zmim
i SR =y R
© 4R? R3(1 - m)
(20)
In the same way we proceed with e !
1 1 11 mZm
(1 - =) 1 — i ¢ (1 )2
(21)
so that comparing with (7)) we get
1 m~m
Tzl = Z% s 7TZ? = — 2Z < Z% 5 (22)
In case of the e ™ the situation is simpler
1 1
e = Tz dz,, = = Az,
(23)
and hence 1
622 = 2 57: (24)
1=k
0
In the same way we obtain
el =1, el =57". (25)

It is important to stress that due to the fact that R = ¢Ry — oo the ¢ coordinate
is effectively non-compact since original variable ® was periodic with period 27 R.
Now we are ready to proceed to find corresponding Hamiltonian. We firstly
determine components of myy that, using (20) and (22) have following non-zero
elements
7

(1 + m)zmzm

AR - 2Ly

T AR?

mtz1

(26)

Further, from the relation 7,77 = §4 we obtain that there are non-zero components

of matrix inverse 7% equal to

2
41

— — 2
7_t — 1 — 4R(2) 7_21 — 1 _ Zl
1R2



Taking all these results into account we obtain that the Hamiltonian constraint of
non-relativistic string is equal to

2
1
H, = —2TI,7'7, 0,21 — 2T1L, 777, °0,t + p.,, (1 — Z—lz)zpzm + 120, ————0,2™ +
4R§ (1- 25)2
0
05 + (py)* + T2(060)° + T (05y:)*
(28)
where
I, = p + Ty, 0020, 1L, = poy + T, Ot . (29)

As the next step we would like to find uniform light-cone gauge fixing form of non-
relativistic string. Discussion of the general case was performed in [40] and here
we focus on the non-relativistic limit of AdSs x S°. In order to impose uniform
light-cone gauge the background should possesses two abelian isometries where one
of them is t. From the form of the non-relativistic background it is clear that the
second one can be either ¢ or y; where now ¢ is non-compact. Without lost of
generality we select ¢ as the second coordinate with isometry.

As the next step we introduce light-cone coordinates and momenta [35] 36], 37]

1
T =¢—t, "= §(¢+t)+0zx ,
1
P+ = Dé + Dt » p—zi(p(b_pt)_ap-i-a
(30)
with inverse relations
b R
p=ax"+uz (5—04), t=x" —x (i—l—a),
1 1
pt=p+(§—a)—p—, p¢=p—+p+(§+a),
(31)

where « is free parameter. Let us insert these relations to the Hamiltonian constraint
given above and we get

1
H, = —2T((p+(§ —a)—p_)+ Tmtzlﬁazl)TtOTzf&,zl —

1 1
2T (e, + Ty (O™ — O™ (5 + )47, 0 (" — 27 (5 + ) +
Pz (1 =, )?Pen + T20,2™ L gmy
Pzm - 2 Dz o< 722 2
i (1~ k)2

1 1
+(py, )2+ T%(0,y:)* + (p— +p+(5 + )+ T*(0,0" + &,x—(§ —a))?.

(32)



Now we are ready to impose uniform light-cone gauge by introducing following gauge
fixing functions [35]

1
Gr=at—7=0, G =p —T=0, a=z+a. (33)

Clearly G*,G~ have non-zero Poisson brackets with H,, H, and hence together
form set of second class constraints that vanish strongly. As a result constraints
H, =0,H, =0 can be explicitly solved. We firstly solve H, = 0 for d,z~ and we
get

Tﬁox_ = _pyigoyi - pzmﬁozm - pzlacrzl = _?:[o .
(34)

Further, Hamiltonian constraint H, = 0 can be solved for p, which is related to the
Hamiltonian on the reduced phase space as H,.q = —p4. To do this we insert 0,2~
given in ([34) into ([B2) and using also [B3]) we get quadratic equation for p,

=27(1 — a)p+7't07'Z118021 +27%(1 — mtzlaazl)TtOTzfaazl —
—2(p, + 7”'7%11;"20@)7_211 Ty O(Q,}:[U) +
2 1

z
z 1_ —1 2 2 T2 (o2 m______ o m
Pz ( 4R3)pm+ Doz _i)28z +
4R2
+(py1)2 + T2(8oyi>2 + T2 + 2Tp+a + CLZpi + 7:[(2,(1 — CL)2 =0
(35)
that can be solved for p, as
T —a)rtyr, 021 — Ta 1
P ) e S R U
a 2a
(36)

where we defined K as

K=[2T(1—- a,)’TtOTleaUZl — 2Ta]* — 4a® (2T2(1 — mtzlagzl)ftolelagzl—
—2(p,, + mzlﬂ:[oa)rzlth OaH, +

2

1 -
+pzm(1 )2pzm + T2802m722802m + (py1)2 + Tz(acryi)2 + T2 + (1 - a>2Hc2r

_cL
455 (1~ 1)
0

(37)

Previous form of the Hamiltonian density on the reduced phase space is valid for
a # 0. Explicitly, it is not valid for a = —%, that, according to [35] 36}, 37], defines
temporal gauge

p=x"+a", t=a", p=pi—p_, pp=p-. (38)

7



In this case we should start again with the Hamiltonian constraint (32) that for
a = 0 has the form

H, = —2Tp, 77, pz1 + 2T (1 — Mz, 0521 Ty T, D21 +
22 1
s (1= 22, +T%0,2"m———9,2™
4R3
+(py)* + Ooi)* + T° + (H,)* =0

(39)

that can be solved for p, as

1 2 t 1
py = W[QT (1 =My, 0p21) 7T, Op21 +
22 1 .
+p., (1 — —12)2pzm + 120, 2" ———5—0,2" + (py,)* + T*(0,y)* + T? + HZ] .
0

(40)
Let us return to (32) and determine its explicit form for some special cases. For
a = 0 we get uniform light-cone gauge when
1 1 1 1
p=at e, t=aT—guT, p=gpy =P, pe=p-topes (41)

where p, is equal to

py =2[T7%7, 0p21 — T) — 2VK

1 ~ ~
’C - [TTtOTleaazl - T]2 - [2T2(1 - mtmaazl)TtOTzllaazl - (pz1 + _mz1tHa)7_zlth O%U +

2
2

1 1 ~
+p., (1 — Z—l)szm + T2802m722802m + (py,)? + T?(0py:)* + T + ZH?,] .

2 z
4Hq (1 - 5z)
Finally we can consider special case when a = % corresponding to @ = 1. In this
case we find
1
py =T — 5\/E J

K =4T? — 4(2T*(1 — myz, 0521) 77, 0521 — 2(p2y + M, Mo )70, Cat, +
22 1
AP (1= 5)2psy, + T20,2" —————0,2" + (py, ) + T (Opi)* + T .
4R (1— 4'% 2
0

(43)

We see that the case a = —% is exceptional since in this case the Hamiltonian
density on the reduced phase space is quadratic in momenta while generally the
Hamiltonian has square root structure. In the next section we will analyse some
classical solutions of the equations of motion on the reduced phase space.

8
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4 Properties of Non-Relativistic String in Uni-
form Light-Cone gauge
In this section we will discuss properties of non-relativistic string theory on reduced

phase space. First of all we consider equations of motion for y;, py,, Zm, Pm that due
to the fact that the background fields do not depend on them have the form

87% = {yu red} \/7< pyi + ( .. )acryi) )
2

Orzm = {2m, Hyea} = \/7(( 4R(2))2pzm + (.. )05 2m)

(44)

where H,.q = f doH,eq and where (...) mean terms which are not important for
us. The equations above can be solved by the ansatz z,, = p.,, =y, =p,, = 0. In
fact, this ansatz also solves equations of motion for p,, and p,,. As a result we can
consider Hamiltonian density for z; only that has the form

Lo T(- a)T!o T, 0pz1 — Ta \/—
red = a? 2a2
K =[2T(1 - a)ry7,! 0,21 — 2Ta]® —

—4a®(2T%7',7, 0021 — 20, 747, P apy Ozt + T2 + (1 — ) (P2, 0521)%)

(45)

In order to find equation of motion for z; it is convenient to find Lagrangian from
(@5). To do this we firstly determine canonical equation of motion using (45

0,21 = 4a21\/K< a*747,%a0,2, — 2(1 — a)*(0,21))ps, -
(46)
Then L}, is given by standard formula
L
_E\/ (1 — a)2(Ty7 10,21)? — 277,10, 21 + a4 (7,17%)(0r21)2 =
_ T(l—a)g?azl—Ta_z\/§7
' )
where we introduced g and B defined as
g=7r., B=(1-0a)¢*(0,21)" —2a90,21 + a’g*(0-21)> . (48)



Note also that (A7) is valid for a # 0. Then performing variation of (A1) we get
following equation of motion for z;
ag 1

1 2 9 L,
_ﬁ(l —a) 99 (0pz1)" + aa[ﬁg Op21] — 7@8"]3 —

—a4g—gl(&zl)2 + a407[g—28¢z1] =0.
vB vB
(49)

This is rather complicated equation and it is difficult to solve it in the full generality.
On the other hand we can certainly gain in sign into its form when we consider
some simpler ansatz as for example z, = z,(7). However it turns out that this is too
restrictive since it is easy to see that the equation above is solved for any z; (7). It is
possible that more general ansatz could be desirable but we are not going proceed
along this way.

we rather proceed to the more interesting situation when a = 0. It is easy to
see that as in general case a # 0 we can consistently set p,,, = 2, = y; = p,, = 0 s0
that the reduced Hamiltonian density has the form

1
o= —5 21790521 + T? + p?,(0:21)°] .
a=0 2T98021[ 90521 + 1" 4., (0521)’)
(50)
Then the first canonical equation has the form
21 1
Oz ={z1, HX,} = —T—gpzlagzl (51)
so that Lagrangian density has the form
zZ z1 Tg
A =Dn0rz —HL, = 30 (0r21)2 +T0yz .
(52)

It is easy to derive corresponding equation of motion for z;

T dg (02)* [9 (0-21)?

C2dz Oy 2(9,2)?

9 _
:| +T& [ﬂ@zl} =0.

Clearly this equation has solution z; = z;(0) for any function z;. On the other hand

let us consider an ansatz z; = f(o — vT) so that 0,2y = —vf’ , 0,21 = f’ and
hence the equation of motion has the form
Tdg ,, T, dg , dg
e - ao' _T 87' :_T— ! T 2— /:O .
2d21'Uf QU 4 vord levf+ v lef

(53)

In other words this equation is obeyed by any function f(o — v7). This is again
interesting property of non-relativistic string in uniform light-cone gauge.

10



5 Lagrangian Equations of Motion

In this section we find equations of motion of new-non-relativistic string with appli-
cation to the AdSs x S® case. Recall that the Lagrangian has the form

T
S = 5 /dza[ —TTthag + eo‘ﬁmag] ) (54)

From this action we derive following equations of motion for x™

1
5 \/——TﬁMTKLﬁaxKﬁngTBaTV‘Shwg — 0o —TTO‘BTMNangT”‘s hys] +

-+ —TTaﬁﬁMhKLaal’Kagl’L -+ 6758MmKL87xK85xL —
— —TTa(S&MTKLa(;LL’K&»YLL’LT&Bhga + 28a[\/——TT'Y°‘TMN85xNTB5hM] —
—20, —TTthMNagllfN] — QOQ[GQBmMNﬁng] =0.

(55)

These equations of motion are very complicated in the full generality and we rather
proceed in different way when we try to analyse non-relativistic string in AdSs x S°
background. As in previous section we consider an ansatz z,, = y; = 0 so that we
are interested in dynamics of ¢ and z; only. We further presume that world-sheet
time 7 coincides with ¢ and also that ¢ coincides with o. Explicitly, we presume
following ansatz

t=kr, ¢=0, 2z =f(c—o7). (56)

Inserting this ansatz into action (54]) we obtain

T 1 'U2 Tt df
== [ &% |g= +—f =./- = = =0 —uT.
S K / 9 |:g f, + g f:| g Toim ) f dz z o —vT (57)

Performing variation of (57) with respect to f we get following equation

dgl1 d (g vidg ,,  ,d (1
G (I ) Ty 2 (2) 2y
a7t (f) g’ U\

(58)
that can be simplified into the form
1 d
Sy (E
f/ d.:(: f/
(59)
The first integral of this equation is equal to
g
7 =K, (60)

11



where K is constant. Then using the fact that g(f) =1+ % we obtain final result
0
K(o —vr)

— ARyt
/ ol tan AR,

K (61)
Note that this is similar solution as was discussed recently in [42] and that has phys-
ical interpretation as an infinite array of spikes on the world-sheet of non-relativistic
string that is extended along ¢ direction. Certainly it could be possible to consider
more general ansatz and analyse corresponding equations of motion in the similar
way as in [42].

Appendix: Non-relativistic string in AdS; x S° in
an alternative set of coordinates

In this appendix we present formulation of non-relativistic string in AdSs x S°
background using coordinates that were introduced in [4I]. In this formulation
the vector indices for AdSs are labelled with m = 0,1,2,3,4 while for S° we
have m’ = 1/,2/,3' /4’5 with the flat metric 7n,,, = diag(—1,1,1,1,1) and .,y =
diag(1,1,1,1,1). Then vielbein has following form

VX X
e =dT coshp , VA Tab 2

T
el = Xmcoshpcosﬁ ,

p = R )
Xp X sinh
a __ a b a b p
e =dX +dX(nb _p2R2)( P _1)>
/ / / / X /Xml SinT’ Xm/(s / /Xn/
‘ FaX (g - SRy = YRS
(62)
where a = 2, 3,4. Let us now take non-relativistic limit in the form
T=uwt, X'=wr' R=uwR, (63)
so that we obtain
~2
0= cdt(1+ L
e cdt(1 4+ 202) ,
(64)
from which we can deduce following components of 7,7 and 7,
n'=1, m'=-p", p=Va'z./R. (65)
We further have )
D t
el = edr(1 + 2’)—62) cos (66)
that again implies
t t
' = cosﬁ0 , m" = —p*cos R (67)

12



Finally we have

Tpx®
22 2
p* Ry

e =dz" + dx’(n," — J1+0(?) = 1) =da" . (68)

Now we are ready to proceed to find corresponding Hamiltonian. As the first step
we determine following non-zero components of m

t
~2
my = P~ COS — . 69
t1 = p Ry (69)
Further, from the relation 7,7'7"% = 67 we obtain that there are non-zero components
1 1
Tto — _0 — ]_ 5 7_11 - 7
T COS 7=
(70)
so that Hamiltonian constraint is equal to
Hq— = —QTHt COS —8025 - 2TH17t80t +
Ry COS 7
+pw“5abpmb + T280xa abacrxb _'_pm,(sm’n’ n' + T280xm/5m’n’8oxnl )
(71)
where
Ht = Dt —+ Tmﬂ&,xl s H1 =D1 + Tmlt&,t . (72)

Form of the Hamiltonian constraint implies that it is not possible to impose uniform
light-cone gauge due to its explicit dependence on t. Certainly it is possible to study
non-relativistic string in the background defined by (65) and (&7) but the Lagrangian
formulation is the same as in [41] which is well known and hence we will not study
it in this paper.
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