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ABSTRACT

In this note, we explore holographic attributes of four-dimensional near-extremal
Reissner-Nordstrom black hole solutions in ungauged N = 2 supergravity the-
ories at the two-derivative level by recasting them as a specific first-order de-
formation in solution space, associated with an infinitesimal Harrison transfor-
mation, of black holes in an AdS, space-time. Specifically, we use this link
to exhibit how bulk properties, such as mass and entropy, of four-dimensional
near-extremal black holes are holographically encoded in the one-dimensional
boundary theory dual to gravity in an infinitesimally deformed AdSs space-
time. We do so for the case of four-dimensional near-extremal black holes that
arise as deformations in solution space of BPS black holes by changing the non-
extremality parameter. For these near-extremal black holes, we further show
that the nAdSsy attractor mechanism can be recast as a specific deformation
of the BPS flow equations in four dimensions. Additionally, we also discuss
time-dependent perturbations of the four-dimensional near-extremal Reissner-
Nordstrom solutions from a two-dimensional point of view.
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1 Introduction

In this note we discuss aspects of the holographic correspondence for asymptotically flat
four-dimensional near-extremal black hole solutions that arise in four-dimensional un-
gauged N/ = 2 supergravity theories at the two-derivative level. We do so by first re-
ducing these theories down to two dimensions on a two-sphere, and subsequently viewing
the four-dimensional solutions as solutions to the equations of motion of the theory in two
dimensions.

It is well known that the above class of two-derivative four-dimensional gravitational
theories admits two distinct types of vacua and hence, correspondingly, two types of four-
dimensional static black hole solutions based on these spatial asymptotia or vacua [1, 2].
The first corresponds to an asymptotic AdSy x.S? space-time and includes two-dimensional
black holes in the AdSs geometry [3]. The AdS/CFT correspondence posits a description of
these backgrounds in a holographically dual one-dimensional CFT. The second corresponds
to four-dimensional asymptotic Minkowski space-time and includes static extremal and
non-extremal black hole solutions which are supported by the scalar fields in the theory.
The radial flow of the scalar fields from the vacuum to the black hole horizon is governed
by an effective black hole potential generated by the U(1) gauge fields in the theory.



In the case of extremal black holes, whose near horizon geometry is the vacuum AdSs x
S? background and hence can be seen as solitonic solutions interpolating between the two
vacua [1, 2], the scalar fields are fixed in terms of the charges at the black hole horizon,
independent of their asymptotic values, i.e., the extremal black hole near-horizon geometry
acts as an attractor for the scalar field flows [4-7]. This attractor mechanism serves as a
local test for the presence of an extremal black horizon. This corresponds to the black hole
potential being extremized at the attractor point. Therefore, if the asymptotic values of
the scalar fields for an extremal black hole with given charges are chosen to lie at their
attractor values, the extremal black solution is supported by constant physical scalar fields
and the resulting solution is referred to as double-extreme, with a geometry described
by a four-dimensional extremal Reissner-Nordstrom black hole solution. The near-horizon
geometry containing an AdSs factor, wherein all geometrical scales as well as physical fields
are determined purely by the charges independently of the asymptotic vacuum, implies that
the extremal black hole entropy must be fully captured by the near-horizon AdSsy factor,
and hence admit a holographic description in terms of the dual one-dimensional CFT.
However, non-extremal static four-dimensional black holes have a Rindler near-horizon
geometry and cannot be seen as interpolating solutions between vacua, precluding a clear
template for a holographic description. These solutions are characterized by the extremal
black hole parameters, such as charge, in addition to a non-extremality parameter p which
encodes the temperature of the black hole and can be viewed as one of the axes in the
asymptotically flat black hole solution space of the theory. Moving along this axes from
the origin corresponds to an on-shell deformation starting from an extremal black hole
and sliding through non-extremal black holes at different temperatures and different u-
dependent horizon location and entropy, but with the same charges.

In this note, we take preliminary steps in exploring the holographic description of the
simplest types of non-extremal black holes, namely near-extremal solutions with 4 < 1 and
supported by constant physical scalar fields. These have non-extremal Reissner-Nordstrom
metrics which we view as on-shell deformations to first order in p from BPS double-extreme
solutions. Near-extremal black hole solutions are in effect, the 'closest’ non-extremal black
solutions in solution space to the double-extreme black holes. At this order, the near-
extremal Reissner-Nordstrom black hole solution has a thermodynamic temperature that
is proportional to u, its entropy is shifted by a term proportional to u relative to the entropy
of the extremal solution, while its mass is shifted by a term proportional to u? relative to the
mass of the extremal solution. The equations of motion of the theory, and hence the solution
space, are invariant under a one-parameter family of transformations [8] called Harrison
transformations, which map the above near-extremal Reissner-Nordstrom solution to a
two-dimensional black hole with an asymptotic AdS, x.S? geometry, namely the first type
of aforementioned solutions. The horizon features of the four-dimensional black hole and
its two-dimensional Harrison image are identical. Denoting the transformation parameter
by &, we can hence model the four-dimensional near-extremal Reissner-Nordstrom black
hole of interest as a specific infinitesimal Harrison transformation of a two-dimensional
black hole in an AdSs space-time. The infinitesimal transformation acts as a deformation
in solution space, implemented to first order in € and p.



Using this link, we ascribe mass to the deformed two-dimensional solution, and we
show that this definition is consistent with the first law of black hole mechanics, which
relates the change of the entropy of the deformed two-dimensional solution to the change
of its mass.

We then exploit the link between four-dimensional and two-dimensional solutions pro-
vided by the Harrison transformation as a first step to exploring the holographic attributes
of four-dimensional near-extremal Reissner-Nordstrom black hole solutions. By virtue of
the AdS/CFT correspondence, we expect the two-dimensional black hole parameters and
their perturbations to be encoded in terms of corresponding operators and their pertur-
bations in the holographically dual quantum mechanics. Consequently, we exhibit how
bulk properties of the four-dimensional near-extremal Reissner-Nordstrom black hole, such
as mass and entropy, are encoded in terms of the expectation value of the holographic
stress tensor of the one-dimensional boundary theory and of the operator dual to the two-
dimensional dilaton, respectively.

We continue our exploration of this holographic setup by considering time-dependent
perturbations of the four-dimensional near-extremal Reissner-Nordstrom solutions from
a two-dimensional point of view. To this end, we use the two-dimensional equations of
motion to analyze first-order perturbations around two-dimensional constant curvature so-
lutions that are supported by constant scalar fields as well as electric-magnetic charges.
Our findings for the allowed first-order perturbations are the counterpart of those obtained
previously in a different context, namely five-dimensional pure Einstein gravity with cosmo-
logical constant reduced to two dimensions [9], and three-dimensional topologically massive
gravity reduced to two dimensions [10]. When restricting to the subset of perturbations
that are induced solely by turning on a perturbation of the two-dimensional dilaton, the
renormalized on-shell action describing the dynamics of these perturbations takes the form
of the DFF action [11]. This is again in accord with the findings in [9, 10].

While in the above we focussed on near-extremal black hole solutions in four dimensions
that are supported by physical scalar fields that are constant, one may also consider the
more general situation where the scalar fields supporting the near-extremal black hole
solution are not any longer constant. This may be achieved by changing the asymptotic
values of the scalar fields away from the double-extreme values mentioned earlier. The
resulting flow equations can be viewed as deformations of the flows in the extremal case.
In the case where these near-extremal solutions are on-shell deformations of extremal black
holes, a suitable framework for describing the resulting scalar flows is the nAdSs attractor
mechanism for near-extremal black holes [12]. It posits that to first order in the non-
extremality parameter y, the near-horizon behaviour of the metric and of the scalar fields
of the non-extremal black hole solution is governed by the near-horizon behaviour of the
associated extremal black hole solution. In the case when the near-extremal black hole
solution is an on-shell deformation of a BPS black hole solution, we show how the nAdSs
attractor mechanism for near-extremal black holes [12] is encoded in deformed BPS flow
equations. We do this by using the formalism of Hamilton’s principal function in the
two-dimensional theory, to rewrite the standard flow equations for four-dimensional BPS
solutions [4, 6] in ungauged N = 2 supergravity theories in terms of a real quantity W.



Subsequently, by performing a judicious deformation of these flow equations, we show how
the nAdS, attractor mechanism for near-extremal black holes arises at lowest order in the
deformation parameter p and infinitesimally away from the horizon.

As mentioned above, in this note we focus on near-extremal Reissner-Nordstrom so-
lutions that we regard as first-order deformations of four-dimensional BPS backgrounds
in ungauged N = 2 supergravity theories at the two-derivative level. We then explore
some of their holographic attributes by viewing them as a specific first-order perturbation
of a two-dimensional black hole in an AdSs space-time. We refer to [13] for further work
on the holographic properties of near-extremal solutions in ungauged N = 2 supergravity
theories in four dimensions. It would be interesting to extend the analysis given here by
including R2?-corrections based on F-terms. While their effect on BPS solutions in the
near-horizon region is well studied [14, 15], this is not the case for near-extremal black hole
solutions. It would also be interesting to further extend the analysis by introducing further
deformations, for instance deformations that break spherical symmetry. While in this note
we focussed on near-extremal solutions in ungauged N = 2 supergravity theories in four
dimensions, work on holographic properties of near-extremal solutions in gauged N = 2
supergravity theories in four dimensions has recently appeared in [13].

We expect the holographic setup outlined in this note to indicate preliminary steps
towards improving the nAdSs/nCFT; dictionary [9, 10, 13, 16-20] for four-dimensional
asymptotically flat black holes.

2 Dimensionally reduced two-dimensional bulk Lagrangian

In this section, we review the dimensional reduction of N’ = 2 supergravity in four dimen-
sions at the two-derivative level on a two-sphere down to two dimensions. This dimensional
reduction has been discussed in the literature, both in the context of Poincaré supergravity
theories (see, for instance, [12]) as well as in the context of the superconformal approach
to N' = 2 supergravity [15]. Here, we follow [15]. The resulting two-dimensional action is a
generalization of the two-dimensional action that results when dimensionally reducing the
four-dimensional Einstein-Maxwell theory on a two-sphere [18, 19].

We consider the Wilsonian Lagrangian describing the coupling of Abelian vector mul-
tiplets to N/ = 2 supergravity in four dimensions at the two-derivative level. The associated
Lagrangian can be constructed using the superconformal multiplet calculus [21]. This re-
quires adding two compensating multiplets, whose role is to ensure that upon gauge fixing,
the resulting theory is a Poincaré supergravity theory. One of these compensating mul-
tiplets is a vector multiplet, while the other compensating multiplet can be taken to be
a hyper multiplet. Below we will display the resulting bosonic part of this Lagrangian in
Poincaré gauge.

As is well-known [22], this Lagrangian is encoded in a holomorphic function F(X),
which is homogeneous of second degree under scalings by A € C\{0},

FO\X) = ?F(X) . (2.1)



Here, the X (I = 0,...,n) denote complex scalar fields that reside in the Abelian
vector multiplets (which include the compensating vector multiplet). We denote F; =
OF(X)/0X!, Fr; = 9*F(X)/0X10X’. The Poincaré gauge condition is given by
x

Gy’

where G4 denotes Newton’s constant in four dimensions. In Poincaré gauge, the bosonic

e M) =i (XTF; - FiXT) = (2.2)

part of the Lagrangian is given by [14]

1 _
8re 'L =——~R+ [iD'F; D, X'
Te 5C, + [Z 1oy
i (Fy = S X T (P70 — 1 X0
—LiF(F - XTI T — LiF A+ h.c.] , (2.3)
where
DX =9, X" +iA, X",
D,Fr = 0,Fr +iA,Fy,

A= (T,), (2.4)
with (2.3) subjected to the condition (2.2). The U(1) connection A,, when using its
equation of motion, becomes expressed as

A, = %e’C(X) (Fr0,X" = X190, F; + c.c.) | (2.5)
which is subjected to the condition (2.2).
We will consider the dimensional reduction of the above theory on a two-sphere S2,

ds? = ds3 + vy dQ3 (2.6)

where dQ% denotes the line element of the two-sphere S2, and where vy depends on the
coordinates of the two-dimensional line element ds3. We denote the local coordinates on
S? by (6, ), and local coordinates in two space-time dimensions by (r,¢). In a spherically
symmetric configuration, 7, is expressed in terms of a single complex scalar field w [15],

T,y =—iTp, =w, (2.7)
where rt, fp denote Lorentz indices. Then,
A=—au?. (2.8)

The four-dimensional backgrounds we will consider are supported by complex scalar
fields X! and w, as well as by electric fields e/ and magnetic charges p!,

dsi = ds3 + va(r,t) (d6” + sin® 0dp?)
dS% = h”dxzdx] = dTQ + htt(rv t) dt2 )
Frlt:el 5 FQI@:p[SiHG,

~

A=—aw? | X', (2.9)



where X! = X1 (r,t), w = w(r,t) and e/ = e (r,t). Here we have written ds3 in Fefferman-
Graham form. We will denote

Vo= /= dethy; (2.10)

In the background (2.9), the associated four-dimensional Ricci scalar Ry is given by

2 2 dvy)?
R4:R2—*+*D’U2—< 23
V2 () 21}2

(2.11)

where Ry denotes the Ricci scalar associated to ds3. Note that in the conventions used
here [15], the Ricci scalar of S? is negative.
Let us now discuss the evaluation of the four-dimensional Wilsonian Lagrangian (2.3) in
a background of the form (2.9) and its subsequent reduction on a two-sphere S2. Following
[15], we introduce the rescaled fields
Vi=loox!, T=Lvlo?Ad=—1uw*. (2.12)

Note that Y/ and Y are U(1) invariant, since w and X! carry the same U(1) weight. T is
real and negative. In the rescaled variables, the relation (2.1) becomes

FO\Y)=MF(Y). (2.13)
The covariant derivative DX’ may be expressed as
oD, X! = 0,V +ia,Y' - 10,2Y", (2.14)
where we defined

Y=In (v§|w|2) =In <2vgm> ) (2.15)

and where a,, is given by the same expression as in (2.5), but with X I replaced everywhere
by Y1,

a, = 5" (F(V)0,Y" = Y0, F1(Y) +cc.) (2.16)

where
e X)) = (YIF — FyY?) . (2.17)

Then, using (2.2), we infer the relation
veV/ =T = 8G e V) | (2.18)
which expresses T in terms of Y/ and vs, as well as the relation
S =1In (16 G e_IC(Y)> . (2.19)
Using (2.14), we obtain
Ludlw*i (D'Fr DX —ce.) =i (0" Fr(Y)9,Y — 0" Fi(Y) 9, Y")
—e R0 (ata,, — 0'%0,%) — L0509, (¢F00) (2.20)



We then insert (2.20) in (2.3) to express the Lagrangian in terms of the scalar fields Y/, Y/,
Subsequently, we evaluate the Lagrangian in the background (2.9). Integrating over
the two-sphere S? yields the reduced Lagrangian,

s VR -
$F1 = %NU [(\/—h/'l)g) lele — 7plp‘]] — %(F[J‘FF]J)@IPJ

()

: V=

el [Fr+ Py ¥ —he| = 152 pf |
2

v— 2 2
%.7'—2 = h (1 — %1)2 <R2 + v—l:lvg - (Ov2) ))
2

FI—FIJ?J+h.C. ,

2G4 21)22
+i ”U_h [F —YIF 4+ LE Yy - h.c.] (2.21)
2
/—h K(Y) _ _
(i (" Fr 0¥ — 9" Fy 9,Y")
4

—e R) (a*a, — 10"%29,%) — 10M% 8Me*’€(y)> ,
where now F; = 0F(Y)/0Y!, F;; = 0*F(Y)/0Y10Y” and
Npj=—i(Fr;— Frj) . (2.22)

Next, to make the underlying electric-magnetic duality manifest, we perform a Leg-
endre transformation of F with respect to the p’, thereby replacing p! by the conjugate
quantity f; = —0F/0p’ [15]. Note that f; is a field strength in two dimensions, i.e.
fr = G4t with Gt a two-form. The resulting Lagrangian H (el, f;),!

H(e', fr)=F(',p")+p'f1 (2.23)

is the two-dimensional bulk Lagrangian that we will work with. In order to make the
electric-magnetic duality of H (e, f;) manifest, we define

R[J:FIJ+F]J s NIJNJK:(‘)-;(. (2.24)

Then, upon dropping a total derivative term,

H(E 1) = + (Vo)™ (e 1)

Nrj+ RixkNEKERL, —2RIKNKJ] (6‘7)

—2NTER AN/ fr
. Fr— Fy () 2 (Ovy)?
2i (e! - V—h— |-Ry+ —
+ Z(eyfl) (—(YI—YI)>+ 2G4 2+U2+ 2’[}22
—K(Y)
Y . (2.25)
V2
V—h vy Y

) ) . .
_vThte f [NUan av7 + 0 Ny Loy NKLYLaYK} .

We omit the dependence on the scalars ve, Y7, for notational simplicity.



When taking the complex scalar fields Y/ to be constant, this two-dimensional bulk La-
grangian describes a dilaton-gravity action in two dimensions that reduces to the one in
[18] when considering the reduction of the four-dimensional Einstein+Maxwell theory on
a two-sphere.

3 Equations of motion

The two-dimensional bulk action (2.25) gives rise to the following equations of motion. The
equations of motion for the field strengths e/ and f; are solved by [23]

e\  V-h 2NIE Ry, —4N1I p’ iy Y+ v! (3.1)
I 209 Nij+ Rk NEERp; —2R g NE7 | \ ¢4 Fr+ Fy ’ '

with integration constants p! and ¢.

In what follows, we restrict to linearized order in fluctuations and in units of G4 = 1.
The equation of motion for Y7/ reads,

Ar — 28[67’C(Y) + U% 6’C(Y) (N]]DYJ + €K(Y)N[JYJ NKLYKDYL) =0, (32)

where
0 ) = —Np Y7
Ay = iF g N* ' Frpy (2NPq5 = NF9Fg p”7) p' = iN"S Frepyy N* q1qy
+2qu — 2F i p" — AN Y7 (3.3)

In the case of solutions with constant Y/, the resulting algebraic equations are the attractor
equations given in [15].
Using

SRy = (h70 — V'V7) 6hyj — RYhy; (3.4)

we obtain for the equation of motion for the two-dimensional metric ds3 = hijdwidmj ,

ij 1 Vg I Nij+ RigNK LRy, —2R;pgNK/ e’ 1 e k)
QR (6,f[) IK 1J + == ——— — =0uvy
8 (v/—h)? —2N'" Rk 4N I 2 v
1.
+§V‘V‘7v2 =0. (3.5)
Taking the trace of this equation gives
1w Nij+RigkNKERy;  —2RiNKJ| (e’ e )
ot 2 (el,f[) I1J Ig{ LJ I?J +1_2 —*D'UQZ
4 (\/—h,)2 —2N'"* Rg 5 4N fr V9 2
(3.6)
The equation of motion for v reads
11 e, ) Nij+ RigkNEERL;  —2R g NE7| (e
4(/—m2 ! “ONTERy; ANTI fy
1 10 2~ Kk(Y)
SRy -2 425 0. (3.7)

2 vy 05



Dividing (3.6) by vy and adding (3.7) to it gives

1 O
Ry =2 ( - “2> . (3.8)
V9 )

3.1 Constant curvature solution

The above equations of motion admit the following constant curvature solution supported
by constant scalar fields ve and Y [23],

2

ds3 = dr? + hy(r,t)dt* | —hy = (a(t) eIV B(t) e ﬁ) :
V1 = UV = 6_’C(Y) G4 = i(YIFI - YIFI) G4 )

vi—vl =ip! | Fr—Fr=iqr,

—h F
()= () 0

The two-dimensional space-time metric has constant curvature scalar, Ry = 2/v; > 0,

where v; denotes a constant scale factor of length dimension 2. The scalar fields Y7 satisfy
the horizon BPS attractor equations for single centre BPS black holes in four dimensions
[14]. Expressing the field strengths e/ = F and f; = Gj, in terms of gauge potential
one-forms,

el = FL=0,A —9,AL | fr=GCrn=0A1,—0/A;,, (3.10)
and working in the gauge
Al =A;,. =0, (3.11)

the gauge potentials associated with the field strengths (3.1) take the following form in this
background [23],

Atl = /v Oé(t) .37"/\/171 B B(t) e_QT/\/H f] /2[(75)
<_Atl> =V V—=h <1 a(t) > <—eI> + (_uj(t)> . (3.12)

Setting /1 a(t) = 1, 1 B(t) = —p?/4 in (3.9), with constant p?, yields a two-
dimensional solution describing a black hole in AdSy [3]. We will return to this solution in

section 3.2.2.

3.2 First-order perturbations around constant curvature solution

In the following, we will take the solution (3.9) as a background and consider perturbations
around this background,

Veh =/ ~ho+ /=1,

vy = V20 + X,
v =yl + )7, (3.13)



where \/—ho, v2,0, YOI will denote the background expressions (3.9). The field strengths el
and f; are then perturbed according to (3.1). We will work to first order in the pertur-
bations v/—h1,x, Y!. At this order, we may drop terms in the equations of motion that
involve more than one field being differentiated, since these terms will be of higher order
in the perturbations. To keep track of the order of the perturbation, we will attach a
parameter € to each of above perturbations.

To first order in €, the equation of motion (3.2) becomes

2\ - _ _
Nl(g) (D - v1> Y+ MOON Y N Y oyt =0, (3.14)

where N I(g) denotes the combination (2.22) evaluated at Y. Contracting this expression
with YOI gives

YIND YT — 0, (3.15)
which implies that the first-order perturbation of e *(Y) vanishes,
se M) =0 . (3.16)
Thus, (3.14) reduces to
2\ o1
U1

We note that the condition (3.8) becomes

_1h0 <a§-1> Voh =X 2X (3.18)

Next, we use (3.1) to obtain

(el 1) Nrj+ RixkNEERp;  —2R;x NET| (e
o —2N'K Rye; ANTY fi
_(V=h 2 (0. 1) Nrj+ RigNEERp; —2Rx NXT| [p/
() Podl —QNIKRKJ 4NIJ qj
+8(2(Y) + Z(V)) - 166_’C(Y)} , (3.19)
where
Z(Y)=p' F(Y)—qY". (3-20)

We note that under a first-order perturbation around the background (3.9),

KL _ KJ J 7
5{}1 (o', ar) Nij+ RigkN""Rpj —2Rixk N ] (P ) 20!, qr) ( Fr+ Fy ) } _

—ONTK Ry, AN | \gy (Y1 +Y7)
— 2N (YIY! + Y{Y7) = 2670 = 0. (3.21)
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Using this equation, we obtain

J { (r',ar)

Nij+ RixkNKERL; —2Rx NE7 | [p?
—2NTE Ry ANTI q7

Next, using this result in (3.7), we obtain
1

1 10
(o= 2) v =2 - 3.
1 v

vV—ho i 2u
Comparing this equation with (3.18) we infer
Oy = 21 .
U1

Inserting this back into (3.23) gives

1 1 X
82— — )\ /—hy =-3% .
«/_ho ( T U1> ! ’U%

Now we consider the equation of motion (3.5), which we rewrite, using (3.19),

1

g (pla QI)

pii ) L
v2

|
+§VZV]U2 =0.

Nij+ RigkNKERL; —2Rx NE7 | (p?
—2NTER; AN/ q7

(200 + 20) 2] 4 L= 5 o]

Using (3.22), the rr-component of this equation gives rise to

8r2x—Dx+&:0.
U1

Combining with (3.24) gives

X
82y = X
=

Equation (3.28) is solved by
x = v(t) "V L 9(t) eV

Since y is of order ¢, so are v and 9.
The tr-component of (3.26) gives rise to

0i0hx — (07 10g /=ho) Bix = 0.

) +8(Z(Y)+Z(Y)) - 166_K(Y)} =0.

(3.22)

(3.23)

(3.24)

(3.25)

as

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

Inserting (3.29) into this equation gives rise to three equations that are obtained by equating

the exponential terms. Two of these equations are identically satisfied. The third equation

gives the relation

V=79,

11

(3.31)



where ' = 9;. There are two cases to consider: either v/ = 0or v/ # 0. If v/ = 0 then ¥/ = 0
(if we assume that a # 0). On the other hand, if v/ # 0, then

8= ai: . (3.32)

Thus, [ is now determined in terms of o, v and . Since both v and 1 are of order €, 3 is
of order €, as required for the background (3.9).
The tt-component of (3.26) gives rise to

VIVix + % Oy =0. (3.33)
1
Expressing 0 = V!V, + V"V, = V!V, + 02, we see that (3.33) equals (3.28). On the other
hand, inserting (3.24) into (3.33) gives

ViV — X =0, (3.34)

U1

which equals (3.27). Writing out this equation gives

07X — (é% log \/—h[)) By + haro <(ar log \/—TO) Oy — le> ~0. (3.35)
Inserting
V=ho = a(t) eV 4 B(t) eV (3.36)

as well as (3.29) into (3.35), we obtain three equations that are obtained by equating the
exponential terms, namely

2
Va—va + =(ad+ Br)a® =0,
U1

V”/B + ,19//0[ o 19/al o V//g/ + i(a,ﬁ _|_ ﬂy)aﬁ — O ,
U1
V'3 — 9B + Uz(om? + /)32 =0. (3.37)
1

There are several cases to consider. We will focus on the following two cases. In the first
case we take v/ =1’ = 0, in which case we infer (assuming a # 0)

ald + Br =0 (3.38)

In the second case we take v/ # 0,9 # 0, in which case we have the relation (3.32). In the
following, we will focus on this second case. Let us consider the last equation in (3.37).
Using (3.32), we obtain (assuming « # 0)

, Vv vy VoV
O+ =—="A=) . (3.39)

1% 2 av \ «

9 = % <co - % <Z>2> . (3.40)

This ODE for ¥ is solved by

12



Since both v and ¥ are of order ¢, the integration constant ¢y is of order €. Using (3.39)
and (3.40) in (3.31), we infer the relation

/ N\ 2 AN
Vg (VN e o (VT o (Y
Bu—ozylﬁ— o 5 <a> = I/(CO 4(@)) 5 <a> . (3.41)

Next, we find that the first two equations in (3.37) are identically satisfied, as can
be verified by using (3.32) and (3.39). Thus, there are no constraints on v(t) other than
V' # 0, which we assumed in the above. 9 is specified by (3.40), while 8 has to satisfy
(3.32).

Finally, we return to (3.25) and solve for the metric fluctuation v/—hy,

—ho X — 20 (8ty> ;

U1

—hy = — (3.42)

up to a homogeneous solution that can be absorbed into the definitions of o and £ [9].
Thus,

V=h=/=hg+/=h1 = /—hg (1 - UX) —20, (at”> . (3.43)

«

To ensure that the perturbations y and v/—h; are small, we demand [9]

X <1 (3.44)
U1
which, for large r becomes
| LV <1 (3.45)

U1

This can be ensured [9] by introducing a cutoff r. for the radial coordinate r at large r,
re > 1, and by demanding that the amplitude v is accordingly small, so that (3.45) is
satisfied for a large cutoff r.. Under this assumption, the asymptotic behaviour of v/—h is
given by the asymptotic behaviour of v/—hg, which is what we will use.

The wave equations (3.17) and (3.24) for the scalar perturbations are massive Klein-
Gordon equations with mass-square parameter m? = 2/v;. These perturbations correspond
to boundary operators with scaling dimension A = 2,

A= % (d F/dT 4m2v1> —2, (3.46)

where d = 1,m? = 2/v;. Since A > d = 1, these operators are irrelevant operators
[9, 10, 20].
Thus, summarizing, at order € we have the perturbations

—h1 = — ;ho X — 20 <6ty) ;
1

x = v(t) eV 4 V(t) eIV

2 §
(D - ) =0, v{N9Y 0. (3.47)

13



These induce a perturbation of the field strengths e/ and f; according to (3.1). The
perturbations v and ¢ satisfy additional conditions, as discussed above. For instance,
when v/ =9 = 0, v and ¥ have to satisfy the condition (assuming « # 0)

ad+Pr =0, (3.48)

while when v/ # 0,9 # 0, they satisfy the relations (assuming « # 0)

9 o A% v (VY
— g = _ = — == - — = 3.49
f=a 7 v? (CO 4 <a 2v\a) ’ (349)
where the integration constant cg is of order €2. The last relation in (3.49) can also be
expressed as

v (VY
ad + pr = ) (a) . (3.50)
These results are the counterpart of those obtained previously in a different context, namely
five-dimensional pure Einstein gravity with cosmological constant reduced to two dimen-
sions [9], and three-dimensional topologically massive gravity reduced to two dimensions
[10].

In the following, we will set V! = 0. We will thus only keep the perturbation y given
in (3.29), which then induces the perturbations of the remaining fields as described above.
In section 4 we will discuss the boundary action that describes the dynamics of v(¢). This
boundary action is the DFF action [11]. In [24], the n particle extension of the DFF model
has been proposed as a quantum mechanics model for the microstates of the extremal
Reissner-Nordstrom in four dimensions.

Next, we will recast double-extreme and near-extremal four-dimensional black holes in
the language of the two-dimensional perturbation analysis given above.

3.2.1 Double-extreme four-dimensional BPS black hole solutions

In the following we will consider the dimensional reduction of double-extreme four-dimensio-
nal single centre BPS black hole solutions. These four-dimensional solutions have a near-
horizon geometry given by AdS, x S2. By working one step away from the horizon, we will
recast these interpolating solutions in terms of the perturbation analysis performed in the
previous subsection.

In [14], the four-dimensional BPS black hole solutions were given in terms of rescaled
fields Y/ and Y. However, the rescaled fields used in [14] differ from the rescaled fields
(2.12) used here. We will therefore denote the fields (Y!,T) used in [14] with a hat, i.e.
(Y1, T), so as to distinguish them from the fields defined in (2.12). In Appendix A we will
determine how these two sets of fields are related, and this relation will be used below.

14



We write the four-dimensional space-time metric of the four-dimensional single centre
BPS black hole solution as in [14],

ds? = —e29(F) qy2 4 ¢=29(R) (dR?* + R? (d6? + sin® 0 dp?)) . (3.51)
The metric factor e=29 is determined in terms of the scalar fields Y/ by
e20 = Gyi (f/f Fi(V) — Fy(Y) fﬂ) , (3.52)
where the Y/ are determined in terms of harmonic functions (H', Hy) by
yI_yI oI I, pt
<FI(Y) - FI(Y)> = <H1> = (ZI j— %) ’ (3.53)
where (h!,h;) € R? denote integration constants, subject to hlq; — hyp! = 0. We recall
the BPS flow equation (c.f. (C.1))
R?0pg = Gy €% (pl FI(Y) —qr YI> , (3.54)
where Org > 0 [6]. The metric factor vy in (2.9) is given by
vy = "2 R2 = G4 R? (H’ Fr(V) — HV! ) , (3.55)

where we used (3.53). The horizon is located at R = 0.
Using the relations given in Appendix A,

y!l = Afm\s/j , Y= —Y2§, (3.56)
as well as [14]
T = —64 (drg)? , (3.57)
we obtain
v =YTR? |0rg| , YT =—64R*(8rg)* . (3.58)

Next, we specialise to double-extreme single centre BPS black holes, i.e. BPS black
holes supported by constant scalar fields z4 = Y4/Y? (with A = 1,...,n). To this end,
we set h! = ¢p!, h; = cqr, with ¢ € RT. Using (3.53), we obtain

vi-y! p! 1
. _ oz =1 f(R) , f(R)=c+—=. 3.59
(FI 9, (Y)) (q} (R) . f(R)=c+ ¢ (3.59)
Solving these equations gives rise to
vi= Al f(R), (3.60)
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where the constants A’ denote the solutions to the horizon attractor equations

( }:/I_{_/I _ ) =i <pl> . (3.61)
F](Y) —F[(Y) qr

Then, from (3.55) and (3.54) we infer

Vg = G4 (Rf(R))2 (pIFI<A) - QIAI) )
1

R%?0pg = ok (3.62)

and hence, using (3.58) we obtain
64
yli=al | T=———. (3.63)
f*(R)
Thus, for double-extreme single centre BPS black holes, the scalar fields Y/ are constant.
The four-dimensional line element (3.51) then takes the form

R? (cR+1)2
2 _ 2 2 2 (102 1 win? 2
dsy = a0 (CR T 1)2 dt” + w2 TdR + v2,0 (cR+1)% (d6” + sin® 6 de?) |
(3.64)
where
v2,0 = Gy (p'Fr(A) — qrAT) | (3.65)

When ¢ = 0, this describes an AdS; x S? solution supported by constant scalars Y.
Next we convert the radial coordinate R to the radial coordinate r in (2.9) using
dr = e 9 4R,

.
—  —logR+cR, 3.66
NG g (3.66)

where v; = vy 9. Working away from the horizon at order cR < 1, we infer

R =V _ /N (3.67)

At this order, the metric (3.64) reads

2 e?r/Vor 2 2 2 2 2
dsj = — ” (1 —4cer/\/a) dt* +dr* 4+ va (1 +2cer/\/a> (d6? + sin” 0 dyp?) .
2,0
(3.68)
It can be viewed as a perturbation of an AdSy x S? background using (3.13),
yi=o,
X = 2cugg eV
2r/\/o1 V—h

V—hi = —2¢¢ - 0. (3.69)

V020 U1
This is of the form (3.47) with constant v = 2cv; and vanishing o, and satisfies (3.38).
The above perturbation can be viewed as the infinitesimal form of a symmetry transfor-
mation, called Harrison transformation, which transforms the double-extreme near-horizon
geometry to a double-extreme interpolating solution, keeping the scalar fields at the at-
tractor values [8].
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3.2.2 Near-extremal Reissner-Nordstrom solutions

We describe how to view a four-dimensional near-extremal Reissner-Nordstrom black hole
as a specific deformation of a two-dimensional black hole in an AdSs space-time by means
of an infinitesimal Harrison transformation. We set G4 = 1 for simplicity in the following.

We will consider near-extremal black hole solutions which arise from double-extreme
single centre BPS black hole solutions, which are supported by constant scalar fields YOI ,
by turning on a non-extremality parameter y. These are therefore near-extremal Reissner-
Nordstrom black hole solutions that are supported by constant scalar fields YOI , with line
element given by (p > py > 0)

2

d32:_(’0_’0+)(p_p_) dt2+ p d 2_|_ 2 d92+sin29d 2 . (3.70
! P == 7 7) - @70)

Defining the non-extremality parameter p and the constant ¥ in terms of the outer and

inner horizons r4, respectively,

1

1
u:§(p+—p_)20 , Z=§(p++,0—)>0, (3.71)

and introducing R = p — 3, the line element (3.70) can be written as (R > u > 0)

R? — 112 (R+%)?
2 _ 2 2 2 2 -2 2
dsi = “Rin)? dt + R dR? + (R+%)? (d6? + sin? 0 dg?) . (3.72)
We recall the relation [8]
¥ =2+ 42, (3.73)

where WZ% denotes the entropy of the extremal Reissner-Nordstrom black hole, which is
described by (3.72) with u = 0, and whose horizon is at R = 0.
The non-extremal Reissner-Nordstrom black hole solution possesses temperature

Py —p- 1
T = = 3.74
4 p? 2m(X + p)? (3.74)

Wald entropy [25]
Swald = T(R+X)?|p=p = 7 (0 + %)%, (3.75)
and ADM mass
M=X. (3.76)

Working to lowest order in u/¥g, these quantities become

2
H 2 1M
T = S =7 (2§ + 2ux M=%y+:s—. 3.77

2#2% ) 'Wald 7T( 0 2 0) ) 0 2y, ( )

These quantities satisfy the first law dM = T dSwalq, Where the variation ¢ refers to a
change of the non-extremality parameter pu.
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Next, let us consider a different solution to the four-dimensional equations of motion,
namely (R > u > 0)
R

2 _ /,L2 2
57 W+ —Ozﬂ dR* + % (df” + sin® 0 dy?) | (3.78)
0

2
dS4

which is the line element of a product metric, describing a two-dimensional black hole and
a two-sphere of constant radius 9. When g = 0, this product geometry describes the
near-horizon geometry of an extremal black hole, which we will take to be BPS. This two-
dimensional black hole is an exact solution of the two-dimensional equations of motion,
and it can be put into the form (3.9), as follows. First note that the two-dimensional black
hole has constant curvature Ry = 2/%2. Thus, the role of vy in (3.9) is now played by %2,
i.e. v1 = ¥3. Then, performing the coordinate transformation dr = %o dR/+\/R? — 12, i.e.

er/Eo:/‘\/RjL VR — 2 _ R+ VR — 2 e*T/ZOZQ‘Ri— VR - (3.79)
) M2 ) *

2\ R—RZ— 2 2
we obtain
1 u? 2
ds? = -5 (er/Eo - 4e—r/20) dt? + dr? + 5§ (d6* + sin® 0 dy?) | (3.80)
0

which is of the form (3.9) with a = 1/%¢ and 8 = —pu?/4%) < 0, and with constant
Vo = E% = 1.
In the following, we define hy o to be

1 MQ
r/s r/%
hito = — =5 <6 [Fo _ B v/ 0> ) (3.81)

The location of the horizon of the two-dimensional black hole is at v/—hg|,, =0,

2
e2rn/To — [

T (3.82)

its temperature is

1
T = o= 0/~holy, = o (3.83)

27 Z% ’
and its Wald entropy is
SWald =TTV =T Eg . (384)

The entropy of the two-dimensional black hole differs from the entropy (3.77) of the four-
dimensional non-extremal Reissner-Nordstrom black hole. In the following, we will view
the solution (3.80) as a background solution and describe how to regard the non-extremal
Reissner-Nordstrom solution as a deformation of the former, to lowest order in the defor-
mation parameter /.
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First, we note that the metric factors in the line element (3.72) can be written in terms
of three ratios, namely R/, /3¢ and p/R, where we recall the relation (3.73). Since
u/R = (1/%0)(X0/R), we take R/¥y and p/Y to be the independent ratios. We multiply
R and p by a factor e, thereby attaching a factor € to each of these two ratios. We also
rescale ¢ — t/e. Subsequently we expand the line element (3.72) to lowest order in €. At
first order in ¢, we obtain

R? — 1i? R Si(142e )
2 2 ) 2
d84:— (1—2520>dt +TM2061R

R
+%:2 <1 +2¢ 2) (d6? + sin® 0 dp?) . (3.85)
0
This describes a first-order deformation of the product geometry (3.78), and hence of (3.80).
For consistency with the first-order expansion in €, we introduce a cutoff R, for the radial
coordinate, i.e. R. > R > i, and we demand Yy > R, > pu.
Next, we perform the coordinate transformation

<1—|—82%>

N

dr = dR, (3.86)

which results in

R R2 — 2 R2 — 2 R R2 — 2 2
L Jm/2 WY _ o Jr\/2 p +€<er/zo_u e_r/zo> ’
0

0 2o 4

(3.87)

where, at first order in €, we have made use of (3.79) in the second term. Thus, to first
order in €, we obtain

R+ \/ R2 —,U,2 _ 67'/20 (1 _ i <er/20 o /1’26—7”/2()))
2 4 ’

0

_ 2 _ 2 2
P INIEE o (14 2 (o)) L sy

W 4

and hence,

2
2 _ 2 — /%0 & (/B0 P /50
VR —p e (1 > (e 1€ )>

0

2 2
_H /% E (er/Bo _ B —r/%0
1€ <1 + 5, <e e . (3.89)

Then, the metric (3.85) takes the form (2.9) with

V2 = Eg + X,
2
Y = 2 <er/20 + “e—T/EO)
4 M
2 2 2
ey e ()
5 0
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Hence, at first order in &, we obtain

2 2
T [ -1
0

0

Writing v/ —h = v/—ho + v/ —h1, where hy o is given in (3.81), we infer

2 2
& (/2 B —rym 2 (s L M s _ —ho
vV —hi 5, <e e 2 + 1€ X . (3.92)

4 o 52

This is of the form (3.47), with

1 I Sop?
= — = ——— =2eX Y = . 3.93
« ZO ) B 420 , UV g0 3 2 ( )
These constant values satisfy (3.48), as they must.
We note that if we define the constant
Cco = (6 20M)2 s (394)
we obtain the relations
Co «
Y= — =——cp. 3.95
|y 5 B 1/2 Co ( )

In section 3.2.3 we will consider time-dependent perturbations of the non-extremal Reissner-
Nordstrom black hole. These are governed by (3.49). We will show that when switching
off the time-dependent perturbation, we obtain (3.95).

Finally, let us return to the condition (3.45) that the perturbation x must satisfy. At
large r, the metric factor hy behaves as

er/Eo 2 A er/Eo
htt—_ EO 1—14e EO . (396)

To ensure that the term proportional to € is suppressed [9], we cut off the radial direction

at r. < +00, and we demand
e'rc/Eg
>0

which is equivalent to the condition R. < ¥ discussed above.

<1, (3.97)

In the coordinates used in (3.85), the horizon is still at R = p, and the first-order
deformed solution (3.85) exhibits the following change in the entropy when compared with
the entropy of the exact solution (3.78),

AS =e2mpu¥y . (3.98)

To lowest order in €, the temperature of the deformed solution, in the coordinates used in
(3.85), is given by T = u/(27%2), and thus agrees with (3.83). Hence, to lowest order in
g, the deformed solution (3.85) exhibits the change

2

TAS = (3.99)
b))
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when compared with (3.78). Since TAS is non-vanishing, the deformed solution should
carry mass, as required by the first law of black hole mechanics. To be able to infer the mass
of the deformed solution, we observe that working to second order in €, the four-dimensional
asymptotically flat Reissner-Nordstrom black hole can be viewed as a two-dimensional e-
deformed background. In order to see this, in (3.72) we perform the rescaling u — € p,
R — e¢R and t — t/e, so as to be working with the same coordinates used in (3.85). We
also expand ¥ to second order in . Then, (3.72) becomes

R? — 12 (eR+ X)?

= 2 22 2 .9 2 1
R+ )2 e (R (ER A D) (dO7 +sin”0dg7) - (3.100)

with ¥ replaced by Xg + %52 12 /0. Expanding (3.100) to second order in € gives (3.85),
with additional terms proportional to €2, which we do not exhibit. On the other hand,
when taking the limit R > 1 in (3.100), the term proportional to dt? becomes (up to

O(1/R?))
- (1 - % <20 + 1¢? g)) it; : (3.101)

We now identify the coefficient of the term 1/R with twice the mass M, which we write as
M = My + AM with

2
_ 2o el (3.102)

S
|
o |
g
=
Il
D[

Note that My is independent of p. Then, varying (3.102) with respect to u, we establish
the validity of the first law for the deformed solution at first order in ¢,

SAM =T S5AS . (3.103)

Thus, the above definition of mass is consistent with the first law of black hole mechanics.

As shown in [8], there is a transformation, called Harrison transformation, that maps
the exact solution (3.78) to the exact solution (3.100). This transformation changes the
asymptotic behaviour of the solution, while keeping the horizon fixed at R = p. It acts as
follows on the exact solution (3.78). If we write the latter as

dR?

2_ _ 2 2 2 2
dsit = —a®(R) d* + s + A (R) a2 (3.104)
then the Harrison transformation acts as [8]
For the choice
Yo
AR) = ——= 3.106
(B)= o (3.106)

the solution (3.78) gets mapped to the solution (3.100) with the rescaling ¢t — t/¢. To first
order in ¢, this Harrison transformation precisely yields (3.85).
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3.2.3 Time-dependent perturbations of near-extremal Reissner-Nordstrom so-
lutions

Next, let us consider time dependent perturbations of the near-extremal Reissner-Nordstrom
solution. To do so, we add a time-dependent perturbation to y given in (3.90),
¥ = v(t) /5 4 9(t) e

» 2
= (280 + N(t)) /™ 1 ¢ <02“ + T(t)> e~T/%0 (3.107)

with N # 0. We work again at first order in ¢.
The time dependent perturbation v(¢) will induce a time-dependent deformation of S,
c.f. (3.49). Hence, the space-time metric \/—hg (c.f. (3.81)) is deformed to

1
V—ho = = e"Fo 4 Bt) e /o (3.108)

with 3(t) determined in terms of v(t) by the last equation of (3.49). We write

12
B0 = — 45 +10) (3.109)

where below [(¢) will be determined in terms of N(t). Note that the last equation of
(3.49) implies that §(t) is of order €. According to (3.47), v/—hg is further deformed into

vV—h =+ —ho + v/ —hl, with
V=
V—hi = —?Ox—%:EON”(t), (3.110)
0

where in this expression we only retain terms up to order ¢.
Now recall from (3.49) that § and ¥ are determined in terms of v. Using the first
relation in (3.49), we obtain to first order in ¢,

1
U= 220% ((20 w? - % (N,)2> ; (3.111)

where we used (3.94). Then, comparing with (3.107), we infer

2 4 "2
T(t) = — <QZOZ(§Z:+E?V()N) > . (3.112)

Using the last relation in (3.49), we obtain, using the value for « given in (3.93),

1 I =3

= s (O T O gt N e

Comparing with (3.109) we infer

2 4% N 3 3
l(t) M N ( 0+ ) 0 0

7 2 "
= - N". 3.114
4% (2% + N)2 4(2%0 + N)2 ( ) 2(220 + N) ( )
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Next, we will assume the hierarchy |[N| < p < Xy. Then we obtain the expressions

2 2
2 X0 o
=—————N
(1 (280 — N(t)) —
4

I

v(t) =e(2X0+ N(t)) , d=¢ (3.115)
When switching off N(¢), these expressions reduce to (3.95).

In section 4 we will discuss the boundary action that describes the dynamics of v(t).
This boundary action depends on the constant cg, c.f. (4.22). If we take the background to
be the near-extremal Reissner-Nordstrom black hole, this parameter takes the value (3.94).

4 Variational principle and holographic renormalization

The equations of motion for the dynamical fields h;;, el, f7,v0, YT are obtained by subject-
ing the action to a variational principle with a prescribed set of boundary conditions that
are imposed at the boundaries of the two-dimensional space-time manifold M. Here, for
simplicity, we will consider just one boundary dM, which we take to be time-like. In view
of the condition (3.45), we take OM to be the timelike line at r = r. > 1. We will demand
that the expressions given below are finite when removing the cutoff, i.e. when r. — +o0.
Hence, they will be independent of the cutoff at leading order, and they will coincide with
the expressions computed in the limit r — +oo, up to exponentially suppressed cutoff
dependent terms. Hence, in the following, we will take the boundary M to be at r = 400
and ignore exponentially suppressed cutoff dependent terms, for simplicity. Obtaining a
consistent variational principle for the dynamical fields requires adding suitable boundary
terms to the bulk action. Let us consider the term

1

—E —hUQ RQ (41)

in the bulk Lagrangian (2.25). A consistent variational principle for the space-time metric
hi; requires adding a Gibbons-Hawking boundary term of the form

1
/ dt /—yve K | (4.2)
oM

Gy
where K denotes the trace of the extrinsic curvature tensor, and \/—~ denotes the induced
metric on M. Then, varying the combination (4.1) and (4.2) with respect to the space-
time metric results in

1

A / dt /=7 D2 v S (4.3)
2G4 Joumr

a result that will be used shortly. In a situation where 7 diverges at the boundary oM
and hence cannot be kept fixed at the boundary, this term will have to be cancelled by the
variation of additional boundary terms [20, 26]. Proceeding in this manner, one obtains
a combined bulk-boundary action that implements a consistent variational principle with
appropriately prescribed boundary conditions.
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In the following, we discuss the renormalized on-shell action Sy, [27] for the perturbed
solution (3.47). We restrict ourselves to the case when Y = 0. The resulting renormalized
action has been derived before in the context of five-dimensional pure Einstein gravity with
cosmological constant reduced to two dimensions [9], and three-dimensional topologically
massive gravity reduced to two dimensions [10]. Here we follow [10].

The renormalized on-shell action is a functional of the modes a/(t), v(t) and u?(t), ji ()
(c.f. (3.12)) that parametrize the perturbed solution (3.13), c.f. (3.9), (3.47) and (3.49)
(recall that 5(¢) and ¥(t) are expressed in terms of «(t) and v(t)). Then, if one varies Syep,
with respect to a(t), v(t), u! (t), fir (t), one is considering variations in the space of solutions
to the field equations,

0Sren = / dt a (ﬁ'tt (5(—0[2) + 7%1)2 ov + 7y 5,“1 + 7?rf 5/]’I> ’ (44)
oM

where the # are evaluated on-shell and finite. In the boundary theory, a(t), v(t), u (t), fir(t)
act as sources. The variations 6(—a?),0v, 6u!, 6! implement a variational principle with
the following boundary conditions on the fields,

Vet = —a2 eV )
y = ve/Vr

At =l A =i (45)

subject to
Oy = 6(—a?) /YL,

Svg = oy = dv e/ |
SATn T — st SATE" = Sjr . (4.6)

Here, A’t"e’” and fl}"f” are fields that differ from A{ and fl[t and that are such that they
approach ul and fif at r = +o00, respectively. We refer to [20, 23] for the construction of
these fields. Then, (4.4) can also be written as

55, = / dt (7 6 + o B0+ SAT 71 AT (4.7)
oM

where the 7 are evaluated on-shell and finite,

» ) 621”/\/111 " . ) er/\/m . 7 7 1
7' = lim T, Ty, = lim Tyy , Tp=— , @ =—. (4.8)
r—-+00 o r—-+00 o (% «

Following [10], we now determine Sye, to first order in e (c.f. section 3.2), by first
obtaining the 7 and subsequently integrating these expressions. Thus, we take the terms
in (4.4) to be of order e. This implies that 7' is of order €, while 7, is of order .

Varying (4.2) with respect to ve, i.e. dvg = dx with dx given in (4.6), yields

1

/ dt/—yox K . (4.9)
Gy Jom
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In this expression, since 0y is of order €, K is evaluated in the background metric /—hy,

I P N —ar/ /T
K_\/Fl[l 25 +O(e ) , (4.10)

and hence (4.9) gives rise to a divergence e2"/VU1 | To cancel this divergence, we add the
following boundary term to (4.2) [10],

& o (o8

Varying this expression with respect to x yields

1 1
— [ aty=ex (K - —), 412
a /8 A=y 0x ( Tn) (4.12)
which is finite. On the other hand, varying the second term in (4.11) with respect to 7
gives
L dt /—~ X Y 5y (4.13)
2G4 OM \/ U1

Adding this to (4.3) gives

1 X
— dt /= | Opva — == | Y 6y , 4.14
2G, /8M v ( rU2 \/771) BRI ( )
which is finite, as can be verified by using (3.47). Thus, the variation of the sum of (4.1)
and (4.11) with respect to x and with respect to the space-time metric yields a finite result

at order e. Using (4.8) we infer

— At 527 /U1
At 1 [\/ Y€ <3r7)2— X > v

No

which is of order e. Next, using (4.12) and (4.8) we obtain

S eIV (K 1 )] :_G42 s (4.16)

= 3G, I, o

N Voo’

which is of order €’. This expression will receive a correction of order €' induced by the
variation of the term (Ovz)?/ve in the bulk Lagrangian (2.25), but since here we only
determine S,y to order €, we drop this correction term. Using (3.50), we note the relation
[9]

(07

1
Moz = G r o

L m (4Y g )
v Giy/01 200 \ «

Next, using the expression (3.49) and integrating

~tt _as'ren o 1 asren Sren

a2~ 2a da ov (4.18)

O Ty, =
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with respect to a and v we obtain [9, 10], up to a total derivative term, and up to terms
proportional to u! and fif,

S ——/ PR PRI GO (4.19)
ren om GaJ/o1 0 T4 av | ’

Finally, using that on-shell [23],

A I _ 857‘671 £ _ aSren
an] = —q¢ = 6MI y QT =Ppr= 3/11

(4.20)

and integrating with respect to u!, iy, we obtain for the renormalized on-shell action to
first order in e,

2 a v (V) I I-
Sren = dt | — —+ — — . 4.21
/{)M ( G Jor (Coy + 1 ov qrp” +p°pr ( )

This is the renormalized action based on the perturbed solution (3.47) for the case Y! = 0,

and assuming v/ # 0. Substituting v(t) = 2?(¢) in (4.19), we note that the renormalized
on-shell action (4.19) is related to the DFF action [11],

a(t) U1

= — 2 c 33,2
SDFF = /(9MdtG4\/E<0x2(t)+a(t)( )> . (4.22)

In this action, the special geometry data of the four-dimensional theory is encoded in
V] = V2,0 = G_K(YO)G4.

5 Asymptotic symmetries

The AdS/CFT correspondence posits that a perturbation of bulk parameters, such as
black hole mass, must be holographically encoded in the boundary CFT. Using the anoma-
lous transformation behaviour of #% and #,, under asymptotic symmetry transformations
[9, 20], we show how to holographically encode the change of black hole mass under per-
turbations, i.e. AM, as well as the hot attractor invariant [8] associated to it, i.e. vg 9. We
use the notation of [23].

We consider the following residual transformations that leave the Fefferman-Graham
form of the metric (2.9) and the gauge (3.11) of the gauge fields invariant [20],

salt) = & (((t) a(t)) + 7

Sut) = £(t) B (t) + ‘\’/(g u(t) . (5.1)

These residual transformations depend on two arbitrary functions? of ¢, e(t) and o(t).
Using the expression for 5 given in (3.49), one verifies that the residual transformations

2The function £(t) used in this section should not be confused with the expansion parameter ¢ used in
the previous sections.
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(5.1) correctly induce the transformation law of 8 [20],
B o VU1 oo
6B =0 (e B) \/HIB 5 8::( o > . (52)

Then, 7% and #,, given in (4.15) and in (4.16), respectively, transform as

. L 8t1/8t0
2G4 OéQ

5 (a®7%) = Gi/ﬁw — 20, (271 — \;‘a

N _ 2 ,B . ~ [N 1 8750'
(57['1)2 = G4 \/1715 (a) = 5815771)2 2\/77 Ty + m@t <a> .

Now we consider asymptotic symmetries, that is residual transformations that leave the

(aQ ﬁ_tt)

: (5-3)

sources invariant, i.e. da = év = 0. The condition da = 0 results in [20]

o= —JB0sC , C=—ca a+:$at, (5.4)
while the condition év = 0 results in [9]
CO04v =v04+(, (5.5)
which is solved by
C=kv , k>0, (5.6)

Then we get
VAT (82,004

2G, k7

R . . v
Iyy = C 04Ty, +2(04C) Tyy — \C/Jf e (5.7)

§ (@2 7") = ¢y (@®7") + (0:¢) (®7™) +

Note that the transformation law of o 7% is not of the standard type: its scaling weight
(the coefficient of the term (94¢) (a®#')) is A = 1, not A = 2. A combination that

involves a2

7' and has scaling weight A = 2 is the one given in (4.17): since it equals %frvz,
it transforms in the same way as 7,, under asymptotic symmetry transformations.
The Noether charge associated with the asymptotic symmetry transformation (5.6) is

the constant ¢o [9] which, using (3.49), can be expressed as

(67

I\ 2
co = Gay/uiv (a?7') + % <V> . (5.8)

In the specific case of the near-extremal Reissner-Nordstrom black hole, which satisfies
(3.93), the relation (5.8) yields

3
2G, /o1 a? (a2 71) = 20 — oA (5.9)
3
with AM given in (3.102). Defining
#l = —a? 7t (5.10)
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and using o = 1/v, this becomes
—— 7, =AM . (5.11)

Next, let us consider a particular rescaling of ,,, with the intend of relating the
rescaled quantity, 7, to Wald’s entropy of the BPS solution (3.9). Namely, inspection of
(2.12) shows that there are two possibilities to perform the rescaling vy — vy keeping
G4 fixed: either w also scales, or w does not scale. In the latter case one infers that
(YI,Y) — (MY, A?T). This is the scaling that was used in [23] to relate 7, to Wald’s
entropy in the presence of R3 interactions. Here we consider the former possibility: we take
w to scale as w — A~!w, in which case we obtain (Y1, Y) — (Y, A2 7), so that under
an infinitesimal variation we get dvy = va 6\, Y1 = 0, T = —2Y §\. This is consistent
with the fluctuation analysis at the two-derivative level given in section 3.2: inspection of
(3.15) and (3.17) shows that we may take 0Y! = ! = 0 (we recall that we used (2.18) to
remove the dependence on T in the two-derivative Lagrangian). Setting

vy = e ¥ Gy , (5.12)
and taking 0\ = —dv, we obtain
Svg = —6Yvg , YL =0. (5.13)

Subsequently, we define

2va0 B _ 2 SR B
GiJoia o m™ o

where S, = Tv9,9/G4 denotes the background value given in (3.9), which is the hot at-

(5.14)

ﬁ'w = —1)270 ﬁ'vz =

tractor invariant for a near-extremal four-dimensional black hole [8]. 7, has the anomalous
transformation behaviour

) A . Sextr
(57Tw = <8+7T1/) + (28+C) Tuy + \/a% a?i-c : (5'15)
Taking
S =Z eV (5.16)

where Z(t) acts as a source for an irrelevant operator of scaling dimension 2 in the boundary
theory, the variation of the renormalized on-shell action (4.4) becomes

50y = / dt (74 5(~02) + ry 6 + 7y o’ + 71 67 (5.17)
oM
Note that the expression for ,, given in (4.16) is of order €. It would be interesting

to verify whether at order e 7ty also captures the change in the entropy (3.98) of the
near-extremal Reissner-Nordstrom black hole.
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A Relating (Y,T) to (Y, )

In [14], the authors considered a particular rescaling of the fields (X!, A). Here, we will
denote the resulting rescaled fields by (Y] , Y) The rescaling made use of the metric factor

€9 in the four-dimensional space-time metric,
ds§ = —e2 B @2 4 729" (dR? + R? (d6* + sin® 0 dp?)) (A1)

as well as of a U(1l) phase h, which here we identify with the phase of w, w = |w|h,
introduced in (2.7). The rescaled fields (Y, T) are given by

Yiee9nx! | T=e2h%A. (A.2)

Comparing with (2.12), we infer the relations

yi=xy! | T=XT, (A.3)
with
1
A= ng\wleg , vy=e 29R?. (A.4)

Using (2.2), we obtain

e %9 =Gy e=K) , (A.5)

where e=X(¥) takes the form (2.17), with Y/ replaced by Y!. Combining this with (2.18),
we get

) g <0 A6
e S (A.6)
Inserting Y/ = MY into this equation, we infer
2
v=_
o vt (A7)
8
Then,
- 2T .
T:VTzﬁir—T, (A.8)
and hence
VT . R? oo R
-T=-"T— T=-"1T"—. A9
g ” (A.9)
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Furthermore,

A= R (T = éRQ i (A.10)
and hence,
vl (A.11)
Thus, equations (A.8) and (A.11) relate (Y, T) to (Y/,T).

B First-order flow equations from Hamilton’s principal function

In Fefferman-Graham gauge (2.9), and in the gauge AL = 0, A,; = 0, the canonical mo-
menta conjugate to hy, ve, Y7, A{ , Ay, computed using the two-derivative bulk Lagrangian
(2.25) and the Gibbons-Hawking boundary term (4.2), take the form

V=h
tt_ hito),
T T g
V —h arhtt 87“1)2
vy — 5 B.1
Tyg Yeh I + s ( )
a KY) N _ _ _
77}/ = — h'UQ ¢ LJ <a7'YJ + GIC(Y) YJ YLNKL aTYK) )
Gy
_h h ~ _
= fiv;ﬂt [( Nij+ RigNSER.,) 0,4] — 2RUNJKaTAtK} +2i (Fy — Fy)
F _7“’12“2% ANT9, Ay = 2N R0, AR | - 20 (v - ¥T)

where e X(Y) = i (YTFr(Y)— Fr(Y)YT). We note the constraint 7} Y/ = 0. Inverting
the above relations except the one for 77}/, we obtain

2G4 2G4
Opvg = ﬁhttﬂtt = ﬁﬂg )
2G !
87“’71515 = \/?Z;L’Ytt <7TU2 - 1);) s (B2)
—h 1 _
arA{ = 2\/;]\71‘] <7Tf] + iR]Kﬁ'tK + Ny (YK + YK)> ,

5 JV—h 1 ) _
0P A = — (RIJNJKW% + 3 (N1j+ Rig N5 ERL ) 77 + 2 (Fr + F1)> )

Next, we decompose the combination YX Ny 0,Y ¥ into real and imaginary parts,
YEiNgL0,YE =R +4iT , (B.3)
where we note that

KY
KR = L (VEN e, TF) K30, K002 (B.4)
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We then write the canonical momentum 71'}/ as

_ KY) N _ —
b msze 7 <8ryj 4K I (RJFZI))
4
K(Y)/2
_ _MUQGG( )2 Nry (& (6IC(Y)/2}7J) +ie3’C(Y)/2}7JI) . (B.5)
4

In general, this relation cannot be inverted due to the constraint TF}/Y] = 0. However, we
observe that when

T=0, (B.6)

we may invert the relation (B.5). The condition (B.6) is, for instance, satisfied by BPS
solutions, see (B.19). Thus, in the following, we will restrict to solutions that satisfy (B.6).
Inserting (B.6) into the above equation for 7} gives

_ K(Y)/2 _
. _V-huwe NIJaT (eIC(Y)/QyJ> 7 (B.7)
G4
and hence
- G
K(Y)/251\ — _ 4 1J_Y
9, (e Y ) Ve s R (B.8)

subject to (B.6).
Next, following [9], we write Hamilton’s principal function S, which only depends on
coordinates and not on canonical momenta, as follows,

S(htt,vg,YI,YI,A{, A~t1) = U(hy,ve,Y I Y_I) + /dt (—q;A{ —|—pIA~t1) ) (B.9)
This gives
3S S
t ~t] I
I L. B.10
7 oAT qr 7 A P ( )

We restrict ourselves to the case when U does not depend on hy,

_ 1 _
Ulv, Y1, Y1) = G/dt\/—hW(vg,YI,YI), (B.11)
4

where W is real. Using

4S8 1 S V—h oW
= o = W o, == - (B.12)

Ohyy 2G4V —h dva Gy Ovy

and inserting this into the relations (B.2) gives
aT’UQ =W s
ow 1w

Orhyt = 2hy | — — =— B.13
tt tt (81}2 5 02) ( )
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Finally, using

0§  V—h OW
Y= = B.14
TSYT T Gy oyl (B14)
we infer
_ 1 ow
K/25-T) _ _ 1J
o, (e Y ) =N 5y (B.15)
Inserting this relation into (B.6) yields
ow
I
Tm (Y 8Y1> =0. (B.16)
We take
W(vs,Y, V) =2 (wg _ kM2 ReZ(Y)) , (B.17)
where
2(Y) = p Fr(Y) — qrY" (B.18)
Then
ow -
I
Im <Y aw) =0« Z(Y)=2(Y). (B.19)

Thus, summarizing, we obtained the following set of flow equations in Fefferman-
Graham coordinates,

Orvg = W,
Orhit = 2hyy <§Z — ;z‘:> ;
o, (eK(Y)/Q fﬂ) = e’Cl(Y)/2 NIJ g)‘% ’ (B.20)
with
W(vs,Y,¥) =2 (WTQ _ kM2 ReZ(Y)) , (B.21)
where
ZY)=p'F(Y) =Y =p'Fy(Y) - YT = Z(Y) . (B.22)

These flow equations are solved by BPS solutions, as we will verify in Appendix C. In
Appendix D we will show that a particular deformation of these flow equations encodes
the nAdS, attractor mechanism [12] when working infinitesimally away from the horizon.
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C BPS flow equations in Fefferman-Graham coordinates

In the following, we set G4 = 1 for convenience, and we show that the flow equations for
single centre BPS solutions in four dimensions at the two-derivative level take the form
(B.20), (B.21), (B.22) when written in Fefferman-Graham coordinates.

The standard form of the BPS flow equations [4, 6] uses the four-dimensional line
element (A.1). These flow equations, when formulated in terms of the scalar fields y!
defined in Appendix A, take the form (see, for instance, eq. (671) in [28]),

R?0pg = €29 ReZ(Y) ,
R2opv! = N2 79y,

where
Z(Y) = p'Fi(Y) - Y7, (C.2)
Ap = —Lle% [(F[(ff) - FI&)) On (iff - {,1) - (iff - fff) On (FI(Y) - FI&))] .
Note that when written in terms of the scalar fields Y/, BPS solutions satisfy the condition
e ) —ReZ(Y) > 0. (C.3)

This can be seen as follows. Using (A.11), we obtain

N R4 R
—KY) — o—Kk(OY) 2 (L
e e ol ( T) . (C4)

Using that for a BPS solution [14]

\ =T =8|0ryl , (C.5)

we obtain from (C.4),

. R4 ~ R4 -
—K(Y —KY —
eKY) = g=K( >§\/—r Org| = e 2g§\/—r\aRg\, (C.6)

where we used (A.5). Using the first flow equation in (C.1) we infer

2
oK) _ % —T [ReZ(Y)| = [ReZ(Y)| , (C.7)

where we used (A.11) once more. Finally, demanding drg > 0 along the BPS flow [6], and
hence ReZ(Y) > 0, we obtain (C.3).

Note that, in general, (C.3) does not imply that the Y/ are constant along a BPS flow.
Double-extreme BPS black holes are solutions where the Y/ are constant along the BPS
flow. These are discussed in section 3.2.1.
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Let us now verify that the standard flow equations (C.1) become the flow equations
(B.20) in Fefferman-Graham coordinates. To this end, we will use the following relation,
which is a consequence of (A.3).

CO/2 Z(y) = K2 (7Y (C.8)
Using 0, = €9 0r as well as vy = e 29R?, we obtain
Oyva = e90g (e R?) = —2¢ 99pg R* + 2¢ YR = —2¢ 90rg R* + 2\/v2 . (C.9)
Using the first equation of (C.1), this becomes
dyvg = —2eI ReZ(Y) + 24/13 . (C.10)
Using first (A.5) and then (C.8), we obtain
Oy = —2eF)2ReZ(Y) 4+ 2/ia = W . (C.11)
Next, let us verify the flow equation for hy,

ReZ(Y)
R2
2, e = 2 KO/ ;
= *htt € ReZ(Y) = 7htt & RGZ(Y)
() V2

Orhye = €90g (—629) = —2¢%

= vzhtt K2 ReZ(Y) = 2hy < - ) : (C.12)
2

Finally, we verify the flow equation for Y/,
9, (eic(y)/z YI) — 90 (eic(f/)/z {,1) — 90, (eic(f/)p) VI eic(f/)/z]%g N1 9 2(9)

= 1 0 ~
=e99p (eNY! + = NV —Z(v
R (e9) - 577 (Y)
e?9 = 1 0 -
= — OpgR2YT+ = NV —Z(v
72 RY +v2 oy (Y)
1 -

1 )
= vy =N —_Z(v). 1
- +v2 3y (Y) (C.13)

This we compare with

1 NIJ 8W 2 NI'] (86K<Y>/2

d
T g eK)/2 ayJ vy eK(V)/2 oy 7

o7 Z(Y) .

) ReZ(Y) + ENE
V2
(C.14)

Next, using e X)) = —VIN; ;Y7 we write

e (Y)/2 BK(Y)/2 go—K(Y)  3K(Y)/2 .
A R A B A (C-15)
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so that

1 IJaW_eK(Y)*[ 1 ;5 0
_UZeIC(Y)/2N oY Y ReZ(Y)‘i‘U*QN WZ(Y)' (C.16)

Then, using (C.3), we obtain

Ly OW _ Lgr Ly 0
kN gyr = Y T, N ey 2 (C.17)
Thus, from (C.13) we infer,
% 1 ow
KW)2yT) — _ 1J
O (e Y ) s eIC(Y)/2N oy (C.18)

Finally, we note that the condition ImZ(Y) = 0 in (C.1) is equivalent to (B.22) by
virtue of (A.3), and that the condition Ap = 0, when written in terms of the fields Y7, is
satisfied by virtue of (B.6).

D nAdS; from deformed BPS first-order flow equations

At the two-derivative level, non-extremal single centre static black hole solutions in four
dimensions are obtained from extremal single centre static black hole solutions by turning
on a deformation parameter p. The nAdSs attractor mechanism [12] posits that to first
order in u, the near-horizon behaviour of the metric and of the scalar fields of the non-
extremal black hole solution is governed by the near-horizon behaviour of the extremal
black hole solution. We will refer to the deformed solution as a nAdSy deformation of an
extremal black hole solution. In the following, we will show that at first order in p and
infinitesimally away from the horizon, the nAdSs deformation of BPS black hole solutions is
governed by first-order flow equations that are a deformation of the flow equations (B.20).

The most general line element for a static, spherically symmetric non-extremal black
hole solution at the two-derivative level in four dimensions takes the form [12],

ds? = - f(R) dt? + e~ f~Y(R)dR? + e=2?H) 402 | f(R) = R* — 2 > 0,(D.1)

where R > u > 0. In these coordinates, the outer horizon of the non-extremal black hole
is at R = p. A BPS black hole in ungauged N = 2 supergravity theories is an extremal
black hole that satisfies p = 0 as well as

e ) — W) B2 =i (Y Fy (V) = Fi(V) V') R? (D-2)

where the Y/ are determined in terms of harmonic functions (H', H;) according to (3.53).
Upon changing the radial coordinate as R — R + pu, the above line element takes the
form

ds? = =) f(R) dt? + e 2PB) f=YR)dR? + e~ W) 402 | f(R) = R?> +2uR > 0,
(D.3)
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where now R > 0, and the outer horizon of the non-extremal black hole is at R = 0. This
line element can be brought into the form (2.9) by performing the change of coordinates

0 0
— p(R) —
o e f(R) 3R (D.4)
in which case
va(r) = e PW|p_piy o hu(r) = e f(R)| g - (D.5)

The solution (D.5) is supported by complex scalar fields Y7/ (r), c.f. (2.12).

In the following, we will derive the nAdSs attractor mechanism for non-extremal black
holes [12] by demanding that at lowest order in p and R, v, hy and Y/ satisfy flow
equations that are a particular deformation of the flow equations given in (B.20), as follows.
Using (D.4), the radial derivative 0,¢ of a field ¢ can be expressed in terms of dr¢ as
or¢ = P\ /f(R) Or¢p. Now multiply this expression by %(8Rf)/\/f, which equals 1
when = 0, thereby obtaining the combination %ep(R) (Orf)Or¢. Proceeding in this
manner with the flow equations (B.20), we are led to consider the following deformed flow
equations,

%ep (Orf) Orva = W,

1 2\ oW 1w
§€p (Orf) Orhiyt = 2hy <<1 + M) >

f ) Ova 2wy
1 _ 1 oW
gy 2 KY)/ 2y 1) — _ 1J
26 (8Rf) ORr (e Y ) ” eIC(Y)/ZN 9y 7 (D.G)

where W is given by (B.21), and where we impose (B.22). Note that we have added a term
proportional to p?/f on the right hand side of the flow equation for hy, and that p?/f is
of order zero in the small quantities © and R. We now solve the flow equations (D.6) to
lowest order in p and in R.

Working infinitesimally away from the horizon R = 0 and to first order in the pertur-
bation parameter p, we expand the metric factor e=2P(%) in (D.3) and the complex scalar
fields Y/ as

e 2(R) — A% 4 o+ 2BR + O(R2, 12, uR)
Y'R) =Y +y'u+Z'R+ O(R* i, uR) , (D.7)

where A%, a, B, YOI ,y', Z1 denotes constants. In this expansion, terms proportional to R,
p? or R? are taken to be of the same order. When setting 1 = 0, the resulting solution
describes the near-horizon solution of a BPS black hole and hence, the constants A% and
Y{ are determined by the BPS attractor equations (3.9). The remaining constants in (D.7)
are determined through the deformed flow equations (D.6), as follows. First, we list the
following expansions, for later use (we take A > 0),

B
e P(R) — 4 <1 + ap + R> + (’)(R27u2, pR),

242 " A2
) — Ly 9n B RN o2 2 uR) (D.8)
A\ T2 a2 e
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First we analyze the flow equation for vy,
1
§eP<R> (Orf)Orv2 = ")(R 4 p) Ope” 0D =W . (D.9)

At first order in i and R, the left hand side gives

2B

S (BAn), (D.10)

while the right hand side gives

W =2 <A + % + %R e KM0)/2 _ g, (e’C<Y>/2 ReZ(Y)) vy (Z'R+y"p)

0 (e’C<Y>/2 ReZ(Y)) vy (ZR+ gfu)) . (D.11)
Using e X)) = —N; ;YY" we obtain
o, (e’<<Y>/2 ReZ(Y)) Iy, = [;NI JYISEMN2 Rz (V) + %e’C(YW " Frr— a) | v,
= %EK(YO)/Q [NLY? +p  Frr—ar] Iy, =0, (D.12)

where we used the BPS relation e *(Y0) = ReZ(Y;) and the BPS attractor equations (3.9)
for Y{. This results in

_or o8
W=—+2-R, (D.13)

where we used the BPS relation A% = ¢=*(Y0) Comparing this with (D.10) determines o
to equal

a=2B. (D.14)

Next, we consider the flow equation for hy,

2
%ep(R)(aRf)aRhtt — 2y, (R;N) <(8Rep) f+ ZpaRf> = 2hy <<1 + M) w _ 1W> ,

f ) Ova 2w
(D.15)
which yields
(R + p) e _ (1w 1w
7 (OreP) f + 5 Orf)=(1+ 7)o 20 (D.16)
Using (D.14), the left hand side gives
B 1 oL B 2

which precisely equals the combination on the right hand side of (D.16).
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Finally, we turn to the flow equation for Y7/,

1 _ — 1 ow
L KY)/2y1) _ .p KY)/251) _ _ IJ
5¢ (Orf)Or <e Y ) e?’(R+ 1)0r <e Y ) - eIC(Y)/QN aYJ.(D.18)
To first order in p, R we obtain
K2y T = KO0/2 (VI 4 ZIR 4 g p)) (D.19)

1 V% \/ — —
+5 " Y Negly, (V7 (Z9R +y9u) +Y§ (Z9R + 5%))
and hence,
_ _ 1 _ _ _
On (e’C(Y>/2Yf ) = 00271 4 SOV Npgly, (V729 + Y 29) . (D.20)

We then obtain for the left hand side of (D.18),
1
A
1 _ _ _
+§e3’C(YO)/2YOI Npoly, Y29 +YyZ9)| . (D.21)

1 _ _
§€p(aRf)8R (GK(Y)/2YI) — (R+H) |:€’C(Y0)/2zl

Next, we compute the right hand side of (D.18). Expanding around Yy and using (D.12),
we obtain,

oW = —20; (e’qY)/? Rez) = —(Y — Yo)? Nygly, <002, (D.22)

Then, the flow equation (D.18) becomes, to first order in u, R,

(R ) [ ROV LKV Npgl, (7 20+ Y 29)| = 15 (2R i)
(D.23)
This equation is satisfied if we demand
y' =2 | Y{ Npglv, 29 =0, (D.24)
in which case
Yi=Y{+Z"(R+pn) , Y& Npgly, (YQ — YOQ> =0. (D.25)

Note that the latter condition is consistent with the condition (3.15) derived from the
analysis of first-order perturbations.
Summarizing, for the expansions (D.7) we obtain at first order in u, R,

e 2B — A2 L 9B(R+p) , YH(R) =Y + Z'(R+p) , Y& Npgly,Z9 =0 .(D.26)
At this order, the expressions for e=2) and Y/(R) can also be written as

-2
e 2(R) _ A2 4 (R+ ) de~2PBPS (R)

T|R:0 )
oY (R
VIR) = v+ (R P (D.27)

38



where the metric function ppps(R) and the scalar fields Yiipg(R) are those that describe
interpolating BPS solutions. At the horizon R = 0, we obtain the horizon values

6_2p(0) _ A2 + 1 86_2PBPS (R)

BR ‘R:O )
oY (R
Vi) = v+ P I (D.25)
and the physical scalar fields 24 = Y4 /Y0 behave as
Dzips (R
A) = o+ ZEESE (D.29)

where z()“ denotes the BPS value at the horizon. Thus, to first order in u, the horizon
values e~ 2P(0) Y1(0) and 24(0) equal the BPS values e=2PBrs(t) Vil () and 2fpg(p).
This is precisely the nAdSs attractor behaviour of the metric factor and of the scalar fields
[12]. Note that since the BPS solution Y{pg(R) satisfies (B.22), also (D.27) satisfies the
condition (B.22).
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