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Abstract

We offer a novel perspective on N'=4 supersymmetric Yang-Mills (SYM) theory
through the framework of the Nicolai map, a transformation of the bosonic
fields that allows one to compute quantum correlators in terms of a free, purely
bosonic functional measure. Generally, any Nicolai map is obtained through
a path-ordered exponential of the so-called coupling flow operator. The latter
can be canonically constructed in any gauge using an N =1 off-shell superfield
formulation of N'=4 SYM, or alternatively through dimensional reduction of the
result from N'=1 D=10 SYM, in which case we need to restrict to the Landau
gauge. We propose a general theory of the A'=4 coupling flow operator, arguing
that it exhibits an ambiguity in form of an R-symmetry freedom given by the
Lie algebra su(4). This theory incorporates our two construction approaches as
special points in su(4) and defines a broad class of Nicolai maps for N'=4 SYM.
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1 Introduction

1.1 History and overview

Gauge theories are our best candidates for describing Nature at elementary scales. Out of all such theories,
maximally supersymmetric Yang—Mills theory in four dimensions (M'=4 SYM) takes on a special role. In
a sense it is the most simple (possibly integrable) gauge theory that can be formulated. Indeed it has been
a long standing goal of theoretical physicists to solve this particular theory analytically. While being a
toy model, it is expected that progress on this matter would have a drastic impact on our understanding
of more complex models of nature. It is therefore important to continue this pursuit and investigate
N=4 SYM from every possible angle.

A so far relatively unknown approach to supersymmetric field theories is referred to as the Nicolai
map. It is based on works from Nicolai, Dietz, Flume and Lechtenfeld [1-7] from the 1980s. The Nicolai
map is a transformation of the bosonic Yang—Mills fields that relates the interacting theory at some
coupling g to the free theory at zero coupling. It allows one to compute quantum correlators in terms of
a free, purely bosonic functional measure, entirely bypassing the use of any anticommuting (Grassmann)
variables. After a pause of roughly 35 years there has recently been renewed interest on this matter
starting with the papers [8-11]. Shortly after, a general formula for the Nicolai map in terms of the so-
called coupling flow operator Ry was found in [12]. For theories that have an off-shell superfield formalism
the coupling flow operator can be constructed canonically. In these cases, a general construction method
for the Nicolai map in arbitrary gauges was developed in [13] and independently in [14]. This framework
has potential applications in all kinds of supersymmetric theories, e.g. as recently investigated [15] in
supermembrane and matrix theory.

We should highlight that the Nicolai map and its coupling flow operator are (depending on the theory)
not necessarily unique. The original proof [1,2] by Nicolai only shows that there exists such a map. The
non-uniqueness was seen most strikingly in [11], where it was shown that there exist two distinct Nicolai
maps in N'=1 D=6 SYM (at least to third order in the coupling). In fact, one of the main results of this
work is that in case of N'=4 SYM, there is a 15-dimensional ambiguity in the coupling flow operator.
However, by definition of the map, correlators are independent of the particular choice of the Nicolai map
(or coupling flow operator).

To this date, most works on Nicolai maps were restricted to AN'=1 supersymmetry. Only in [9] a
Nicolai map for N'=4 SYM was deduced by dimensional reduction from the map for V=1 D=10 SYM.
In our work, we develop a more extensive framework for dealing with A'=4 supersymmetry'. Generally,
we distinguish two possibilities for obtaining Nicolai maps in N'=4 SYM. The first one is dimensional
reduction from ten to four dimensions, while the second one makes use of an N'=1 off-shell superfield
formalism for N'=4 SYM. The former approach treats all four supersymmetries on an equal footing,
whereas the latter singles out one of the supersymmetries. This leads to an ambiguity in the coupling
flow operator and the corresponding Nicolai map. We explain this by an analysis of the R-symmetry
of R,. Essentially, the operator is subject to SU(4) R-symmetry transformations and to a principle of
superpositions with weight one. This suggests a general description of the coupling flow operator in terms
of an su(4) R-symmetry freedom that incorporates the two before-mentioned results as special points in
the Lie algebra.

In Section 2 we compare two formulations of the N'=4 SYM action and how they are actually equiv-
alent. We start with the A'=1 superfield formalism and then consider dimensional reduction from A'=1
D=10 SYM to N=4 D=4 SYM. In Section 3 we compare the two corresponding formulations of the
coupling flow operator and place them as special cases within a general R-symmetric understanding of
the operator. In Section 4 we investigate the resulting Nicolai maps. Finally, in Section 5 we give our
conclusions and an outlook to possible future directions that this work may point at.

Lother theories with extended supersymmetry such as N'=2 D=6 SYM could be described in an analogous fashion.



Due to the technical nature of this paper, we present many of the calculations in detailed appendices
A-E in order not to disrupt the common theme of our arguments.

1.2 Basics of the Nicolai map

To begin with, we recall the essentials of the Nicolai map, without specializing to a particular theory.
Any supersymmetric theory can be expressed in terms of bosonic and fermionic (potentially including
ghost) fields. Usually the latter appear quadratically so that they can be integrated out, giving a nonlocal
functional determinant. The resulting action can be written as

Sgl¢] = SPlé] +h Si[4] (1.1)

with coupling constant g and local, nonlocal parts of the action S;’, S; respectively. Here, ¢ stands for
the bosonic field content of the theory, i.e. for N'=4 SYM we have ¢=(A,, ¢;) with the gauge field A,
and six real scalars ¢;. Expectation values? of bosonic observables X [¢] in the theory (1.1) are given by

(Xl = [ Do expl 5,100} Xlol. (1.2
The Nicolai map is a (nonlinear and nonlocal) field transformation
Ty: ¢(x) = ¢ (x5 9,0) (1.3)
invertible at least as a formal power series in g, with the defining property
(Xlgl)g = (X[Ty 0o VX, (1.4)

that connects the interacting theory at coupling g with the free theory (g=0). We stress again that the
map T, is not necessarily unique. However, since we construct all maps from the defining relation (1.4),
correlators do not depend on the choice of the particular map. Taking the derivative of (1.4) with respect
to the coupling gives

9y(X[¢l)g = (O + Ry[0]) X[0])g , (1.5)
which defines the infinitesimal version of the Nicolai map, the so-called coupling flow operator
1) 1)
— -1 —. .
Ry¢] = /dz (8ng ng)(b(z) o) /dz K[¢; ] 59 (1.6)

with kernel K. By setting X[¢|=T,¢ in (1.4), one can quickly derive [16] the relation
(0g + Ry[0])Typ = 0. (1.7)

This is a well-known differential equation solved by the path-ordered exponential

T,¢ = 7>>exp{/ogdh Rh[¢]} é (1.8)

which was first found in [12]. This shows that the knowledge of R, completely captures the analytic
g-dependence of the Nicolai map, allowing its perturbative construction. It is the main objective of this
work to find the explicit and most general form of R, for N'=4 SYM.

Next, we note the characteristic properties® of the Nicolai map and the corresponding infinitesimal
properties for the coupling flow operator. Writing (1.4) in terms of path integrals and collecting powers
of h, one finds

SoTye) = Sple]  and  S§[T,¢] — itrln ™22 = Sf[g] , (1.9)

2by the vanishing of the vacuum energy in supersymmetric theories, we have the normalization (I)g=1.
3which were originally used as the defining conditions of the Nicolai map, but can be traded for the single relation (1.4).



the ‘free-action’ and ‘determinant-matching’ conditions respectively. For gauge theories, we have the
additional property that the chosen gauge fixing function G(¢) is a fixed point of the Nicolai map. From
(1.5), it is straightforward to deduce [16] the corresponding infinitesimal conditions

@+ DS} =0 and (@, + Rfo)Sfle] = [ar S (1.10)

as well as the gauge condition

(0g + Ry[0])G () = 0. (1.11)

For completeness, although it will not be relevant to the rest of this work, we include here a few
general remarks on regularization and renormalization. Since the Nicolai map itself only consists of tree
graphs, regularization is not required at this stage. Only in the end, when computing correlators in the
free theory with (1.4), one has to contract trees with each other. This generates loops (but interestingly,
none of them purely fermionic) that have to be regularized. In the case of N=1 SYM this technique
and the subsequent renormalization are successfully carried out in the paper [7] from 1985, for example
rederiving the universality of the gauge coupling to 1-loop order. The computational effort of this method
as opposed to the traditional Feynman diagram approach is practically comparable.

1.3 Conventions and notation

In this paper, we work in four- and sometimes ten-dimensional Minkowski space equipped with the mostly
plus metric
" = diag(—1, +1, +1, +1),  7¥® = diag(—1, +1, ..., +1) (1.12)

respectively, where lowercase Greek indices run from 0 to 3 and uppercase Greek indices run from 0 to
9. For the four-dimensional spinor algebra, we adopt the conventions from [17], including the chiral basis

for the gamma matrices
0 o 5 0.1.2.3 -1 0
= Y =Ty = : 113
<o“ 0 ) 0 i (1.13)
with sigma matrices

-1 0 0 1 0 —i 1 0
o = , ol = , o? = ! , od = , (1.14)
0 -1 10 i 0 0 -1

and 6°=0", 6123=—g123. The gamma matrices satisfy the Clifford algebra {v#, v*}=—2n*". In this

basis, the chiral projectors P* take the form

(1+iy°) = (1 0) ., PT=11-1°) = (0 0) : (1.15)

0 0 0 1

Pt =

N =

We often use the standard Feynman slash notation

d = va, (1.16)

with the exception that the slashed script letters 4 and & have a related but distinct meaning that is
defined in the main text. We additionally define the antisymmetric

P = 5V =) (1.17)
and generally antisymmetrize indices with weight one, indicated by square brackets, e.g.

a"p” = L(a"b” — a¥b") . (1.18)



All of our fields are in the adjoint representation of the gauge group which we take to be SU(n.) with
real antisymmetric structure constants f2°¢ such that

fabCfabd — ncé‘cd , (119)

where color indices run from 1 to n2 — 1, which we often leave implicit. For example, we write the
non-abelian field-strength tensor F),, in two equivalent notations

Fuy = 04A, —0,A +gAu x A, = Fi, = 0,A% —0,A% +gf*" AL A (1.20)
and the covariant derivative
D, = 9, + gA,x = (Du)® = 0u() +gf AL ()0 (1.21)
We sum over implicit color indices of products, e.g.
Fu F* = Fi F (1.22)
except when we write an explicit cross product, e.g.
@ XA = frleprpbe (1.23)

Further, e.g. when writing down Nicolai maps to second order, we often adopt from section 4 of [10] the
shorthand notations for multiplying quantities in color and position space. This means that all objects are
multiplied as color matrices or vectors, and integration kernels are convoluted with insertions of bosonic
fields A, or ¢; for u=0,1,2,3 and i=1,...,6. For example, we would write in two equivalent notations the
expression

’Cpi0 CApyxpi /d4yd4z 07C(x = y) (F* ) (W) 9uCly — 2) (FU A ()05 (2) , (1.24)
with the scalar propagator C=07!. We often summarize the bosonic fields in the symbol

= (A, 1) (1.25)

An overview over the various types of indices to be used in the following can be found in Table 1.

Table 1

Types of indices used in this paper. Color and spinor indices are often left implicit.

Name Representation Range Alphabet

R-symmetry 4 of SU(4) 1to4 1st half of uppercase Latin (4,B,C,...)
R-symmetry (broken) 3 of SU(3) 1to3 2nd half of uppercase Latin (I,J,K,...)
R-symmetry 6 of SU(4) = SO(6) 1to6 2nd half of lowercase Latin (4,j,k,...)
Color Adjoint of SU(n.) LtonZ—1 1st half of lowercase Latin (a,b,c,...)
Lorentz (4-dim.) Spin 1 of SO(1,3) 0to3 2nd half of lowercase Greek (u,v,p,...)
Lorentz (10-dim.) Spin 1 of SO(1,9) 0to9 uppercase Greek (2,0,T,...)
Spinor Spin % 1to4 1st half of lowercase Greek («,,7,...)

Lastly, we recall the definitions of the basic building blocks of the coupling flow operator in N'=1
D=4 SYM [13], since these also appear in the more complicated A'=4 case. The free gaugino and ghost
propagators Sy and Gy which will be used for the perturbative expansion of their full versions are given
by

So=9"=-dC, Go=(%ZLo)", (1.26)



respectively with the gauge fixing function G(«7). An object that appears often in the context of the
Nicolai map is the free projector

I,  =36," — 0,Go %) | (1.27)

which we often extend to capital greek indices
oG (o
I = 60 — oG %) | (1.28)

with the understanding that in the reduced four-dimensional theory ds;;=0 for i=1,...,6. Among all
possible gauges, the Landau gauge G(«/)=0"A,, takes on a special role, since in that case Go=C' so that
1I,” equals the standard transversal projector

oy =9,"-0,00". (1.29)
The latter splits the Yang—Mills fields into transversal and longitudinal components

Ay=AT+AL AT =14, Al=(" -1

y)A, = 0,00 A, (1.30)
where we abbreviate 0 - A=0"A,,. In arbitrary gauges (or outside of the gauge hypersurface of the Landau
gauge), it is helpful to define the ‘conjugate’ Yang—Mills field

Al = AL — AL = A, —20,00- A, (1.31)

although for the most part in this work, we restrict ourselves to the Landau gauge hypersurface, where
A=A*.

2 N=4 SYM action

A common formulation of the N’'=4 SYM invariant action (without a topological term?) is [18]

Sinv = / d'z{ = 4" F,, — iDupiD"e; — EaDP X! — 3PP o
t AP AP s X X5 — I (i x <Pj)2} ;

—ig t'4pX " P x X +ig
in terms of Weyl spinors x?, x4 where Yx4=C(y*)T with the charge conjugation operator C in four
dimensions. All fields are in the adjoint representation of the gauge group, with color indices left implicit.
Here, x* transforms as a 4 under the global SU(4) = SO(6) R-symmetry, while {4 transforms as a
4. The indices i=1,2,...,6 label the six bosonic fields ¢; that transform as a 6. Furthermore, the
coefficients %, ;= (t"48)* are the structure constants of the R-symmetry, or in other words Clebsch-
Gordon coefficients that couple two 4’s to a 6 [19]. They allow us to define anti-symmetric complex
scalars

AB —_ tiABSﬁi _ (@AB)* (22>

and will be specified explicitly when we construct the action below. In this work, we find it advantageous
to work with Majorana spinors instead of Weyl spinors. To that aim, we define

vap =t Appi ®

A =P + P ya, ¥4 = xaP™ + ¥PT. (2.3)

With Cys=15C, it is straightforward to check that ¥4 =C(¢p4)T, which shows that ¢4 are indeed Ma-
jorana spinors. A slight complication with this definition is that we need to be careful with R-symmetry
transformations, since ¥* transforms neither as a 4 nor a 4. We emphasize this point, because in
this Majorana formulation, the position of the R-symmetry indices does not indicate the transformation
properties of the corresponding quantities. When translating objects from the Weyl formulation to the

4which we neglect here for simplicity but could be included in a future analysis. It is expected to lead to an additional
chiral freedom in our theory.



Majorana formulation, index positions on the two sides of the equation do not match up. Hence, one
generally has to remember the R transformation properties from the Weyl formulation. However, the
Majorana formulation allows us to write the action in the more compact form

o= 2
Siny = / d'e {4 F" F = §D.piD 0 — $0a (00", + 90 p)u” — L0 x ¢}, (24)

with _ _ _
4y =2ty yPT — PP ]y = () e, (2.5)

where we have defined a matrix-valued field ®4 ; that is obtained from the scalars ¢; through contraction
with matrix-valued coefficients (¢*) ;. We further often use the shorthand

PAy =D, + g0 x . (2.6)

In the following two subsections, we show how the action (2.4) is obtained from an N'=1 superfield
formalism and from dimensional reduction, respectively.

2.1 N =1 superfield formalism

It is well established that A'=4 SYM does not have a formulation in which all four supersymmetries are
realized off-shell. However, it is possible to single out one of the supersymmetries to construct an N'=4
action using an AN'=1 superfield formalism [19]. The field content resides in one vector superfield V' and
three chiral superfields ®;

V = (4, A\ D), O = (¢1, 1, Fr) with I =1,23. (2.7)

All fields are in the adjoint representation of the gauge group. The propagating degrees of freedom are the
vector field A, four Weyl- (or equivalently Majorana-) spinors ¢ (A=1,2,3,4, with A=) and three
complex scalars ¢;. Further, there is one real scalar auxiliary field D and three complex scalar auxiliary
fields F;. In terms of superfields, the A'=4 Lagrangian density in Weyl notation is the last component®
of a superfield:

g%nc

L= Fotr[ G (WoWalyy +he) + 20 @] + 2 (i ®i[@, @kl + D) | . (28)

where ...|gg denotes the 66-component of a given superfield and so on. The trace is over color space. We
have also introduced the non-abelian supersymmetric field strength W, and its conjugate

W, = —1DDe ?VDoe?,  W* = —1DDe ?VD%?V | (2.9)
in chiral superspace, with the superspace covariant derivatives D,, D% Note that the coupling only
appears as an overall factor 1/¢? in front of (2.8). One recovers the usual dependence on the coupling
by rescaling V' — gV and ®; — g®;. Given the various superspace expansions, it is straightforward to
obtain the Lagrangian explicitly in terms of components. The details on the computations that lead to
the following results can be found in Appendix A. We find for the Lagrangian in the Majorana basis

9L = = FFu F* — DDA+ 3D% — Joeryi (Froy <ok + Flohx o))
- DH@D“% — Sry*Dur + F[TFI + \%UJK (pr P xep + Qﬁ}iﬁJP_XwK) (2.10)

= VE(BIPTAXG1 + DiPTAX]) — i8] Dx 01

5recall that 620%=0 and 6204 =0.




and for the supersymmetry transformations

Satr = V2(pPT)a

Sadf = V2(0rP7)a

Sa(PT4r)s = —iV2(PTY*)5a(Dudr) — V2(PT)paFr

0a(P™1)g = —iV2(P"9")5a(Dyo}) = V2(P)gaF]

SaFr = =iV2(Dutrs) (7P ) g — 201X (AP7)a (2.11)
6aFIT = _i\/i(D/ﬂ/;IB)( #PJF ﬂa - 2¢1 ( P+)

oAy = —1(M)a

3D = —i(DuAg)(157")sa »

Sars = —3(¥"*)paFuw + D(15)a

The decisive advantage of the superfield formalism is that we can deduce the penultimate component® of
the superfield in (2.8). It reads

A, = i/d%{*DVs/\ — 3 Eu "N+ 2e1 5k [PTY10 5 x K + PV/}I@X@(] + 2505 Ax 1

(2.12)
+ V[P Dyor + 9 P YiD,0f] — VI[P Ff 4+ P Fr] )
The superfield structure now enables us to write the invariant action as a supervariation
Siny = /d4x L= 35 0ala, (2.13)

which will be the central ingredient in the canonical construction of the coupling flow operator later on.
To find the on-shell invariant action, we first need to insert the equations of motion for the auxiliary
fields

D= —ighx¢;, Fr= %e”w}xgb}( , (2.14)

resulting in

Sinv = g%/d%{—iF“”FW — D, ¢iD g — S aPy? + 61JK(¢1¢JP+><¢K + LD P x k)

—V2(BrPTAXOr + BrPTAG]) + (6] % 01)* = Serswcerna(ds % 6x)(0] x 6},) |
(2.15)
Note that in this expression, the scalars are represented by three complex fields ¢;. In order to get to
the formulation (2.4), we need to replace these by six real fields ¢; by a suitable identification

61 = Blors+ier) , o) = Llers —igr) (2.16)

giving
Sinv = g%/délx{ - }LFMVF#U - %Du%D“% - ;&A]DZ/}A

+iersr (Vrosisxvg — Yrosvs XK ) + Yrorea XA + Yrorsx A — (e x <Pj)2} )
(2.17)
where for the potential term the Jacobi identity in color space was used. From this expression we can
read off the coefficients (¢')“ 5 from (2.5)
(CI+3>J4 = i5]J]].4 , (CI>']K = ieIJK’}/E, N (CI+3)JK = 716[.]1(]].4 N (218)

Sthat is, the components with one less power of 6 and @ than maximal for the respective contributions.

(Y4 = 161575 ,




wich are anti-symmetric under exchange of A and B and all others are zero. We will show in Section 2.2
that these exactly match the coefficients obtained from dimensional reduction.

To conclude this subsection, we note two results that will be used for the canonical construction of
the coupling flow operator in Section 3.1. The susy-transformations of the six real scalars are

Satpi = —hy(c)?, , (2.19)

and the penultimate superfield component in terms of the six real scalars and with the auxiliary fields
integrated out can be brought to the compact form

v A
Ba =} [@a{-dRur - @019 07 + 4@t )10y} (220)

2.2 Dimensional reduction

As an alternative to the construction via the A'=1 superfield formalism, an on-shell action of N'=4 D=4
SYM can be obtained by dimensional reduction from N'=1 D=10 SYM [18]

510 — giz/dlox{—iFE@Fg@ — IXT¥ Dy )\} : (2.21)

where capital greek indices label the ten-dimensional representation of the Lorentz group and I'* are the
ten-dimensional gamma matrices. We reduce the gauge field as

As = (Au, @i) (2.22)
which leads to the reduction of the Yang-Mills term
— 1Ry — —1F,FM —1D,oDM e — (i x ;). (2.23)
For the Dirac term, we write the gamma matrices as
0 pAB
' =1g@q", TA4B = Qiys, AB=1,234, (2.24)
pap O
with antisymmetric 4 x 4-matrices
(p*P)ep = 6acépp — Sandpe (paB)cp = Seanrc(p™)ep = eapcp (2.25)
It is convenient to define antisymmetric
ors = 3(pr +iprys) , 9P =3P Pocp = (pan)” . (2.26)

In the literature one often finds a factor % in front of the first equation in (2.26). In order to match

the coefficients from our previous analysis, we prefer to chose a normalization % instead. Note that this
explicitly determines the Clebsch-Gordon coefficients ¢ , 5 from (2.2) to be

) ga = 3615 = ()7, (H+3) 00 = b6y = —(H1+3)74
ok = tero = ()75, ")k = —deyx = —('3)75 .

For a matching of the bosonic and fermionic degrees of freedom, the spinor A has to be a Majorana-Weyl-
spinor, which can be realized in the structure

(2.27)

A= (P PYYA P XL, PR, with ya = CxAT, (2.28)
where C is the charge conjugation operator in four dimensions. We find that the Dirac term becomes
Y . A
—INT*Ds A — a4 P 50", (2.29)
with the shorthand (2.6), the Majorana-spinors (2.3) and
o = () 'pei = [(0°P)asP" = (pcp)aBP ™ Jpep = 2[t 4gPT — PP Jo; . (2.30)

It is easy to verify that the coefficients (c*)* p defined this way are equivalent to those found in the
superfield formalism (2.18).
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3 Coupling flow operator

In this section we construct the coupling flow operator (1.5) first via the canonical construction 3.1 and
then via dimensional reduction 3.2. Reconciling the two approaches, we propose a unified framework for
the operator in 3.3.

3.1 From the canonical construction

The basic procedure of the following construction is exactly the same as in the N'=1 case (see e.g. [13]).
We merely have more fields to take into account. In order to fix the redundant degrees of freedom of the
gauge theory, following the FaddeeV—Popov procedure we add a gauge fixing term S, with gauge fixing

function G(«7) and ghost fields C, C to the full action Ssysy. We use the on-shell invariant action (2.17),
so that

SSUSY[A (TD' wﬂz]acac] = Sinv[ a(p w 1/1] + ng[ a(PaC C]
SIHV - L2 d4${_iﬁuyﬁuu - _DHSDZD SDZ ’JJA@AB{Z;B - i(@z X (10]) } B (31)
Sgt = %/ (4,)? +gCagA“"D C+9069(A“")<P XC}

where we emphasize that the fields are in the (canonical or geometric) scaling where the coupling only
occurs as an overall factor 1/g? (and one factor of g multiplying two ghost terms) by explicitly putting
tildes on all scaled quantities. The usual dependence on the coupling is recovered after rescaling all fields
with an appropriate power of g (i.e. A=gA, g=gp). In this scaling we can write the g derivative of the

action as a supervariation up to a Slavnov variation’,
agSSUSY = 79%{5QA(1 - \/§5Agh} 5 (32)
with the superfield component
- ~ -~ A ~ ~ - -
Bo =4 [da{-§FurR— @) 5" 507 + 4@ )07} (3.3)

the ghost contribution

Agn = / d%{é g(ﬁ,@)} , (3.4)

the supervariations (2.11) and the BRST (or Slavnov) variations

SA#:\/gﬁﬂé, sX:\/EXxé, J:@ixé,
D= ghxC, sC=-YPExC, s0=2L1G(Ap). (3:5)
5@ = /g3 x C s = Jgur xC,  sF = /gF; xC .

An intermediate scaled coupling flow operator is given by [4, 6]

R[] = —iAL[] 00 + 4= Agn[] s — AL [] (Jalgnl]) s, (3.6)

VI VI I

where we introduced the shorthand &7 = (ZM, ©;) and the contractions indicate either gaugino or ghost
propagators.® The calculation can be found in Appendix B. After rescaling the fields .7 =g.27 according

Tstrictly, this should be written with the auxiliary fields still present, but since we can integrate them out after the
construction, we leave them implicit here.

8Note that the coupling flow acts on observables X [Ji ] and 0o s contains a gaugino field, whereas s.afs, contains a ghost
field.
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to the scheme developed in [12], the final expression for the coupling flow operator is

—

— —
Rylof) = 155 ™ tr{(6) a8 /P o x O} 55 I Pt GRS AL (3.7)

acting to the left to comply with the implicit color index and position argument structure (adopting the
notation in section 4 of [10]). Note that this has the exact same structure as the result for N=1 D=4
SYM [13], only with the additional R-symmetry indices. We now give a detailed account of the various
quantities involved. First of all, an object that appears very frequently is

54 for ¥ =pu=0,1,2,3
(Go)ty = O B " (3.8)
(A, for ¥ =3+i=45,..9
With the shorthands
Ir = Dy, goix ), P'p = 77(¢x)"s = D55 + 92" px | (3.9)
we can compactly express the gaugino and ghost propagators S AB, G, defined by
7/)A(~T>7/_’B(y> = *SAB(%ZJ;JZ{) ) @ACSCB(Sva;ﬁ@ = 5A35(z -y, (3.10)
and - -
iC@)CW) = Gy, B HGCaye) =i —y) (3.11)
respectively. Further we have
Yy = (o) 'y = A+ @4y, g = A6+ (24)T, (3.12)

where A* is the conjugate gauge field (1.31). The second term in (3.7) also explicitly contains the
longitudinal part of the gauge field A,I; (1.30). Lastly, we have the natural generalization (c.f. [13]) of the
covariant projector

P =6 - g GEL (3.13)
and its free version
> = PFE|g:0 . (3.14)

3.2 From dimensional reduction

Since the ten-dimensional theory does not have an off-shell formalism, the operator cannot be constructed
canonically in any gauge. However, for the Landau gauge, an expression for R, was derived and shown to
satisfy all necessary conditions in all the critical [18] dimensions D=3,4,6,10 [10]. Hence, in the following
we restrict to the Landau gauge hypersurface, so there will be no distinction between A and A* since
AV=0. We start with the formula for the coupling flow operator in A’'=1 D=10 SYM:

«—

b))
Rylef] = 35 55 PO 6@{Tus00g x g} (3.15)

where the trace is over 32 x 32 spinor space and
# =T ot . (3.16)

We now apply the same scheme for dimensional reduction that we have used to reduce the action in
Section 2.2. Tt is easy to establish that P(lo)rz—>P(4)FE under dimensional reduction from ten to four
dimensions. We can relate S(19 and §¥) =S by dimensional reduction. When leaving out the superscript
indicating the number of dimensions, we always mean the four-dimensional object. In ten dimensions,
the 32 x 32 matrix S(1%) is given by the contraction

SU0 — A\ . (3.17)

(]
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With the dimensional reduction of the spinor A (2.28) and our definition of the four-dimensional Majorana
spinors (2.3), we can decompose the 32 x 32 matrix as

a0 _ ( (P*S45P )ap | (PTSAPPH) 0 )
(PS5 43P Jas | (P~ ,PPT)as

(3.18)

where each block is a 16 x 16 matrix with ‘inner’ indices A, B and ‘outer’ indices «, 3, all ranging from
one to four. Due to the chiral projectors, the position of the indices A, B matches the R-symmetry
transformation properties, i.e. upper indices transform as a 4 and lower indices as a 4. We can interpret
S(10) as an 8 x 8 matrix with 4 x 4 matrix-valued entries and take a partial trace in the 8 x 8 matrix
space so that we are left with a trace over 4 x 4 matrices (over the outer indices). Using the representation
of Gamma matrices (2.24) and bosonic fields (2.26), we further write 4 in the same block notation as

% _ FEQ{E _ ( Aaﬁ(SAB ‘ (i'75)ozB(pAB ) . (319)

(iv5)appan ‘ Anpda®

When multiplying two block matrices, we simply have to contract inner with inner indices and outer with
outer indices. This leads to

_ (A x A)apd’p + (La)ase” xpon ‘ 2(Aiys)ap x @8 ) 3.20
o ( 2075 M)as X ¢ | (A X A)asda® + (La)aspacxe®® ) (320)

In order to perform the partial trace, one multiplies the block matrices in (3.15) and then takes the trace
over the blocks. For example, a simple contribution would be

£r(32) {FH S10 14 @ (A x A)}
££(32) ( (o (P SA5P )5 (A X 455 | () (P SAEPH ). 5(A x A)ss ) (3.21)
(W (P~ Sa5P ™ )55(A x Asp | () (P~ S4PP)5(A x A)ss
= trW {7, PTSY P A x A} + trW {1, P S, PTAx A} = trW {7,544 x A},
where in the last step we used the cyclicity of the trace to commute the chiral projectors. In the last step,
since the positions of the indices of the gaugino propagator in the first vs. second term do not match up,

the R-symmetry transformation properties become slightly nontransparent. This is a consequence of the
way we defined our Majorana spinors (2.3). Step by step, one establishes the relation

tr(32){FzS(10)(gff X 427} = tf(4){(%Z)ABSBCJZ70D X ‘gy*DA} ) (3.22)

with the same definitions (3.8), (3.9), (3.12) as in the canonical construction. Although the R-symmetry
indices in (3.22) cannot be strictly assigned to 4’s or 4’s, by construction through the above dimensional

reduction, this object is invariant under R-symmetry transformations for ¥=p and transforms as a 6 of
SU(4) for =3 + 4.9

In total, we have shown that the coupling flow operator obtained from dimensional reduction on the
Landau gauge hypersurface is

—

—
Ryl] = %550 P> tr{(%z)ABSBC;;WD < & DA} . (3.23)

9This can also be verified through explicit calculation by splitting the quantities in (3.22) into their chiral contributions
that have fixed transformation properties. Due to the ‘hidden’ chiral projectors, all the contributions that do not transform
appropriately are projected out of the trace.
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3.3 Unified R-symmetric framework

The goal of this subsection is to reconcile the two results (3.7) and (3.23), since they are clearly not
identical. For simplicity, we for now restrict to the Landau gauge, for which the two results read

— — "
Ryl] = & éffr Pn= tr{(‘gg)4BSBC Y x D4} from canonical construction , (3.24)
- —

o[ ] = 35 ijr P.* tr{(%g)ABSBCgQCD X g?*DA} from dimensional reduction . (3.25)

We begin this discussion with two universal observations. Firstly, the general definition of the coupling
flow operator Ry[¢] (1.5) shows that it maps real observables to other real observables.!’ Hence, we
require the kernel K of the coupling flow operator

)
Rqﬁz/degﬁ;x— 3.26
o1 6:9] 53037 (3.26)
to be real. Note that for our cases and notation above, the kernel carries a ten-dimensional index I', so
that

—

s Kr (3.27)

—
Ry (] =
with implicit integration. Secondly, we recall the three conditions (1.10), (1.11) for a coupling flow

operator in a general gauge theory

@+ Rlo)S}ol =0, (0 + Rylasilel = [ar T @, 4 Rlo)o(0) = 0. (29

It is easy to see that given two coupling flow operators Rél) and RéQ), the linear combination
R, = pR\ +¢R? with pgeR and p+q=1 (3.29)

is again a coupling flow operator (i.e. satisfies (3.28)). Thus, the coupling flow operator obeys a principle
of superposition with real coefficients that add up to one.

The next ingredient is the fact that in the canonical construction we had to single out one of the
supersymmetries to obtain a working superfield formalism. In this work, we chose the ‘fourth’ one,
resulting in the index 4 at the beginning and the end of the trace in (3.24). This choice is of course
arbitrary. We could have equivalently chosen any of the three other supersymmetries. This, together
with the principle of superposition allows us (in the Landau gauge) to build a more general coupling flow
operator by inserting a diagonal matrix with trace four (or as we prefer, the identity plus a traceless
matrix L) in R-space in the trace in the kernel. In anticipation of the rest of this discussion, we write
down the general ansatz

-
£ 5

Rylo] = 52 B ® tr{(66) A pSPc# p x 4P (6%, + 1))} (3.30)

The two cases (3.24), (3.25) correspond to
L = diag(—1,-1,-1,43) and L =0, (3.31)
respectively. From the discussion so far we know that we can reach any element of

{L = diag(q1,¢2,¢3,q4) With Y ¢; =0 } =:h, (3.32)

the Cartan subalgebra of the Lie algebra su(4). By applying an SU(4) R transformation on the various
factors in (3.30), we can deduce how L effectively transforms under R transformations. One finds that the

10That is, modulo imaginary terms that vanish when taking the expectation value. For simplicity, we ignore the possibility
of such extra imaginary terms.
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underlying structure of the chiral projectors requires that just like the Majorana spinors (2.3), L splits
up into two chiral parts

L=LP +L*P* (3.33)
that are complex conjugate to each other. The matrix L transforms in the adjoint 15 of SU(4)
L — ULU', with U € SU®4). (3.34)

We notice that (3.34) preserves zero trace and hermiticity LT=L so that the group action of SU(4) on b
(3.32) generates the entire Lie algebra su(4). Any L € su(4) can be unitarily diagonalized such that we
can classify it in terms of its four eigenvalues ¢;. Invariants under the adjoint action are tr L™ for any
integer m>1, but with only the first four

trL:Zqizo, trLQZqu, trngz:qf’7 tlrL4:z:q;1 (3.35)

functionally independent. = We can equivalently characterize a generic orbit by the eigenvalues
(q1, q2, q3, q1) with 3" ¢;=0 or by (tr L?, tr L, tr L*). This gives us three real parameters matching
the dimension of the Cartan subalgebra. For a generic L € su(4) with all eigenvalues ¢; distinct, the
stabilizer of the adjoint action is the maximal torus S(U(1)*) = U(1)? and its orbit under the action is
the 12-dimensional flag manifold

SU(4)/U(1)3 . (3.36)

For singular L, i.e. some eigenvalues g; coinciding, the stabilizer is larger and the orbit smaller. Table 2
summarizes all cases.

Table 2
Stabilizer subgroups X of SU(4) acting on L € su(4), depending on the degeneracy of the eigenvalues g;.
The last column indicates the number of free parameters for the coupling flow operator. It is computed

by adding the number of degrees of freedom (dofs) in the choice of the ¢;’s to the dimension of the orbit
SU4)/X.

Degeneracy dofs Stabilizer X dim(X) # free param.
all ¢; distinct 3 S(U(1)1) 3 15
two ¢; equal 2 S(U(2) x U(1)?) 5 12
two equal pairs 1 S(U(2) x U(2)) 7
three ¢; equal 1 S(U(3) x U(1)) 9 7
all g; = 0 0 SU(4) 15

The fully degenerate case corresponds to L=0 (3.25). It is a fixed point under all SU(4) transforma-
tions. The canonical construction on the other hand led to a configuration where three of the ¢;’s were
equal, so that only an S(U(3) x U(1)) subgroup leaves the configuration invariant. This suggests that
for L with three degenerate ¢;’s, the points in its orbit under the adjoint action of SU(4) are those that
originate from an off-shell formalism and hence allow for an arbitrary choice of the gauge fixing function.
For these cases, when choosing gauges other than the Landau gauge, the second term in (3.7) has to be
added to the general formula (3.30).

In Appendix C, we directly check that (3.30) indeed satisfies the infinitesimal conditions of a coupling
flow operator.

4 Nicolai maps

In this section we use the notation of [13] to write down Nicolai maps to second order. We briefly recall
the most important aspects of this compact notation. Derivatives of the scalar propagator C' are simply
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written as indices, so that e.g. 9,,0,C=C},. Further, all objects are implicitly matrices in color space
with the exception that the last quantity in each term is a vector in color space. Moreover, implicit
integration kernels are convoluted with insertions of bosonic fields A or ¢.

A Nicolai map for N'=4 SYM to O(g?) in the Landau gauge was already found in [9] by directly
reducing the result from N'=1 D=10

Tyots = o — gC® ot e + %QQCGWFC[DQ{@WF] + 0(93) ) (4.1)
down to four dimensions with the simple prescription &/ = (A4,, ¢;) and 934;=0, which leads to
TyA, = Ay — gCPAL A, + 3g°CPANC, AL Ay + g*CPoiCl Ay i + O(g%) | (4.2)

Typi = i — gCPp; A, + > CPANCrp; A, + 1g2CP 0, Copjipi + O(g°) (4.3)

In this section, we want to explicitly show the ambiguity of the A’/=4 map by computing (Appendix D)
and testing (Appendix E) four different maps to second order in the Landau gauge corresponding to the
points
L = diag(+3,-1,—-1,—-1), ..., diag(—1,—1,—-1,43) , (4.4)
in su(4) and denote the respective coupling flow operators as
- —

RyWNor] = L2 B n{(65) 5550t/ “p x 472 ,4} (4.5)

with no sum over A=1,2,3,4. In general [12], the Nicolai map can be obtained from the perturbative
expansion

Ryle/] = Y ¢" 'Ri[#/] = Rulo] + gRo[/] + ¢°Ra[/] + ..., (4.6)
k=1
via,
Ty = o — gRio — 39°(Ra —R})o + O(g°) . (4.7)

When putting all the contributions together, we find the four distinct Nicolai maps

TMA, = A, — gCP A, A, + 2g2°CPANC A Ay + 67 CP 001 Ay i

g
1 .2 v ’ A o A o A o 3 (48)
—39°11, €uApaZ[C 01CPpr3A7 — Cpy3CPp A + CAPCp s + O(g°)
J=1
T A, = Ay — gCP AL A, + 2g°CPANC AL Ay + 6°CPoiClL Ay
3
+%92HHU€MpaZ(*)5K‘] [Cr01CPpy43A7 — Crp143CP0 A7 + CrAPCT 0 4504] + O(g%)
J=1
(4.9)
and

TVo1 = 1 — gC 1A, + g CP ANCrp1 A, + 56°CP0,C 01
_i926;4upk [CH@I+3CVAPA/\ + QClLAVCp(,Q[+3A/\]
3

*%QQCPZ[SOHBCMP.HBSDJ + SDJCp<P1+3<PJ+3 - 90J+30p501+350z]] + 0(93) ,
J=1

(4.10)

T or = o1 — gCPprA, + g*CP ANCr g A, + £9°CP 0 Crpjor
+2 g% upn (=) K [CHpr3CY AP AN + 2CH AV CPpr i3 AN

1 2 p; \orr ’ (4.11)
—35°C? (=) [or43Copraps + 91Copriap4s — PrrsCopriap.]
J=1

+g°C* [0143C,0K 130K + xR Crpr130K 13 — PrR+3C,014130K] + 0(93) )
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and the blue parts of Té4)<p[+3, Tg(K)cpHg are given by those of (4.10), (4.11) with I and I+3 exchanged
and an overall minus sign on the r.h.s., while the black terms are obtained by simply replacing I with
I+3. Note that the black parts of all four maps exactly equal each other and the result from dimensional
reduction (4.2), (4.3), whereas the blue parts differ in signs for the four choices A=1,2,3,4. By investi-
gating the explicit contributions (Appendix D) to the coupling flow operators RS(,A), it is easy to check
that the symmetric superposition

Ry := LBV + R® + R® + RW) | (4.12)

exactly yields the result from dimensional reduction, as expected. Note that while we can superimpose
coupling flow operators, this is not the case for the Nicolai map (1.8), since it is not linear in Ry. In
Appendix E, we show through explicit computations that all four maps that we have found in this section
indeed satisfy the necessary conditions for a Nicolai map to second order.

5 Conclusions and outlook

In this work we have initiated a systematic study of the Nicolai map in N'=4 supersymmetric Yang—Mills
theory in four dimensions. Our main result is the explicit form of the coupling flow operator in the
Landau gauge

-
Ryl = 3%%131“2 tr{(cgE)ABSBC'gyCD X g/ DE(5EA JFLEA)} )

with
L=LP +L*P",

and L any element in the Lie algebra su(4). Most importantly, it follows that the operator is subject to a
15-dimensional ambiguity. This can be traced back to the theory-intrinsic SU(4) R-symmetry. However,
by construction, correlators do not depend on the choice of L. Building up on previous results in A'=1
SYM and with the help of very compact notation, the knowledge of R, allows for an analogous perturba-

tive construction of the Nicolai map of N'=4 SYM via the universal formula Tg:BeXp{* fog dh Ry}

These first steps suggest many future analyses. Natural open questions relate to the effect of including
a topological term in the theory, a better understanding of general gauges and a graphical representation
for the perturbative expansion. As a potential application of this work, one could compute explicit N =4
quantum correlators (X [/ ]>g: (X[T,; 1)) o With the inverse Nicolai map. Critical future investigations
concern how exactly the ambiguity in the coupling flow operator translates to the Nicolai map and, more
distantly related to that, whether the framework of the Nicolai map might hint at an integrable structure
of N=4 SYM.
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several important aspects of this paper. This work is supported by a PhD grant of the German Academic
Scholarship Foundation.
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A Details on the N'=1 superfield formalism

In the conventions from [17]'" and in the Wess-Zumino (WZ) gauge, the vector superfield (VT=V) takes

the form B o B B
V = 00"0A,(z) —i0°0X(z) + i0°0X(z) — 1626 D(z)

= 00"0A,(y ) —i00A(y ) +i0°0A(y ) — 26°6°[D(y ) — iD* A, (y )] (A1)
= 00"0A,(y") —i0%0N(y") +1020A(y") — 26207 [D(y") +iD* A, (y")]

where y=x +i0cof and y'=x — 0o parameterize (anti-)chiral superspace. The advantage of the WZ

gauge is that -
VZ=-10%0A,A" (A.2)

whereas all higher powers vanish such that the power series

V=142V 42V? (A.3)

truncates at the second order. The non-abelian supersymmetric field strength W, and its conjugate are
given by

W, = —iDDe 2VDgoe?” = +2iha(y ) — 2[6,°D(y ) —i0" P Fuu(y )] 05 — 20°DoaaX*(y ) |

W = —{DDe ?"D%*" = —2ix%(y") — 2[6%,D(y") +igh® BFW(yT )]6° +20°D Ao (1)

(A.4)

in chiral superspace, with the superspace covariant derivatives D4,D4. The chiral superfields (Ds®;=0),
DQCI)F:O) have the simple expansions

®r = or(y) +V20Ur(y) + 0°F1(y) . @f = oj(y") + V20 (y") + P FI (), (AB)

in chiral superspace and the full superspace expansions
®; = ¢1(x) +100"00,¢1(x) + 6°0°0¢ () + V2001 (z) — 560,01 (x)0"0 + 0> Fr(x) , o)
®} = ¢} (z) —i00"00,8} (z) + 10°0°06} (z) + V2001 (z) + J50700" 0,1 (x) + 07 F () - '
For the construction of the coupling flow operator we also need the penultimate components of the various

contributions to (2.8). For the first part, we find

TWWa==X"+ [-2DA = 2F,, A" |0 + [~20Aa" Dy — 5 F* Fyyy + D2 + { FFP €007

L _ o , : (AT
IWaW ==X 4 [+2iDX — 2F,,A\6""|0 + [+2iD, A\o# X — $F*F,, +D? — LM FPre,,, 1107 . (A7)
Next, we evaluate
L tr 1@, @] = iersn [ 6705 + 3VEO Viel o + 0% (oot — dpvhui)| . (AS)
and the hermitian conjugate analogously. Lastly, we find
Lire 2V 0le?V @ = 0410F + Ztr [1°,7°7° @7 VP®§ + Ztr [1°,7°)[T°, 7 o1 VPV D]
= .. +0°0[—iV26" D LT + V2T + 2f 7 A ¢ ]
+020[ V20" D, + VRF ] — 207 N o] (A.9)

+6202[~D, ¢} D1 + FiTFf 41D, 85"y
- fabc (ld)?TDb(ﬁ? — \/ﬁ(b?TAb’l/)? + \/5"/_)?5‘1)921)%)}

+ total derivatives ,

Hyp to a global sign to recover a plus sign in the field strength and covariant derivative instead of a minus sign.
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where we have left out terms of power 2 or less in 6 and the traces over the SU(n.) generators were
evaluated with
[T T = ifet°Te |  tr T°T® = n.o* . (A.10)

From (2.8) and (A.7), (A.8), (A.9), we deduce that in Weyl notation the Lagrangian can be written as

g2£ — _ iFEVFaMV _ i)\ao.uDuj\a + %D2 _ %GIJKfabC(F]aQﬁ{)]Qﬁ;( + FIU«T(b{?;fqﬁ?)
— D,g7 D" f — 1f o Dty + FPTFY + Jseruc 7 (oF0b i + 671005 ) (A.11)

— VRPN G PN GF) — if 7 DS
up to total derivatives. From the superspace expansions we read off the supersymmetry transformations

Sbr = V2001, Sr = iV20"0D, 01 +V20F ,  5F; = iV205"D 1 — 261 x N0

. _ . - A12
SAM = —iXg"0 +105" ), 6\ = 0" OF,, +i0D, D = —60"D,\ — Dy o0 . (4.12)

For convenience, we translate the superfield formalism to a four-component Majorana basis using

S\d 901
0 0 (A.13)
o —1i
T = (_ #> 5 V5 = Y0V17Y278 = ( ) ) etc. ,
o, 0 0 1
so that

AODAM) — AN+ AN, AMiAOD = XX = A,
- - _ 1- o (A.14)
)‘(M)V“A(M) = ATPX + AGHA = 2X\a* N | §A(M)’y‘“’a — A" + 2\5"0 etc. |

where the Lh.s. are in the four-component Majorana basis and the r.h.s. are in the two-component Weyl
basis. Additionally, we need the chiral projectors

PE = 1(1+iy), AMPIAM =\ AXMp-\M) = jX. (A.15)

This leads to the Lagrangian in Majorana notation (2.10) (leaving the superscript M) implicit from now
on) and to the penultimate component

A = a{ =D = $Fur A+ 2eriic [ [P 0505 + Putolf o5l] + 200 507 A 65

(A.16)
+iV2["PTYfDL6f + P D, 6] — VE[PT i FT + Py ]}
For completeness, we note the following hermiticity properties for Majorana spinors x,¢:
XE=E&x, M€= -OMx, € =Enx. XY = X (A17)
XYE= =6 x, Xt = = x s, X E = En

Consistency checks. In order to cross-check the expressions above (in the Majorana basis), we per-
formed three consistency checks. Firstly, due to the superfield structure, the penultimate component A
has to generate the Lagrangian via its supervariation up to total derivatives

A = g°L, (A.18)
with &(...)a‘aa:f%tr(...). In practice, this requires the Fierz identity for Majorana spinors
AEx=—(X€) + 1 (X7"E) + 5% (Y E) + 157 (X157€) + 75 (XV5E) - (A.19)
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A second check is making sure that the Lagrangian transforms as a divergence, i.e.
0L = divergence . (A.20)
A third consistency check is verifying the generation of the susy-algebra
{Qa,Qs} = 2(v") 5 Pu = —21(7") 050 - (A.21)

up to a gauge transformation. With the supercharges §(...) =@, Qq(...) this can be evaluated by computing
the commutator of two supervariations

[5(1)75(2)]:[alaQaaQﬁQQﬂ]:ala{QaaQﬁ}QQﬁ ) (A22)
acting on each field. One finds that the susy-algebra reads
{QaaQB}:_Qi(Vu)aﬁau — [w,]ap + Gap(A), (A.23)

where w=2i4, [w,"]?=f®W(-)¢ and G.g is a gauge transformation A,— A, + d,w as required in the
WZ gauge.

Stripping-off the susy parameter. Lastly, we find it convenient to strip-off the susy parameter by
setting 0=0,0, and A=a,A,. This yields the supervariations (2.11) and the penultimate component
(2.12) (up to an overall normalization). We note that the fermionic supervariations have gained an extra
minus sign, since

)_(5)\ = )_(gMgaOza = )_(gcsaoza)\g = 7)_(g5a)\504a = 5a>\5 = 7Mga s (A.24>

with some arbitrary spinor ¥. In general, one has to be careful with sign-flips, because fermionic quantities
anti-commute with each other.

B Details on the canonical construction

In this appendix we give the detailed calculation for how to get from (3.6) to (3.7). We need

aX[7] = =i [ o (Bt + Dyl 5) Xld)

B (B.1)
_ —i/d4gg (wA(%:)ﬁﬁ)aXW] :
where we introduced the object
~ 54 for ¥ =p=0,1,2,3
(CgE)A4 _ -47;1 or 1 sy Ly 4y , (B2>
()4, for ¥ =3+i=4,5,..,9
with matrix-valued entries. It is defined via
W = —i(4(G2) ")) (B.3)

where the (4) indicates that we have singled out one of the four supersymmetries (the ‘fourth’ one).
Further we have

sX[d] = \/§/d4:c IrC5- X[ (B.4)
as well as the gaugino and ghost propagators, given by
TANT _ 34 oF HA _TC Cof) — sA _
VU)W ply) = ST (zy),  PcSTp(ry ) = 60 gd(x —y) , (B.5)
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and

iC(2)C(y) = Gleye), 2D GG(ayd) = bz —y) . (B.6)

1

respectively. The rescaled coupling flow operator then reads

b — —

R[] = 2P Ry + ;- 90G G() , (B.7)

where we introduced the covariant projector

B® = 62 - 9r G2 (B.8)
and
Ry = —dtr{[4Fun™ 8l + (81,)1 94557 — §(&' )14 x50:](60)%, } (B.9)

where the trace is over Majorana spinor space.

The original (unrescaled) coupling flow operator is given by [12]

Ryle/] = (R[] - E)  with E = a2 . (B.10)

To isolate the Euler operator E, we need the identities
VA F = 2DA+20-A— Ax A, (B.11)
ﬁ§4c - 640 - $4B X §BC 5 (B12)

which (next to other contributions) generate the Aﬂﬁ part of E. Further we use 94, §BC:5AC in
the second term of (B.9) and

0 for ¥ =pu
(@)1 (E)Yy = ¢ —Lu@r —Pres for L =3+1 . (B.13)
+y501 — Laprys for X =6+1

With tr v5=0, this gives the second part of the Euler operator. Straightforward calculations lead to

Ry = ofs — itr{(%g)4A[%§A4(28 A—Ax A) = S8, x A 154,35, x (&ﬂﬁ}} . (B.14)

where we flipped the order of the quantities in the trace for a more natural implicit color structure. To
do so, we have used that Ry is real and identities such as

) = 1/)1‘70 , (70)2 =14, (§AB)T = 'yOgBA’yo , ((52)4,4 =7 ((CgE)Azl)T 70 » (B.15)
Vl = Y07u70 73, = Y757% = —75 70‘5’4370 = (E’BA)Jr :
This leads to .
= { S

Since Ep:szp + ..., the Euler operator conveniently cancels and we find (after inserting o = g ) for any
linear gauge

- —
Ryl = 452 B tn{(65) A [35° (20-A — A x ) = S50, x A~ 154507 x (@)1} .
(B.17)
Now that the coupling is restored, with
Py = Do, + 90 5x,  with D, =9, +gA,x , (B.18)
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and @ACSCB = 045, the fermion propagators can be expanded perturbatively:

§45 = 800 — gSo# S = > (~gSed#) A 550 , (B.19)
=0
with 8’0:(3_1:—@0 and
Hry = A5ty + @4y . (B.20)

In particular S4,]| g=0=0, so that the coupling flow operator I?4 contains no term of order é. We use the
same procedure to get rid of the S0§8 - Alg=o contribution as in the A'=1 case [13] with

2500 - A = 24" = A" — 4 (B.21)

to rewrite the first term:

39 (G0-A— Ax M)}
S (~gSud) 45020 4 A x A)}

)4 [E3 (<o) A So( A" — ) — 3 (gSod)'y S0k x A] )
=0

[
[
= et {8 A [ L o) oA~ )= Do) Syl 0 < 4]}
[
[

{
{ts
{
- LR u{@), éikgsom A So(A— M)+ i “gSod)' 4y x At 5007, x 4]}
{
{

$ 5o Do e (60)"48%5 [ Py x A +‘I)B4><AH gaprrVAL

* oG (o
L5t B ® { (66) 845 [~ 3 P x A7+ S8, x ] }+ﬁHF2MZG ) AL

B.22
containing no term of order 1/g. Putting everything together we find ( :
£ 15 4 oA B * B B tc 5o 8G(</) 4L
Rg[@{]*samppr {(%E)AS pl# P i x A +0P, x A+ 05 x @ 4]}+<WFHF GG AL

(B.23)
which after defining
F g = A6+ (@)1, (B.24)

takes the simple form (3.7).

C Infinitesimal free action condition

In this appendix we present a direct proof that the coupling flow operator in the Landau gauge (3.30)
satisfies the three infinitesimal conditions (1.10) (1.11). The determinant matching condition follows from
the other two conditions and the defining relation (1.4). The gauge condition (1.11) follows automatically
from the form of the covariant projector (3.13). Thus, we have only left to show the infinitesimal free
action condition

(0y + Ry)Spla/] = 0. (C.1)
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The basic procedure of the proof is equivalent to the one in A.3 of [10] for A=1 SYM in D=3,4,6,10,
but we have to take into account subtleties coming from the additional degrees of freedom in the N'=4
case. We can write the bosonic action as

Sple] = /d%{—i]ﬂ@fg@} : (C.2)
with
Fso = Osde — Oo s + g9t X Ao O34 =0, gy = Ay, a3y = Pi - (C.3)

From these expressions, it is easy to find

b
0,50 = —LF™ O dox e and Tt = PoFO% (C.4)

with implicit integration. We first show the statement for the particular choice of the coupling flow
operator (3.24) and afterwards generalize the result to the full Lie algebra su(4). Concretely, we first
prove that

(0g + Ry)SP [ = —3F P atsx o + L 26 FO% tr{(65) 5 SPed#p x #7 P} (C.5)

vanishes. To do so, we use the identities
1tr{(€5) ' 5(%6) (1) p(¢w)",s} = nswner — nsrnew + nzenrv (C.6)
(€ 590 856 = 9 856 = 0%¢ (c.7)
(¢12)"5(%e)) 0 (6r)"p = =2(61)* b nejr + (61s) ' 5(66) (1) b (C.8)

that are similar to the ones used in [10]. Here we have introduced a ‘conjugate’ € (in the Landau gauge),
so that

Cu=Lavu, Gy =2t PT—t'PT], g = N (%r)'p = A+ 0 (C.9)
(‘OZAL = Lo, Cg_?ﬂri = Q[tiPJr - (ti)*Pf] ) »Qy*AB = Wr(cgﬂAB = A+ (‘I)ABYf
with the Clebsch-Gordon coefficients ¢4 5 as matrices in R-space. It should be noted that (C.6) is only
valid up to terms that vanish when contracted with fields in the adjoint representation of the gauge group
due to the Jacobi identity in color space. We explicitly check (C.6) at the end of this appendix. The
identity (C.8) follows from the analogous identity for the 10d gamma matrices

0
', =13® and I'sy; =2 )
m 8 WV 3+ ((tl)* 0

as well as the anti-commutation relation for the Clebsch-Gordon matrices

) ®(PT—P7), (C.10)

{t', )} = —45V1, . (C.11)
With these identities at hand, we can rewrite the first term in (C.5) as

1P oot LD L O (%)t (%) (1) b (Gu) Py bt T

=) LFOu{(%n)"5(%6) o (6r)  p 2" SPpt Pp x 47T}
2 - LT Fu{(%n) 5(60) P o (@) p STt P x #7F )
(W) LI FOR{[~26s)p ner + (6x)* 5(%0) e () p) SPpd Pp x 477}

= — %@(—)}'@Etr{(‘gg 18P P, x gVFél} ,
(C.12)
where in the last step we used the Bianchi identity 2" F©1=0. This concludes the proof for the special
case L=diag(—1,—1,—1,+3) (and permutations thereof). To reach the full Lie algebra we make use of
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the fact that we can superimpose coupling flow operators with weight one, giving the Cartan subalgebra
and that Sp[</] is invariant under R-symmetry transformations &/ — .. From

= (g + Ry[/"])Sg (") = (85 + Ryl/"])Sg /] , (C.13)
we observe the transformed R,[</’] also satisfies the infinitesimal free action condition, reaching all

L € su(4).

Lastly, we prove (C.6) by explicitly checking the various possibilities of the open indices. The easiest
case is the one with only gamma matrices
%tr{(%u)élB (%)BC(%/J)CD ((ga)Dzl} = itr{'Yu'yu'Yp'YU} = NucMvp — MupMve + MuwNpo - (0'14)

Next, we consider the case when there are three gamma matrices (modulo chiral projectors) in the trace,
i.e. one of the four indices in the range 4 to 9 and the three others in the range 0 to 3. In that case, the
trace vanishes since any trace over an odd number of gamma matrices vanishes and the r.h.s. of (C.6)
also clearly vanishes because in each term there is a Kronecker delta that is zero. The next case is the
one where two indices are in the range 0 to 3 and the other two indices are in the range 4 to 9. We have
to distinguish three arrangements of indices

itr{(653+i>43(%+j)Bc((€u>cD((éz)D4} = itr{(cggﬂ)‘lB(cg},H)Bﬂ#%}
= (t)as ()" tr{PTym } + ()Y () s tr{P 7y} (C.15)
= =2[(tYas (") N + cc] = Sijnu

1tr{(G340) ' 5(€0) 0 (€345) p(€) 4} = e{{(t)asPT = ()P [(t7) aPT = (#)*P ] }
= —(ti)4J(tj)J4tr{P+’y#'yV} - (ti)4J(tj)J4tr{P7’y#’y,,} (C.16)
= 2(ti)4J(tj)J477w, + cc. = =8N,

1t {(310) " 5(6) 0 (6,)  p(Ga45)"s} = tr{[(t)asPT = ()P ]y ()P — () uP 7]}
= (s () PPy} + ()Y (1) (P} (CLT)
= =2[(t)as(#) 0 + cc] = i

with all the other index configurations related to the three above by the cyclicity of the trace. The trace

with only one gamma matrix vanishes due to the same reason as for three gamma matrices. We are left
with the case

L (51000 5 (Go) 0 (G 0) (G4 s ) = A(E) 1 () () e (1) b P
HAE) M () 1o () K () g tr P
= 8 (), () C (M) o (¢ )K4 + ce. (C.18)
= 8 [(t)ar (#)H (t7) 4 (1)
+ () () () e ()Y + coc.

The last expression can be evaluated with the explicit form of the Clebsch-Gordon coefficients (2.27) and

the identity
ergpeMEE = 555 — 555, 5. (C.19)

We do not quite find the desired result, because we obtain additional terms when two of the indices 4, j,k,[
are in the range 1 to 3 and the other two are in the range 4 to 6. For example

itr{(%3-',-1)43(%+J)Bc(%3+K)CD(%+L)D4} = 01007k —01k0sL — 01J0KL , (C.20)

where only the second term on the r.h.s. would appear in the r.h.s. of (C.6). However, we contract (C.6)
with the ¢’s in the adjoint representation of the gauge group. It turns out that the additional terms are
proportional to

(orxpr) (preosxerys) + (prxesys) (prxeris) + (prxeres) (prisxes) =0, (C.21)

i.e. vanish by the Jacobi identity in color space.
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D Explicit computation of the Nicolai maps

We first collect a number of useful identities

)

Z‘I)A @B = =295 790 X P43 for A=4
2'752‘](*)6}(‘]90'] X @jrg for A=K

Z‘I)ABSO@BA _ >-i%iS0p; — V52 1 (Pa+3Sos — psSop+s) for A=4
328005 + 52 1 (=) (pr13Sops — wrSoprys) for A=K

3

(D.1)
S S fi A=4
Z(CI)ABSO@BA _ 0pr + s 04P1r+3(s or 7
B Sopr — v5S0pr43(—)%x for A=K
—v55, S fi A=14
Z(C”B)ABSO@BA _ Y5 0%;—1— 0PI+3 or 7
B V58001 (=)1K + Sopreg for A=K
and
Z tI‘{(C BSQ@BCSO(I)CD >< (I)D } = tr{ 2S02§0j50g0j<p[
B,C,D 7 D2
~250) {‘Pl+3SOQDJ90J+3 — PrSopr+apes + 90J+350<P1+3<PJ} } ;
J
Z tI‘{(CI)KBSOq)BCSO(I)CD X ((I)DK)T} = tr{72SOZ§0jSOSDjSDI
B,C,D ;

01K

—25,) {‘PIJrBSOSﬁJ(PJJrB — 0sS0p1+3pI+3 + SQJJrBSO(PIJrSSﬁJ} (=)
J
+4850 {<P1+35080K80K+3 — P Sopr+3PK+3 + <PK+BSOSQI+380K} } ;
(D.3)
where in (D.2) and (D.3) half of the terms dropped out due to tr y#4*~v5=0. The analogous formulae
with (c!+3)4, are given by (D.2) and (D.3) with all indices I,.J,K,... replaced by I+3,J+3,K+3,... and
vice versa so that e.g.

Z tr{(cprg) SO(I)BCSO(I)CD >< (I)D } = tr{ 2502(,0j50(,0j§0]+3
B,C,D J (D.4)

—25,) [QOISOQOJJrBSDJ — pi3Sopres + SDJSOQOIQOJJrB} } :
J

To evaluate the traces, we need

tr sy Py = —4etP7
tr "y = AT =t ) (D.5)
tr Y yPYTMT = =t AP P tr T F
We now give some intermediate results for the various contributions to the Nicolai maps.

First order: We have

g *
R = é,;ffr I~ tr{(%Z)ABSOrWBc x CA} ) (D.6)

where II.* = 6% — C* and 934,=0. Further expanding

Ry = L5800 o (60) S0 [A x 407, + 207, x A+ 8% x (2%,)1]} (D.7)

0'1
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we find
R A, = 1Y tr{%SoA x A} = CPAA,, VA=1234, (D.8)

where we used (6,)%; = 0, as well as &4, x (&7 )T ~ 75 and tr 7,7,75 = 0. The remaining part is
Ry W, = 1 tr{(ci)ABSotl)BA x A} = CPpiA,, VA=1234, (D.9)
where we used that a trace over an odd number of gamma matrices vanishes.
Second order: First, it is straightforward to obtain
(RiM)2A, = 2CPA,C A AN, YA =1234, (D.10)

(RiM)2p; = CppiCA\AP AN — C,APCrp; AN VA =1,23,4. (D.11)
With the perturbative expansion of the covariant projector

oo

P = 60" = 20 Go” = 1% {6e™ — gl » (—gd-AC)"CI”} (D.12)
k=0
and the gaugino propagator (B.19), we further find
— A o~ * S *
By = L2 1.% 6] (65) 4 5 S PoSot O x P 4 |~ 52 1O oS00t { o Sod A x 7P 4}

(D.13)
It is easy to see that the second term gives no contribution using ®45 x (®5 )T ~ ~5 and symmetry.
Evaluating the traces, one finds

RyWA, = 3CPAMC|, A\Ay) +2CP Ay, CM A Ax + 2070 Clp Ay i

3 (D.14)
+ 11, €urpe 3 [CP0sCP 051347 — Crp43CP 0 A% + CAPCo 0 130]

J=1

RQ(K)A# = 3CPA/\C[HAAAP] + QCPA[HCAAP]A)\ + 2Cp<PiC[pAH]SDi

3 (D.15)
—TL, €urpe D (=) [CRpC 4347 — CPp15CP 0 A% + CHAPCo 0 450]

J=1
and
Ry@Wypp = CPp1CrA, Ay — C,APCrpr AN + 200 ANC 01 Ay + CPp,Coiorp;
2o [Cror3CY AP AN + 20 A CPpp 5 AN
3
+sz [P143Cop1305 + 9sCpp11300+3 — Prrapraga]
J=1
Ry = CPp1CrA, Ay — C,APCrpr AN + 20 AN C 01 Ay 4 CPiCoprp;
— 3 eupr (=) T [CHp13CY AP AN + 201 A CP o 3 AN
3 (D.17)

+Cp(_)6”( Z [901+3Cp<PJ+390J + @sCopr43pI43 — <PJ+3Cp901+390J]
J=1

—2C° [p143C,0k 139K + PrCopriapr+s — Pr+3C, 01439k ]
RoWoris = CPp143C Ay Ay — CpAPCripras AN + 200 ANC 015 AN + CP0;Copriap;
— L €A [CHprC¥ AP AN + 2CH A CP o A
3

- pz [01Co 014305 + 01Cop10 143 — Qirsprvs]
J=1

(D.16)

(D.18)
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Ry pris = CPorisC* A Ay — CpAPCrpris AN + 2CP ANC o1 3 A5 + CPiCopriap;
i euvpn (=) [CHorCY AP AN + 20 AV CPp 1 AN
3 (D.19)
—Cy(=)r Z [e1Copri3ps + 01001043 — CPor3p10]
J=1
+2[01Cppr 139K + PrCoprvr s — CPor43919K] 5
for K=1,2,3.

E Testing the conditions of the Nicolai maps

We explicitly check the three conditions for the four distinct Nicolai maps (4.8)-(4.11).

Check of the gauge condition: The (Landau) gauge condition 0Ty A, =0"A, + O(g?) follows from
symmetry and 911" =0.

Check of the free-action condition: The maps have to satisfy

SO[A;“(,D/I,(,D/[_i_g] = S;[AH,QD],QD]+3] ) (El)

with the bosonic action

2
Sy = /d%{*iFuuFW — 3DueiDH s — L (i x ¢5)°}
Fl = 0,4, — 8,4, + gA, x A, |
D, =0,+gA.x ,

and SS:S;’:O. Writing this condition out at second order gives

/d4${%AL|O(g> (On™ = 8"9") A} o) + A, (O™ = 89") A} o) + 3P0t I¢low + Pi0¢ilowe |

= /d‘{r{—%(z‘lu x A,)? - %(AM X goi)2 — %((pi X (pj)Q} ,

(E.3)
after integrating by parts on the left hand side. The free-action condition (in the Landau gauge) was
previously shown for the map in N'=1 D=10 SYM, i.e. before dimensional reduction. It is clear that the
condition remains valid for the reduced map (given by the black terms) and action. We therefore argue
that we only have left to show that the blue terms have no effect on the Lh.s. of (E.3). Further using
0" A}, =0 (at all orders), we can drop two terms on the Lh.s. of (E.3), so we are left with the condition

blue terms

/d4${AuDA'“|O(gZ) + 010¢7o(g2) + 901+SD<P'1+3|0(g2)} =0. (E.4)

Let us start with the map obtained from A=4. We refer to the three contributions as @, @, @
respectively. Dividing by an overall factor of % and switching to a graphical notation, we find for the first
part

av A" PI+3 av A" wJ v A* PI+3
cr cr cA
@ = e,wpk{ }—{f - H + H } . (E.5)
w7 A PI+3 AN AP v

The last diagram drops out since we can bring the 0" to the center through integration by parts and the
overall anti-symmetry under pu<+p (gaining a factor —1/2). Then, clearly 9VC*=C"* contracts to zero
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with the epsilon symbol as it is symmetric under v<>\. The second contribution is

Otpr AP Moy Pr+3
1 cv cr
@ = EGWM{ +2 }
Pr+3 A AY AN
(E.6)
PI+3 p»91 Pr4+3 3;;#91 Pr4+3
901+'S PJ+3 PJ+3 P

and

(3) = ~[(2) with (I+1+3)] . (E.7)
The first respective terms of @ and @ cancel each other by means of integration by parts and symmetry.
The second term of @ cancels the first term of @ and the corresponding second term of @ cancels the
second term of @ We are left with the second line of (E.6) and the corresponding terms from (E.7):

Dppr PI+3 Opepr Pr+3 0ppr1 Q43
Pr+3 PI+3 PI+3
(E.8)
Oppr+3 PJ+3 Oppr+3 Oppr+3
!
=: E Z]J =0.
I1,J
PI+3 PI+3

We can integrate by parts in the first diagram, which gives two contributions, one of them canceling the
fourth diagram. Similarly, the third and fifth diagram can be combined into one. In the second and last
diagram we can make use of the anti-symmetry under <> J to also integrate by parts in both diagrams
(gaining a factor —1/2 in each) and then combine them into one contribution. This way the six diagrams
reduce to three:

Pr PJ+3 ®r pJ $r1 PI+3
!
Pr+3 PJ PI+3 PI+3 P PJ+3

where we used 0,C?=0C=1. The condition (E.9) follows simply from the Jacobi identity (in color
space). In conclusion, the blue terms of the A=4 map indeed have no effect on the free action condition,
at least to the second order.

For the A=K case, most of the calculation can be done in the same way as for A=4 by simply carrying
around the sign factors (—)°%7 etc. However, the third and last line in (4.11) require special attention.
Referring to (E.8), the remaining condition for A=K can be written as

Z(i)émZU — 2ZZIK = Z(*ZKJ - 27K + Z Z1y) 0. (E.10)

1,0 I J I#£K

In the following we will show that this condition is satisfied by demonstrating that

ZZJK = _ZZKJ , forany K =1,2,3, (E.11)
. J

and using our previous result ), ;Z;;=0. In order to make clear that we are not summing over K, we
will set K=1 in the following, although the calculation works in the exact same way for K=2,3. We
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start with

Opps P4 Opps PI+3 Oppy PI+3
Z 7 = cr + cr _ cr
PI+3 $1 $1 P4 P4 1
Opp+s P4 O0ppy+3 s 0ppy+3 254
_ cr _ cr + cr
s p1 ©1 (2 Pa $1

(E.12)

We can integrate by parts in the first diagram as previously. This gives two diagrams of which one cancels
with the fourth diagram. Further, we integrate by parts in all of the four other diagrams. This leaves us

with the 9 diagrams

wYJ Pa PJ+3

Z.]l - }{ K K‘\
J
PJ+3 P1 PI+3
PI+3 o »9J+3 PI+3
®1 2 <P4 Opip1
PI+3 PI+3 ¥ PI+3

/7994 /7#91 ﬂ9‘4

(E.13)

of which the first three cancel through the Jacobi identity and the fourth and fifth can be combined into

one using the Jacobi identity once more. We find

oy PJI+3

e WH

PJI+3 $JI+3 ¥ PI+3

/7994 /7#91 ﬂ9‘4

We can use 1=C",, symmetry and integration by parts to modify the first diagram

PJI+3 PJI+3 #1 PI+3

K- - >

Opp1 03 P1 PI+3

cr cr
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Using antisymmetry to flip the external lines appropriately, it is now easy to see that

p<Pl PJ+3 p<P4 PJ+3 p\t91
PJI+3
p\t94 p‘ﬂl p§91
PI+3 PI+3 pJ PI+3
(E.16)
which concludes our check of the free action condition for A=K.
Check of the determinant matching: The map has to satisfy
o’
log det 5 log Amss[A]Arp[A] , (E.17)

which has been checked for the N'=1 D=10 result (to fourth order). It is easy to convince oneself that
the condition is preserved under dimensional reduction to A'=4 D=4. Hence, we will again only show
that the blue terms have no effect on the L.h.s. of the condition. Using log det=tr log, we see that they
first enter at the second order through the first term of

o4’ o’ o4’ o4’
log det =t — it : E.18
% S oy T S lown T 2 el Lo 5 low) (E.18)
More specifically, we have
od’ 4,14, s(4) ab s 542{/“(95)
tr&zf—/dxdyé (x —y)d*6% A 6ﬂb(y) B
SAL (x) st (x) 37y 3(x) '
= [ d*ad'y 6W (v — y)drs =Bt + g+ s
/ =S 6 () Bl () v}

We need to show that the contributions from the blue terms in (E.19) vanish. We again refer to the
three contributions as @, @ and @ respectively and start with the case A=4. It is easy to see that

=0, since every term contains €,,-n"’=0. For @, we note that the first line of the blue terms
in (4.10) contains no fields ¢y, i.e. drops out when varying w.r.t. ¢;. The second term in the last line
gives no contribution since f**°=0, whereas the remaining two contributions cancel each other. In an
analogous fashion, one finds @70, so that in total, the blue terms leave the determinant matching
condition (E.17) invariant. The A=K case works in almost the same way by carrying around the sign
factors and additionally taking care of the last line in (4.11).
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