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Abstract
In this paper, we study a CPT-even Lorentz-breaking extension of the scalar QED. For this theory,
we calculate the one-loop lower-order contributions in the Lorentz-violating parameters to the two-point
functions of scalar and gauge fields. We found that the two background tensors, coming from the two
sectors (scalar and gauge) are mixed in the one-loop corrections both in finite and divergent parts. This
shows that these two Lorentz-breaking terms cannot be studied in an isolated form. Besides, the results in

the gauge sector are confirmed to be transversal.
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I. INTRODUCTION

The formulation of the Lorentz-violating (LV) extension of Standard Model (SME), presented in
, 2], brought interest to perturbative calculations in several Lorentz symmetry breaking versions
of well-known field theory models. One of the motivations for such calculations consists in the
development of a scheme from which the desired LV terms arise as quantum corrections to some
fundamental theory where vector (gauge) and scalar fields are coupled to some spinor field. This
scheme has been followed in a number of papers beginning from B]D, in which it has been applied
to generate the Carroll-Field-Jackiw (CFJ) term as an one-loop correction, and, in further papers,
finite aether and higher-derivative terms were generated in the gauge sector of the theory (for a
review on this methodology and discussion of many examples, see [4]).

On the experimental side, the search for possible effects of Lorentz violation is still a crucial
task since they may present imprints of quantum gravity at low energy |. Experiments based
on multimessenger astronomy, for instance, bring us new possibilities to test different models
that incorporate Lorentz violation [9]. In particular, from the perspective of the Standard Model
Extension (SME) program, proposed tests involve gravitational waves ], cosmic rays , ],
and astrophysical tests with neutrinos and gamma-ray photons ] Fortunately, there is an
extensive compilation of constraints on the values of coefficients for Lorentz and CPT violation in
the SME [16], permitting quantifying Lorentz violation from the different sectors of the SME. From
the Data Tables [16], we can see that although the coefficients in the SME are very small, they
cannot be disregarded. In particular, for the dimensionless coefficients in which we are interested
in this paper, we have that ¢* (scalar sector) is about 1076 and x5, (photon sector) is about
10717,

Another motivation is the study of the various LV theories on their own basis, such as the
renormalization process, the calculation of effective potentials and the treatment of other issues
of quantum field theory. For minimal LV extensions of spinorial QED, many results have been
obtained in this context. For example, renormalization has been carried out, with the corresponding
obtainment of the renormalization group equations in the first B] and the second B, E] orders
in LV parameters.

At the same time, the LV extensions of the scalar QED are studied to a much lesser extent,
mostly within the Higgs mechanism context. In this context, the most important studies were
performed in [20], where tree-level aspects of the Higgs mechanism for the CPT-even LV QED were

considered, and the prescription for the Faddeev-Popov quantization in this theory was formulated.



In H], the Higgs mechanism was studied in the scalar QED with an additive CPT-odd CFJ term
in the one-loop approximation. Also, in ] the effective potential for LV extensions of scalar QED
was calculated. However, no other study of perturbative aspects of a CPT-even LV scalar QED
was performed up to now. In this paper, we intend to begin filling this gap.

Explicitly, within the present study, we consider the CPT-even LV extension of the scalar QED
originally introduced in ], with Lorentz-violating terms added both in scalar and gauge sectors,
and perform the one-loop calculations of divergent and finite corrections to the two-point functions
of gauge and scalar fields in the first order in LV parameters. We expect that our results can be
applied to studies of the Higgs mechanism in LV scalar QED.

The structure of the paper looks like follows: in the Section II, we give the general description of
our model and list relevant Feynman diagrams; the results of calculations are presented in Section

III; in Section IV, we present our conclusions; we also present an appendix with a brief revision of

Implicit Regularization, which is the procedure used in the calculations.

II. OUR MODEL AND LOWER CORRECTIONS

We start with the CPT-even QED with the Lagrangian

L= (D) (1" + ™) (D) — M6 — TFF™ + Thpurg PV, (1)
Here, the Lorentz symmetry breaking is introduced both in scalar and gauge sectors through
additive terms proportional to the background tensors ¢ and k***?. Both CPT-even contributions
have been introduced originally in |1, |j] and imply in a renormalizable theory since both ¢* and
Kuwxp are dimensionless. As usual, we require ¢*” to be symmetric and traceless, and k., to
have the same symmetry as the Riemann curvature tensor. The tensor ¢* of the present paper
should not be confused with the one normally introduced in the fermionic sector of Standard
Model Extension. Actually, what we call ¢*¥ is the ngz tensor of [2], which must have a symmetric
real part and an antisymmetric imaginary part. Here we consider a real ¢*¥, so that it must be
symmetric.

We would like to study the one-loop corrections to the two point functions both of the scalar
and gauge sectors, which are interesting investigations that have never been performed. Starting
from Lagrangian density (Il) and considering just the first order in ¢*¥ parameters, to study the
two-point function of the gauge field, we must obtain contributions of the diagrams depicted in

Figure [l
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FIG. 1: Diagrammatic representation of the one-loop two-point function of the gauge field at first-order in
the Lorentz violation parameters. The wavy and solid lines represent the photon and scalar propagators,

respectively, and the crosses indicate insertions of LV parameters.

Extracting the appropriated Feynman rules for the model of (), we obtain that the contributions

of the diagrams with external gauge legs depicted in Figure [Illook like as:
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Besides of the gauge sector, we must obtain the contributions with external matter legs. Here,
we keep only first order in the LV parameters. So, for the terms in ¢*¥, the gauge propagator is

not modified. For these contributions we have the diagrams depicted in Figure
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FIG. 2: Diagrammatic representation of the scalar field two-point function at first-order in the Lorentz
violation parameters. The wavy and solid lines represent the photon and scalar propagators, respectively,

and the crosses indicate the insertions.

The first three diagrams yield the following amplitudes

R d'k (k= p)u(k —p) ,
lig = =" CVOC/( )% k2 2)(k+p 2)¢ (p)o(—p);
p)v(k —p)*

d*k
oy = 1" | 5 [;2_m2](k )" 0)o(—p)

I = phv /d4k (k‘—p)u(k‘—p)yk‘akﬂ
@) = " Cap @m)t k2 — m22(k + p)?

¢*(p)o(—p)- (3)

A comment is important here. Until now, all calculations could be performed as if the gauge
field propagator had not been modified. It is not the case when we consider the contribution /).
As we will see, the quantum corrections on both scalar and gauge sectors will be mixed also in the
divergent parts. This turns mandatory the presence of the LV modification in the gauge sector.

Let us see how the gauge propagator is modified. Initially, for the gauge field we have

1 1 1
Lgauge = ZFWFW + Z/-;W,\pF‘“’F’\” = §A“(77’WD — 0o + 2/-;“0‘5”8,185)14,,, (4)

%(8 - A)? so that the gauge-field propagator, at first

to which we add the usual gauge-fixing term
order in &, becomes < A, (z)A,(y) >= —i0" (1, — 07 12k,04,0°0%)5(z — y). The contribution

from the diagram (j) can then be written as

4
oy = x| e (2 — ) s — polbsk 6D 0): )

Now we will calculate these amplitudes.



III. RESULTS FOR TWO-POINT FUNCTIONS

Now, let us calculate explicitly the contributions listed above. In order to calculate the contri-
butions I, to I;, we use the Implicit Regularization framework (see a brief revision in the appendix)
to isolate the divergent parts of amplitudes [24]. After a lengthy calculation, we found the follow-

ing result for the vacuum polarization tensor, generated by the sum of the contributions from the

diagrams (a) ... (f),

H‘“’(p2,m2) — {p2c;u/ _pa(caupu + cal/pu) + T,uucaﬁp pﬁ} %

1
3
L
X Ilog(m) 2 (p 4m )ZO(p m p +
b apPaP v
+ 3R — ) 6m Zo(0, ) + 7). (6)

in which b = ﬁ. We note that the tensor multiplier in the first line of this equation is just
the same obtained in ] (for a symmetric ¢,,,) within the description of the one-loop divergent
contribution to the effective action in the gauge sector of the spinor QED (that is, an essentially
distinct theory). However, this is not a simple coincidence, since this is the only possible form for
the self-energy tensor in first order in ¢* consistent with the transversality requirement. In the

equation above, we used the notation of Implicit Regularization for divergent integrals,

A gtk 1
lo®) = [ o g
and
A gik 1
Iquad(mz) = / (2m)* (k2 — mg)v (8)

for logarithimic and quadratic divergences, respectively. The A index indicates that the integrals

are regularized and the function Zy(p?, m?) that appears in the result is a particular case of

1 2 2 2 2
p°x(l —x) + (m7i —m3)x —m
Zk(pz,m%m%’)\z):/o dmxkln{ (_/\12) 2 1 7 ()

in which m% = m% = A2 = m?. Straightforward checking allows to show that, for a symmetric
tensor ¢*”, the result is explicitly transverse. For this, an important fact is the exact cancellation
of the quadratic divergences from graphs a,b,c,d by the contribution from tadpole diagrams (e

and f), whose result is

I (p?,m%) (e p) = Lguaa(m?)e™. (10)



Another important feature which comes from Implicit Regularization and that assures the can-
cellation of quadratic divergences and transversality is the elimination of surface terms adopting

«; = 0 in the relations

A kuk, N )
/k (k2 - m2)2 % [Lguaa(m®) + on] , (11)
A kuky N )
[ = ) o 12
and
A
kaVkakﬁ Nuvap 2
/k (k2 — m2)4 = M24 [Ilt)g(m )+ a3] . (13)

We can now obtain the corresponding contribution to the effective action, I's[A] = %AMH‘“’ A,

which, after transforming our result to the coordinate space, looks like

L o 2 m? o 2 .
PQ[A] — EC FOlM Ilog(m ) — b 1 =+ 4E Zo(Djm ) — g FB +
b 1 5040 m2
R 2 apYatB _ 2 uv
4F;L1/3C 0 |:1 6 0 Z(](D,m ):| FH (14)

2 _
where Zo(0,m?) = fol dx1n %ﬂ(lm). We see that the ultraviolet divergence is concentrated
in Ilog(mz) and can be eliminated by a local counterterm Z.c*'F,,F,®, i.e. through a simple
renormalization of the CPT-even Lorentz violating part of the photon sector, which, at the same

time, requires a specific relation between k5, and ¢, like

Ruvip = Q[Cu)\nup = CpupMuX T NMuACup — 77,upcu>\]’ (15)

with ) a dimensionless constant, so that one has %H“VAPF w AP — Qe FFYFY,. Actually, this
relation between 5,5, and ¢, is necessary only in order to decrease the number of independent LV
parameters and simplify the form of renormalization constants, while in ], the renormalization
constants depend on both r,,, and ¢, treated as independent parameters, and possess nontrivial
tensor structures. Aside the divergent correction, we also have UV finite nonlocal contributions,
characterized by Zo(0,m?), whose expansion in series in %, that is, the derivative expansion,

o
yields Zo(O,m?) = 3 ay, (—Eg)n, being a,, dimensionless coefficients, so that we have arbitrary

n=1
orders in [J. We also have a finite renormalization of the Maxwell term described by the contribution

_ 2B Y
%b, and the terms mZFH,,D LEre and szH,,C = 8

FH* . which can be treated as specific gauge
invariant mass terms (cf. ). Actually, the first of these terms is just that one introduced in

|, and the second one is its further generalization involving the LV parameter.



Now, let us turn our attention to the matter sector. Following the same idea as before, we

calculate the amplitudes [(y) to I(;), arriving in the following result
(P2, m) i) = 2pappc®{ = 2Ui0g(m?) +b| Zo + 372 + 2p*(Ys — V1) } (16)
in which Z, = Z,(p?,m?) = Z,(p?,m?,0,m?), using the definition of equation [@), and Y}, =

f/Ic(p2a m?) = Yi(p%,m?,0), given that

1
1

Yi(p2. m2. m2 :/d k . 17

k(p”,mi,m3) , [P2z(1 —z) + (m3 — m3)x —m3] 1)

It is important to comment on the quadratic divergences which, in principle, would appear in

the individual diagrams of the matter sector. In fact, these contributions are identically null, due
to the symmetry properties of the tensors ¢* and x**8. For ¢, the would be contributions
of quadratic divergences are proportional to its trace, ¢/, which is null. Considering x*” af it

presents the symmetry properties of the Riemann tensor,

phval — _vpal . wBa Raﬁ;w’ (18)

and a vanishing double trace, " ';W = 0. Since the possible contribution of quadratic divergences
in this sector presents a contraction of a totally symmetric tensor with «, it is identically null. The
same argument applies to the tadpole diagrams, which do not contribute.

If we want to consider the first order in s only, we have the nontrivial contribution from the
diagram (). So, following the same steps as in the calculations above, we obtain, for the I;

integral,

1 o bo .
H(p?,m2) ) = —7papok’s " { g (m?) — 2621 }, (19)

In some situations, it is interesting to write the amplitude I;) in terms of a four-vector u*,

using the following substitution, which is analogous to relation (I5)):
I Q(uﬁu”na“ — uﬁu“na” - uau”nB“ + uau“nﬁ”), (20)

where Q being a dimensionless constant. So, considering this form for the x***? tensor, we have

the following result for amplitude [(;:

(2, m?)) = —i (Tog(m?) — 202, {200 - u)? + p*u? 2. (21)

As we expected, both results are equivalent.



The complete result for the scalar field self-energy, given by the sum of the contributions on ¢*”

and " looks like
(p%,m?) = H(p27m2)(g—i) +H(p2,m2)(j)
QprBCaﬁ{ — 2[log(m2) + b|:Z~0 + 3Z~2 + 2p2(§?3 — };4)] } +

1 ~
— paper® Ly (m?) = 267, . (22)

The corresponding contribution to the effective action can be written as T[¢] =
3 f (27r 4 ¢*(—p)I(p)d(p). Effectively we can write II(p) = M (p)paps, in which I*(p) can be
read off from (IZZI):

« «Q 7 7 %% % 1 le% 7
1% = 2¢ 5{ — 20y (m?) + b[zo + 375 + 2p(Ys — Y4)} } - Znﬂﬁ{flog(m% - 2521}. (23)
We note that, substituting (I5) into ([23]), we can present it as follows:
8 = 2caﬁ{ — Tiog(m?) (2 + Q/2) + b[Zo Y Q7 + 375 + 202 (Vs — 5?4)] } (24)

The TI*? can be expanded in power series in the momentum p?. So, our effective action, being

rewritten in the coordinate space, can be presented in the form

_ / 20,6 T 950, (25)

where we can write I1*? = ¢ [;, with L, being a single scalar operator which can be represented
as power series in derivatives. The lower order term of this expansion will yield the aether-like
structure | d*x0,¢* P 0g®, in which 198 is completely described in terms of ¢®? parameter. The
higher order terms of the expansion will correspond to various powers of £ 3, arising from expansions

of various Z; and ;.

IV. CONCLUSIONS

Let us discuss our results. Within this paper, we started with the simplest CPT-even Lorentz-
violating extension of scalar QED, where LV parameters are introduced both in scalar and gauge
sectors. In this theory, we calculated the one-loop contributions to the two-point function, both
in gauge and scalar sectors. We found that aether-like structures arise in both cases. While
our results are divergent, their renormalization can be performed through simple wave function
renormalizations for aether terms in both sectors. In principle, it is natural to expect that the

renormalized triple and quartic vertices will allow to write the one-loop result in the scalar sector in



the form f d4x(Da¢)*6°‘5 Dg¢, in which &*# is some symmetric tensor. However, to confirm this, one
needs results for three-and four-point scalar-vector functions, in order to study the renormalization
of the coupling. This calculation will be performed in a separate paper.

It is natural to expect that our results can be used for other studies, for example, for detailed
discussions of the Higgs mechanism, generalizing the results of ] to the CPT-even case. We plan

to do it in a forthcoming paper.
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V. APPENDIX

We present below a brief review of Implicit Regularization based in the paper B] The tra-
ditional procedure can be formulated by a set of rules, the first one being the assumption of a
regularization acting in the complete amplitude. This assures algebraic manipulations can be
carried out in the integrand. The group algebra, then, is performed and the momentum-space

amplitude is written as a combination of basic integrals, like, for example,

A 4
d*k 1.k, k,k
11,1, = s 2
e / 2m)* (K2 —m2)[(p — k)2 —m2]’ (26)

multiplied by polynomials of the external momentum and typical objects of the symmetry group.
The index A in the integrals indicates they are regularized. Each one of these basic integrals can
be treated following a set of rules and a table with their results can be used whenever a new
calculation is being performed.

In order to obtain the divergent part of a basic integral, the identity,

1 1 P> —2p -k
e (T B G TE) (PR 0

is applied recursively, so as the divergent part do not have the external momentum p in the

denominator. The remaining divergent integrals have the form

A
Ky Koy - -
_ 28
in which [, means [ d*k/(2m)*. The divergent integrals with Lorentz indices must be expressed in

terms of divergent scalar integrals and surface terms. For example:

[ @ =il [ e [ o ()}

10




The surface terms, that vanish for finite integrals, depend here on the method of regularization
in use. They are symmetry-violating terms, since the possibility of making shifts in the integrals
needs the surface terms to vanish. Non-null surface terms imply that the amplitude depend on the
momentum routing choice.

Finally, the divergent part of the integrals is written as a combination of the basic divergences

A 1 A
Tog(m?) = /k (G and I uaa(m?) = /k ) (30)
which will require local counterterms in the process of renormalization.

The version of Implicit Regularization (IReg) in which all the surface terms are fixed null
from the beginning is known as Constrained Implicit Regularization (CIReg). Recently a new
procedure for implementing this constrained version, which greatly simplifies the calculations, was
developed ] As in the original procedure, a regularization scheme is assumed to be acting in the
complete amplitude. Then Feynman parametrization is applied to the integrals before separating
the divergent parts. It can be applied to the complete amplitude, such that the needed shift in
the momentum of integration after Feynman parametrization is just a modification in the loop
momentum. The algebra of the group of symmetry is then carried out. Note that when the
integrals are treated separately, the algebra is performed before Feynman parametrization.

The integrals in the momenta are separated by degree of divergence, all with even powers of
the integration momentum in the numerator, of the type

/A d*k 1, kuky, kukokaks, -
(2m)* (k2 +H2)r

(31)

being H? function of the external momenta, of the masses and of the Feynman parameters. Care
must be taken when factors of k? appear in the numerator: they should be canceled with factors
in the denominator by adding and subtracting H2. As before, for the divergent parts, the surface
terms are eliminated from the divergent integrals with Lorentz indices. For one-loop logarithmically
and quadratically divergent integrals, it is used, respectively,

/A d*k kﬂlklm”'kun _ T /A d*k 1 (32)
(271')4 (k‘2 _|_H2)2+% 2%(% +1)! (271-)4 (k‘2 + H2)2

and

/A d'k Ky ks - By, _ Npapo-pim /A d'k 1 (33)
(27T)4 (k2 +H2)1+% 2%(%)! (27T)4 (k2 —|—H2)’

in which n is even and 7, 4,...u,, is the symmetric combination of the products of metric tensors,

Nz * " Mpn— 1 » With coefficient 1. In order to obtain the relations above, it is used recursively

11



the relation,

A 0 k‘m”’kunj :/A 3[%1%"3#2”'7‘?%1] _2(m_1)/A km"'kun , (34)
i 81@“” (k2+H2)m 1 i (k2+H2)m 1 i (k2_|_H2)m

until the first integral of the second member of the equation is scalar. Apart two integrals, including
the scalar one, all the others will be surface terms which are gathered in one parameter and fixed
null. In the equation above, S[T),...,,,] means the minimal symmetrization of the tensor T, as
in the example S[k,kvpa] = kukupa + kukapy + kvkapu. By the definitions of equation (B0), the
remaining scalar divergences above are Ij,5(—H 2) and Iyuad(—H 2.

Next, algebraic identities are used in order to get the divergent integrals free from the external

momenta, with the recursive use of the simpler expansion,

I A+ H? (35)
(k2 4+ H?) (k2 —-X2) (k2 - \2)(k2 4+ H?)’
such that closed expressions to be used in any calculation are obtained:
o 5 i H?
Iiog(—H?) = I;pg(X°) — 672 In <—F> (36)

and

i

A2+ H? — H%1 H* 37
o2 |N TH - H =5 ) (37)

These scale relations, as a byproduct, introduce an energy scale for the renormalization group, A\2.

Iquad(_H2) = quad(/\2) - (/\2 + H2)Ilog(>‘2) -

The basic divergences are factorized out of the integrals in the Feynman parameters, which can be
computed. The divergent part of the amplitudes is then written in terms of the basic divergences,
Ilog()\z), Tuaa(M?), ete.

The implementation of the above steps simplifies a lot the calculations of the finite parts. An
additional advantage is related to models which present fields with different masses or non-massive

fields, since all the mass dependence is inside H?.
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