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ABSTRACT: In this work we obtain the planar free energy for the Hermitian one-
matrix model with various choices of the potential. We accomplish this by applying an
approach that bypasses the usual diagonalization of the matrices and the introduction
of the eigenvalue density, to directly zero in the evaluation of the planar free energy.
In the first part of the paper, we focus on potentials with finitely many terms. For
various choices of potentials, we manage to find closed expressions for the planar free
energy, and in some cases determine or bound their radius of convergence as a series in
the 't Hooft coupling. In the second part of the paper we consider specific examples of
potentials with infinitely many terms, that arise in the study of A' = 2 super Yang-Mills
theories on S4, via supersymmetric localization. In particular, we manage to write the

planar free energy of two non-conformal examples: SU(N) with Ny < 2N, and N = 2*.
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1 Introduction

In this work we study the planar limit of Hermitian matrix models with a single Her-

mitian NxN matrix ¢,

L 2
Z(gs, ci, Cis) = Z(gs, circiy) _ §dpe VO -
sy Ciy Cij Z(g&(),()) Sd¢6_2;5tr¢2 5 .

with a potential given by an arbitrary number of single- and double-trace terms of even

powers of ¢,

V(Qb) = N Z CQitI‘ QS% + Z Co; thI‘ qb%tr ¢2j y (12)
i i,



where the sums can contain either a finite or an infinite number of terms and the
coefficients cy;, c2;2; are N-independent and arbitrary. The particular case where the
potential has just a finite number of single-trace terms and no double-trace terms has
been extensively studied for its relevance to various problems, from graph enumeration
[1] to two-dimensional quantum gravity [2, 3]. Models with a finite number of double-
trace terms in the potential have also been considered in the context of two-dimensional
quantum gravity [4]. On the other hand, potentials of the form (1.2) with an infinite
number of terms appear in statistical physics, in Chern-Simons theories with matter,
or in duals to M-theory on certain backgrounds as reviewed in [5]. More recently, it
has been realized [6-9] that supersymmetric localization [10] reduces the evaluation of
certain observables of four dimensional N = 2 super Yang-Mills (SYM) theories on S*
to matrix models that can be recast to take the form of (1.2).

One of the basic objects of interest in the study of these matrix models is the free

energy
F = F — Fyaussian = 10g Z =log Z —log Zgaussian (1.3)

and since the groundbreaking work [11] it has been understood that one can organize
the perturbative evaluations of the free energy in a double series expansion

F =Y IN"2F,(t) = Y N3 Fut" (1.4)
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where ¢t = g;N is the 't Hooft coupling of the matrix model. Over the years, many
powerful methods have been developed to evaluate these expansions for various poten-
tials (see [12-15] for reviews). It is however fair to note that there are preciously few
potentials for which closed forms for the free energy are known. A first question is
then whether one can obtain a closed form expression for the free energy - or its terms
in the 1/N expansion - for different choices of the potential. A second question that
(1.4) immediately raises is the convergence of the perturbative series that appear. In
Quantum Field Theory, the exponential growth of the number of Feynman diagrams at
every order in the perturbative expansion implies that the default expectation is that,
barring unusual cancellations, perturbative series are not convergent, but asymptotic.
On the other hand, in the 1/N expansion (1.4), the number of diagrams at a fixed order
in 1/N is drastically reduced, so it grows only as a power law [16]. This opens up the

possibility that these series have a finite radius of convergence [16-18].



The purpose of this work is to present some progress on these two questions for var-
ious choices of potentials in (1.2). In the first part of this work, we focus on potentials
with a finite number of terms, and for various examples we find a closed expression for
the planar free energy Fo(t) as an all-order perturbative series in the 't Hooft coupling.
In some of these cases, we either determine or bound the radius of convergence of the
resulting series. In the second part of the paper we consider very particular instances
of potentials with infinitely many single- and double-trace terms. The potentials we
consider are relevant for the study of four dimensional N' = 2 SYM theories via super-
symmetric localization [10]. In particular, we provide the first examples of evaluation
of Fo(t) for four dimensional non-conformal A" = 2 SYM theories. In this second part
we don’t present any new result on the convergence of the resulting series; nevertheless,
we suggest that the results in the first part of the paper may play an important role in
deriving analytically the radius of convergence found numerically in the literature.

To arrive at the results announced above, we have followed an approach that by-
passes the more usual route of diagonalizing the matrix ¢ and introducing a density of
eigenvalues, to directly zero in the planar free energy. This approach relies on two key
ingredients. The first one is the explicit form of the connected planar n—point function

[19, 20],

(r @M tr gy, = U\ (1.5)
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where d = ), k;. In the particular case when all the ks are the same, (1.5) reduces to

2K\ " (nk —1)! k) p\"
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The second ingredient, which builds upon the first, is a recently found combinatorial

expression for the planar free energy of matrix models with potentials of the form (1.2)

[7, 9] as a sum over a particular type of graphs, known as tree graphs
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where V; is the planar connected correlator, given by (1.5), on the i-th vertex on the
tree, that contains the following operators: tr a® if the directed edge labelled s leaves
that vertex; tr a’s if the directed edge labelled s arrives at that vertex; any single trace
operators inserted on that vertex. While in this work we will focus on the planar free
energy, we have shown in previous work how to apply this approach to the planar limit
of other observables, like the Wilson loop [7, 8] or extremal correlators [9].

The structure and main results of the paper are as follows. In section 2 we consider
cases where the potential (1.2) contains only a finite number of terms. For instance, for

a potential with a finite number of single-trace terms, V =N (c4tr O+ -+ egptr gzﬁ%)

we obtain
1 (20 + -+ - + kjr — 1)! . ,
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where z; = ~2)"_c,.#1. This result was recently derived in [21] by different methods.

G-l
As a second example, for the potential V = coportr ¢?*tr ¢** we obtain

= m — 1)!
Folyr) = Z (—yk)mWBQm,mﬂ(lzl, 229,323, ..., Mz, (1.9)
m=1 ’
where z; is defined as'
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;)12
Y = 2%0%2#%

and B, are partial Bell polynomials [22]. In this last case,
we haven’t been able to determine analytically the radius of convergence, but we have
found an analytic bound, and have proved that at large k, the radius of convergence
tends to t. — 1/4.

In section 3, we turn our attention to various examples of potentials (1.2) with
infinitely many terms, appearing in four dimensional N = 2 supersymmetric gauge
theories on S* upon localization. We first review the case of N' = 2 SU(N) with 2N
multiplets in the fundamental representation of the gauge group. Being a supercon-

formal theory, the matrix model contains only double-trace terms in the planar limit.

'Note that z, depends on k, but since we use it only for potentials with a single value of k, we

don’t make explicit this dependence in the notation.



Then, we let go of conformality to consider two examples of non-conformal N = 2
theories. We show that their matrix models contain both single and double traces con-
tributing to the planar limit. They thus fall in the category of theories for which (1.7)
applies. We compute their planar free energy and comment on the convergence of the
resulting perturbative series.

The appendix contains an alternative derivation of the results of section 2, using the
more traditional approach. We derive the corresponding eigenvalue densities (or more
precisely, their relevant moments). Besides taking more effort to derive, even after one
obtains the eigenvalue densities, evaluating the planar free energies involves non-trivial
mathematical identities, so it looks unlikely to us that one could have originally derived
these planar free energies following this route, without knowing already the results.

This work can have a number of applications, and suggests a number of possible
extensions. A promising application involves revisiting the derivation of exact glueball
superpotentials in four-dimensional N/ = 1 gauge theories, from the planar limit of an
auxiliary matrix model [23]. As for extensions, [19, 20] obtained the planar connected
correlator for an arbitrary number of even operators, and up to two odd operators. For
this reason, in this paper we have restricted ourselves to even potentials; the results in
[24] might allow to extend our work to include also odd potentials. A more interesting
open question, on which we are currently working on, is to extend our method to
subleading 1/N terms in (1.4). Finally, the techniques used here for Hermitian one-
matrix models have been applied so far to very specific multi-matrix models [8]; it

would be interesting to extend them to generic multi-matrix models.

2 Potentials with a finite number of terms

In this section, we apply the approach described in the introduction to various examples
of potentials with a finite number of terms. In all of these examples, we find the all-order

perturbative series for the planar free energy in closed form.

2.1 Potential with one single-trace term

As a warm-up, consider first the case of a potential with just one single-trace term,

V = Negitr ¢?*, besides the Gaussian quadratic term. The planar free energy is then



the generating function of planar connected correlators, and in this case all k; = k so

using (1.6) and recalling the definition of z, (1.10), we arrive at

7ilt) = 3 S () = 3 Sy = X s (2)

where we have introduced the natural expansion parameter
(2F)! K

—————Coyl

(k— 1)k

For the case k = 2, this result appears at the end of [11] while the general case appears

T = (2.2)

in [21]. The power series in (2.1) are actually hypergeometric functions

Fo(t) = ———— ku1F f—————— 2.3
sy Y S Sy 2

k—1 k—1
It follows from the hypergeometric representation that the radius of convergence is
T. = (kfli,zk_l In view of (2.2), the radius of convergence of the original 't Hooft

coupling ¢ tends to ¢, — 1/4 when k — 0.

2.2 Potential with a finite number of single-trace terms

Consider now the potential V = N(cytr ¢* + - - - + coptr ¢?*). Matrix models with these
potentials were studied in [1] by different methods. In the context of 2d quantum
gravity, these models gained further relevance after the work of [25]: in the double
scaling limit [26-28] they reproduce the (2, 2k —1) minimal models coupled to quantum
gravity. A different context where the planar limit of these matrix models plays a
crucial role is in the computation of the exact glueball superpotential of N = 1 4d
gauge theories [23]. Very recently these models have been revisited in [21], where they
also deduce the planar free energy using different methods.

Again, since there are no double-trace terms, the planar free energy is the generat-
ing function of connected correlators. It is convenient to write the connected correlators
in terms of the multiplicities jj of the operators tr ¢%*,

Fo(t) = Z (i Z Copy - - - Cap, (b1 OPP1 L tT PP, =

m!

m=1 P1,--,Pm ( 4)
o 2.
(=)™ m! : 1y2 kyj
> (b @) (b 97F) R,
I Z i Nhe 2k ¢
el m: i J2t .o ke
ot ik=m



Then, recalling the definition of the couplings z, (2.2) and using (1.5) we arrive at a

rather compact expression for the planar free energy of these models

1 (252 + -+ + kjp — 1)! i i
O Y s ey o Ty ur T IR U )

.727 7]k
Jot-+7k>0

As a simple check, when only one of the terms in the potential is different from zero,
(2.5) reduces to (2.1). As a first non-trivial example, when V = N(cytr ¢* + cgtr ¢9),
eq. (2.5) reduces to

Z_j Z 3m _j — 1! (- o) (—a3)™ (2.6)

N2m —j +2)!

which reproduces the result in [21]. It can be further rewritten as

- —1
- Y (- m?’m—))F <—2 —2m, —m; 1 — 3m; —ﬂ> .27

|
—= m!(2m + 2)! T3

which is simpler than the similar expression that appears in [21]. As a second example,
for k = 4 eq. (2.5) reduces to

1 (292 + 373 + 44y — 1)! A A’ A

f t = B A . . . - —T J2 -1 VE] —r ja ’ 2.8

e j2:JZ3;j4 Jo!daldal (2 + 2j3 + 3ja + 2)! (—22)" (—a3)" (—24) (2.8)
Jo+j3+734>0

which upon expansion reproduces eq. (4.27) in [21].

2.3 Potential with one double-trace term

We now switch to examples of potentials with double-trace terms. As far as we are
aware, the first appearance of such potentials was in [4], in the context of 2d quantum
gravity, where they were introduced to take into account higher order curvature effects,
see also [29-32]. Matrix models with double trace terms have been considered in the
computation of glueball superpotential of 4d N = 1 gauge theories in [33].

The first example that we will consider is the potential with just one such term
V = coportr *Ftr ¢?*. As explained in [7], for potentials with just double traces, at
order m in the perturbative expansion of the planar free energy, we have to sum over
all the ways to distribute 2m operators into m + 1 connected correlators, such that

the same connected correlators don’t appear as products of lower order terms. It was



further argued in [7] that this sum can be represented as a sum over tree graphs with
m edges. As we will show now, in the particular case at hand, since there is just one
type of operator, tr ¢?*, the sum over trees simplifies drastically, and the contribution
to the planar free energy is given at every order by a partial Bell polynomial.

To proceed, let’s recall the basics of tree graphs (see [34, 35] for more details, or
[7] for the bare minimum required in this work). A tree graph is a connected graph
without loops. A tree with m edges has m + 1 vertices. To each vertex we associate
its degree d;: the number of vertices it is connected to. A simple result is that a set of
m + 1 numbers (dy,...,d,11) is the degree sequence of a tree with m + 1 vertices if
and only if ). d; = 2m

In general, for a potential with just double traces, (1.7) simplifies to [7]

5 1 wes
B 2 m) Z Cirji - - Cimjm Z H Vi, (2.9)
m=1 T iyesim directed trees with i=1
J1seesdm m labeled edges

where the product runs over the m + 1 vertices of the tree. In the particular case when

the potential contains just one double trace,

0 (_1)m m+1 d;
X5 g Y (%) & en

m=1 directed trees with i=1
m labeled edges

Recalling that for a tree with m + 1 vertices, >, d; = 2m [35], and taking into ac-

count that for m > 1 the directions of the arrows in the directed tree don’t affect its

contribution?
0 m m+1
1 < (2k)12
=y = —2—02k2kt 24, - (2.11)
m=1 m' ( - 1>‘2k'2 treeszx;vith H
m labeled edges
We define

AL

Yk = 2—(k ) 2k (2.12)

2As discussed in [7], the case m = 1 requires to be treated separately: in this case reversing the
arrow in the edge does not change the tree, so we should not multiply by two. However, we are about
to use the formula (2.13) that counts the number of labeled trees for a given degree sequence. That
formula, valid for m > 1, is off by a factor 1/2 when extended to m = 1. Thus, these two factors

cancel each other, and the final results we present are also valid for m = 1.



as the natural expansion parameter for these models. Next, given a tree, we denote by
a; the number of vertices with degree j. Then we make use of the fact that for m > 1

the number of trees with m labeled edges and a given degree sequence (dy, ..., dy 1)

is [35]° ;( > a >( >(di = 1) ) (2.13)
m+1\ar...an /) \di—1...dp1—1)"

to arrive at the following expression of the planar free energy as a sum over tree graphs

m=1 m<m - 1) degree sequences ai...Qm i=1 (dz - 1)'
for trees with m edges

The degree sequences in (2.14) are partitions of 2m elements (the total amount of
operators) into exactly m + 1 parts (the number of connected correlators), so the
multiplicities satisfy ay + -+ + a,, = m + 1 and lag + 2a9 + - -+ + ma,, = 2m. The
planar free energy then can be rewritten as

o0 (03 (0%

(—yp)™ (m+ 1) [(1z\7" 220\ M2\ &m
0= % oy 5 araalr) () 2GR
mel 1+t =1 10Oy . . .

lag+-+mam=2m

(2.15)
If we now recall the definition of the partial Bell polynomial [22]

B n' ) a1 To as I’n_k_;’_l AUp—k+1
Bup(rsees ) = 2 arl. .y py! (1') (5) ((n—k:—l—l)!

ait-+om 1=k
lai+...(n—k+1)ap_g41=n

(2.16)
we realize that the planar free energy can be written in terms of partial Bell polynomials,
Z ) B2m m1(121, 229,323, ... ,m2y) - (2.17)

m=1 ’

This is a pleasantly compact expression. In hindsight, the appearance of partial Bell
polynomials is not surprising. At order m, the planar free energy receives contributions
from the different ways to group a set of 2m operators into m + 1 connected correlators,
subject to the constraints mentioned above. The partial Bell polynomial B, ; enumer-
ates all the ways to group a set of n elements into k groups, explaining the appearance

of Bopm+1 at order m.

3See the previous footnote for the case m = 1.



As a first check, in the particular case of & = 1 the Bell polynomials in (2.17) can

be evaluated

11 2! ﬁ!)_ 1 (2m—1)!(2m)! (2.18)

Bmm 5 ot - )
2 “(2 2 2 2741 (m + 1)!m!(m — 1)!

which gives the planar free energy

1 & ™ (2m —1)!
Folw) = 5 2. (_%> n(l!(m—l— 1))!' (2.19)

m=1

This reproduces the result obtained in [4] for the tr ¢?tr ¢* potential (see also the

appendix). For arbitrary k, we can evaluate the first terms of (2.14),

. n yr Yi 6 2
o) = S 12 T G 12 l4k4(k’ P2 Bkt 1>3] (2.20)
it 0 5 5(k-1) '
20 [8R5(k + 1)2 KAk + 1® Gk (E+ )]
or directly the first terms of (2.17),
) 3
Folyr) = 2k2(k + 1)2 + 4k3(k +1)2 24k*(1 + k)3 (2.21)
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We now want to point out a relation between the planar free energies of two of
the models discussed so far, the potential with one single-trace term, and the potential
with one double-trace term. The fact that the arguments of the Bell polynomials in
the planar free energy of the double-trace model, eq. (2.17), are the coefficients of the
expression for the planar free energy of the single-trace model, eq. (2.1), implies that
these two planar free energies &' and F3' are actually related. Indeed, it follows from
(2.1), (2.17) and the Faa di Bruno’s formula that

< 1 d™t (dF(—2) "
F y) = — )" 0 2.22
P00 = X 00 e (s e
Using the Lagrange inversion theorem, this relation can be rewritten as
dt ( st(__ 2
Ay, 2 dz

— 10 —
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m=3 m=4 m=5

Figure 1: Examples of star graphs with m = 3,4,5 edges.

where z(yg) is obtained from inverting the equation

z
Ik = amrca)
dz

(2.24)

Let us conclude by mentioning that the free energies of the double scaling limits of

these two models are also related [32].

2.3.1 Radius of convergence

We now want to discuss the radius of convergence of the planar free energy of this

model, eq. (2.17). For k = 1, we can apply the quotient criterion to (2.19), and find

1
16¢c22 °

that the radius of convergence is t? =

For any k£ > 1, we can derive an upper bound on the radius of convergence by
considering at every order just the contribution from a single tree, the star graph. The
star graph with m + 1 vertices is the single tree with m vertices of degree 1 and one
vertex of degree m, joined by edges to all the rest, see figure (1). Its degree sequence is
d= (1,...,1,m) and the multiplicities of the degrees are & = (m,0,...,0,1). In terms
of planar connected correlators, this truncation amounts to, at order m, just consider

the contribution from
{(tr )™ (tr o)™, (2.25)

to the planar free energy.

At a given order m, the contribution to the sum over trees by the star graph is

Fo™ (uw) i ml(m mk - 1>+ 2)! (_k(kyi 1))m - mi % <_k(ky—i1)>m (229

=1

This is exactly the same perturbative series as for the planar free energy of single trace

models, eq. (2.1), which is a consequence of the kind of contributions we are keeping,

- 11 -



eq. (2.25). If we truncate the sum over trees to just this contribution, it follows from
the quotient criterion that the radius of convergence for this truncated series is
(k+1)(k — 1)1k — 1)12k!?

2kF1(2k)1? '
Notice that at large k, t**(star) — 1/4. At a given order in m, all the other trees

cmktgk(star) =

(2.27)

besides the star graph contribute, so the full coefficient is larger than the contribution
coming from the star graph. The true radius of convergence is thus smaller or equal
than the one obtained by truncating the sum to just the contribution from the star
graph

2R < 2% (star) . (2.28)

Finally, let’s comment on the radius of convergene of (2.17) as k — oo. The large
k limit of (2.17) simplifies to

(2m)!

We learn that in the large k& limit, the dependence on k factors out, something that

1 & /—yp\™ (m—1)! o .
Folye) = 3 Z ( ]{?;Jk) ( ) BQm,m+1(11 2972 .m 2), (2.29)
m=1

one can see in the first terms of the expansion, eq. (2.21). It is possible to argue that
the radius of convergence of (2.29) must be non-zero [36]%. Recall from (2.23) that
the planar free energy for this model is obtained by series reversion from the planar
free energy of the single-trace model. By Lagrange’s inversion theorem, since the later
series has a non-zero radius of convergence, so does the first. We can do better, and

bound the radius of convergence of (2.29) noting that for m large enough

BQm,m—&-l(L 2,... ,m) < BQm,m+1<11_2a 22_2, c ,mm_Q) < B2m,m+1(]—1_17 22_1, R ,mm_l) .
(2.30)
The Bell polynomials at the ends can be evaluated [37, 38], resulting in

2 om — 1
( " )mml < Bommer (12,2272 m™2) < ( " )(Qm)ml, (2.31)

m—1 m
for m large enough. From these bounds we conclude that the radius of convergence of
(2.29), for large k behaves as
1 1
Yre = Ck —<C<-. (2.32)
2e e

4We are very thankful to Max Alekseyev for providing this argument.
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The C' < 1/e bound coincides with the large & limit of the bound obtained from the
truncation to stargraph trees. It follows from (2.12) that the radius of convergence for ¢
in the large k limit tends to i. Interestingly, this is the same limit found for the model

with just a single trace.

2.4 Potential with one single and one double trace terms

As a last example, we will consider a potential with both single- and double-trace terms.
Specifically, take V' = Negy, tr ¢?* + copap tr ¢**tr ¢?*. The advantage of considering the
same power for the single-trace and the double-trace terms is that the sum over trees
can again be simplified to yield Bell polynomials.

At order m, say we have n double traces and m — n single traces: there is a total
of 2n + (m —n) = m + n operators, to be distributed into n + 1 connected correlators,
with the constraint that no operators coming from the same double trace sit in the
same connected correlator, and no pair of correlators share operators from more than
one double-trace. This translates into the combinatorial question of enumerating all
trees with n labelled edges, to which we add m — n extra labelled vertices of degree

1 (called leaves in the graph theory literature). This enumeration is again given by a

partial Bell polynomial, B,y nt+1(121,...,mz2,), up to the overall normalization, so
o] m m n
, Bm nnt1(121, ... mzy) . (2.33
F(xk, yr) m221 g m—i—n) 1t (121 mzp) . ( )

When copor, = 0, only the terms with n = 0 survive, and (2.33) reduces to (2.1), while

when cor = 0, only the n = m terms survive and (2.33) reduces to (2.17).

3 Potentials with infinitely many terms

Matrix models whose potential (1.2) contains an infinite number of single an double
trace deformations are relevant for two dimensional statistical physics models, Chern-
Simons theories coupled to matter and models dual to M-theory backgrounds as dis-
cussed in [5]. More recently, it has been realized that supersymmetric localization [10]
reduces the evaluation of certain observables of Lagrangian N = 2 super Yang-Mills

theories on S* to matrix models that can be recast in this form [6, 7). Most of these

— 13 —



works deal with Lagrangian N' = 2 superconformal theories. In what follows we com-
ment on possible implications of the analysis of the previous section for these family of
models, and apply these techniques to derive the planar free energies on S* of a couple
of non-conformal gauge theories, namely N' = 2* SYM and SU(N) with Ny < 2N
multiplets in the fundamental representation.

Recall that supersymmetric localization allows to write the partition function of a
N =2 SYM theory on S* as the following matrix model [10]

— 5 Tr(a?) )
Zga(Tym) = Jdae 9YMm Z1_toop(@) | Zinst(a, T)|7, (3.1)

where Z;, is the instanton contribution, that it is usually assumed to be negligible in
the large N limit, and will be set to 1 one in what follows. Zi_j.,, is a factor arising
from a 1—loop computation in an auxiliary parameter, and itdepends on the choice of
gauge group G and representations R of the matter multiplet. It is given by products

over the weights of the adjoint and matter representations «, wg respectively

Zitoop = | [Hlia-a) | [ [ [ Hiwr - @)™, (3.2)
a R wg
where H is related to the the Barnes G-function by H(z) = G(1 + 2)G(1 — z). For any
N =2 SYM theory with matter in representations with up to two indices, this 1-loop
factor can be recast as an effective action involving single and double trace terms [6, 7.

Let’s now comment on the convergence of the resulting perturbative series for the
planar free energies. For conformal theories that admit a large N expansion, we expect
that in the planar limit the perturbative series for observable quantities have a finite
radius of convergence in the 't Hooft coupling [16, 17]. In the case of N' = 2 Lagrangian
SCFTs, for observables that can be computed using supersymmetric localization, there
is indeed strong numerical evidence that the radius of convergence of the perturbative
planar series is given by A, = 7% [39, 40]. As we will show, this value for the radius of
convergence coincides with the large k limit of the radius of convergence for both the
model with a single-trace term and the model with a double-trace term discussed in
the previous section.

On the other hand, for asymptotically-free non-conformal theories, we generically

expect that the theory has renormalons [41-43]. These renormalons can make every
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term in the 1/N expansion a divergent series [44]. One could then envision exploring
the appearance of renormalons for non-conformal N' = 2 SYM using supersymmetric
localization. However, it can be proven that for A” = 2 SU(N) SYM on S*, observables
that can be computed via supersymmetric localization are Borel summable at finite
N [45-47]. Presumably, this implies that the perturbative planar series in A is also
Borel summable. One can even speculate that they may be convergent. The explicit
perturbative series that we derive later in this section pave the way for a numerical

analysis of this possibility.

3.1 Potential with infinitely many double-trace terms: N =2 SCFTs

It was shown in [6, 7] that for Lagrangian N' = 2 superconformal field theories, the
matrix model that one obtains from supersymmetric localization contains both single-

and double-trace terms,

- i Con1(—1)" 4 _ 4n on © (2n on—2k, . 2k
int = = |4 -4 agtra™ + Bg Z ok tra tra
= r=t (3.3)

n—2
2n P
S (% 1>tm2 ok t] |
k=1

where ag, Ba,v7¢ depend on the matter content of the theory. In theories where the
matter in the fundamental representation scales with the rank of the gauge group,
Be # 0 in the planar limit. For those theories, only double-trace terms with even
operators contribute to the planar limit, so for the purpose of studying the planar limit
one can take [7]

Siy = B Z C2l+2] 1 z+j <2i —l-. 2]) traZitra? (3.4)

5o 1+ 21

In the previous section, we argued that for double-trace potentials with coefficients
Corar that don’t scale with k, the radius of convergence tends to 1/4. In the case at

hand, if we focus on terms with the same trace, they are essentially of the form
4k
V= (%) tr ¢?Ftr ¢°F | (3.5)

so the coefficient copor scales like 4%% at large k. Recalling the relation between y;, and

t for these potentials, eq. (2.12), this simply implies that now 4t. = 1/4 for large k, or
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equivalently ¢, = 1/16 in this limit. Comparing the kinetic terms in the original matrix
model and in (3.1), we learn that the 't Hooft coupling of the matrix model ¢ and the
#. So for the potential
(3.5) with just one such term, at large k the radius of convergence tends to A, = 72

Yang-Mills 't Hooft coupling A = ¢g%,;N are related by t =

This is actually the radius of convergence found for various planar series (or truncations
thereof) of conformal N' = 2 theories: it is the radius of convergence of the dispersion
relation for the A/ = 4 magnon [48]. It is also the radius of convergence analytically
found in [7] for the (uncontrolled) truncation of the planar free energy of N' =2 SYM
theories on S* with B¢ # 0 to terms with just one value of ¢. Finally, it is also the value
found numerically in [39, 40] as the radius of convergence for the planar free energy
of (3.3) when Bz = 0, which corresponds to theories where the number of matter
multiplets in the fundamental representation does not scale with N. We conjecture
that for all observables of NV = 2 SYM conformal theories captured by supersymmetric
localization, the radius of convergence of the planar limit is A\. = 72. There is also
evidence for this being the radius of convergence of some perturbative series for the
non-planar terms in the 1/N expansion [49] and perhaps even non-conformal theories,
as discussed below. The observation presented above, that this value coincides with
the large k limit of the radius of convergence of (3.5) certainly does not constitute a

proof of this conjecture, but we expect this observation to play an important role in a

(yet to be developed) full analytic proof.

3.2 Potential with infinitely many single- and double-trace terms: N = 2

nonconformal theories

We consider now two specific examples of non-conformal N = 2 super Yang-Mills the-
ories. We will see that in both cases, the partition function obtained from supersym-
metric localization can be rewritten as a matrix model with a potential with infinitely
many single and double trace terms. Opposite to what happens in the conformal case,
eq. (3.3), now the single-trace terms have the right large N scaling to contribute to the
planar limit. These two examples thus fall in the category of matrix models solved in
the planar limit by (1.7).
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3.2.1 N =2 SU(N) with N; < 2N

As a first example of non-conformal N = 2 theory, we will consider N' = 2 SU(N) SYM

with Ny < 2N multiplets in the fundamental representation. The corresponding 1-loop

determinant (3.2) is

Hf[:u@ H(ia, —ia,)?
Hivzl H (ia, )N '

Taking into account the perturbative expansion of the logarithm of the H function

Zl—loop = (36)

2n

log H(z) = —(1 + )z —Z@n — (3.7)

the effective action can be rewritten as

Ny 9 > Con—1(=1)"
Sint =N [(W — 2) (1 + ’y)tra + 7;2 Ttm
o0 n—1 n—2
Con—1(—1)" 2n om—2k, . 2k 2n on—2k—1,.. 2k+1
+;T Z o) tra tra +,;1 % + 1 tra tra .

k=1

(3.8)

While this potential has single-trace terms, they are all even. Following the arguments
in [9], it follows that the double-trace terms with odd powers don’t contribute to the
planar free energy. Thus, for the purpose of computing the planar free energy we can

restrict to

Ny s o Gonaal Ciroj—1(=1)" (20 +2j 2, 2
SimzN[(W—2> (14 y)tra +ZT +Z Z+] 5 |tra*itra®

n=2

(3.9)

so (3.1) can be rewritten as a Hermitian matrix model with a potential with an infinite
number of single and double trace terms. The single-trace terms appearing in the
potential are all proportional to the beta function of the theory, so they vanish in the
particular case Ny = 2N, the conformal case. On the other hand, the double-trace
terms are those of the conformal case. Note also that as long as 2N — N scales like
N in the large N limit, the single-trace terms contribute to the planar limit. As an

illustration, we apply (1.7) truncating the expansion of the planar free energy to the
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terms that contain only one zeta function

_ Ny C2 1 (2p)! A\
]:__(W—Q)(l‘i"Y( ) Z - (p+ 1)!p! (_16712>

- Z szzfjgl (1g7r2) (222’2]) (z+§2)72|éjj+) TR

i,7=1

3.2.2 N =2*

As our second example of non-conformal gauge theory, let’s consider N' = 2* SU(N).
This theory is the result of adding a mass term to the hypermultiplet of N' = 4 SU(N)
SYM. N = 2* SU(N) has already been studied using supersymmetric localization [50].
The 1-loop determinant (3.2) is now

Hu<v H(Zau B iav)Q
11,-. H(ta, —ia, — M)H (ia, — ia, + M)

71 —toop = (3.11)

Taking the logarithm of the previous expression and recalling (3.7), this can be rewritten

- up to a constant term - as

j=ln=j+1
a0
2t + 25 w Con—1 2n 2n—2i—2j 2. 2j
+ —1)"*t M7= [t a™'tr a™
Z ( 2 >( ) Z n \2i+2j P
=1 | n=i+j+1
o [ . .
21+ 25+ 2 i Con—1 2n 2n—2i—2j—2 2 j
+ —1)ii MP=27272 gy 2 gy g2
]Z_:l ( 2 + 1 )< ) n_;;ﬁ n <2z’+2j+2) re e

(3.12)

so again the matrix model coming from localization can be recasted as a matrix model
with a potential with single and double trace terms, and the single-trace terms come
with a power of N, so they contribute to the planar limit. It is thus possible to write
the planar free energy for this theory on S* using (1.7). In particular, the terms with

a single value of ( are

o 2(2p)!(2p + 1) o Gomrop1 (2m+ 2D |
Fo=— M 4. (3.13
0 lep(p+1)(p+2 167r2 ~ m+p 2p * (3:.13)
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where the dots stand for terms with two or more values of (. It is possible to rewrite this
result in integral form, which allows to explore the large A regime. Upon performing
the sums we obtain

Fo= (3.14)

A Jo w3 sinh? w T 472

2
472 OodwsinhZ(wM) 7 (wﬁ) w3\
_2n kel St AR I A i -

with J; a Bessel function. As a check, if we keep only the M? term in the expression
above, we reproduce the result of [50]. For this truncation at order M?, it was proven
in [50] that the radius of convergence is again A, = 72. Because the theory is no longer
conformal, the coupling runs, and this coupling should be understood as evaluated
at the scale given by the radius of S*. The result of [50] implies that at first order
in conformal perturbation theory, the radius of convergence remains the same as the
one found in the conformal cases reviewed above. It will be interesting to determine

whether this is still the case for the full planar series.
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A Saddle point analysis

In this appendix we reproduce to some extent the results we found in the first section,
for potentials with finitely many terms, using the methods introduced in [1]. [1] con-
sidered only potentials with single-trace terms, and the extension to potentials with

double-trace terms was worked out in [5, 51]. We follow [5] closely. The matrix model
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considered is

1 .
V(M) = %trM2 + N;c%trM% +;CQj2ktrM23tr M* (A.1)

After diagonalization of the matrix M, introduce the density of eigenvalues p(\), and

1ts moments

P = J dAp(M)AF. (A.2)
One of the basic quantities is Ry (&, t), defined as the positive solution of
1
§= R+ > bR, (A.3)
k=2

where ¢ can be thought of as an auxiliary variable and

b, = % <02k + ZZczj,Qk,OQj) - (A4)

J

Then, the planar free energy (after subtracting the Gaussian term) is given by

' Ro(€,1)
Folt) = fo dg(1 — €) log et Zk Caj 9kD2j P2k - (A.5)
D>

The starting point of our approach is to solve (A.3) by means of the Lagrange
inversion theorem. In the case of potentials with just single-trace terms, this already
yields an explicit expression for Rg(¢,t) and we can proceed to evaluate the planar
free energy (A.5). The case of potentials with double-trace terms is a priori more
complicated, since the coefficients by now depend on the moments of the eigenvalue
density - see (A.4) - which at this stage is not known explicitly. In this case, one can

further relate the eigenvalue density moments to Ry through

20! (!
pa = O [ e, (A.6)

and this is enough to determine po;, and Ry.

To proceed, define .
g(x) = 2+ 3 b (A7)

k=2
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so according to Lagrange’s inversion formula

€n+1 d" 1

t) . A8
Ro(&,1) Z_: (n+ 1)lda™ g(x)"+ la=o (A-8)
The first terms of the perturbative expansion of Ry(t,&) are

ZO =1 — bot®€ + (205" — b3t®)€? + (—bayt* + Sbabst® — 5b3)E* + ... (A.9)

and the coefficients that appear in this expansion constitute the integer sequence
A111785 in [52]. Let’s consider as a first application the case of the potential with
finitely many single-trace terms. In this case, the functions b, reduce to byt* = zy,
with z, defined in (2.2), so the first terms of the perturbative expansion of Ry(t,&) are

R
Y 1+ (202 —13) 24 (—y+ Do —5a3) E 4+ (1423 —21 02wy + 303+ 6o my— a5 ) EL

§t
(A.10)
Carrying out the integral for the planar free energy (A.5) we find
2 3 4 2 2 2
To x5 Txy X3 Taksz  TpXz  TE  Taki T4
Folw))= -2 422 T2, M2 ©8 - 3T L (AL
o(:) 6+8 6 24 127 5 > T2 2 ot A

in agreement with the first terms in the expansion of the expression we found in the
main text, eq. (2.5). The check we have just performed has an important consequence:
it gives an expression for the integral in (A.5) in the general case. To understand
why, notice that the perturbative series for Ry(£,t) in the general case, (A.9), and
in the particular case of just single-trace terms, (A.10), are the same, just with the
substitution byt* — . Therefore, the outcome of the integral in (A.5) for the general
case is the same as for the particular case, with the substitution byt* — z;. In the
particular case, the planar free energy (A.5) is just given by the the first term since
coj2r = 0, so it must coincide with the result found in the main text (2.5). In summary,
we learn that

b Ro(,1) 1 i+ ki =Dl
Ldﬁ(l Ol === X G G e

j27"'7jk
JaF4k>0
(A.12)
Let’s now move to the case of potentials with just one double-trace term. The
tr ptr ¢ case can solved completely
\V 1+ 16022t2 -1

16622t2

Ro(&,t) = 2¢t , (A.13)
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V1+ 16622t2 —1

t) = A.14
palt) = L (A14)
1 V1 + 16c99t? — 1
Fo(t) = 5 log = + Conph . (A.15)
2 8022t2
This reproduces eqs. (32)-(34) of [4]. For generic tr ¢?*tr ¢**, the equation (A.3) for

Ry simplifies to

£ = %RO + bRy (A.16)
which leads to
. < (km)! k=17 4 k\™
Ro(€,t) = gtngo = T 11 (=& ot™)™ . (A.17)

We can carry out the integral in (A.6), and we arrive at an implicit equation for the

density moment poy(¢)

por(t) = _ﬂtk i Z—m(_b thym=1 (A.18)
2" Kik—1U A (m-1 " ' ‘
If we define Kk~ 1)
b= Al
N CTATE (A.19)
this equation can be rewritten
2 z
p= Y ——(—ypp)" A2
p mz_]l (m—l)!( YD) (A.20)

Applying the Lagrange inversion formula to (A.20), we obtain an explicit expression

for por(yx) in terms of partial Bell polynomials

2R o . nl
par(Yk) = mt nz_]o(—yk) m32n+1,n+1<1217 s+ Dzpgn) . (A21)

As a check, for & = 1 this reduces to the result for ps quoted above. From (A.12), we

deduce that in this case

[o0]

Zm m L
Folyr) = mz_l—!(—ykp) + YD (A.22)
Taking the derivative against y; we deduce that
dFo(ye) 1,
— = — A.23
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so the equivalence of both methods amounts to the mathematical identity

- (m+1)! 1 (& n! ’
mz_:ou 2m n 2 B2m+2,m+2(x17 . ,fl‘m+1) = 5 nz_%u mB%H,nH(xh . 7$n+1)

(A.24)
that can be proven by manipulating the generating function of Bell polynomials [36]°
The last example that we will consider in this appendix is V = Negtr ¢?F +

Cor.or tT ¢*tr ¢*F. The equation for pyy is still (A.18), which in terms of p is now

o0
p(Tr, yr) = 2 —zp —yep)" (A.25)
m:1
whose solution is
o0 m m n, n—1
_ Yk
p= o) z_] TL +m— 1) Bn-‘:—m—l,n(lzla s 7mzm) : (A26)

Using (A.12), the planar free energy can be written as

o]

Folxk, yk) =

m=1

2
3

1
(—:L‘k — ykﬁ)m + EykﬁQ . (A27)

s

Taking partial derivatives with respect to x; and y; we find

1
Fo_ 5 Gh__la (A.28)

oxy, OYg 2

Taking the derivative of the result we found in the main text, eq. (2.33) against xy, we

do indeed recover eq. (A.26), proving the equivalence of both methods.
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