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SYMPLECTIC ASPECTS OF THE TT*-TODA EQUATIONS

RYOSUKE ODOI

ABsTrRACT. We evaluate explicitly, in terms of the asymptotic data, the ratio
of the constant pre-factors in the large and small = asymptotics of the tau
functions for global solutions of the tt*-Toda equations. This constant prob-
lem for the sinh-Gordon equation, which is the case n = 1 of the tt*-Toda
equations, was solved by C. A. Tracy [I8]. We also introduce natural symplec-
tic structures on the space of asymptotic data and on the space of monodromy
data for a wider class of solutions, and show that these symplectic structures
are preserved by the Riemann-Hilbert correspondence.
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1. INTRODUCTION

Painlevé equations may be formulated as Hamiltonian systems. This has led
to an important role in the theory of such equations for concepts from classical
mechanics and symplectic geometry, such as canonical coordinates, tau-functions,
and moduli spaces of solutions with symplectic structures. The benefit of the
symplectic point of view is that it illuminates a path to the study of more general
nonlinear differential equations, especially those which are “integrable”.

The Painlevé equations themselves are scalar ordinary differential equations of
second order, and this facilitates explicit calculations. For systems, or higher-order
equations, geometry plays a more essential role.

Indeed, a considerable amount of general theory has been developed, for example
by Hitchin [8], Boalch [I], building on earlier work of Schlesinger [17], Jimbo-Miwa-
Ueno [12]. On the other hand examples are rather scarce, partly because of the
difficulty of carrying out explicit calculations, and partly because of the lack of
interesting concrete example for higher rank systems.

The purpose of this article is to explain some symplectic aspects of the tt*-
Toda equations, a system of nonlinear ordinary differential equation of “Painlevé
type”, which is a relatively recent example arising in physics. The tt* equations
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(topological-anti topological fusion equations) arose in the work of Cecotti and Vafa
on supersymmetric quantum field theory (2], [3]), and the tt*-Toda equations are
a special case of these equations of “Toda type”. The simplest nontrivial case of the
tt*-Toda equations is the (radial) sinh-Gordon equation, which is in fact a case of
the third Painlevé equation. It was investigated — for similar physical reasons — by
McCoy-Tracy-Wu [13], and their work had far-reaching consequences.

More recently, the tt*-Toda equations were investigated in detail by Guest-Its-
Lin [6] [7] and by Mochizuki [I4], [15], and our motivation was to put some of these
results into a symplectic context and investigate them further. We have succeeded
to do this only for a certain subset of solutions — an open subset of the moduli
space of all solutions — but the results are encouraging, and have already led to a
new application, which we shall explain later.

The paper is organized as follows. After a brief review of the tt*-Toda equations
in section 2, we give their Hamiltonian formulation in section 3. In section 4
we explain the symplectic structures on the space of solutions that we consider
and on a corresponding space of monodromy data. The correspondence between
solutions (asymptotic data) and monodromy data (Stokes matrices and connection
matrices) is an example of the Riemann-Hilbert correspondence for meromorphic
connections with irregular singularities. Our first main result (Theorem []) is that
this correspondence preserves the symplectic structures. This is consistent with the
general results of Boalch [I], but we shall go further and give an explicit generating
function which relates the corresponding canonical coordinates (Theorem [T]).

In section 5 we give an application of these results to the asymptotics of the
tau function. For each solution of the tt*-Toda equation there is a corresponding
tau function, and it is the properties these tau functions (rather than the solutions
themselves) which are important for many applications in physics.

A recent example is the work of Its, Lisovyy, and Tykhyy [I0], in which the
structure of the tau functions was elucidated using representation theory (conformal
blocks), as a consequence of AGT duality in physics. This was used to solve the
“constant problem” for Painlevé equations, i.e. the problem of finding the constant
which relates the short-distance and long-distance expansions of the tau function.
In the case of the (radial) sine-Gordon equation, a rigorous and more direct proof
was given by Its and Prokhorov [II]. Our second main result makes use of their
method in order to solve this “constant problem” for the tt*-Toda equations. As in
[11], we find that the (explicit) generating function plays a crucial role (Theorem
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problem. He is also glad to acknowledge the financial support from the Mathemat-
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2. THE TT*-TODA EQUATIONS

Let a positive integer n be fixed. The tt*-Toda equations are

(2.1) 2 (w;),; = —e2 (Wi W) | 2Wimwiot) Ly C* S R, G € Z,
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where, for all i, w; = Witn41, wi = w;([t]) (t € C*), and
wo + wy, = 0, w1 + wyp—1 =0, ... (anti-symmetry condition).

The equations (2I) are equivalent to the flatness of V := d + «, i.e. the zero
curvature equation da + a A a = 0, where

1 _
o= (wt + XWT> dt + (—wz + A\W) dt,

0 ewi—wo

0

w,, T . ewnfwn—l
ewoTwn 0
The tt*-Toda equations are also equivalent to the isomonodromy condition for
the following ordinary differential equation

dv 1 1
(2.2) Vi (—C—QW - e + :1:2WT> v,
where z := |t].
Generically, the local solutions near x = 0 of the tt*-Toda equations are parametrized
by real numbers v;, p; as follows [7, 14l 15]:

(2.3) 2w;(x) =y logz + p; +0(1) asz — 0.
We call the parameters ~y;, p; the asymptotic data. “Generically” means —2 <
Yi+1 — Vi < 2; the general case has —2 < ;41 — v < 2. We assume the generic
condition from now on.

There is another important set of data m;, i called the monodromy data. These
are eigenvalues of certain matrices M and E, which are related to monodromy data
such as Stokes matrices. See [7] or the appendix for details. The proof in [7] is for

the case n = 3, but exactly the same method provides the results of Theorem [I] and
below for general n.

Theorem 1. [7|The monodromy data m;, €&

. may be expressed in terms of the
asymptotic data as follows:

1
m; = —35%
2
ePi92%i X;.—i('yf) ----- Y(n=1)/2:=V(n—=1)/25--s—70) n: odd
R — (Y05 -V (n=1)/2>=V(n—1)/25+++»—70)
2 927 Xn—i(¥05-Y(n=2)/2:0,=V(n—2)/25:-,—Y0)

pi .
e n . even
Xi(Y05++Y(n—2)/2,0,=V(n—2)/25--+—70)

where

T Yk = Yty 24
X ey Vn) = NnN—m————— a1l = Vi)
k(ﬂyoa ) 7Y ) Jl;[l ( 2(TL+ 1) ) (FYJJF +1 ’YJ)
Global solutions can be parametrized only by the ~; (or only by the m;), that
is, for global solutions the p; are determined by the ~;:

Theorem 2. [7]|For global solutions (i.e. solutions which are smooth for 0 < x <
o) we have
pi = —(2log2); + log(X;/Xn—i),
R
1.

e e, =
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3. THE HAMILTONIAN FORMULATION

Next, we introduce a Hamiltonian function and a symplectic form.
Let |z] := max{n € Z : n < z} for x € R. The tt*-Toda equations can be
written as a non-autonomous Hamiltonian system,

0H  w;
3.1 i), = — = —
1) (), = 2 _ 0
70:) — oH — 2(wit1—wq) 2(w; —wi—1)
(3.2) (w;), = “ 9w, -2z (e —e ) ,

on the phase space R2L"=1/21+2 = f(y @)} (w = (wo,...,wW[(n-1)/2)), ® =
(W0, - .-, W (n-1)/2))) equipped with the symplectic structure
L(n—1)/2]
0= Y dwAdi
i=0

where the Hamiltonian H is defined by

L(n-1)/2] L(n—=1)/2] ( a

H Tye = — "'_2 _ 2(wi—wi—1 _ = 7411)\_(71,1)/% 4wg .
(w, w; x) ; w; —x ; e ) (e + e*0)
The symplectic form 6 is asymptotic to Zig{;”/“ d(pi/2) Nd(v:i/2) as © — 0.

Remark 3. The Hamiltonian system may be written in terms of X := logx as
follows:

1 L(n=1)/2] L(n=1)/2] X
H(w,u?;X) _ Z u??—ex Z 62(’Wi_’w'i—1)_7 (e_4wt(n*1)/2J 4 e4w0) .

2eX < ‘
i=0 =1
OeX H .
(wi)X - ow; -
OeX H
() = =g = —2e3X (eBlwimv) _ gnmvi),

4. SYMPLECTIC STRUCTURES AND THE RIEMANN-HILBERT CORRESPONDENCE

Both the asymptotic data ~;, p; and the monodromy data m;, logeX can be
considered as defining local charts of the moduli space of solutions. From Theorem
[ we can show that the transformation between two charts via the Riemann-Hilbert
correspondence is symplectic with respect to the “obvious” symplectic structure.
The symplectic form 26 we define in section Blis asymptotic to the left hand side
of the equality below as x — 0.

Theorem 4.

[(n—1)/2] [(n—1)/2]
—3 Z dvy; Ndp; = Z dmi/\dloge]lR.
i=0 i=0

Remark 5. The left hand side is related to the Kirillov-Kostant form on a coadjoint
orbit, and the right hand side is related to the Atiyah-Hitchin form on the space
of the based rational maps of degree n + 1 from CP! to itself. Thus, both sym-
plectic forms arise naturally from geometry. We shall present details of these facts
elsewhere.
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Theorem @l can be verified by direct calculation, but we prefer to give a proof by
showing the existence of a generating function. The generating function will play
an important role later.

Definition 6. Let

(4.1)
[(n—1)/2] [(n—1)/2]
F(po, .-, p(n=1)/2]>M05 - -, M| (n—1)/2]) Z pim; + 2log 2 Z m?
n—l—l —2) Mpg—j — Mg+ J
>3 e (et
k=0 j=1
where mjn41 =m; and mj = —my_;. Here (=2 (2) = [ logT'(z)dx = @ +

5log2m + zlogI'(2) — log G(1 + z), and G is the Barnes G-function.

Theorem 7. The function F is a generating function of the transformation

(M0, M (1) /2], POs - - > PL(n—1)/2)) F (Mo, M (n—1)/2),10g €6 , . . . , log 6115(”_1)/%)
with respect to the given symplectic forms. More precisely, F satisfies

oF
Bmi '

logel = —

m; = —

opi’
Proof. The first identity is obvious. We show the second identity. Let

n n

= 9y, My —Mitj + ]
K(mo,...,my) = (n+ 1)ZZ¢( 2)(T-T)7
i—0 j—1
where mjin41 =m; . Let
1-
K(mo,...,m|(n-1y/2)) := §K(m07-'-7mL(n71)/2j7_mL(nfl)/Qja-'-7_m0)'

This K is the last term of F in (). From the definition of log el and F it suffices
to show that

6_K(m m )
8mk Oy« [(n—1)/2]
= log < Xk(mo, - M| (n=1y/2]> =M (n=1)/2) - - -» —M0) )
Xn—k(mo, ... .M (m—1)/2], =M |(n—1)/2]+- - - » —T0)
We can easily obtain that X, —(—=my,...,—mo) = [}_, F(%T’f*m) and that

K(mo,...,mp) = (n+1) Yo S0, -9 (M=) Then we obtain

0K
8—77% - ]‘Og(Xk(m(Jv s 7mn)/Xn—k(_mm R —mo)).
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Hence we have

0K

6—mk(m0, M (n—1)/2])

1( 0K
=5 (a—mk(mo, e M (n=1)/2]5 M (n=1)/2] > - - - » —10)

0K

= (M0, -+« s MY (n=1) /2] =TV (n=1)/2] - - +» —mo))
:%(ngk(mo, e MY (n=1)/2], =M (n—=1)/2]5 - - - » —T10)

—log X k(mo, ... .M (n=1)/2]> =M |(n—1)/2]5 - - - » —TN0)

—log X x(mo; - - M (n=1)/2)> =M (n=1)/2]5 - - - » —T0)

+1log Xx(mo, . .. M| (n—1)/2], =M |(n=1)/2]5- - - » —T0))
=log Xy(mo, ... M[(n-1)/2]s =M|(n—1)/2]s- - » —M0)

—log X k(mo, ... .M (n=1)/2], =M |(n=1)/2]s - - - » —T0)-

This completes the proof. (I

5. TAU FUNCTIONS AND THE CONSTANT PROBLEM

In this section, we assume for simplicity that n = 3, so w = (wp, w1, ws, ws3)
with wy = —wy, ws = —wqy. For general n the same method applies. We consider
only the global solutions, i.e., we assume log el = 0, which means that the p;’s are
determined by the 7;’s, as in Theorem [l The following calculation is motivated by
Theorem 1 in [TI]. See also [16] for further details.

Definition 8. Let us define the tau function of a global solution w by

log 7% (x1, x2) :/H(wi(:z),lbi(:z),x)dx

Z1

where H is the Hamiltonian function.

Remark 9. Usually the tau function is defined (up to a multiplicative constant)
by log7%(x) = [* H(w;(x),w;(z),z)dz. In that notation we have 7%(z1,z2) =
Tw(xz)/Tw(xl).

The Hamiltonian function is

o 1 - _ T, _
H(;[;7w07w17w0,w1) = %(w?) +w%) — pe2(wi—wo) _ 3 (6 dwr 4 e4w0)

and is quasihomogeneous, that is,

H(w, \; Ax) = AH (w,w; z) for any A > 0.
It follows that

1
_ OH 0H
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For the solution (wo(x),w; (), we(x), w1 (x)) of BI) and B2), we have

1 1
Zu? gf(x wo (), wy (x), Wo (), W (x Z (x)
—0 K3

dx

The first equality is obvious. The second equality follows from dzl”f = x% + H
and
dH (x,wo(z), w1 (x), Wo (), w1 (x))

dx

oOH . . 0H _ -

= 5, (@ wo(2), wi(2), Wo(2), W1 (2)) + (wi), (2) 75— (z, wo(x), wi (), wo(2), B1(x))
- OH - -

+ (3),, (x )a‘%(x wo(x), wi (x), wo(x), w1 (x))

OH

= % (Ia wo(x), w1 (.I), ’LDO(I)a w1 (I))
— (i), (@) (wi),, () + (@3),, (2) (i), (2)

0H . .
= a—(f,wo(x)vwl(x)vwo(f),wl(I))-

x

Then it follows that
Proposition 10. H = g (wo), + w1 (w1), — H + %(a:H).

Let S(x1,x2) = ;12 (ELO w; (w;), — H) dz, which is called the classical ac-

tion, the functional from which we can derive the Euler-Lagrange equation using
the fundamental lemma of calculus of variations. We obtain

em) _ f (Z (00, () 1 (i), ) - “”%‘) v

) \&
= (5 (@, 2 i wn,) -3 (2 o, + 22 i, ) ) o
I\= Ow; — \ Ow; Ow;

. / (Z (0, 5o - (@0, (wi),, ) - (5o o, + 52 <w>>> dr

1 1=0 1=
1 T2
+ Z Wi (wi)w
i=0 z1

x2

- (1[)0 (U’O)w +in (wl)’”)

Z1

The second equality follows from (B and the chain rule, the third from inte-
gration by parts, and the fourth from (3.2).
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From the proposition and the definition of the 7 function, we obtain
P~ d
—1ogrw(a:1,:1:2):—/ W; (w;),, — H+ —(zH) | dx
07, 0 Sy ; e dx
roH(z9) —x1H(x
a")/j + ( 2 ( 2) 1 ( 1))'Yj

(5.1) <Z W (wi)7j>

At z = 0 the form of 23 is

2

+ (LL'QH(,TQ) — $1H(£L‘1)),Yj .
1
_ Pi =

w;(z) = 510gx+5+0(x ), =0
for some ¢; > 0 (which depends on 7y and 7, ); this can be shown as in Theorem
14.1 of [M] for the case n = 1. This formula is differentiable in 2 and the 7;’s
Therefore

T = 2+ 0(a%),

2
d;
(wi),, =

.3
’ > logz +

2 (pi)'yj + O(‘Tsl 10gw)7

=2}

(i), = 5%+ 0@ log)
as x — 0.

At x = oo, from [6], if sT # 0,

(5.2) w;(x) = —sﬂf2_%(7rx)_%
where sf =

e 2V2r 4 O(x_le_2\/§””) as & — 0o,

2cos T(y0 + 1) — 2cos T (71 + 3). If sf = 0, we have
wo(z) = 81527%(71';6)7%67496 + Oz te 1) ~ O(:Eilefzﬂz)

wy(x) = —SH§27%(7T:E)7%674I +O0(z7 e ) ~ 0(151672‘/59”),

so the equation (52) holds for any generic (y9,71). The equation (52) is also
differentiable in x and the ~;’s, so

w;(z) = 5152_%\/%3:%6_2\/51 + 0(6_2\/51),

(U}i),yj = — (Sﬂf)’}/j 2_%(7‘"@)_%6—2\/51 + O($—16—2\/§m)7
v -1 i - T — T
(i), = (s1), 27 FV/mzze 2V2r 4 O(em2V2)

as r — OQ.

By substituting the above asymptotic expansions into (B.I) we obtain

1
o, log 7% (21, x2) = —% log xq —kzzo % (p;g),ﬁ - % +O(z5 logz1) + O (23 672\/%2)
as xr1 — 0, o — o0.

In our situation we have:

(1, 3) = Cors (1 + 0@°)), z—0,

T™(1,2) = Cooe_””2(1 + O(x1/2e_2\/§1)), T — 00.
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Then
Coo 1 .
logTw(3317332) B log FO B I% o g('}/g + 712) 1Og{E1 + O(:Z?i) —+ O(I;me 2\512).

Let

Coo 2 2
C = logF = lir_I}O (logT“’(xl,xg) + 23 + 10 —g% logxl) .
0 ;21%00

Then we obtain

oc . 9 w 2 ’Yo""h Vi - Tk
i B 1111210 <5%' <1og7' (w1, @) oy + T 8 logay ) ) = 4 ,;Z

Io2—>00

that is,

1 1
(5.3) CZ—Z%—%Z%pkwL%/Zpkd%

Note that g K _ —28K where K is the function defined in the proof of theorem
[ and

1 1
/Z prdyr = —(log2) ng — 2K + const.
k=0 k=0

The constant above is independent of the ~;’s. By substituting v = v1 = 0,
which corresponds to the trivial solution wg = w; = 0, into (B.3]), we obtain C' =
—4 (p=2(1/4) + =D (2/4) + (=2 (3/4)) + const. On the other hand, the tau
function 7% (1, z2) corresponding to the trivial solution is exp(z? — #3), so C =0
in this case. In conclusion we have the following result:

Theorem 11.
O = —3 (8 +7) 5 Cropo +mpr)— g F+4 (3D (1/4) + 92 2/4) + 9D (3/4))

The function F in the theorem, which is the generating function, is given in
Definition [6
APPENDIX A. MONODROMY DATA

At ¢ = 0 we have a formal solution \I!}O) = e O + X5y \I/EO)Ci)e%d"“ of
@2), where

—_
—_
—_
—_

£
[R——
&
€
b &

dny1 = . , 2=

—
€
€
€

We define the sector

00 ._ | CGET+3m3) (n+1€22)
(~(zm + 3™ (e + 3)™) (n+1€2Z41)
where we use the notation (a,b) := {¢ € C*|a < arg( < b}.
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We let Ql(gz# = 67#1\/7_191(60) (k € 1Z) in the universal covering C~.
n+1
Let \IJECO) be the fundamental solution such that \IJECO) ~ \I!;O) on Q;ﬂo).
Similarly, at { = co, we have the formal solution \Ilgcoo) =evQ ! VEDIP \Ifl(-oo)C_i)e””%d"+1
and the sectors
(~(srmy + )7 (g +3)7) (R +1€2Z+1)
Ay, = et

Let \IJECOO) be the fundamental solution such that \I/,(COO) ~ \IJ;OO) on Q,(COO).
We define the Stokes matrices S’,(CO), S’](Coo) by gl — \III(CO)S,(CO), gl \III(COO)S’,(COO).

k+1 k+1 =
We define the Stokes factors Q,(CO), Q,(COO) by ‘I’g#l = \I/,(CO) ,(CO), \I/](:j% =
Bo)
Let M = ng)ng) . II where
Ta
0 1
II = 0
1
1 0

Let m; be the eigenvalues of M. It is proved in [6l [7] that the m; determine all
(0)
P

We define the connection matrices Ej by \I/](COO) = \If,(co)Ek.

Let B pe %HAQ(O'% where

A:
1

It is known that E; = E2°" for global solutions w. Let e® be the eigenvalues of
-1
E:=F (Efbbal) . We have efe®_, = 1. Tt is proved in [7] that the e determine

n—

E;.
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