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Gelfand-Dickey hierarchy, generalized BGW
tau-function, and W -constraints

Di Yang, Chunhui Zhou

Abstract

Let » > 2 be an integer. The generalized BGW tau-function for the Gelfand-Dickey
hierarchy of (r — 1) dependent variables (aka the r-reduced KP hierarchy) is defined as
a particular tau-function that depends on (r — 1) constant parameters di,...,d,—1. In
this paper we show that this tau-function satisfies a family of linear equations, called the
W -constraints of the second kind. The operators giving rise to the linear equations also
depend on (r — 1) constant parameters. We show that there is a one-to-one correspondence
between the two sets of parameters.

1 Introduction

Let r > 2 be an integer, and let n = r—1. The Gelfand-Dickey (GD) hierarchy with n unknown
functions is an infinite family of PDEs, defined by

OL :
_— = Z/T )
o [(L >+,L}, i € N\rN, (1.1)
where
L:=0" 4002+ +uv_ (1.2)

is the Lax operator, LY/", i € N\rN, denote the fractional powers of L (cf. e.g. [14] for the
definition), and O is understood as J;,. This integrable hierarchy can also be viewed as a
reduction of the Kadomtsev—Petviashvili (KP) hierarchy (see e.g. [14] or Section [2I).

There are many interesting solutions to the GD hierarchy. For example, in the study of
Witten’s r-spin invariants [23] 26, 41], the so-called topological solution [17), [19] to the GD
hierarchy plays an important role. For example, for the case r = 2, the GD hierarchy is the
celebrated Korteweg—de Vries (KdV) hierarchy, and the topological solution is famously known
as the Witten—Kontsevich solution (cf. e.g. [I8] [19]), governing the integrals of psi-classes over
the moduli space of curves [34] [40]. The interest of this paper is on another solution to the GD
hierarchy again for any r. Unlike the topological solution, the solution of interest of this paper
will depend non-trivially on r — 1 arbitrary parameters. Again, let us look at the KdV case
first (i.e., the case with r = 2). For this case, it is known that there exists a solution to the
KdV hierarchy, called the generalized BGW solution, depending non-trivially on one arbitrary
parameter [3] [I8], having bispectral properties [I8], [20], and possessing enumerative meanings
[33, 38, [42]. This motivates us to generalize the generalized BGW solution to an arbitrary
r > 2. Indeed, let dy,...,d, be arbitrarily given complex numbers, and define vggw (t) as the
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unique solution in CI[[t]]" to the GD hierarchy, satisfying the initial condition

d
Va,Baw (t1, t>2 = 0) :( 2 a=1,...,r—1, (1.3)

1— tl)a—l—l ’
where t = (t;);en\rn. We call vpaw (t;d, ..., dy) the generalized BGW solution to the GD
hierarchy. The Dubrovin-Zhang type tau-function of this solution (cf. [6, 8, 14} 18 19]) will be
called the generalized BGW tau-function, denoted by msew = maw(t;d1,...,d,). We show
in Section [3] that the generalized BGW tau-function 7gaw can be chosen such that

~ 0T d
E Ztiﬂ + —ITBGW =0, (1.4)
. ot; T
1€N\rN

where t; = t; — d; 1, moreover, it is unique up to multiplying by a nonzero constant.

The above definition of the generalized BGW tau-function for the GD hierarchy was given
in joint work by B. Dubrovin, D. Zagier and the first named author of the present paper in a
more general set up, i.e., for the Drinfeld-Sokolov (DS) hierarchy associated to a simple Lie
algebra [6], where certain analogues of the triangle numbers on the constants manifold were
observed. The GD hierarchy can be considered as the DS hierarchy associated to the A, type
simple Lie algebra under the Wronskian gauge. In [35], certain generalized BGW tau-functions
were also given for the DS hierarchy associated to an affine Kac-Moody algebra (the simple Lie
algebra case corresponds to the untwisted affine Kac—-Moody algebra under a particular choice
of vertex in the Dynkin diagram).

For r = 2, the generalized BGW tau-function can also be identified with the solution to
Virasoro constraints [3], [7, 9]. The goal of this paper is to show that for an arbitrary r > 2, the
generalized BGW tau-function (defined above) satisfies a set of linear constraints, which will
be called W -constraints of the second kind. To be precise, define a family of operators W(f;i,
a=1,....n=r—1,¢q >0, by

WEd(t) := res y AT la—or (82%1 (Xap (b, ,u))) ‘u:/\d)\, (1.5)

where Xgp(t; A\, i) is given by

1]

Xep(t; A, p) == eZienn ti(H=X) ezz’eN\TN(i%_“l‘ﬁ) Ot , (1.6)

These operators were given e.g. in [2]; according to [2, 4] 25], they can be expressed by operators
coming from the twisted module of the Wy, -algebra [5]. We have the following theorem.

Theorem 1.1 There exist unique constants p1,...,pr—1 € C such that
Wé?j(Tng) = (—1)%paba,qmBCW, a=1,...,r—1, ¢ > . (1.7)
Moreover, these constants ps are polynomials of dy,...,d,, having the form
da
Pa = 7+Wa(d17---7da—1)- (1.8)



We refer to (1) as W-constraints of the second kind. We note that the W-constraints for
the topological tau-function |2, [4, [5, 9] 28| [44], being referred to as W-constraints of the first
kind, start with ¢ = 0 instead of ¢ = a and have the dilaton shift at t,._; instead of at ;.

The W-constraints of the second kind seem to have common cases with the W-constraints
given in [9] in an equivalent way. For certain special common cases, the solutions to the -
constraints of [9] were conjectured by Chidambaram, Garcia-Failde and Giacchetto in a recent
letter to the authors of the present paper to be tau-functions for the GD hierarchy. Theorem [I.]
(cf. also Theorem [4.5)) should lead to this conjecture; still, it will be interesting to investigate
the explicit relationship between mpgw and the partition functions defined in [9].

In a subsequent publication, we will consider the analogous open extension of the generalized
BGW tau-function for arbitrary r > 2 (see [43] for the r = 2 case; cf. also [8] [I1]).

Organization of the paper. In Section2lwe review some basics on KP and GD hierarchies.
In Section Bl we give the definition of the generalized BGW tau-function mggw in more details.
In Section (] we prove Theorem [[L1] In Section Bl we present some examples.

Acknowledgements. We thank Gaétan Borot and Xingjun Lin for helpful suggestions. The
work is partially supported by NSFC 12061131014.

2 Preliminaries

In this section we review tau-functions and wave functions for the KP hierarchy and for the
GD hierarchy.
Let Lkp denote the pseudo-differential operator

Lip =0+ upd ™" (2.1)
k>1

Here 0 := 0,. Recall that the KP hierarchy [14] is the following commuting system of PDEs
for the infinitely many dependent variables uq(tkp), us(tgp), ... :

oL . .
o = (Lkp) o x|, i1 (2.2)

Here txp := (t1,t9,t3,...) denotes the infinite vector of times. The first equation in (2.2)) reads

Ooup,  Ouy
—=— k>1
Oty oz’ -

Therefore we identify the time ¢; with z. We consider solutions to the KP hierarchy in C[[tkp]]",
i.e., ug(tgp) € C[tkp]], & > 1. Denote for simplicity u := (ui,ug,---). It is known (see for
example [14]) that for an arbitrary power series solution u(txp) = (u1(txp), u2(tkp),...) to
the KP hierarchy, there exists a pseudo-differential operator

(I)(th) =1+ Z ¢k(tKP) 8_k, ¢k(tKP) € C[[tKPH, (23)
k>1



called a dressing operator, satisfying

Lxp=®000d !, (2.4)
0P ; .

The dressing operator ® is uniquely determined by the solution w up to the right multiplication
by an operator of the form
1+ a0 % eClio7]],
k>1
where ap, k > 1 are constants. The wave and dual wave functions ©(tgp; ), ¥*(tkp; )
associated to the solution u(tkp) are elements in C((A™!))[[tkp]] defined by

Y(tkp; A) == P(tkp; A) (ef(th;)\))7 P (tip; A) = (D" (txp; )\))_1<€_€(tKP;A)>= (2.6)
where {(tkp; A) =D ;54 t;\!, and ®* denotes the formal adjoint operator of @, i.e.,
o =14 (—0)F o (2.7)
k>1

They satisfy
N i
LKP(w) = )‘¢7 g = ( KP)+ (1/})7
Lgp(9*) = Mp™, o <(LKP) )+(T/) )
with Lip :== -0+ Zk21(—8)k o ug. Introduce the following two operators:
X(tgp; A) = eXiz1 iV e™ D a0 Y (i ) = ¢ Lzt ik i il (2.8)

It was proved in [14] that for an arbitrary solution u in C[[txp]]" to the KP hierarchy, there
exists a power series Tkp(tkp) € C[[tkp]], satisfying

X(txp: M) (Tkp(txp))
kP (tkp)

X*(tgp; A)(Txp(tkp))
TP (txp)

P(txp; A) = , Yr(tkpsA) = (2.9)
We call 7xp(tkp) the tau-function of the solution u for the KP hierarchy. We also call (®, 7xp)
a dressing pair associated to u. The dressing pair is uniquely determined by the solution u up

to the transformation

(@, 7xp) = <q> R TKPEbOJFZizlbiti) s bo,b1,bg, - €C.

Denote by Ay = Ayuo[0"(ug)|i,k > 1] the ring of differential polynomials of u, where
A0 denotes the ring of smooth functions of u. For a pseudo-differential operator of the form
a =3z a0", define resga = a_;. Define a family of differential polynomials in u by [14]

0 .
O = O (w,ug, .. ) = 5_1<§TGSE)L§<P> € Au ij>1, (2.10)
J

where 0! is fixed by the no-integration-constant rule. We call €1; ; the two-point correlations
functions for the KP hierarchy.



Lemma 2.1 Let u be an arbitrary solution in C[[tkp]]N to the KP hierarchy, and Txp €
Cl[tkp]] the tau-function of u. Then the following formulae hold true:

Vij> 1. 2.11
DIt i, Vig > (2.11)

Proof Let (@, mkp) be the dressing pair associated to u, and v the corresponding wave function.
It was shown in [14] that for given 4,5 > 1,

0? 10g’7'Kp B i —r—1 0 (L%(P)—(w)
Tatj =res, z <— ;z O, + &> T (2.12)

Note that (L{{P)_ can be rewritten into the form

(Lkp) =D ajulyk, (2.13)
k>1

where a;j € A, satisfying a; k|u=u,=uzp=-—0 = 0. Combining [2.I2)) with (ZI3) we find that

8 IOgTKp i E?a k
_ “+Z Js

ooty otk
In particular, observing that a;1 = resy L{(P, we have
0% log T ;
———  —=resy Lip.
ot 0t; o Kkp

Taking the derivative with respect to t; on the both sides of the above identity, and then by
using the definition (ZI0), the lemma is proved. O
Introduce the following operator:

X (tkp; A, p) = iz i1 =X) o eZi21<K1i_W%>%- (2.14)
It is shown in [12] that

X(tkp;v) o X(txp; A, 1) (Tkp(tkp)) X* (tkp; v) (Tkp (tkp))
kP (tkp) kP (tkp)
=(\ — w)(trp; W)U * (ticp; A, (2.15)

where tgp = (t1,t2,...) and tip = (¢],t5,...).
Following [39] and [I], introduce the following operator:

dv

res,

M:=®o <Z z‘t,-aH) o ®~ 1 e C[[txp]] ®c C((87Y)). (2.16)

i>1
By using Lemma 3.2 of [I] we have

res g M' o Licp = res y \*9* (txp; N0 (d(txp; A), Vi k > 0. (2.17)



Then it follows from (2.I5]) that

1 (A MG o X (bips A, i) (7icp (ticp)) mzx)
i+1 )

resg M'o Lp = (2.18)

kP (tkp)
Denote by t = (ti);cn .y the infinite time vector for the GD hierarchy.

For an arbitrary solution v(t) = (v1(t),...,v,—1(t)) in C[[t]]""! to the GD hierarchy, we
associate to it an infinite sequence of power series in C|[[t]] defined by

up = ug(t) := resa<L1/T’ o 8k_1), kE>1.

In other words,
O+ wpd k=LY, (2.19)
k>1

Obviously, u = (u1,us,...) satisfies the KP hierarchy, namely, for all i € N,

85,? _ [(Li/")+, LW]. (2.20)

Let mkp be the tau-function of the solution u to the KP hierarchy. By the definition (2.10]),
we know QZI-EE-T =0 for ¢,j > 1 when Lgp = LY. 1t then follows from Lemma 211 that 7xp
satisfies

02 log n .
O 108TKP _ 0, i,7j>1.
Ot Oty
This means that, there exist constants aq, as, ..., such that
0 .
aTir Zajtjr +logxp | =0, i>1.
i>1

Let 7 = 7(t) := Tkp(tkp) exp (ijl ajtjr). Then 7 is still a KP tau function. We call this

particular chosen 7 the tau-function of the solution v for the GD hierarchy reduced from the
KP hierarchy.
Let us proceed to give a second definition of tau-function for the GD hierarchy.

Lemma 2.2 For an arbitrary solution v = v(t) in C[[t]]"~! to the GD hierarchy (1), there
exists a power series Tpz = Tpz(t) € C[[t]] satisfying

821
%: 8D vije NN, (2.21)
]

where QZ-(:’]D are differential polynomials in v defined as

(2.22)

dresy LU/"
GD — GD — 51 0
Qi,j _Ql,j (U,Ux,...) =0 <7> .

ot

Here 071 is again fized by the no-integration-constant rule. We call Tpy the Dubrovin-Zhang
type tau-function of the solution v for the GD hierarchy.



Note that mpyz is uniquely determined by v up to multiplying by a factor the form
exp (bo + Z bzt2> , (2.23)
i€N\rN
where b’s are arbitrary constants.
Theorem 2.3 Let v be an arbitrary solution in C[[t]]"~! to the GD hierarchy, and Tpyz and T

be the Dubrovin—Zhang type tau-function and the tau-function reduced from the KP hierarchy
of v, respectively. Then there exist constants by, by,bs, ... such that

T = Tpyz €xXp <b0 + Z bm). (2.24)
iEN\rN

Proof Tt suffices to show 7 satisfies (2Z.21]). Let u be the solution to the KP hierarchy determined

by v via (2.19). By the definition of QFJP and QS]D, we have

ijp(u,ux,) = QSP(v,vx,...), Vi,5 € N\rN.
On the other hand, by using Lemma 2] and using the definition of 7, we know 7 satisfies

0?log T
8752'875]'

_ OKP L.
= O (uyug,...), Vi,j €N\rN,

where QEJP is given by (2.10]). O

3 The generalized BGW tau-function for the GD hierarchy

In this section we give more details about the definition of the generalized BGW tau-function.
Introduce a gradation on A, by assigning the degree:

deg@k(va):a+l+k, a=1,...,r—1, k>0.
It is easy to verify that
deglesa<LUT8_k)::i——k, i>1, k<i-—2. (3.1)

This implies the GD hierarchy (L)) has the form

Ovg

Bt = X! (v,vg,...), a=1,...,r—1, ieN\rN,

with X! = X¢ (v, vs,...) € A, having the degree
deg X! = a+i+ 1. (3.2)

Proposition 3.1 The generalized BGW solution vgaw satisfies the following linear equations:

~ Ov
3 zti%fm + (o + Dvasew = 0. (3.3)
ieN\rN ¢



Proof For simplicity, we denote v, = voBaw, and denote

faly = 30 # % (at uale) (3.4

ieN\rN
We are to show f, = 0. Firstly, from the initial condition (L3]), it is easy to see that
falti =2,t2=0,...) = (x — 1)0x(va(z,0)) + (o + 1)vy(x,0) = 0. (3.5)

Taking the derivative of (3.4]) with respect to ¢;, we have

Ofa - 0%, D0,
o, _.Z ztz—atiatj +a+j+1)== o,
1€N\rN

=Y i ZZa’f XB (a+y+1)8a:;’“

ZGN\’!‘N B=1k>0

J .
_ZZ@’f (f3) — (B+k+ 1w U)%—F(a—i—l—i—j)X&

B=1k>0 Vg

-5y ok

B=1k>0

Here, vék) = 0k (vg), k > 0, the second equality is due to

ZZa’“ Xﬁ

ti B=1k>0 ﬁ

the third equality can be obtained by applying 9% to ([8.4)), and the last equality is due to (3.2).
Hence the identity (3.5]) implies

dfa
=0.
o, - (2,0) =
By induction on m, we have for arbitrary ji,...,jm € N\rN,
9" fa
——(2,0) = 0.
875]'1 s 87fjm (z,0)
The proposition is proved. U

Theorem 3.2 The generalized BGW tau-function Tsgw can be chosen to satisfy (4.
Proof By using (2.22]) and (3.]), one can verify that

degQJ1 o =J1+J2, J1,J2 € N\rN.



Then it follows from Proposition [3.1] that

o0 GD k o0 GD
J1J2 _ .717.]2
> i = > thZZ@t o)
1eN\rN ZEN\TN a=1k>1
9NGDb
S Sk e — B (i + )50,
a=1k>1 a

Therefore, by using (2.21]), we have

02 _ 01
( 3 itiw) —0, ji,jo € N\N,

8t]’1 ath (NN at,’

Hence there exist constants ag and a;, ¢ € N\rN, such that

- OlogTaw _
¥ Al S i,
1€N\rN 1€N\rN

Let us modify Tgaw as Tsaw exp (— ZleN\TN a; ,) Then Tgaw is still a Dubrovin—Zhang type
tau-function, and satisfies

~ 0l
Z itiiog TBGW —apg = 0. (36)
. ot;
1€EN\rN

It remains to show ag = —dy /r. The above (3.6 implies

62 log TBGW

. 0 log TBGW
ot B

= —ayp.
ot t=0

t=0

Hence by using ([221), (2:22]) and the initial condition (L.3]), we have

9% log Teaw
o (0) = Q77 lt=o " .

The theorem is proved. U

4 TW-constraints of the second kind

In this section, we show that the generalized BGW tau-function mggw for the GD hierarchy
satisfies the W-constraints of the second kind. Let vpgw be the generalized BGW solution
to the GD hierarchy, and upgw the corresponding solution to the KP hierarchy (cf. (2Z19).
By Theorem [2.3] we know that Tgaw can be regarded as a tau-function of upgw to the KP
hierarchy.
Let
Lyp = 0 + u1 w0 " + uzpawd 2 + -+

be the Lax operator for ugpgw, and let ® be the dressing operator for uggw such that ® and
mBgw form a dressing pair. The identities in the following lemma are analogues of (2.18]).



Lemma 4.1 The following identities hold true: ¥Yi,k > 0,

1 ) res x A"05 o X (tkp; A, 1) (TBaw) |u:/\ i1
it 1 ’ )

. k
resg(M —1)' o L+ =
TBGW

where the operator M is given by 2I6), and txp = (t; — 1,ta,t3,...).

Proof Recalling the definition ([2I4]), we have

i+l .
. 5 +1 o
affl o X (tkp; A, p) = E <Z j > (—1)t 10), 0 X (tkp; A, ). (4.2)
Jj=0

By using (2.I8]), one can then write the right-hand side of (1]) into

1 H +1 . . . ,
I > < ; >(—1)’+1_9jM]_1 o Lip =res o(M — 1) o Lip. (4.3)
j=1
By noticing that Lxp = L%, the lemma is proved. U

Lemma 4.2 The following identities hold true:

<(M ~1)io Lk+%) —0, Vik>0. (4.4)

Proof The case i = 0 is obvious. For i > 1, let us first show ((M — 1)L1/T)_ = 0. Observe
that

d\ =: G(th).

0 0 Ao a
Zztla_tl - — 4 7 =res ) <§8uX(tKP; )\wu) - )\a“X(tKFH A7/*‘) + V) o

= ot

(4.5)
By identity (L.4]), we have G(txp)(mBaw) = 0. Therefore,

X(txp;v) o G(tkp)(TBaw (tkp)) X*(tkp; v) (TBaw (tkp))
Baw (tkp) Baw (tkp)
= —res ) (AA(Y(tkp; M)Y™ (tips A) — Mp(tkp; MY™ (tkps A)) dA. (4.6)

Here the second equality used the identity (2.15]). By using the facts

M) = ox(¥), Lkp(¥) = A,

0=res, dv

as well as the following identity [12]: for arbitrary x, 2" and arbitrary to = t5,t3 =}, ...,

(U(txp)V(tkp)) _ (6(z — "))
= —res, U(tkp) (emz+2i22 tizi) V*(tkp) <e_mlz_2i22 tizi> dz H(x — ') (4.7)

10



with U (tkp), V (tikp) being arbitrary pseudo-differential operators whose coefficients are power
series of their arguments, we have

0 = —res ) (A (Y (txp; N)Y" (tkps A) — Mb(trp; Y™ (tkp; A)) dX H (x — 2')
= (M (e] LKP — LKP)_ (5(:17 — l‘/))

= Z Coefafi <M 9} LKP — LKP) ($ _ :E/)i_l

> Sy - ). (4.8)

Here () is the Dirac delta function, and H(x) is the Heaviside unit step function. Therefore,
(M —1)oLgp)_=0.

By using the fact that

(M — 1) o LM = Mio LMt o (M —1)o L — (kr+14) (M — 1)P o L*+, Vi k>0,

we can prove by induction that identities (4.4]) are true. O
From Lemmas 1] and 2] it follows that, for o =1,2,...,7r — 1 and ¢ > a,

res X0 (91 0 X (Eeei A, 1)) (s (®)) |

TBaw (t)

H=A

Oy = 0. (4.9)

Denote

Xap(t; A, p) == ezz‘eN\rNti(“i—Ai)eZieN\rN<Wli_ﬁli) 32@', (4.10)
We have that
9 o Xep (b A, ) 0 ! (i) ol
_ 9ot o o~ Dz tir (WA X (tip; A, )

a+1 j j
— <a ' 1> FoLat <€_ ijltjv"(”ﬂ_kjrv aﬁﬂ_kl o X(tkp; A, 1)

a+1
=D > Traph” TR 0 X(bkp; A, ),

k1=0 le

where fi, » = fi, p(tr,tor,...) € C[[t,,t2r,...]]. By using this identity, one can obtain that

T'eS \=0 )\oe-i-(q—oe)r (aﬁ—i_l o XGD (E, )\, /L) (TBGW(t))) ‘ d\

TBaw (t) =X
:# Of:l Z F.p T8 Ao \e—i+(g—atp)r (aa—j-i-l o X (tkp; A, 1) (TBGW(t))) ‘ d\.
TBGW(t) =0 p>1 7 g H=A
Together with (£.9), it follows that
Wred t t
ax a,q( )(TBGW( )) :O, a:1,...,T_17 q> a, (411)
TBGwW (t)

11



where the operators W22 (t) are defined in (LH).

We are ready to prove Theorem [I.11
Proof of Theorem [L1 From formula (4I1]), we know that there exist power series cq4(t),
independent of z = t1, such that

Wi (6) (Baw (t)) = caq(t)TBGW (b)- (4.12)
By using Theorem and the fact that Wred( ) =D ieNyN ifia%, we have p; = di/r. By the
definition (L5]), one can verify that

WISH(E), Wasq (t) | = — (g — a)rWE (b).

Applying the both sides of this identity onto Tsaw(t), we obtain that

WIEH(t) (cag(t) = —(a — a)rcaq(t).

This implies that ¢, 4(t) are power series with non-positive degrees if we let the degree of ¢; be
assigned with 4, i € Z>2\rN. So ¢q4(t) must be constants, moreover, these constants vanish
if ¢ > a.

Let us proceed to prove the property (L.8]). To this end, we first prove the following lemma.

Lemma 4.3 Denote

a+1
1 +(g—a) i-1f E 19
g = @ . tj = 0, 4.1
Saq a+1res>\)\ E JA + AT at; (4.13)

JEN\rN JEN\TN

where o« = 1,...,n, ¢ > 0, and “ :” denotes the normal ordering (defined by putting the

operators 8‘? on the right of operators t;). The constraints (7)) can be equivalently written as

Sa,q(TBGW) = (—1)060(150{7(17'}3(;\)\/, a=1,....r—1, ¢ > q, (4.14)
where o1,...,0._1 are certain polynomials of p1,...,pr—1.
Proof We denote
. 1 0
iy . e _
Z Nt b(t;N) == Z TR
1€N\rN 1eN\rN

and denote
Pi(t; )\) _ az—l—l( a(t;u)—a(t;\) b(t;u)-b(t;k)) , 1>0. (415)

p=A

It is easy to see that P;(t; \) satisfy following the recursion relations:

da(t; \) . ob(t; N)  OP_1(t; )
O O oA ’

By using the above (4.10)), one can prove the following identity by induction:

Pi(t;A) = Pic1(t;A) + Pioa(t;0) o (4.16)

i E3Y < (t50)) + A (b(ts ) T ) i> 1. (4.17)
7=0

12



Then we have that, for a =1,...,7r — 1 and ¢ > «,

res y A= (9 a(t; A) 4 Oxb(6; A)) T < dA
a—1
=res \ A*T@= P (£ ) — Z res y A@H(@—a)r 8{ (Oxa(t; \) + Oxb(t; X)) 2 dX
j=1
=res ) )\a+(q_a)TPa(t; A)dA

a—1 .
n (1Pl (g —a)r)! a—j+(g—a)r . . el
; @+ @—ar—p H(Oaa(t; A) + Oxb(t; A) T A,

By using the definition (£13) and by noticing that W;‘fg(t) can be rewritten as

1
a+1

Wied(t) = res y A2 A7 B (¢ X), (4.18)

we have
a—1

e N~ (S (@ =g+ (et (g - a)r)!
Saq = Wag Z (a+ (k—a)r —j)!

Soiaj- (4.19)
j=1

Therefore, by using Theorem [[LT] we obtain (LT)), where the constants o1,...,0,-1 can be
uniquely determined by

al 2 (—1)
Oa = po + > oj, a=1,...,r—1 (4.20)

The lemma, is proved. O
The following lemma will also be needed, and will also have other important applications.
For simplicity, we denote

L 8k log TBGW

0" raaw (riy -+ 73, ) =
’ " LT Oty ... Ot

(Tiy - 7ig )" 1= oty ... 0t

i 14=0 i 1t=0

Lemma 4.4 The system (LX) (or equivalently ([AI4])) has a unique solution in C[[t]] with
initial value 1.

Proof The existence of the solution is already proved. To show the uniqueness, we use the
argument similar to that in [2, 9, 36]. By (£I3]), we know that

al - - oI
Sa,q: Ty kl’--kjtkl'”tk.

Z:: jia+1-5)! kj+1‘;ka+l ’ 8tkj+1 Ot

—k1— 7kJ:(q7a)r
a a—j —i—
.« oa—1-p
:Z(_1)1<.> Z kl"'kptkl“‘tkpat — 7

j=0 J p=0 kpyi+-tka_ji1 kp+1 ka7j+1

—k1——kp=(qg—a)r+j
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where « = 1,...,r — 1 and ¢ > «. Hence equations (£I4]) can be recast to

OtBGW = aei (@) 2 I Prpaw -
78t :O'afsq,aTBGW + E (—1) I ot ot | | katka-
a+(q—a)r j=0 J p=0 kp+1+"'+k(oz—j~§)»1 kp+1 k,
,klf...fkp: g—a)r+j

a—j+l g=1
(4.21)

In terms of (7, - -- 7;,)®, we have the recursion relations:

<TATa+ (m—a)r>

« a—j
. a—j & .
=(7a)* + Z(—l) ! <]> Z Z Pkt kp(TA\ (k1 o kep Vo141 )

Jj=0 p=0  kppit-tk_j)+1
—k1—-—kp=(m—a)r+j
(4.22)
Here 74 := 74, -+ Tqy for A = {a1,...,an}. In this way it is clear that all the coefficients of
(i, - -+ 7, )® can be uniquely determined. The lemma is proved. O

(The uniqueness statement in the above Lemma[£.4] can also be proved directly from (I.7)).)
By using Lemma (3] and formula (£22]), we obtain that

<TlTa> = <Ta> = Ca(Ula cee 7Ua) =0a+ Y (017 cee 7Ua—1) ) (423)

where ¢, are certain polynomials of o1,...,0,. The property (L8] then follows from (@.20])

and the relation

Olog 8¢ a
008 TBGW — Ql,a(”BGWy Uz BGW, - - - ) =resy L. (424)
Ot10t,

The theorem is proved. O

We note that, the constants ¢, in the above proof are initial values of the normal coordinates
Qiq =T1E59 L°/" for the GD hierarchy, i.e., of the corresponding Dubrovin-Zhang hierarchy [19]
(cf. also [§]).

By using Theorem [[LT] Lemma [£3] and E4] we arrive at the following theorem.

Theorem 4.5 A power series T € Cl[t]] satisfies (7)) if and only if T is the tau-function for
the Gelfand-Dickey hierarchy satisfying (LL4)).

5 Examples

In this section, we use Theorem [[T] (in particular Lemma[£.3]) to compute Tsgw and log Tpaw -

Example 5.1 For the case with r = 2, the constraints [AI4]) give the following relations:

N N N
1
<H 7—2ai+17—2m+1>. = Z(Qai + 1)<7—2ai+2m+1 H7'2aj+1>° + ) Z <7'2k1+17'2k2+1 H7—2ai+1>.
i=1 i=1 J#i k1+ka=m—1 i=1
N
+ Sm.oct (] [ 72ai41)"
i=1

14



where N,ay,...,an,m > 0. The constants c1,d1,01, p1 are related by
pr=o01=c, dy=2c. (5.1)
We have
() =c1, () =cilc1+1), (m)*= %cl(cl +1), () =ci(er +1)(c1 +2),
(my=ci, ()=, {m)=gala+]), () =2, (mn)=al+)
Example 5.2 For the case with r = 3, the constants cq,dq, 0q, po are related by

p1=o01=c1, di=3c,

2 3
p2 = Ca + 3¢ 02 =0 dy = €2 + 3¢y
We have
(r)*=c1, (R)*=c, () =cile1+1),
c [ ]
(nm)* = (a+2)5, (1) =ale+1a+2)
(14)* = eac1 +2), (13)* =3 —2c1(c1 + 1),
(ToT > =ca(c1 +2)(c1 +3), (tH* =ci(cr +1)(c1 +2)(e1 +3),
(m)=c1, (n)=c, ()=c, (nn)=2c, (17)=2¢,
(T4) = (61 +2), (13)=-2ci(c1+1), (rorf)=6cs, (r])=6ci.

Example 5.3 Similarly, for the case with r = 4, we have
p1=o01=c1, d=4c,

2
p2 =c2+ gc1, o0y =cy dg=4dco+ 8y,

3
3 3 3 3 4
p3 =cC3 — ZCQ — EC%, 03 = C3 — 50% — 501 ds = 563 + 3co + 26% + 10c¢q,

and

(r)*=c1, (m)*=c, () =cla+1), (1) =c,

(To11)® = ca(c1 + 2), (Tf’>' =ci(e1 + 1) (e + 2),

(r371)® = c3(c1 +3),  (12)® = des + 3 — 2¢1(cp + 1),

(rar)* = caler +2)(c1 +3),  (11)* = caer + D(e1 +2)(er + 3),

( (o) =ca, () =c1, (m)=c3, (mam)=2c, (17)="20c1,
(r3m1) = 3¢z, (13) =4des —2¢1(c1 + 1),  (mord) =6c2, (1) = 6c1.

Remark 5.4 Define

<Ti1 T Tik>00 = Tli_)lgo<7—i1 Tt Tik>' (5’2)
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We call (1;, -+ Ti, )oo the stabilized generalized BGW correlators. For example,

(Moo = €1, (T)oo=c2, (1) =c1, (T3)oo = c3,
()0 = 2¢2, (TD)oo =2¢1, (Ta)oo =4, (T371)00 = 3c3,

(1) oo = 4e3 — 2¢1(c1 + 1), (o) oo = 6c2, (1100 = 6c1.

The partition function of these stabilized correlators and its relation to the KP hierarchy de-
serves a further study.
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