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ASYMPTOTIC SLOPES AND STRONG SEMISTABILITY ON
SURFACES

MITRA KOLEY AND A. J. PARAMESWARAN

ABSTRACT. In this article we study asymptotic slopes of strongly semistable vector
bundles on a smooth projective surface. A connection between asymptotic slopes and
strong restriction theorem of a strongly semistable vector bundle is shown. We also
give an equivalent criterion of strong semistability of a vector bundle in terms of its
asymptotic slopes under some assumptions on the surface and on the bundle.

1. INTRODUCTION

Let X be a smooth /normal projective variety over an algebraically closed field K and H
be an ample line bundle on X. Let E be a vector bundle on X. A subbundle 0 # F' C E
of rank k, is said to be mazimal, if deg F' is maximal among all subbundles of rank k.
Maximal subbundles of vector bundles over a smooth projective curve have been studied
by many authors. Maximal line subbundles of a rank two bundle on a smooth projective
curve have been studied in [9]. For higher rank vector bundles again on curves, maximal
subbundles are studied in [I2] and in many subsequent papers.

In [13], the second author and Subramanian studied the behavior of maximal subbundles
of a vector bundle on a smooth projective curve after finite pull backs. We briefly discuss
their results here. Let C' be a smooth projective curve defined over an algebraically closed
field K of arbitrary characteristic. Let E be a vector bundle of rank r over C'. For each
1 <k < r, the slope of maximal subbundle is denoted by e (E),

deg (W)
k
Define the asymptotic k-spectrum ASj(E) and the asymptotic k-slope v (E) as follows:

ex(F) := Max{ | W C E is a subbundle of rank k}.

ASL(E) = {76’“55;(?))}.

ek(dfe;g(f)) = Limsup AS(E).

where the supremum is taken over all finite morphisms f : D — C. One of their main
result is the following:

vi(E) := Limsup

Theorem 1.1 ([I3] Theorem 4.1]). Let C' be a smooth projective curve defined over an
algebraically closed field K of arbitrary characteristic and E be a vector bundle on C.
Then E is strongly semistable if and only if v(E) = p(E) for some k. Moreover if
vi(E) = p(E) for some k, then v;(E) = u(E) for all j.
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Moreover in that paper [13], the authors gave an explicit formula of v (F) for an
arbitrary vector bundle E in terms of degrees and ranks of the strong Harder-Narasimhan
factors of E.

Here in this article we study asymptotic k-spectrum of vector bundles defined over a
smooth projective surface and wanted to understand whether similar results still hold for
smooth projective surfaces. First we show that even if one defines asymptotic k-slope of
a vector bundle similar to curve case; one can not expect an analogue of Theorem [I1]
This is because such an analogues result for rank 2 vector bundles yields strong restriction
theorem (Theorem [B.4]). However we show that an analogues theorem for discriminant
zero strongly semistable bundles with some more additional conditions on the bundle and
on the underlying surface (see section 4 for more details).

The paper is organized as follows: in Section 2, we recollect relevant definitions and
some useful facts about strong semistability and discriminants. In Section 3 we prove that
an analogue theorem to Theorem [LI] for rank 2 vector bundles implies strong restriction
theorem (Theorem B4]). Section 4 is devoted on the study of asymptotic k-spectrum of
vector bundles of arbitrary rank with zero discriminants.

2. PRELIMINARIES

In this section we recall some definitions and some useful facts of relevant topics which
we need in later sections. Here in general the underlying space is always assumed to be a
normal projective surface.

Let X be a smooth/normal projective surface over an algebraically closed field K. Let
H be an ample line bundle on X and E be a torsion free sheaf of rank r defined over X.
Then the slope of E with respect to H is defined by

gy = aE) 1
r
A torsion free sheaf E on X is called semistable(resp. stable) if for every nonzero subsheaf
Wof E, u(W) < u(E) (resp. u(W) < u(FE)); equivalently for every torsion free quotient
sheaf @ of E, we have pu(Q) > u(E) (resp. u(Q) > u(E)).

When K is a field of characteristic p > 0, let F'y : X — X denote the absolute Frobenius
morphism. Then a vector bundle F over X is called strongly semistable(resp. strongly
stable) if for all n > 0, the Frobenius pull back F§*(F) of E is semistable (resp. stable).

Given a torsion free sheaf E, there exists a unique increasing filtration of torsion free
sheaves (known as the Harder-Narasimhan filtration)

E,: {0=F,CcFhC---CF =L}

such that for each i, F;/F;_; is a semistable torsion free sheaf with slope p; satisfying

) F
pi = p(E) > pipn = p(=).

The torsion free sheaves {F;/F;_1 : 1 <i <[} are called the Harder-Narasimhan factors
of the bundle E. The factor F} is called the maximal destabilizing subsheaf of E. It’s
slope u(F7) is denoted by fimaz(E). The factor E/F,_; is called the minimal destabilizing
quotient of E and it’s slope u(FE/F,_1) is denoted by fiymin(E).

If K is a field of characteristic p > 0, then a filtration

E,: {0=F,CF C---CF =F}
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is called the strong Harder-Narasimhan filtration of E| if it is the Harder-Narasimhan
filtration of £ and for each i, the factor F;/F;_; is a strongly semistable sheaf. When
X is smooth, by a theorem of Langer ([I0]), for any torsion free sheaf E, there exists an
no € N such that for all F{°*(E) has strong Harder-Narasimhan filtration. Now we recall
the following useful lemma.

Lemma 2.1. ([7, Lemma 1.3.3]) Let F' and G be torsion free sheaves such that fiy(F) >
tmaz(G) then Hom(F,G) = 0.

Discriminant of a sheaf is an important invariant. Let E be a torsion free sheaf of rank
r then the discriminant A(E) of E is defined by

A(E) = (r —1)c1(E)? = 2rey(E),

where for each i, ¢;(E) denotes the i-th Chern class of E. In particular, if £ is a vector
bundle of rank 2, then A(E) = ¢;(F)? — 4cy(E). In the following Proposition we write
down a few facts about discriminant which we will use in the later sections. Let X be a
smooth surface.

Proposition 2.2. (1) Let E be a torsion free sheaf and L be a line bundle on X, then
A(E) = A(E") and A(E ® L) = A(E).

(2) If E is a strongly semistable torsion free sheaf on X, then A(E) < 0.
(3) Let E be a vector bundle of rank r. If A(FE) = 0, then A(S™(E)) = 0, for all
n > 0.

Proof. (1) is an easy computation and left to the reader.

(2) When X is defined over a field of characteristic 0, then it follows from Theorem 3.4.1
of [7]. When X is defined over a field of prime characteristic p > 0, the proposition follows
from Theorem 0.1 of [10].

(3) This part may be known to experts. Since we are unable to find a reference, we include

a proof for the convenience of reader.
By Lemma 10.1 of [2],

s (E) = ("7 ats) = P )
(S"(E)) = Pra()fea(E) — o Fer(BY] 4 2 [PEn) — Z Py (n)]es (B)”
where P,(n) = (”+:_1). That is
en(5()) =~ OREL Dpaiy T e (1)
Since A(E) = 0, in our case
o(S"(B)) = 5[PA(n) — P (n)]es (B
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Note that rank(S™(F)) = ("J”"_l).

r—1

A(S"(E)) = (tkS™(E) = 1)ei(S™(E)) — 21k(S™(E))ea(S™(E))

ST
R e
o G [ B (e 50

= 0.

O

Lemma 2.3. Let X be a smooth surface and H be an ample line bundle on X. Let
0=V — E — Q — 0 be an exact sequence of torsion free sheaves such that u(V') = u(Q).
If E is strongly semistable with A(E) =0, then A(Q) = A(V) = 0.

Proof. Let rank E = n. By definition A(E) = (n — 1)ci(E)? — 2ncy(E). Let rankV = k
and rank Q = [. Then n = k+1. Then A(E) = (k+1—1)c;(E)?—2(k+1)co(E). Therefore
we have,
KIAE) = kl(k+1—1)c(E)? = 2kl(k+1)cy(E)
= ki(k +1—1)(cr(V) + (@) = 2ki(k + D) (cr(V)er(Q) — e2(V) — e2(@Q))
= K+ DUk =1D)er(V) = 2k (V)] + (k + DE[( = 1)er (@) — 20e2(Q))]
+[l201(V)2 + R (Q)? - 2kley(V)er(Q)]
= (k+DIAWV) + (k+DEAQ) + (Ier (V) — ker(Q))2.

Hence
i(_fl) _ A(kV) +A(ZQ>+kl(k1+l)(zcl(1/)—k:cl(Q))2
_ A(]{:V)JFA(ZQ)jL(kf;)Hz(M( )= Q)
_ AV L AQ)
i I

The middle inequality follows from Hodge index theorem and the last equality follows
because p(V) = pu(Q). Since E is strongly semistable and p(V) = pu(Q) = p(E), it follows
that V., @ are also strongly semistable. Hence A(V') < 0 and A(Q) < 0 by Proposition 2.2]
(2). Since A(E) =0, A(Q) =0 and A(V) =0. O

Now in next proposition we will see that any torsion free strong semistable sheaf with
zero discriminant is a vector bundle. This fact might be known to experts but we include
its prof for the sake of completeness.

Proposition 2.4. Let (X, H) be a smooth polarized surface. Let E be a torsion free
strongly semistable sheaf with A(E) = 0. Then E is a vector bundle.
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Proof. Let E* denote the reflexive closure of E. Since E is strongly semistable, so is
E**. Consider the exact sequence

0—-FE—FE"—FE"/E—Q0.

Since FE is torsion free, it is locally free in codimension > 2. Hence Supp(E**/F) is a
finite set of points. Therefore

c(E™/E)=0 and c(E™/E)<0.

Note that co(E**/E) = 0 if and only if Supp(E**/E) is empty, this is the case precisely
when FF = E**. Hence

c1(E™)=ci(E) and c(E™) = c(F)+ co(E*/E).
Now
AE™) = (r—1)cE(E™) — 2re(E™)
= (r—1)c(E) —2rcy(E) — 2rey(E*/E)
= A(E)—2rcey(E*/E).

Now since E** is strongly semistable, A(E**) < 0. Hence A(E) = 0 implies co( E**/E) =
0, ie. E = E*. Hence F is reflexive. Now the proposition follows from the fact that
reflexive sheaves on smooth surfaces are vector bundles. OJ

Next we observe that Theorem 3.1 of [11] which is proved stable bundles can be extended
for the semistable case also.

Proposition 2.5. Let (X, H) be a smooth polarized surface with H an ample line bundle.
Let E be a vector bundle of rank r > 2 with A(E) = 0. Assume that E is strongly
semistable. Let C' € |H| be any smooth effective divisor, then E|c is also strongly
semustable.

Proof. Let E be a strongly semistable bundle with A(E) = 0. If E is strongly stable
we are done by Theorem 3.1 of [II]. If not, there exists e > 0 and an exact sequence
0=V = F¢'E — @ — 0, such that u(V) = p(F$'E) = u(Q). Hence V and @ are
also strongly semistable with A(V) = A(Q) = 0 by Lemma 2.3 One also notes that by
Proposition 2.4] V' and @ are also bundles. Since rank of V' and () are smaller than rank
of E, by induction on rank, V|c and Q|c are strongly semistable for all smooth effective
divisor C' € |H]|. Since V, () are bundles, the following is an exact sequence of bundles.

0—=Vl|e—= FYEle — Qlc — 0.

Now one can see that strong semistablity of Vo and Q| implies FE*E|¢ is strongly
semistable since pu(Vl]e) = p(F$*Ele) = 1(Q|e) and hence E|¢ is strongly semistable for
all smooth effective divisor C' € |H]|. O

3. ASYMPTOTIC SLOPES AND STRONG RESTRICTION

In this section we show that one can not expect an analogue of Theorem [Tl for arbitrary
semistable vector bundles on smooth projective surfaces. Recall that Theorem [[LT] states
that, a vector bundle F on a smooth projective curve C' is strongly semistable if and only
if vg(E) = p(F) for all k.
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First we define asymptotic spectrum on surfaces. Let X be a smooth projective surface
over an algebraically closed field K of characteristic p > 0. Let H be an ample line bundle
on X.

Definition 3.1. Let E be a vector bundle of rank r > 2 on X.
For each 1 < k < r, we denote the slope of mazimal subsheaf of rank k by ey(E), and

deg(

er(F) := Max{———= ) | W C E is a subsheaf of rank k}

Define the asymptotic k- spectrum ASy(E) and the asymptotic k-slope vy, (E) as follows:
Let f: X — X be a finite morphism with X normal.
ex(f*(E))
S =
ASuE) = {2
ex(f"(E))

v(E) := Limsup “deaf = Limsup ASi(E).

where the supremum is taken over all finite morphisms f : X — X with normal X .

Consider X = P? and £ = TP?, the tangent bundle of P2. It is known that TTP?
is a strongly semistable bundle. With respect to the very ample line bundle Ox (1),

w(TP?) = 3/2. In the following example we see that if we consider only composite

of Frobenius morphisms F" : P? — P2 and the sequence {%F(f)) :n > 0}, then
* eg

Limsup <220 < 3/2 = u(TP?).

Example 3.2. Consider X = P? defined over a field of characteristicp > 0. Let E = TIP?,
the tangent bundle of P2. On a line | ~ P, it is known that TP?|; ~ Op(2) ® Op (1).
Hence F*TP?|; ~ Op (2p) ® Opi(p). Consider the following exact sequence of sheaves:

0= K — F*TP? - Q — 0.
Now restricts this to any line | ~ P, and using F*TP?|; ~ Opi(2p) ® Op1 (p), we have
(31) 0— K‘]pl — O]pl (2p) D O]pl (p) — Q‘]pl — 0.

If the map Op:1(2p) — Q|pr induced from BI)) is a zero map, then the map Opi(p) —
Q|pr induced from BI) is surjective, hence Opi(p) ~ Qlpi1. Therefore u(Qlp) = p <
3p/2 = pw(EF*TP?)|p1, which contradicts that F*TP? is a semistable bundle.

Hence the induced map Opi(2p) — Q|pr from B.I), is nonzero, hence it is an injective
map of sheaves, hence pu(Q)|p > 2p. Hence with respect to Ox(p), p(Q) > 2p*. Similar
calculation for F™ : P? — P? shows that if Q is any quotient of F™*TP?, then with respect

to Ox(p™), u(Q) > 2p*™ > u(F™TP?). Hence Limsup % < 3/2 = pu(TP?).

Before stating our main result of the section we prove a useful lemma.
Lemma 3.3. Let E be a strongly semistable vector bundle on a smooth polarized surface
(X, H) over an algebraically closed field of characteristic p > 0. For any k, if vp,(E) =
w(E), then vg(FYE) = p(FYE).
Proof. Since v (E) = p(FE), there is a sequence of finite coverings f, : X,, — X and a

subbundles F}, of f!E rank k such that ge(g;i — p(E). Hence M%) w(F% E). Since

deg fn
F% E is also strongly semistable, then v (F{ E) < u(F% E). By definition, nh_)rrolo M(i);”ff") <

v(F% E). Hence the lemma. O
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Now we are ready to prove our main result of this section.

Theorem 3.4. Let (X, H) be a smooth polarized surface over an algebraically closed field
of characteristic p > 0 with H very ample line bundle. Suppose E be a rank 2 strongly
semistable vector bundle. If v1(F) = p(FE), then E|c is strongly semistable for a general
smooth C' € |H|.

Proof. Let X be a smooth surface with a fixed very ample polarization H. Let E be
a rank 2 strongly semistable vector bundle on X. Let C' € |H| be a general smooth
curve such that F3"F|¢ is not semistable for some n > 0. If n > 1, then replacing E by
Fp Y (E), and using Lemma B3 we can assume that F3E|c is not semistable. Let

0—F — F.E|c » F,—0

be the Harder-Narasimhan filtration of F:E|c.

Choose 0 < € < p(F1) — u(FEE|c). Since vi(E) = p(E), there exists an X 4 X such
that X is normal, f is finite and an exact sequence

0—>L— f'E—Ly—0

with L; line bundles and %w < ¢/p. Now consider the curve D := f~'C' in X.
Since C' is general, by [I5] D is geometrically unibranched. Hence D is irreducible. Let
7:D — D,.q be the normalization of D,.s. Let t denote the composite morphism
D — D,cq — D — C. Note that 1 is also finite.

On D we have

0— " Fy = Y'FLE|o

and degy*Fy; — deg *FAE|c = deg¢(deg Fy — deg FLE|¢) > 0.

Hence ¢*F5E|c is not semistable and E' = ¢*F) is a destabilizing subbundle of
Y EGE|c. ) )

Let 7 denote the morphism D — D,.s — D. On D, we also have an exact sequence

0 — Fr(7"(Lilp)) = F5(7"(f"Elp)) = F5m"(La|p)) — 0

Now
1 EN — * [ + * x| CW(FEL
g (W)~ u(p (Lol = M TR TR Ele) Z T el
(B = (W FEBlo) + n(Fyr* £ Elo) — u(Fyr Lal)
R deg 1
d By — (L
= p(FR) — p(FEEle) =2 egT[M(gegiZ 11(Ls)]

> p(F) — u(FeEle) — €
> 0

where the third equality follows from Proposition 6 of [§]. Hence Hom(E', FX7*Ly[p) = 0.
Therefore 0 — E' — 7*F},Ly1|p and pu(E") < u(7*F}Li|p) < p(7*F5(f*E)|p), contradic-
tion. Hence F} E|¢ is semistable for a general smooth C' € |H|. O
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Remark 3.5. (1) Now suppose E is a rank 2 strongly semistable vector bundle such
that v1(E) = u(E), then E|¢ is strongly semistable for a general smooth C' € |H|;
in particular E|c is semistable for a general smooth C € |H|. But this not true in
general (see Example[33). Hence we can not expect vi(E) = p(E) for arbitrary
rank 2 strongly semistable bundle.

In general, if E is a strongly semistable vector bundle on a polarized variety
(X, H), then whether El|c is strongly semistable for a very general hypersurface
C' is an open question. However by Theorem 3.1 of [11], it is known that if E is
a strongly stable vector bundle with A(E) = 0, then E|c is also strongly stable
for all smooth curve C' € |H|. In the next section we study asymptotic slope for
strongly semistable vector bundles with zero discriminant (i.e. A(E) =0).
(2) One might expect to get a generalization of Theorem for a vector bundle of
arbitrary rank. But at present we are unable to extend the Theorem[3.4) for vector
bundles of arbitrary rank.

4. ASYMPTOTIC SLOPES AND STRONG SEMISTABILITY

Here in this section we prove analogue of Theorem [l for strongly semistable vector
bundles E of arbitrary rank with zero discriminants i.e. A(E) =0 and ¢,(F) = H. In
order to do this we appeal to the Kodaira type vanishing theorem in characteristic p > 0,
for this we assume some additional condition (which will be clear from the following) on
the polarized surface and on the vector bundle.

Let X be a smooth projective surface over an algebraically closed field K of character-
istic p > 0. Let H be an ample line bundle. Let F be a strongly semistable vector bundle
of rank > 2 on X with respect to the polarization H with A(E) = 0. Let 7 denote the
natural morphism Gr(k, E) — X. We assume that X, E, H admit a lifting X, £ and H
respectively to W(K). Then Gr(k, E) is a lifting of Gr(k, ) to W5(K). Indeed since E

is a lifting, then £ x X ~ E and there is a natural injection X — X. Hence
Gr(k,E) x¢ X = Gr(k, E|x) = Gr(k, E).

Hence Gr(k, E) is a lifting of Gr(k, E).
Now we state our main result of this section.

Theorem 4.1. Let E be a strongly semistable vector bundle of rank r > 2 with A(F) =
0 on a smooth polarized surface (X, H) such that X, E, H admit a liftings X, FE, H

respectively to Wo(K). Moreover if ¢1(E) = H, then E is strongly semistable if and only
if vg(E) = u(E) for all k.

Proof. Here we prove the if direction and give an outline of the only if direction.
Suppose v (E) = p(E) for all k. We will show that E is strongly semistable. If not,
there exists a finite morphism f : X — X and a subsheaf W — f*E of rank k such that
w(W) > u(f*E). Hence vi(E) > p(F), which is a contradiction.
Now we give an outline of the proof of only if direction. To prove the only if direction
of the theorem we construct smooth surfaces f, : X,, — X and subbundles V,, C f*(E)

such that % converges to u(E).
To find such surfaces, we consider Gr(k, F) and let 7 : Gr(k, E') — X denote the natural
morphism. Let ' = {m? : m € N and m is divisible by rH*}. For any n € N, define

L, = —nk%H +n'/2H. Note that £, is a genuine line bundle for all n € A/. We show
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that Ogy(r, ) (n) @ 7L, is very ample line bundle for all large n € N. Then cutting down
by appropriate k(r — k) sections of Ogyx,p)(n) ® 7L, we get desired surfaces.

The strategy to show very ampleness of the line bundles O, (n) ® 7*L,, is make use
of Kodaira vanishing theorem in characteristic p and Lemma 2.3 of [I]. Let C' € |H|
be any smooth curve, then E|c is also strongly semistable by Proposition 2.5 Also
w(Lnlc) = —nku(E) +n'/2H - H, hence for large n € N, u(L,) > 2g — nku(E) where
g is the genus of C, hence by Lemma 2.3 of [1], Ocrk,p|o)(n) ® 7Ly |c is very ample on
7 1(C) = Gr(k, E|c). We use the very ampleness of Ogyp).) (1) @ 7 L,|c to get very
ampleness of Oc.,p)(n) @ 7L,. O
In order to complete the proof of Theorem [T we need several results (up to Proposition
4.10). The following two lemmas might be known to experts, but here we include a proof
for the convenience to the readers.

Lemma 4.2. Let X be a smooth projective surface over a field of characteristic p > 0.
Let H be an ample line bundle and V' be a strongly semistable vector bundle of rank r
with A(V') = 0. Then the line bundle O(1) on Gr(k,V) is ample if and only if det(V') is
ample.

Proof. First we prove the lemma for £ = 1. Then Gr(1,V) = P(V). Note that Sym" V ®
det(V)* is also strongly semistable and A(Sym”" V' ® det(V)*) = A(Sym" V') = 0. Also

o1 (Sym’ V @ det(V)") = (2T;1)01(V) — rk(Sym’ (E))ex (det(V))

_ (27’; 1) (V) — (27’; 1) (V)

= 0.
Hence co(Sym” V @ det(V')*) = 0. Therefore by Proposition 5.1 of [I1], Sym" V' & det(V)*
is nef. Now since det(V') is ample Sym" V' = Sym" V' ® det(V)* @ det(V) is also ample.
Hence V' is ample by Proposition 2.4 of [5].

Now we prove the lemma for k& > 1. Note that Gr(k, V) embeds in P(A*V) by Pliicker
embedding and Opry)(1) pulls back to Ogyx,)(1). Hence in order to show Ogyr,v)(1)
ample it is enough to show that Op(ykyy(1) is ample. Now as V' is strongly semistable,
then A*V is so. Also A(A*V) = 0, since A(V) = 0 (by Lemma 23). Then by above
paragraph Opry)(1) is ample. Hence the lemma.

O
Lemma 4.3. Let E be vector bundle on X, then
c1(E®™) = nr" ey (E).
Proof. The proof follows from the repeated application of the following formula: given
two vector bundles V; and V5 of rank r; and 7 respectively,
ci(Vi ® Vo) = raci (Vi) + rier(Va).
O
The following Theorem plays a crucial role in proving very ampleness of Ocyk,5(n) @7*L,,.

Theorem 4.4. With the same hypothesis as in Theorem[{.1], fit m > 1. For any smooth
curve C' € |mH|, the cohomology module

HY(Gr(k, E),O(n) @ n*L,(—C)) =0



10 ASYMPTOTIC SLOPES AND STRONG SEMISTABILITY ON SURFACES

for large n € N, where £, = —"2H +n'/*H.

Proof. In the proof of this theorem we will make use to Kodaira type vanishing theorem
in characteristic p > 0. We prove the theorem in two steps.
Let L be an ample line bundle on X. Then in the first step we will show that O x,) (n)®
_T"kW*H ® 7*L is ample for large n € N. In the next step using first step and Kodaira
type vanishing theorem along with Serre duality we will conclude the theorem.

Stepl : We have the following commutative diagram

Gr(k, E)—— P(AF(E))

\ )l(

such that Og(k,p)(n) @ 227" H @7 L = i* (Opar(my) (n) @ 2577 H @77 L). Hence in order
to show Ogrk,p)(n) ® _T"kW*H ® 7*L is ample on Gr(k, F) it is sufficient to show that
Op(ak(py(n) @ =2ExiH @ 77 L is ample on P(A*E).

Using Lemma 3] one can check that det(E®"™ @ =22 ® L) is ample. Since A(E) = 0,
hence A(E®™) = 0, and thus by Proposition 22(1) we have

—nk
A(E®™ ——H®L)=0.

Hence by Lemma {2, £ _T"kH ® L is ample. Since quotient of an ample bundle
is ample, it follows that Sym"(A*(E)) ® _T"kH ® L is also ample.

Now consider the following commutative diagram

P(A(E)) — P(Sym"(A(E))) «— P(Sym"(AM(E)) ® =*H © L)

~e )
™ .

™1
X

Op(Ak(E))(n) ® TﬁH @mL = 1 [OP(Sym"(A’“(E)))(l) ®

such that
—nk

7 H @ 71" L]
= " [Op(symnar () (1)] © TﬂlH ® 7 L.

Since OP(Symn(Ak(E))®%MH®L)(1) is ample on P(Sym™ (A*(E))@ =" HQL), Op(sym(ar(z)) (1)®
=2kt H @ * L is ample on P(Sym™(A*(E)). Hence Opax(gy) (n) @ =257 H @7 L is ample
on P(A*(E)). Thus Oc(k,r)(n) ® —227*H @ 7*L is ample on Gr(k, E).

Step2 : Let C' € [mH]| be any smooth curve. Consider the short exact sequence

0— O(—?T_lc) — OGr(k,E) — Or-1c — 0.

which gives long exact sequence in homology modules,

0 — H(Gr(k, E),O(n) @ m*(L,(—C))) — H°(Gr(k, E),O(n) @ *L,,) —
H°(Gr(k, E|c),O(n) @ Ly|r1c) — HY(Cr(k, E), O(n) @ 7L, (—=C)) — - -
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Now we claim that H'(Gr(k, E), O, @ 7*(L,(—C))) = 0 for all large enough n € N

Note that OGr(hE)(n) (059 W*(ﬁn(—C)) = OGr(k,E)(n) X W*_TnkH (059 W*[nl/2H (059 O(—C)]
Now we can choose n € N and n > 0 such that, n'/?H @ O(—C) is ample. Take
L, =n'?H®O(-C). Hence by Step 1, Oc,,p)(n) @ 7*(L,(—C)) is ample for all n > 0
with n € N. Again we can choose n € N sufficiently large such that Og.x p)(n) ®
T (Ln(=C)) ® K¢, 4.y is also ample. This can be seen as follows: since A(E) = 0 and
det(E) is ample, by Lemma EL.2] Ocx,p)(1) is ample on Gr(k, E). Hence for K¢, p),
there exists s divisible by r(H.H) such that Og(x,z)(s) ® K, Er(,% B IS ample. We can choose
n € N large such that (n'/? — 2£)H(—C) is ample. Hence

Ocr(k,m) (1) @ 7 (Lo(=C)) @ Ky,

—(n—s)k

X . sk i}
= OGi(,p)(n — 5) @ H@r((n'? = —)H(=C)) ® Ocrik 1) () @ Ksyir, )

Now both the line bundles Qg m(n — s) © 7“2 H @ 7*((n'/? — LYH(-C)),
OGr(k,5)(8) @ K¢y, py are ample, hence Ogr,p)(n) @ 7 (Ln(—C)) ® K&, ) Is also am-
ple for large n. Then Kodaira type vanishing theorem says [], H(Gr(k, E),O(—n) ®
(m*(Ln(=C)))* ® Kerk,p)) = 0 for all large enough n € A and for all i < dim Gr(k, E).
Hence by Serre duality the claim follows. OJ

Next we prove that Og,,g)(n) @ 7L, is very ample, for all large n € N. But first we
show a useful lemma.

Lemma 4.5. Let X be any projective variety and H be a very ample divisor on X. Let
x € X, and 7 : Bl,(X) — X denote the blow up of X at x with E as exceptional divisor.
Then 27*H — E is very ample on Bl (X).

Proof. Since H is very ample, with respect to a fixed embedding X can be realized as a
closed subvariety of PV for some N € N. Hence Bl,(X) C Bl,(P"). Let E denote the
exceptional divisor of 7 : Bl,(PY) — PY. Now in order to show that 2r*H — E is very
ample on Bl,(X), it is enough to show that 20px (1) — E is very ample on Bl,(PV).

Note that Opy (1) — E gives the projection morphism from Bl, (PN) — PN=! and Opn (1)
gives the morphism from Bl,(PV) — PN. Hence together 27*Opx (1) — E gives a morphism
Bl,(PY) — PV x PV~ which is the natural morphism of Bl,(PY) — P¥ x PN~1. Hence
27*Opn (1) — E is very ample on Bl,(PV). O
Theorem 4.6. The line bundle Ocyk,p)(n) @ 7L, is very ample, for all large n € N,
where L, = =" H +n'/?H.

Proof. In order to show that the line bundle Oy, g)(n) ® 7L, is very ample, we need
to show that the line bundle separates points and separates tangent vectors.

First we will show that Ogyx,g)(n) ® 7L, separates points. Take two points z;, 2, €
Gr(k, E). Let m(z1) = z,m(22) = y. By Theorem 3.1 of [3], one can choose a smooth
curve C' € |mH| that contains z,y. Consider the short exact sequence of sheaves:

0 = Ocrk,)(n) @ T Ly (—=C) = Ocre,p)(n) @ T Ly = Ok, Blo) (1) @ T Ly | Gr(r, 1) — 0
which yields the following long exact sequence in homology:
o= H(Gr(k, E),O(n) @ m*L,) — H°(Gr(k, E|¢), O(n) @ 7*L,)
— H'(Gr(k, E),O(n) @ 7L, (=C)) — -+~
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By Theorem [£.4]
HY(Gr(k, E),O(n) @ 7 L,(=C)) = 0.
Hence the morphism
<o = H%Gr(k, E),O(n) @ n*L,) — H°(Gr(k, E|¢), O(n) @ 7*L,)

is surjective. By Lemma 2.3 of [1], Ocyk,g|o)(n) ® 7L, separates points on Gr(k, E|¢).
Hence there exists a section o in Ogyk,5),)(n) ® T°L,, such that o(21) = 0 and o(z) # 0.
Then choose a lift 7 € H*(Gr(k, E), O(n) @ 7*L,,) of o which also has the property that
7(z1) =0 and 7(22) # 0. Hence Ogy(k,p)(n) ® 7L, separates points.

Now we will show that Ok, g)(n) ® 7L, separates tangent vectors of Gr(k, ).

Let 7 : T,(Gr(k, E)) — T,(X) be the natural morphism induced by 7 : Gr(k, E) — X
with kernel 7, (Gr(k, E|.)). Let v € T.(Gr(k, E)).

Case 1 : Suppose that 7(v) =0 € T,(X). Then v € T,(Gr(k, E|;)). Choose a smooth
curve C' € |H| such that x € C. Then v € T,(Gr(k, E|,)) C T.(Gr(k, E|c)). Since by
Lemma 2.3 of [1], on Gr(k, E|c), Ocrk,e|o)(n) @ %L, separates tangent vectors, there
exists a section o € H(Gr(k, E|c, O(n) ® 7*L,,) such that ¢(z) = 0 and v ¢ T, (div(e)).
Since the natural morphism

HO(Gr(k, E), O(n) @ 7°Ly) — H(Cr(k, E|o), O(n) @ 7 Ly)

is surjective, there exists a lift ¢ € H°(Gr(k, E), O(n) @ 7*L,) of o. Note that 5(z) = 0
and also v ¢ T.(div(¢)). Hence in this case Ogyx,p)(n) ® 7L, separates tangent vectors.

Case 2 : Suppose that 7(v) = w # 0. We will show that there exists a smooth
D € |mH|, with §H ample such that w € T,(D). Hence v € T.(Gr(k, E|p)), and
then the rest of the arguments follow from case 1.

To show such smooth D € |mH| with w € T,(D) exists let us consider the blow up
morphism 7 : Bl,(X) — X where Bl,(X) denotes the blow up of X at x with F as the
exceptional divisor. One can note that £ = P(T,(X)). Let y represent w in E. Also one
can assume that % H is very ample and hence by Lemma L5l 7*mH — E is very ample on
Bl,(X). Let C be a smooth curve in 7*mH — FE passing through y (such smooth curve
exists by the proof of Theorem 3.1 of [3]). Since (7*mH — E).E =1, 7(C) € |mH]| is a
smooth curve in X and w € T,(7(C)). Hence the proof.

U

Now since Ogyk,p)(n) @ 7L, is very ample for all large n € N, we can choose k(r — k)
sections such that they cut down Gr(k, E) into a smooth surface X,,. Next we show that

X, is finite over X for all large n € N. First we prove a general proposition concerning
a general hyperplane section of a flat family is flat.

Proposition 4.7. Let f : X — Y be a flat family obtained by a morphism f from a
smooth variety X to a smooth surface Y. Let X C PN be an embedding obtained by an
very ample divisor L such that the general fiber is not a linear subspace of PV. Then for
a general hyperplane H, X N H — Y s also a flat family induced by f.

Proof. For each y € Y, let X, denote the fibre. Consider the incidence variety S =
{(y,H): X, C H} C Y xP". Let p; and p, denote the projections from S to Y and to P
respectively. Then the fibre of p; over a point y € Y denoted by S, = {H € PN X, C H}.
Note that S, is a linear subspace of PN of dimension N —dim < X, > —1, where < X, >
denotes the smallest linear subspace containing X, (i.e. the linear span of X,). Since
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for each y € Y, dim S, < N —dim X, — 1 then dimS < N —dim X, — 14+ dimY. The
image p,(S) is a proper closed subset of PV unless dim X, < 1. Hence for the case when
each y € YV, dim X, > 2, there will be a general hyperplane H such that it contains no
fibre X, in other words, for each y, dim X, N H = dim X, — 1. By Bertini’s theorem,
shrinking the open set if required, we may assume X N H is also smooth, hence in this case
XNH — Y is a morphism induced from f between smooth varieties with equidimensional
fibres, hence X N H — Y is a flat family. Now we consider the case when dim X, = 1, for
some y i.e. X, is a curve. Consider S; = {(y, H) € S : X, is linearly embedded in P'}.
Since the general fiber is not a linear subspace of PV, p;(S;) is either a finite set of points
or a curve C'in Y. Hence dimS; = N —dim X, =1 +dimC = N —1, where y € C, again
p2(S1) is a proper closed subset of PN, thus arguing as in the previous case one checks
that for a general hyperplane H, X " H — Y is a flat family. OJ

Next we give an example which shows that the hypothesis that the general fiber is not
a linear subspace of PV is necessary.

Example 4.8. Consider X = SLs/B which embeds inP3, Y =P2. Let f: X — Y denote
the morphism which sends each full flag to its linear subspace. One notes that each fibre
is a linear space P' in P8. It is known that for a general hyperplane H, X N H — Y
1s birational. If X " H — Y s a flat family. it would be a finite map and hence an
isomorphism, which is not true as we show next that there is no section from P?* — SLs/B.
Let Dy and Do be the divisors in SLs/B. They are pull backs of lines from P? and P?
dual. Since the square of a line in P? is a point, we get D? = Ly and D3 = Ly, where L,
and Ly are fibres. The very ample divisor H on SLs/B is Dy + Dy. If we intersect these
divisor Dy - Dy = Ly + Lo. Hence by squaring we get:

(D1 + D3)? = D} + D3 + 2Dy - Dy = 3D, - Ds.

Assume there is a map [ from P? to SL3/B and f*(Dy) = a and f*(Dy) = b. Then
f*(H) = f*(Dy+ D) = a+0b. Hence f*(H?) = f*(Dy + D3)? = (a+b)* = a® + b* + 2ab.
Hence we get: a®>+b*+2ab = 3ab. subtracting 4ab from both sides we obtain (a—b)? = —ab,
which s true only when a =0 and b = 0.

Theorem 4.9. For all large n € N, the morphism X, — X induced by 7 is a finite
morphism.

Proof. By Proposition .7, a general section of Ogy,p)(n) ® 7L, cuts each fibre of
7w : Gr(K,E) — X into a variety of dimension exactly one less. Using Proposition 1]
repeatedly one see that the morphism X,, — X is quasi finite. Since the morphism is also
proper, it is a finite map by Zariski’s main theorem. (]
Since X, is complete intersection, then deg OGr(k,)(1)] 3, With respect to X,,.m*H, can
be calculated as the cup product of the cycle classes of the corresponding divisors with
the class of Ocr,g)(1).
Let D =X, -7*H.
On Gr(k, E'), we have the universal exact sequence:

0—S(F)—7n"E— Q(F)—0.
Hence

0—S(E)|g, — 7 Elz — Q)% —0.

n
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Proposition 4.10. Let f, : X, — X denote the morphism induced by 7. Then

Pl E) — i(S(E)lz,)
n—o0 deg fr

=0,

where p is taken with respect to D.

Proof.

deg Q(B)|x = [O(n) @7 L, [ “H] - [OQ1)]
O(n)] + [r" L)) - [7*H] - [O (1)]
Om)]"" ™ + k(r = RO [r"L,]) - [ H] - [O(1)]
nkr=h) |+ k(r — B)nfr= o) R L, ] - (7 H)
= A" UROM)FI L T H] 4 k(e — k)n* O] L F) deg L,

the last equality follows from the fact that
O - [7°L,] - [7*H] = (O] - F) deg Lo,
where F denotes any fiber of 7 : Gr(k, F) — X.
degm*E|y = [O(n) @7 L) . [z*H] - [r* det E]
P RO L [r H) - [7* det E] 4 [7*°L,) - [7*H] - [r* det E]
n*TR((O(1)] - F)deg E +0
the last equality follows from the fact that
[T L,] - [7"H] - [ det E] = 0.

Need to find [Og(x,py(1)]F""¥+1 . [7*H]. Note that if C' € |H| be any smooth curve,
then

[OGr(k,E)(l)]k(r k)+1 | [ *H] [OGr(k,E|c)(1>]k(r_k)+1

Hence by Lemma 2.3 of [13]

[O6etiy (DI 5 H] = (h(r — k) + Dpa(B) (O (DI - F)
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Hence
deg S(E)lx, = degW*Elx—degO( )%
= ([ (1 ] F)degE — k(f—k)[o(l)]k(n—k)ﬂ [n*H]
( ( — k)ntt- ([(9(1)]W V. F)deg Ly,
= ([0(1)]k )degE nFCR) (k(r — &) + Dk E)([Ocrez (1) - F)
— ([O(l)]k ]—")r,u(E) _ k= )(k‘( — k) + 1)kM(E)([OGr(k,E)(1)]k(r_k) . F)
—k(r— k)nkr=H) 1([0(1)]k(r—k . F)deg L,
= (=R IO F)u(B) = n* k(= k)ku(E)([Ocre ) () - F)
—k(r—k‘)nk(’"_k)_l([O(l)] r—k) f)(—nku( )+n1/2H-H)
= (r— l{;)nk(“k)([(’)(l)]k(r k) - F)u(E) = k(r — k)n k(r—k)—1n1/2([O(l)]k(r_k) - F)H - H.
Hence
us(ey;,) = LB

= 2RO F)u(E) — ka2 (O] - F)H - H.

Note that the degree of f, is equal to the cardinality of a general fiber of f,, which
equals t0 [Oc(r, z,) ()] = n* R ([Ogyr, ) (1)) - F).

Hence
wS(E)x,) n’“(r"“)([o(l)]’““"“)'f)u(E) kn =R 2([O()F0-R . FYH - H
deg f,, n* =) ([Oc(h i) (1)]F0=F) - F) '
kn'?H - H
= u(E) -
n
Therefore
. WE—-p(S(E)g,) . degfuu(E) — u(S(E)|x,)
lim = lim
n—oo deg f, n—0o0 deg fn
, kn'?H - H
= lim [M(E)—M(E)JrT]
. kn'?H-H
= lim ———
n— 00 n
= 0.

O

Completion of the proof of Theorem[{.1. Now we complete the proof of the only if di-
rection of theorem. Suppose E is strongly semistable. Then for any finite morphism
f: X — X, f*(F) is semistable. Hence for all k, if W is a subsheaf of f*E, u(W) <
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p(f*E). Therefore v,(E) < u(E) for all k. Now as before one can construct X, and by
Proposition [4.10 the theorem follows. O

Remark 4.11. One might hope to get a similar result of Theorem [{.13, without the
assumption ¢, (FE) = H, without even the lifting assumptions on the surface and the bundle.
But at present we have no idea how to avoid Kodaira vanishing theorem.

However Theorem [4.1] has the following corollary.

Corollary 4.12. Let E be a strongly semistable vector bundle of rankr > 2 with A(E) =0
on a smooth polarized surface (X, H) such that X, E, H admit liftings X, E, H respectively
to Wo(K). Suppose E is also strongly semistable with respect to c1(E)+mH for allm > 0.
Then vy (E) = u(E) for all k, where slope is taken with respect to ¢1(E) +mH for some
large m.

Before going to the proof, we first prove a useful lemma.

Lemma 4.13. Let E be a vector bundle on a smooth polarized surface X. Let L be a line
bundle on X. Then for any k,

vi(E) = p(E) if and only if vy(E ® L) = n(E @ L)

Proof. Note that if there exists a sequence of finite coverings f,, : X,, — X and subbundles
F,, of f*E of rank k, then for each n, F,, ® f:L is also a subbundle of f(F ® L) of rank
k. Similarly if there exists a sequence of finite coverings f,, : X,, — X and subbundles G,
of fX(E® L) of rank k, then for each n, G, ® fL£~" is also a subbundle of f*E. We also

e (F.) (F, ® f:L)
N 110 2 N 11 DNl i

| d =1 —_— " 7
n1—>nolo deg fn + egﬁ n1—>nolo deg fn

Thus

Hence the lemma follows. O

Completion of the proof of Corollary[{.13 First note that E is strongly semistable if
and only if for any line bundle £, F ® L is so and we also have that A(E) = A(E® L).
Also by Lemmald T3] v1(E) = p(F) if and only if 11 (EQL) = p(EQL). Also ¢;(E@nH) =
c1(E) + rnci(H). Hence the corollary follows from Theorem [£1] O

We conclude this section with the following remarks where we give criterion, when the
hypothesis “E is strongly semistable with respect to ¢;(E) + mH for all m > 07 of
Corollary [4.12] holds.

Remark 4.14. (1) When E is a vector bundle with ¢;(FE) = co(E) = 0, then it
satisfies all the hypothesis of Theorem[{.19 Hence in this case given an ample line
bundle H, E is strongly semistable with respect to H if and only if vi.(E) = pu(E)
for all k.

(2) If E is a strongly semistable with respect to c¢1(E), then E is strongly semistable
with respect to ci(E) +mH for all m, as pic,(g)1mu (=) = fey(g) (=) + tam (-)-

Next suppose that E is not strongly semistable with respect to ¢ (FE) Consider

lim,, o0 ”H(FQ*EPL_”H(W") where W,, denote a mazimal subsheaf of FY*E. Suppose

the limit is nonzero say 6 > 0. Since E is not strongly semistable with respect to
c1(E), then there exists ng such that Fi¢* is not semistable for all n > ny. By [10],
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it is known that there exists ng+k such that if V s the maximal destabilizing sub-
sheaf Fo™"(E) then F33 (V) is the mazimal destabilizing subsheaf of Fio 1" (E).
Let V. ..., Vi, are mazimal destabilizing subsheaves of Fio*(E), ... FlotF(B).

» TNK
Let ¢; = “H(Vno“);r‘ffff;ﬁl E) " Now choose m such that mé > € foralli. Let'V
be a subsheaf of F*(E), then
prer(B)tmit (FX"(E)) = prey@yimu (V) ey ) (FX(E)) = prey) (V) + pms (F%*(E)) — s (V')
p" p"
> —max{e i} +md
> 0.

Hence whenever § > 0, E is strongly semistable with respect to ¢y (E) + mH for
all m > 0.
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