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ON HERMITIAN MANIFOLDS WITH VANISHING CURVATURE

KYLE BRODER AND KAI TANG

ABSTRACT. We show that Hermitian metrics with vanishing holomorphic curvature on com-
pact complex manifolds with pseudoeffective canonical bundle are conformally balanced.
Pluriclosed metrics with vanishing holomorphic curvature on compact Kahler manifolds are
shown to be Kahler and hence, are completely classified. We prove that Hermitian met-
rics with vanishing real bisectional curvature on complex manifolds in the Fujiki class €
are Kahler and thus fall under the same classification. Finally, we formalize the notion of
‘altered’ curvatures, which force distinguished metric structures when mandated to coincide

with their ‘standard’ counterparts.

1. INTRODUCTION

Hermitian geometry has exposed a vast, untamed wilderness of curvature conditions. Even
within Kéhler geometry, the relationship between some of the most classical curvatures re-
mains far from understood (see, e.g., [11]). A foundational result in the subject is the classi-
fication of simply connected complete Kahler manifolds with constant holomorphic sectional

curvature HSC, = ¢, where

HSC,(6) = g O Ryu€@e€.  ceTHx. (11)
8 i5,k,L

These manifolds are biholomorphically isometric to the Bergman metric on B” if ¢ < 0, the
Euclidean metric on C™ if ¢ = 0, and the Fubini-Study metric on P" if ¢ > 0 (see [22, 23, 27]).

A long-standing conjecture predicts that a compact Hermitian manifold with constant
(Chern) holomorphic sectional curvature is Kéhler if ¢ # 0 and Chern-flat if ¢ = 0. In
particular, compact Hermitian manifolds (X, g) with HSCy = 0 are predicted to be compact
quotients of complex Lie groups with a left-invariant metric [6]. The conjecture is known
for surfaces [3, 1], Chern and Strominger—Bismut Kéhler-like metrics [32, 18, 30], complex
nilmanifolds [24], and for locally conformally Kéhler metrics with non-positive constant [17].
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Existing methods have all centered around forcing symmetries on the metric from derived
curvature identities. While we maintain aspects of this approach here, we also use the rela-
tionship between the holomorphic sectional curvature and the algebro-geometric properties
of the canonical bundle Kx. In more detail, we will consider compact complex manifolds
with pseudoeffective canonical bundle—i.e., we assume there is a possibly singular Hermitian
metric h on Kx with whose curvature current ©(h) := /—190 log(h) is semi-positive (in the
sense of currents). This forces additional structure on the metric and allows us to establish
the first main theorem.

Theorem 1.1. Let X be a compact complex manifold with pseudoeffective canonical bundle.
Then, any Hermitian metric g on X with HSC,; = 0 is conformally balanced. In particular,
pluriclosed metrics with HSC, = 0 are flat Kahler metrics and X is biholomorphic to a com-
plex torus C"/A.

We remind the reader that a Hermitian metric g is pluriclosed if 85wg = 0 and balanced
if dwg_1 = 0, where n := dimc X. Note that if X is Moishezon (bimeromorphic to a
projective manifold) or a compact complex threefold in the Fujiki class € (bimeromorphic
to a compact Kéhler manifold), the curvature condition HSC, = 0 automatically implies
that Kx is pseudoeffective (as a consequence of the Ahlfors-Schwarz lemma and [7, 15]).
We believe that the assumption on the canonical bundle is superfluous in general, and even
more, predict that a compact Hermitian manifold (X,g) with HSC, = 0 is balanced.

For compact Kahler manifolds endowed with a pluriclosed metric of HSC; = 0, we can
make use of the results in [14] to prove the following.

Theorem 1.2. Let X be a compact Kahler manifold with a pluriclosed metric of HSCy; = 0.
Then (X, g) is biholomorphically isometric to a complex torus with a flat Kéhler metric.

We next consider the curvature constraint that was introduced by Yang—Zheng [40]. In more
detail, motivated by the Schwarz lemma for holomorphic maps into Hermitian manifolds (see,
e.g., [31, 41, 8, 9, 14]), Yang—Zheng introduced the real bisectional curvature

1 _ -
RBC,(¢) = e D RagsCC, (1.2)
a,B,7,0

where ¢ is a nonnegative Hermitian (1,1)-tensor. If the metric is Kéhler(-like), the real
bisectional curvature is comparable to the holomorphic sectional curvature (i.e., if one is
signed, the other has the same sign), but in general, it defines a stronger curvature. However,
it is not strong enough to control any of the Chern Ricci curvatures. Yang—Zheng showed
that compact Hermitian manifolds with RBCg = 0 are balanced with vanishing Chern Ricci
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curvatures. If, in addition, dimc X = 3, Zhou—Zheng [43] showed that the metric is Chern-
flat.

Using the locality technique introduced in [12], we show that Hermitian metrics g with
RBC,; = 0 on complex manifolds in the Fujiki class € are flat Kéhler metrics on a complex

torus.

Theorem 1.3. Let X be a compact complex manifold in the Fujiki class €. Suppose that
X admits a Hermitian metric g with RBC, = 0. Then (X, g) is biholomorphically isometric
to a complex torus C"/A with a flat Kédhler metric.

In what remains of the present article, we will consider a family of ‘altered curvatures’. These
curvatures primarily serve the role of forcing distinguished structures on the metric if they
happen to coincide with their ‘standard’ counterparts. The model example of an altered
curvature is what we call the altered scalar curvature §c§1g = gilghi R;jke, whose ‘standard’
counterpart is the Chern scalar curvature Scalg := g* ghi R;517- The primary significance of
the altered scalar curvature is expressed in an old result of Gauduchon [20], which asserts
that a compact Hermitian manifold with Scals = §651g is balanced. These altered curvatures
play an essential role in understanding the curvature of a Hermitian metric [26], including
the curvature of the Gauduchon connections [13]. This article will introduce altered variants
of the holomorphic sectional curvature, real bisectional curvature, and quadratic orthogonal

bisectional curvature.

2. COMPACT COMPLEX MANIFOLDS WITH CONSTANT HOLOMORPHIC AND REAL
BISECTIONAL CURVATURE

In this section, we will prove Theorem 1.1, Theorem 1.2, and Theorem 1.3. Throughout this
manuscript, X will always denote a (connected and paracompact) complex manifold. We
exclusively denote by n := dimg X the complex dimension of X. If g is a Hermitian metric
on X and J denotes the (integrable) complex structure on X, then we write wg(-,-) := g(J-,")
for the (1, 1)-form associated to g. The top exterior power of w is related to the Riemannian

volume form dvg by wg = nldvg.

Reminder 2.1. The Chern connection is the unique C-linear connection on the tangent
bundle 719X such that Vg = VJ = 0 and the (0,1)-part coincides with the holomorphic
structure VO = 9 (see, e.g., [21, 13]). If g;; denote the components of the Hermitian metric g

in a local frame, the cgmponents of the Chern torsion T are given by Tfj = ng (&-gjg— 0;8;7)-
We write n =, midz" =3, Tk dz* for the torsion (1,0)-form.
Let R denote the curvature of the Chern connection with local components R,j.7. There

are four distinct traces of the Chern curvature tensor and, thus, four distinct Chern Ricci
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curvatures. The first and second Chern Ricci curvatures Ricg) = gMR- 7 and RIC( ) =
g R,5x7 trace to the same Chern scalar curvature Scalg. The remaining third and fourth

Chern Ricci curvatures Ricg ) = — ghi R;j17 and RIC(—) — gi'R, 7 trace to what we refer to as

ijk
the altered Chern scalar curvature Scalg, ie.,

Scaly = g’; Ric%) = ngRic](j;), gga/lg = giZRicS) = gk] RIC(4)
We invite the reader to consult [26, 13] for further details.

Proof of Theorem 1.1. Let X be a compact complex manifold with pseudoeffective canon-
ical bundle. Let g be a Hermitian metric on X with HSCy = 0. For any { € T LOX  we have

1 1 —
/Pnl ]5\4 R’ gjgkgwaS = m (Scalg + Scalg) , (2.1)

where wrg denotes the Fubini-Study metric of unit volume on P"~! (see, e.g., [25, Lemma
1

4.1]); hence, Scalg + SZEg =0. Let gg = fOTlg be the Gauduchon metric (i.e., gg satisfies
aéwg—l = 0) in the conformal class of g, where fy € C>°(X,R) is a strictly positive function
(such a metric always exists [20]). Let wg(-,) :=gg(J-,-). Then

/Scalgcwg = n/ Ricg})/\w"_1
X X
= n/ Ricg)/\wg_l = n/ foRicg)/\wg_1 = /foSCalgwg.
X X X

A similar computation (see, e.g., [39]) then gives [ Sfc\z;lgewg =[x foggglgwg. Let ng denote
the torsion (1, 0)-form of gg. We then compute

1 — 1 —
/ Scalg ,wg = 3 / <ScalgG + ScalgG> w + 3 / <ScalgG - ScalgG> wé
b'e X X
1 Qm] no, 1 n
= 3 /X fo (Scadg + Scalg) wg + 3 /X \ng\gcwg

1
= §/X|77G|§GW?; >0

Since Kx is pseudoeffective, [38, Theorem 1.3] implies that [, |77g|§ng = 0. Therefore, gg
is balanced, and g is conformally related to a balanced metric. This proves the first statement
of Theorem 1.1. If, in addition, g is pluriclosed, the metric must be Kéhler (see, e.g., [26],
Corollary 5.4). In particular, (X,g) is a compact Kéhler manifold with HSC, = 0 and thus
biholomorphically isometric to a complex torus with a flat Kéhler metric. O

An essential part of the proof of Theorem 1.2 is the following result.
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Proposition 2.2. Let (X, g) be a compact Hermitian manifold with constant holomorphic
sectional curvature HSCy = ¢, for some ¢ € R. Then

1 1
/ Scalgw, = %/ wg+§/ In gwg.
X X X

In particular, a pluriclosed metric with HSC; = 0 and | x Scalgwy = 0 is Kéhler and the
universal cover of X is C™.

Proof. Suppose g is a Hermitian metric with HSCy = c. Let {e;} be a local unitary frame

with dual coframe {e*} of (1,0)-forms. From the first Bianchi identity Tfj 7= Riar — Rigjs

we have

where the index after the comma indicates covariant differentiation with respect to the Chern

connection. Hence,
Z Mg = Z (Riwr — Ryzip) = Z Rk — Ryzir)
7 i,k i#k
= Z (R + Rygeiz) — Z Rk + Rigwr) -
i<k i<k
The Balas lemma [2] asserts that
Riwk + Ryiie + Rigpi + Baziz = 206,

and therefore,

Z Rk + Rigw) - = Z [2¢ — (R + Rygeiz)] -

i<k i<k
Inserting this into the previous computation,

Zm,z = 2 Z (R + Ryriz) — en(n — 1)
) i<k
= 2(Scaly —nc) —cn(n—1) = 2Scaly —cn(n+1).

The torsion (1,0)-form satisfies Owg_l =-nA wg_l. Hence,
58wg_1 = —0nA wg_l +nA 5wg_1 = —OnA wg_l —nATA wg_l.

Hence, by integrating,

2w :/ N5 | wy = 2/ Scal w"—cn(n—l—l)/w".
/X g¥g « ZZ: ii | Yg . g¥g 8



6 KYLE BRODER AND KAI TANG

Proof of Theorem 1.2. Let X be a compact Kéhler manifold with a pluriclosed metric of
HSC, = 0. Applying [14, Theorem 3.2], we observe that Kx is nef (i.e., for any € > 0, there
exists a smooth Hermitian metric h with curvature form ©(h) := /—19dlog(h) > —ewo,
where wy is a fixed reference form). In particular, Kx is pseudoeffective. As in the proof of
Theorem 1.1, the vanishing of the holomorphic sectional curvature implies Scalg + Sfc;;lg =0.
Since g is pluriclosed, we also have the following identity on the curvature and torsion of g:

Rijre + Rizij — Rioej — Rijir = TinTiegpg (2.2)
Using the metric to trace over 7,5 and k,/, we see that pluriclosed metrics satisfy Scaly —
Sfc\glg = %|T|2 > 0. In particular, pluriclosed metrics with HSC, = 0 satisfy Scal, > 0.
Now proceed by contradiction and suppose that g is not balanced. Propolsition 2.2 with

n—1

¢ = 0 implies that g has positive total Chern scalar curvature. Let gq = f;'~ g denote the
Gauduchon metric in the conformal class of g. From the proof of Theorem 1.1, we see that

/Scalgcwg = /fOScalgwg > (minfo(x)>/ Scalgwg > 0.
X X zeX X

Hence, X admits a Gauduchon metric with positive total Chern scalar curvature. From [38,
Theorem 1.3], this implies that Kx is not pseudoeffective and thus violates the fact that
Kx is nef. It follows that g is balanced. A Hermitian metric that is both pluriclosed and
balanced is Kéhler. Therefore, (X,g) is a compact Kéahler manifold with HSC, = 0; such
manifolds are completely classified by [22, 23, 27]. O

Recall that the Chern scalar curvature is said to be quasi-positive if Scal; > 0 on X and
Scalg(xg) > 0 for some 2y € X. From the proof of Theorem 1.2, we also observe the following
extension of a result in [38].

Corollary 2.3. Let X be a compact complex manifold. The following are equivalent:

(i) X admits a Hermitian metric with quasi-positive Chern scalar curvature.
(ii) X admits a Gauduchon metric with positive total Chern scalar curvature.

In particular, a compact Hermitian manifold with quasi-positive Chern scalar curvature has
negative Kodaira dimension.

Proof. The equivalence of (i) and (ii) follows from the proof of Theorem 1.2, as we already
mentioned. Hence, if X has a Hermitian metric with quasi-positive Chern scalar curvature,
we can find a Gauduchon metric with positive total Chern scalar curvature. From [39,
Lemma 3.2], there is a Hermitian metric with positive Chern scalar curvature. Proceed by
contradiction and suppose that the Kodaira dimension is nonnegative. Then there exists a
holomorphic section o € HY(X, K%Z) for some ¢ € N. Hence, a simple calculation gives

Aglalé = ]VUP—I—@Scalg]U@ > Vol
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The divergence theorem then yields the desired contradiction. O

Remark 2.4. Let us remark that an essential feature of the proof of Theorem 1.2 is that by
using the Schwarz lemma [14] to prove that the canonical bundle Kx is nef, we can extract
more precise information out of Yang’s result on the image of the total Chern scalar curva-
ture functional. The K&hler assumption is only used in order to apply the Wu—Yau theorem
given in [14]. While it is expected that a compact Hermitian manifold (X, g) with HSC; <0
has nef canonical bundle, the existing strategies [35, 34, 40, 14], this presently remains out
of reach.

Let us mention that Theorem 1.2 extends to complex manifolds X is in the Fujiki class C,
i.e., X is bimeromorphic to a compact Kéhler manifold, endowed with a pluriclosed metric of
constant HSC, = 0. Indeed, since X has no rational curves, i.e., holomorphic maps P! - X,
we know that X is Kéhler (see, e.g., [5]).

If we remove the pluriclosed assumption and consider Hermitian metrics with constant
real bisectional curvature (defined in (1.2)), then we can make use of the locality technique
introduced in [12] to prove Theorem 1.3.

Proof of Theorem 1.3. We first note that the Schwarz lemma [40, 14, 9] shows that if
X has a Hermitian metric with RBCy = 0, then every holomorphic P! — X is constant.
Hence, from [5], X must be K&hler. Yang—Zheng [40] showed that a Hermitian metric with
RBC,; = 0 is balanced with vanishing Chern Ricci curvatures. In particular, the canonical
bundle Kx is holomorphically torsion, i.e., K ® ~ Oy for some ¢ € N. From Yau’s resolution
of the Calabi conjecture [42], X admits a Ricci-flat Kéhler metric §. Using the technique
introduced in [12], we apply the Schwarz lemma to show that the Chern connections of g and
g coincide. In more detail, let id : (X,8) — (X,g) denote the identity map. Observe that
(V(‘)id)’fj = fk Ffj, where Fk = g’ffaigﬂ and Ffj = gkzaigjg denote the local coefficients for
the Chern connectlon of g and g, respectively. Hence, to show that ¢ and g have the same
Chern connection, it suffices to show that |Vaid|? = 0. To this end, we compute

Agtrg(g) = |VOid|? + Ric(g)8" 8 g,, — Ri.878 5",

where Ric(g) is the Ricci curvature of § and R is Chern curvature tensor of g. Since § is
Ricci-flat Kahler and the real bisectional curvature of g vanishes, the divergence theorem

0 /Atrg /\V(‘hd\z o
X

Hence, |V0id|? = 0 and the Chern connections of g and g coincide. The Kihler condition

implies

is expressed by the vanishing of the torsion of the Chern connection. Since the Hermitian
metric g has the same Chern connection as the Kéhler metric g, it follows that g is Kéahler.
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A Kéhler metric with RBC, = 0 has HSC, = 0 and hence, (X,g) is (biholomorphically
isometric to) a complex torus with a flat Ké&hler metric. O

A further corollary of Theorem 1.3 and the locality technique of [12] is the following rigidity
statement for second Chern Ricci-flat metrics.

Corollary 2.5. Let X be a compact complex manifold in the Fujiki class €. Suppose X
admits a pluriclosed metric with RBCy = 0 and a Hermitian metric g with Ricg) = 0. ThenX
is a complex torus, and both g and g are flat Kahler metrics.

3. THE ALTERED CURVATURES

In this section, we describe the altered curvatures in greater detail. Recall that an altered
curvature is a curvature tensor that forces distinguished structure on a metric when com-
pared to its ‘standard’ counterpart. The model examples of altered curvatures are the third
and fourth Chern Ricci curvatures and their trace, which we refer to as the altered scalar
curvature. We first consider an altered variant of the real bisectional curvature.

Definition 3.1. Let (X, g) be a Hermitian manifold. For a nonnegative Hermitian (1,1)-
tensor (, the altered real bisectional curvature is defined

1 — _
2 2 Ragsc®C”. (3.1)

& a,8,7,6
The altered real bisectional curvature controls the holomorphic sectional curvature and the

RBC,(()

altered Chern scalar curvature. Indeed, for any unit (1,0)-tangent vector £ € TH°X, we may
choose a unitary frame {ey,...,e,} such that £ = Aej for some A € C. Hence, if we choose
B = 51618 we see that

RBCy(C) = Y Ru5,30°987° = Ry = HSCy(6).
a,B,7,0

Further, choosing CO‘B = % o3 We have ﬁﬁég(g) = ggz;lg.

The following result provides an analog of what is known for Hermitian metrics with
constant real bisectional curvature (but curiously opposite in sign).

Theorem 3.2. Let (X, g) be a compact Hermitian manifold with ﬁﬁﬁg = ¢, for some ¢ € R.
Then ¢ > 0, and if ¢ = 0, the metric g is balanced with vanishing Chern Ricci curvatures.

Proof. Suppose g is a Hermitian metric with ﬁﬁﬁg = c¢. For any local frame and nonnegative
Hermitian (1, 1)-tensor ¢, we have

RC M = etr(¢?).
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In particular,
Rk + Riewis = 2¢, Rijke+ Ry = 0. (3.2)

Hence, in a similar manner to the proof of Proposition 2.2, we compute

Z Mii = Z (Rirk — Rizir) = Z (Rigke — Ryar)

ik ik
= Z (2¢ = Rypiz + Rigr)
i#k
= 2cn(n—1)— Z(ka — Ritra)

itk
= 2cn(n—-1)— Z i 7
i

It follows that

[y = (Zn) o = en(n—1),
X x \5

and in particular, ¢ > 0. If ¢ = 0, then the metric g is balanced and thus d;wg = 0 and

5gwg = 0. From (3.2), we see that the first Chern Ricci curvature Ricg—l.) = g R, vanishes
7 J

if ¢ = 0. Further, since Rico(i) = Ric&lg) — 00zwg and Rico(f;) = Ric&lg) - 5(§gwg (see, e.g., [26]),

this implies the vanishing of the third and fourth Chern Ricci curvatures. From the second

equation in (3.2), this also implies the vanishing of the second Chern Ricci curvature. O

Consideration of the altered real bisectional curvature is motivated by the fact that the
holomorphic sectional curvature is comparable to the sum of the real bisectional curvature
and altered real bisectional curvature.

Definition 3.3. For nonnegative Hermitian (1, 1)-tensors ¢, we define the altered holomor-

phic sectional curvature

1 wBai
@ Z (R‘aﬁ'yg + R‘ch'yB) C BC’Y(;’
a,B,7,0

HSCy(¢)

This curvature function is considered implicitly in [40] and is comparable to the familiar
holomorphic sectional curvature in the sense that if one is signed, the other admits the same
sign (see, e.g., [40, p. 5]). These two holomorphic sectional curvatures are not scalar multiples
of each other, however.

In fact, the following result shows that constant holomorphic sectional curvature does not

imply constant altered holomorphic sectional curvature, in general.
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Proposition 3.4. Let (X,g) be a Hermitian manifold with constant holomorphic sectional
curvature HSCy; = ¢, for some ¢ € R. Then the altered holomorphic sectional curvature
satisfies

ASCy(¢) = ﬁ L4 3 ¢iReh
ik=1

In particular, HSCy = ¢ and ﬁ§(/3g = c if and only if ¢ = 0.

Proof. Suppose HSC, = ¢ for some ¢ € R. In any local unitary frame, the Balas lemma [2]
yields

Riek + Rizip + Rigwg + Rypiz = 2c
Let ¢ be a nonnegative Hermitian (1, 1)-tensor. Then
Z (Ryiwi + Ry + Rias + Riggiz) ¢¢F = 2 Z (Rags + Roa) ¢ = 202 ¢,
itk ik i#k

Hence, from R;- = ¢, we have

ZZZZ
n o n -
Z (e + Rig) ¢C" = CZ ¢keh + 202 (CHFy? # I+ Z ¢

ik=1 i#k i,k=1
This last expression also shows that if, in addition, the altered holomorphic sectional curva-
ture is constant, the constant is necessarily zero. O

Remark 3.5. We confess that this is the one instance where our diligent use of the altered
terminology is abandoned. More appropriate terminology would be given by employing the
prefix quasi, pseudo, almost, or semi. These are in conflict with other strictly defined rules;
however, at the present time, we regrettably stick with this terminology.

The last of the curvatures that we will consider here is the quadratic orthogonal bisectional
curvature (QOBC)

QOBC, : Fx xR: -+ R,  QOBC,(¢ = 6@ Z Rogrs(€a — &)2, (3.3)
ay=1

where Fx denotes the unitary frame bundle of X, was first explicitly introduced by Wu—
Yau-Zheng [36]. The condition QOBC, > 0 is then understood to mean for all { € R’} and
all unitary frames. Wu—Yau—Zheng [36, Theorem 1] showed that a compact Kahler manifold
with QOBC, > 0 has the property that every nef class admits a semipositive representative.
Note that the QOBC first appears implicitly in the paper of Bishop—Goldberg [4] as the
Weitzenbock curvature operator acting on real (1, 1)-forms, and the first invariant expression
of the QOBC was given by Ni-Tam [28, (A.5)] (c.f., [10]). Chau-Tam [16] and Niu [29]
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showed that a compact K&hler manifold (X,g) with nonnegative QOBC has nonnegative
scalar curvature. Based on the results in [10], it would be interesting to give a combinatorial
proof of this statement. For a general Hermitian metric, we have the following.

Proposition 3.6. Let (X,g) be a Hermitian manifold with QOBC, > 0. Then for any
unitary pair of (1,0)-tangent vectors &, v, we have

Ric" (&, €) + Ric (v, 7) + Ricl) (£, €) + RicP (v, 7) > 2(R(&,7,,€) + R(1,€,£,7)) .
In particular, in any local unitary frame, the scalar curvature satisfies
1
Scaly = —— > Ry + Reine) -
1<k<t<n

Proof. Let g be a Hermitian metric with QOBC, > 0. Then for any & = ({1,...,&,) € R”
and any local unitary frame, we have szzl R (& — €)% > 0. For distinct indices 7, k, £,
set § =0, { = 2, and §; = 1. This gives
ARy + ARy + Z Ryz7 + Rizur + Rezg5 + Ryz)
J#k,j#E

=4(Ryz7 + Rang) + Z Ryz7 + Rjs + R+ Rz0) = 00 (34)
AR

Let fr = %(ek —e), fo = %(ek +e¢) and f; = e;. Then (3.4) in this frame gives

R(ek — €y, e — €p, €L + ep,ep + ez) + R(ek + eg, e +ep, e — €p, e — eg)

1 - _ _ S
+§ Z ((R(ek — €y, €L — €y, ej, ej) + R(ej, ej, € — €p, e — eg))
J#k,j#L
1 - _ _ _
+= Z R(ex + e, ex + er,e5,€) + R(ej, &, ex + er, e + eg)
jk g
= Rymx + Rag + Rgr — Rz — Ry + Reoe — Repr — Rezna
Rz T Rier — Ruanr — Rimer — Rizr + Rz + Ras — Rz
Rz T Rz + Rz — Rizr — Rir + R — Rerr — Rumer
Ry — Rumr + Rir + R + Ryzr — Rz — R + Rgr

1
5 D (ka + Ry — Rigjg — R + Ryja + Ryjae — Ryjag — Rﬁz%)
i#k g
! R R, +R R R R +R. - +R
+5 D ( kjss T Meeg T Mgy ey T Ry + Rygee T Rygee j3€E>
i#k g
= Ryr T Ree + Rigr + R — Ry — Riawe — R — Rugre

1
+5 D <ka + R + R + RjW) = 0.
jk I
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Similarly, setting fr = %(ek —v—1ey), fo = %(ek + v/ —1leg) and f; = e; gives
Rizir T Ra + Rygr + R — Ryae + Rir + R — Rz
1
+3 2 (ka + Rz + Rz + RjW) > 0.
J#k,j#L
Adding these equations together, we get
Rizir + Reae + Ryger + Reae — Ryos — Rz + Z (RkEjj + Rygj; + R + Rﬁ@) > 0.
J#k,j#L
Observe that
Rlc(l—) + Rlc(l) + RIC(2) + RIC(2)
= Ryms + Rae + Rgg + R+ D Ryzz +Regy)
J#k,j#L
+Ryer T Regr + Regpr + Ry + Z Rz + Rj500)
J#k,j#L
2 (Ryr + Rygr + Ryr + Reai) + Z (Ryzis + Regji + Ry + Ryja)-
JF#k,J#L
Hence, for k # ¢, we have

1

RIC(—) + Rlc(l) + RIC(2) + RIC(2) > 2Rz + Rip)

For the statement concerning the scalar curvature, we observe that

_ 1 ) e (D) 1 @ @)
2S5cal, = w—] Z (RlckE +Rlcgz > + — Z (RIC ~ —I—Rlc >
1<k<t<n 1<k<t<n

1
= ] Z (Rlc(l) + Rlc(l) + RIC(2) + RIC(2)>
M= ck<i<n
2
—— Z (Ryzr + Rezne) -
1<k<t<n

We consider the altered variant of the QOBC.

Definition 3.7. Let (X, g) be a Hermitian manifold. The altered quadratic orthogonal bi-
sectional curvature is defined

QOBC, : Fx xR -+ R,  QOBC,(¢ = 6!2 Z Raqva(éa — &)% (3.5)
g a'\/—

We have the following analog of Proposition 3.6 for the altered quadratic orthogonal bisec-

tional curvature.
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Proposition 3.8. Let (X,g) be a Hermitian manifold with Q/é\/BCg > 0. Then for any
unitary pair of (1,0)-tangent vectors &, v, we have

Ricg? (€,€) + Ricl (v, 7) + Ric{V (,€) + Ric{ (v,7) > 2(R(§, 7, 1,6) + R(1,£,£,7)).

In particular, in any local unitary frame, the altered scalar curvature satisfies

— 1
Scaly, > 1 Z (Ryker + Rozere) -
1<k<t<n

Proof. Suppose Q/(_)\B/Cg > 0. Then in each unitary frame, szzl Rz (& — @)2 > 0, for
all £ = (&1,..,6n) € R™. Let §, =0, & =2, and § =1 for k # ¢, j # k. Then

4 (Rygg + Ropg) + D <Rk3jE + Ry + Regjz + Rﬂ@) z 0
i#k A

Let f = %(ek —e), fo = %(ek + eg), and f; = ej. Then

R(ek — ey, e +eper+ep,ep — ez) + R(ek + ep, e — ep, e — €p, e + eg)

+-= Z (R(Ck — €y, €j5,€j,€e) — 6[) + R(ej, € — €p, e — eg,e_j))

+= Z (R(ex + er,€5,€j,ex + e7) + Rlej, e +eg, e + e, €5))
J#k,j#¢

= Ry T Regr — Rir — Ryan + Rozr — R + Rezne — Renr
~Ryger T Rz + Riane — Rezne — Rz + Rear + R — R
~Ryger T Rizar — Rianre + Rz + Rz — Rear — R + R
TRyzr T Rez — Rykr — Boar + Riar — Rz + R — R
Rz — Rurar — Ry + R + Rz — Rezr — Rer + Rz

1
+3 2. (Rigsi + Rejje — Rz = Reggi + Ry + Ryzs — Ry — Ry
i#k g
1
3 2 (R Rege Ry + R+ By + Ry + Ry Ry
i#k g

= 2 (Rumz + Rz — Ruzr — Ruzz + Ruzr — Razr + Remnz — Ronr)

+ Y (R@jﬁR@zmﬁkﬁf{jw) > 0.
i#k A
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Similarly, setting fi = %(ek —v—1ey), fe (ek + v/ —1ey), fj = e, we have

R(ek — v/ —16@, er + VvV —16@, €r + VvV —164, € — V —165)
+R(ep + vV —1lep, e, — V—1lep, e, — vV —1leg, e + vV —1ey)
1
+§ Z < (ek— vV — eévemejvek vV — 6@)+R(€J,€k V— eéyek_ V— 6(,6]))
i#k A
1 - -
+3 > <R(€k +V—leg, €, e, e +V—leg) + Riej, e + vV —leg ep + V—lez,e_j))
i#kgA
= 2 (R + Rezer — Ry + Ryane + Riar + Rezar + Rezwe — Rean)
+ D (ka + R+ Rypg + Rﬂﬁ) > 0.
JFk,j#L

Hence, we see that
2 (Rymr + Rozar — Ruzr — Rea + Rz + Rnr)

+ (ka t R+ Ripgg + Rﬂe}) = 0.
iR

Since
Rlc() + Rlc(g) + RIC(4) + RIC(4)
= Rygr + R + Rgrr + Ry + Z Rz + Rieg)
J#k,j#L

Rk + Rezer + Rz ¥ Rwe + Y (Rygr + Rezo)
jk g
= 2Rz + Rz + Rz + Ryap) + Z R + Rizg + Rygm + Reg)s
jk e
it follows that

RlcQ + RIC(?’) + RIC(4) + RIC(4) > 2(Ryz + Ropz) -

For the statement concerning the altered scalar curvature, simply observe that
1

2§Ea/lg = Z(Rlc(?’) + RIC(?’)) +— Z(RIC( ) 4 RIC( ))

k<t k<t

_ 1 . (3) L Ri®) i@ pi ()

= 3 Z <RICkE —I—Rlczz +RleE —I—Rlczz >
1<k<t<n

2

Z 7 Z (Ryzer + Rezir)-

1<k<f<n
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We have the following immediate corollary.

Corollary 3.9. Let (X,g) be a Hermitian manifold. If QOBC, > 0 and Q/(_)\B/Cg > 0, then
Scal, > 0 and gga/lg > 0. If; in addition, QOBC, > 0, then Scal; > 0 and the Kodaira

dimension is negative.
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