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K-POLYSTABILITY OF SMOOTH FANO SL,-THREEFOLDS

JACK ROGERS

ABSTRACT. We prove the K-polystability of all smooth complex Fano three-
folds admitting an effective action of SLa but not of a 2-torus or 3-torus. In
particular, the existence of Kahler-Einstein metrics on varieties in the families
(1.10), (1.15), (1.16), (1.17), (2.21), (2.27), (2.32), (3.13), (3.17), (3.25) and
(4.6) of the Mori-Mukai classification of smooth Fano threefolds is proved.
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1. INTRODUCTION

Since the solution of the Yau-Tian Donaldson conjecture by Chen-Donaldson-
Sun [CDS15], showing that the existence of a Kahler-Einstein metric on a Fano
manifold is equivalent to its K-polystability, there has been much progress in the
theoretical study of K-stability in its various forms. However, there is still much
work to be done when it comes to practical methods to actually check the K-
(semi/poly)stability of a given variety.

One of the more fruitful approaches in this direction is to consider varieties
equipped with group actions, so that we can use the equivariant K-stability in-
troduced by Datar-Székelyhidhi [DS15]. Exploiting these symmetries can make
verifying K-stability far more straightforward than it is in general via the analysis
of associated combinatorial data. For example, Wang-Zhu proved that a smooth
Fano toric variety is K-polystable if and only if the barycentre of its associated
dual polytope is the origin.

One of the key invariants determining the viability of this method is called the
complezity of the group action. Suppose a reductive algebraic group G acts on a
normal variety X. Let B C G be a Borel subgroup of G. The complezxity cc(X)
of the action of G on X is the minimal codimension in X of the orbits of B, or
equivalently the transcendence degree of the field of B-invariant rational functions
on X over the base field.

Criteria for K-stability using combinatorial methods have been found in the toric
case by Wang-Zhu [WZ04], in the case of complexity one T-varieties by Ilten-Suess
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[IS17], and for complexity zero varieties under general reductive groups (spherical
varieties) by Delcroix [Dell6].

In this paper we provide the first results in a project to find a combinatorial cri-
terion for the K-stability of complexity-one G-varieties for general reductive groups
G. Specifically, we consider the simplest nontrivial examples of such varieties, the
smooth Fano threefolds admitting effective actions of SLg.

Using the classification of Cheltsov-Przyjalkowski-Shramov [CPS19] of smooth
Fano threefolds with infinite automorphism groups, it is possible to identify all such
threefolds admitting effective SLo-actions. After ruling out those whose automor-
phism groups are non-reductive (since these are known not to be K-polystable by
Matsushima’s criterion [Mat57]) and those also known to be toric or to admit the
effective action of a 2-torus (since the K-polystability of these varieties is already
checkable by the previously mentioned results of Wang-Zhu and Ilten-Sii}), there
are seven smooth Fano SLg-threefolds remaining. They are listed below by the
numbers and descriptions given in the paper of Cheltsov-Przyjalkowski-Shramov.
The cases denoted with daggers consist of families of varieties, only some of which
admit effective SLo-actions.

1.107 | Vae, a zero locus of three sections of the rank 3 vector bundle /\2 Q, where
Q is the universal quotient bundle on Gr (3,7)

1.15 | Vs, a section of Gr (2,5) C PY by a linear subspace of codimension 3

2.21" | The blow up of a quadric threefold Q C P* along a twisted quartic curve

2.27 | The blow up of P? along a twisted cubic curve

3.13" | The blow up of a divisor W C P? x P? of bidegree (1,1) along a curve
of bidegree (2,2) which is mapped to irreducible conics by the natural
projections to P2

3.17 | A divisor on P! x P x P2 of tridegree (1,1,1), or a blow-up of P* x P2
along a curve of bidegree (1,1)

4.6 The blow up of P? along a disjoint union of three lines

QOur main result is:

Theorem 1.1. The smooth Fano threefolds, (1.10), (1.15), (1.16), (1.17), (2.27),
(2.82), (3.17), (3.25) and (4.6) in the Mori-Mukai classification are K -polystable
and hence admit Kdhler-Einstein metrics. The families (2.21) and (53.13) each
contain a K-polystable variety admitting a Kdhler-Einstein metric.

Remark. The same result were recently obtained independently by other authors
using different methods, see [SC2T,/ACCT21]. The K-polystability of the Mukai-
Umemura threefold in the family (1.10) was already known by Donaldson [Don08],
and the K-polystability of V5 (1.15) was known by Cheltsov-Shramov [CS09].

The rest of this paper is organised as follows: in Section 2 we recall the definition
of K-polystability and its equivariant version. In Section 3 we discuss the theory of
varieties with actions of complexity one and the combinatorial description of these
varieties. In Section 4, we state the technical result (Theorem E.T]) which allows us
to prove the main theorem stated above. The remaining sections provide a proof
of Theorem [ calculations of the combinatorial data of the varieties in question,
and demonstrations that Theorem [£.] does indeed imply their K-polystability.
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2. EQUIVARIANT K-STABILITY

2.1. Test configurations. We begin by recalling the definitions of K-(semi/poly)stability
and setting conventions, then describe the equivariant version due to Datar and
Székelyhidi.

Definition 2.1. Let (X, L) be a complex polarised variety and let m > 0. A test
configuration for (X, L) of exponent m consists of:

e A flat morphism of schemes m: X — Al;
e A rm-relatively ample line bundle £ — X;
e A C* action on X, L;

such that 7 and the bundle map £ — X are C*-equivariant for the standard action
of C* on A} by multiplication, and for some (and hence all by equivariance) ¢ # 0
in A, the pair (Xy, L;) := (77 '(t), L]z-1(y)) is isomorphic to (X, L®™). We also
require that the central fibre Xy is irreducible.

We call (X, L) a product configuration if X = X x Al and a trivial configuration
if it is a product configuration and the C*-action is trivial on X.

Note that since 0 € Al is fixed by the standard C* action, the morphism m
induces a C* action on the central fibre Xy and the line bundle Ly. Also note
that Fano varieties are polarised by their anticanonical bundle, so the notion of
test configuration makes sense in this case.

In the general case of a projective scheme Z with an ample line bundle A, we
can consider the vector spaces H* = H?(Z, A®*) of global sections of the tensor
powers of A. Let dj := dim H*. For k large enough that A®* is very ample, the dj,
are known to be given by a Hilbert polynomial of degree n = dim Z. Now suppose
there is a C*-action on the pair (Z,A). This induces a C* action on each HF.
Let wy, be the sum of the weights of this action, or equivalently the weight on the
top exterior power. Then for k£ large enough, wy is also given by a polynomial,
this being of degree n + 1 [Donl8]. Now set F(k) = wy/kdy, so that there is an
expansion for large k given by:

Fk)=Fy+Fk ' 4 Rk 4+ ...

Definition 2.2. The Donaldson-Futaki invariant of (Z,A) is the coefficient F;
in the above expansion. For a test configuration (X, L) of a polarised variety
(X, L), we define DF (X, L) to be the Donaldson-Futaki invariant of the central
fibre (XQ, LQ)

Definition 2.3. A polarised variety (X, L) is:
o K -semistable if DF (X, L) > 0 for every test configuration (X, £) on (X, L);
o K -polystable if it is K-semistable and DF (X, £) = 0 only for product con-
figurations;
o K -stable if it is K-semistable and DF (X, £) = 0 only for trivial configura-
tions;
o K -unstable if it is not K-semistable.

An important result of Li-Xu immediately allows us to restrict the set of test
configurations we need to check in order to verify K-(semi/poly)stability:

Definition 2.4. A test configuration (X, £) for a polarised variety (X, L) is called
special if the central fibre X is normal.

Theorem 2.1. [LX1]|] For a Fano variety (X, —Kx), K-(poly/semi)stability can
be verified by checking the Donaldson-Futaki invariant of only the special test con-
figurations.
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Interest in K-stability mostly stems from the solution of the Yau-Tian-Donaldson
conjecture by Chen-Donaldson-Sun, i.e.:

Theorem 2.2. [CDS15] A smooth complex Fano variety X admits a Kdahler-
Finstein metric if and only if (X, K)_(l) is K -polystable.

Unfortunately, since there are generally infinitely many test configurations for
a given polarised variety, it is very difficult to check K-(poly/semi)stability in the
general case, even accounting for the Li-Xu theorem.

The a-invariant of Tian [Tia87] was for a long time one of the only practical
methods to check K-(poly)stability. Recently, work of Abban-Zhuang [AZ20l[AZ21]
has provided other more powerful methods of verification. Otherwise, most progress
on this front has come from the equivariant perspective due to the work of Datar-
Székelyhidi [DS15], which we summarise now.

Definition 2.5. Let X be a G-variety, and let 7: L — X be a line bundle on X.
We say that L is G-linearised if there is a G-action on L such that 7 is G-equivariant

and the map 7—1(x) — 77 !(g - x) induced on the fibres is linear for all g € G and
all z € X.

Definition 2.6. Let G be a reductive algebraic group and let (X, L) be a polarised
variety with a G-action on X such that L is G-linearised. A test configuration (X, £)
of exponent m is G-equivariant if there is a G-action on (X, £) which commutes
with the C* action and such that the isomorphisms between (X, L&™) and (X, L)
for t # 0 are G-equivariant. Then (X, L) is equivariantly K -(poly/semi)stable if it
is K-(poly/semi)stable with respect to G-equivariant special test configurations.

The main result of Datar-Székelyhidi is the following:

Theorem 2.3. [DS15] Let G be a reductive algebraic group and let X be a smooth
complex Fano G-variety. Then (X, K)_(l) 1s equivariantly K -polystable if and only
if X admits a Kdhler-Einstein metric.

Remark. We should mention that the result of Datar-Székelyhidi has been gen-
eralised to the singular case when G is finite by Liu-Zhu [LZ20] and for general
reductive groups by Zhuang [Zhu21]. Specifically, Zhuang uses a purely algebraic
argument showing (among other things) that K-polystability of a log Fano pair
(X, A) is equivalent to G-equivariant K-polystability when G is reductive.

2.2. B invariant. Here we discuss an invariant introduced by Fujita [Fuj16] and
Li [Lil7] which they have shown to have an intimate connection to K -stability. We
must first include some preliminary definitions.

Definition 2.7. Let § be a Cartier divisor on a smooth projective variety X of
dimension d. The volume of ¢ is
dim H°(X, O(6)®"
v016:1i7rln_>sol(1)p 1 :Ld/’d!( )™")

In fact, by [Lazl7, Ex. 11.4.7] the lim sup is actually a limit. One can also check
that if 6 is ample, then vol§ = 6¢.

Definition 2.8. Let X be a Fano variety. If 0: Y — X is any projective birational
morphism with Y normal, we call a prime divisor F' C Y a prime divisor over X.

Proposition 2.1. Let X be a smooth complex Fano projective variety. There is a
bijective correspondence between prime divisors over X and test configurations on
X (excluding the trivial test configuration).
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Proof. [Xu20l Lemma 3.7] Let FF C Y — X be a prime divisor over X and let —Kx
be the anticanonical divisor of X. Consider the section ring R = @, ., H*(X, —kKx)
of —Kx. The prime divisor F' induces a filtration

F'R:=@{f € H'(X,~kKx) | vr(f) > 1}

kEZ
of R. Consider the Rees algebra

A= @ F'R-z7"
reZ

of this filtration. Setting r = —1, we see that the kK = 0 piece of F" R is C. It follows
that z € A(,—1), so there is an embedding C[z] < A. This induces a morphism
X = Proj A — A!, which is automatically compatible with the standard C* action
on Al. Furthermore, since R = A/(z — 1) we see that X = Proj R embeds into
X = Proj A as a closed subscheme and is the preimage of 1 € A! under the given
morphism. Hence (X, O(1)x) is indeed a test configuration on (X, —Kx).

Conversely, given a test configuration (X, £) on (X, —Kx), the special fibre X, C
X is a prime divisor, having a corresponding valuation vy on k(X) = k(X x Al).
We can thus restrict vy to k(X). Since the restriction of a geometric valuation is
itself geometric, there exists some model Y of k(X) with a prime divisor F C Y
such that vp = 1/0|k(X), i.e. a prime divisor over X. ([l

Definition 2.9. Let F” be a filtration of an algebra R. The associated graded ring
to the filtration F" is the ring

B=pF/F.
rEL
Remark. In the notation of Proposition 2] the associated graded ring to the fil-
tration F" on R is A/(z). The ideal (z) C CJ[z] corresponds to 0 € Al so A/(2)
corresponds to the fibre over 0 of the morphism Proj A — A, i.e. the central fibre
of the corresponding test configuration.

Definition 2.10. Let X be a Fano variety and let F C Y % X be a prime divisor
over X. The log discrepancy of F over X is Ax(F) = ordr(Ky,/x) + 1, where
Ky/x = Ky — 0*(Kx) is the relative canonical divisor.

The usual definition of log discrepancy is more general, but we will only need
the one above. For full details see e.g. [KM98| §2]. A useful consequence of this
definition is that it is not hard to see that if ¢ is a sequence of n nested blow-ups,
of which F' is the final exceptional divisor, then Ax(F) =n + 1.

Definition 2.11. Let X be a smooth complex Fano variety of dimension n. Let
F CY be a prime divisor over X. The S-invariant of F over X is

oo

Bx(F) = Ax(F)(—Kx)n —/O VOI(—KX — ZCF)d.’L',

where vol(—Kx — «F) is shorthand for vol(c*(—Kx) — 2F), where 0: ¥ — X.

Theorem 2.4. [Lil7[Fuji6] A smooth complex Fano variety X is K-semistable
if and only if Bx (F) > 0 for any prime divisor F' over X, and K -stable if and only
if the inequality is always strict.

The proof of the above essentially amounts to the fact that, under the corre-
spondence described in Proposition 2], the S-invariant of a prime divisor F over
X is a positive multiple of the Donaldson-Futaki invariant of the corresponding test
configuration. This gives a K-polystability criterion as well:
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Corollary 2.1. A smooth complex Fano variety X is K-polystable if and only
if Br(X) > 0 for any prime divisor F over X, and Brp(X) = 0 only when F
corresponds to a product test configuration.

In our perspective when X is equipped with a group action, we have:

Corollary 2.2. If X comes equipped with the action of a reductive group G, then
we can verify the K -polystability of X by checking the B-invariant for prime divisors
F CY — X in the case where Y also has a G-action, the morphism ¥ — X is
G-equivariant, and F is G-invariant in Y .

Proof. This follows by combining the theorem of Fujita-Li with the theorem of
Datar-Székelyhidi. O

It is this final corollary which we will ultimately use to prove our main theorem.

3. AcTIiONS OF COMPLEXITY ONE

3.1. Notation and Conventions. In this section we will summarise the theory of
group actions of complexity one on normal varieties. This is work mainly completed
by Timashev [Tim97,/Tim00] and proofs of all results in this section can be found
in [Tim11]. This theory is complicated and for reasons of space our coverage of it
is quite brief.

Fix an algebraically closed field k of characteristic 0, a finitely generated ex-
tension K of k, a connected and reductive affine algebraic group G and a Borel
subgroup B of G. Let G act on K such that K is the function field common to a
G-birational class of normal G-varieties. We call such a G-variety a G-model of K
and use this theory to classify the G-models of K up to G-isomorphism.

Denote by K the set of B-invariants of K under the G-action, and by K (5)
the set of B-semi-invariants, that is elements of K on which B acts via a character
A € X(B), the character group of B. For fixed X let K §\B) denote the semi-invariants
of weight A. Let A C X(B) denote the (free abelian) subgroup consisting of A such
that K /(\B) is nonzero. We call A the weight lattice.

Let D denote the set of non-G-invariant divisors on all G-models of K and let
DB denote the subset of D consisting of B-stable divisors. Elements of DZ are
called colours. Let K C K denote the subalgebra of elements of K with B-stable
divisor of poles.

We call a discrete valuation v of K geometric if it is a positive rational multiple
of the valuation corresponding to a prime divisor D on some model of K. A discrete
valuation of K is G-invariant if v(g- f) = v(f) for all g € G and f € K. A G-
valuation of K is a G-invariant geometric valuation of K. Every G-valuation of K
is a positive rational multiple of a valuation corresponding to a G-invariant prime
divisor on some G-model of K. Denote by V the set of G-valuations of K.

3.2. Luna-Vust theory. The Luna-Vust theory [LV83], further developed by Knop
[Kno93l[Kno95|] and Timashev [Tim97], is a deep theory which allows us to classify
up to isomorphism homogeneous spaces of algebraic groups and embeddings thereof
in algebraic varieties. It contains within it the classification of toric varieties by
fans and of spherical varieties by coloured fans as special cases. We give a very
broad overview of its working here, in the notation of the previous section.

The Luna-Vust theory classifies varieties in terms of G-germs, which are essen-
tially G-stable subvarieties, and B-charts, which are affine open B-stable subsets.
Associated to these are sets of valuations called coloured data corresponding to the
G- and B-stable divisors containing a given G-germ or intersecting a given B-chart.
The coloured data satisfy certain admissibility conditions, and ultimately determine
the G-germs and hence the G-models up to isomorphism.
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Definition 3.1. A G-germ of K is a local ring Ox,y C K of some G-stable
subvariety Y on some G-model X of K. A geometric realisation of a G-germ is a
G-model X containing a G-subvariety Y with the corresponding local ring. The
support of a G-germ Ox y is the set of G-valuations of K having centre on Y in any
geometric realisation of Ox y, i.e. G-valuations v such that O, dominates Ox y.

We will often conflate a G-germ Ox y with a G-subvariety Y in a geometric
realisation.

Proposition 3.1. [Timiil, §12] The support of a G-germ is non-empty.
The following is a version of the valuative criterion of separation:

Proposition 3.2. [Timii, Thm 12.2] The supports of all G-germs realised by a
fixzed G-model X are pairwise disjoint.

The Luna-Vust theory is capable of classifying G-models up to isomorphism by
the following:

Theorem 3.1. [Tim97, §1.1] A G-model X of K is uniquely determined among
G-models of K by its set of G-germs.

We keep track of G-germs using B-charts:

Definition 3.2. A B-chart of K is a B-stable affine open subset on some G-model
of K.

Proposition 3.3. [Tim97, Lemma 1.1] Any G-germ Oxy admits a geometric
realisation X such that Y intersects some B-chart Xg C X. We can therefore
cover any G-model by the G-translates of finitely many B-charts.

B-charts are associated with the valuations of the G- and B-invariant prime
divisors they intersect:

Definition 3.3. Let Xy be a B-chart. Let W C V be the set of G-valuations
corresponding to G-invariant prime divisors which intersect Xy and let R € DP be

the set of valuations corresponding to colours which intersect Xy. We call the pair
(W, R) the coloured data of Xj.

Proposition 3.4. [Timi1, §13] B-charts are determined by their coloured data.
G-germs also have coloured data:

Definition 3.4. Let Y be a G-germ. Let Vy C V be the set of G-valuations
corresponding to G-invariant prime divisors containing Y, and let D¥ C D be the
set of valuations corresponding to colours containing Y. We call the pair (Vy, DE)
the coloured data of Y.

Proposition 3.5. [Timlil, Prop 14.1] G-germs are determined by their coloured
data.

In short, the Luna-Vust theory describes properties which must be satisfied by
subsets of V and D? in order for them to correspond to the coloured data of some B-
chart or G-germ, allows us to compute the supports of G-germs from their coloured
data, and provides a method to construct varieties from sets of coloured data. We
can then distinguish between nonisomorphic varieties by differences in the coloured
data of their G-germs. We can also verify properties of varieties from their coloured
data, for example, the valuative criterion of completeness becomes:

Proposition 3.6. A G-model X of K is complete if and only if the supports of its
G-germs cover V.

We will show in the remainder of this section how the Luna-Vust theory is applied
to give a combinatorial description of varieties of complexity one.
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3.3. Hyperspace. Here we introduce the hyperspace, which will be home of cer-
tain collections of cones which will classify complexity one varieties. These cones
will be generated from the coloured data of each variety, i.e. by G-valuations and
valuations corresponding to colours. Hence we address some properties of these
first:

Proposition 3.7. [TimI1, Cor 19.15] A G-valuation of K is uniquely determined
by its restriction to KB,

Proposition 3.8. [TimI1, §15.1] There is a split exact sequence of abelian groups
0— (KB 5 KB 5 A 0.

Corollary 3.1. A G-valuation of K is uniquely determined by its restriction to
KB and a functional on A.

Proof. Fix a map e: A — KB splitting the exact sequence above by sending a
weight A to a semi-invariant ey € K /(\B). Then the exact sequence tells us that
K®B) = (KB)* @ e(A). We know that a G-valuation v is determined by its restric-
tion to K(P) and this in turn is given by its restriction to K” and a functional

£: A — Q given by £(\) = v(ey). O

In complexity one, K has transcendence degree 1 over k and hence is the
function field common to a birational class of curves containing a unique smooth
projective curve C. Then any geometric valuation of K is of the form v = hv,
where h is a nonnegative rational number and x € C'. Hence G-valuations of K
correspond to triples (x, h,¢) where € C, h € Q> and £ € Hom(A, Q) = A*, and
are uniquely determined by this restriction up to the equivalence relation whereby
(z,h,€) ~ (2', 1, ¢') if and only if we have equality or h = h' =0 and £ = ¢'. Let

H={J ({2} xQuo x A"/ ~
zeC
and call ‘H the hyperspace of K.

We have an injective map x: V — H by the above, and can also map DF to H
using k, although this is not necessarily injective. We can thus view the coloured
data of a G-model of K as sitting within H, and the classification of complexity
one varieties comes down to classifying collections of certain types of cones within
H, described in a later subsection.

Denote by H, the subset of H consisting of points with first co-ordinate x. We
call this the slice of hyperspace corresponding to x. Likewise set V, =V NH, etc.
The subset of H consisting of points with h = 0 is called the central hyperplane and
denoted by Z.

3.3.1. Splitting Maps. The choice of the map e: A — K(P) is arbitrary, so we must
keep track of what happens if a different map is chosen. If a valuation has co-
ordinates (x, h,¢) under e, and co-ordinates (z’, h’,¢’) under another splitting e’,
then we have & = z’, h = k' since these depend only on the restriction to K?, and
we have
U'(A) = L(N) + hvg(er/ex)

for each A € A. Thus a different choice of splitting introduces an ‘integral shift’ to
the ¢-co-ordinates of the hyperspace.

Since €/ /ey is a rational function on the smooth projective curve C, the cor-
responding principal divisor has degree zero, so we have 0 = Y . vz(€)/ex) for
each \. Therefore when we introduce these integral shifts, they must balance each
other out. When C = P!, which we will see later is always the case for us, any such
collection of balanced integral shifts corresponds to a different choice of splitting.
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3.3.2. Quasihomogeneous and One-Parameter Cases. There are two types of com-
plexity one varieties depending on the relationship between K? and K. In the
quasihomogeneous case when K¢ =k, any G-model X of K has an open G-orbit
containing a one-parameter family of codimension 1 B-orbits. This open orbit is
an embedding of some homogeneous space G/H, which provides a minimal model
for the G-birational class of varieties determined by K. In the one-parameter case,
where K¢ = KB G-models contain a one-parameter family of codimension 1 G-
orbits, each of which contains a B-orbit as an open subset.

In all examples of interest to us, we are in the quasihomogeneous case, so we
assume from now on that K¢ = k.

Proposition 3.9. In the quasihomogeneous case, the smooth projective curve C is
in fact Pt.

Proof. [Timlll §16.2] Note that G is a rational variety. Now since G/H C X
is an open orbit, we have K = k(G/H). Since K” = k(C) C K, we have a
dominant rational map G/H --+ C and hence a dominant rational map G --+ C
via the quotient. It follows that C is unirational and hence equal to P! by Liiroth’s
theorem. O

3.3.3. Regular, Subregular and Central Divisors. A complexity one G-model X
comes with a dominant rational B-quotient map 7w: X --» C arising from the inclu-
sion K =k(C) C K, which separates general B-orbits. There is a one-parameter
family of B-stable prime divisors (i.e. colours) D, C n*(x) in X parameterised by
points z € w(X), an open subset of C.

The behaviour of prime divisors on X under 7 determines to some extent the po-
sition in hyperspace of their corresponding valuations, and we introduce a typology
of divisors based on this.

First, the choice of splitting e marks out certain colours as being distinguished,
namely those colours lying in div(ey) for some A € A. They have ¢(X) = vp(ex) # 0
for some A. Colours lying outside all div(ey) have £ = 0, and these constitute all
but finitely many colours.

Next, it will be the case that certain colours D, are exactly equal to 7*(x), while
at certain points € C we will see that 7*(z) is non-reduced and contains the colour
D, with multiplicity greater than one. The former type of colour is called regular
and has h-co-ordinate in hyperspace equal to 1, while the latter colours are called
subregular and have h-co-ordinate greater than 1. Again, all but finitely many
colours are regular, and hence have co-ordinates (z, h,¢) = (z,1,0) in hyperspace.
We denote these points by €.

Finally, colours (or G-divisors) which do not appear in any 7*(z) for = € C have
h-co-ordinate 0 and are called central. There are only finitely many central divisors
on any G-model.

The existence and properties of subregular and central divisors will be of central
importance to later results in this paper.

3.4. Coloured Hyperfans. We now describe how the Luna-Vust theory translates
into a combinatorial description of varieties once the coloured data is inserted into
the hyperspace. The key is that we can interpret semi-invariant functions in K as
‘linear functionals’ on H. Indeed, given f € K §\B> and a valuation v corresponding
to a point (z,¢,h) € H, we can define f(x,¢,h) = v(f) = hv(f) + £(ex). Tt turns
out that, once a sensible definition of a linear functional on H is given (see [Tim97,
§2.1]), all functionals on H are determined by semi-invariant functions.

Since the coloured data of a G-model X consists of subsets of V and D? cor-
responding to the G- and B-divisors containing its G-germs, and we have mapped
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this data into 7, we can use the functionals in K(P) to generate cones from this
coloured data.

3.4.1. B-charts. Let Xy be a B-chart with coloured data W C V, R C DB. Let
C =CW,R) C H be the set consisting of points ¢ € H such that any functional
@ on H non-negative on W and R is non-negative on ¢. This is in some sense the
‘double dual’ of the set W U 'R in H. It is not a cone in the conventional sense
because H is not a vector space or half-space. However, C, = C N H, is a cone
for each € P! and so is K = CN Z. We call these objects C hypercones, and
their properties are determined by conditions on coloured data contained in the
Luna-Vust theory.

First, we note that B-charts split into two types. Those we call type I have
nonconstant B-invariants in their algebra of functions. In this case, there is some
x € P! such that C, C K, i.e. there are no noncentral G- or B-divisors corresponding
to some x € P'. B-charts of type II have no nonconstant B-invariant functions,
and in this case every x € P! corresponds to at least one noncentral divisor.

The double dual set C C H defined by the B-chart Xy above determines an
object called a hypercone. Recall that e, denotes the point (x,1,0) € H.

Definition 3.5. A hypercone in H is a union C = | J,cp1 C; of finitely generated
convex cones C, = C N H, such that:
(1) Cy = K+ Qx0e, for all but finitely many x, where K =C N Z;
(2) Either:
(I) there exists z € P! with C, = K, or;
(IT) the polytope P = > p1 P, is non-empty, where the P, are defined
by €z + Pr =C N(ex + 2Z).
The hypercone C is called strictly convez if every C, is strictly convex and 0 ¢ P.

Definition 3.6. A coloured hypercone in H is a pair (C,R) such that R C D,
0 ¢ R, and C is a strictly convex hypercone in H generated by k(R), a finite subset
W CV, and (if C is of type II) the polytope P.

Theorem 3.2. [Tim97, Thm 3.1] B-charts of K correspond bijectively to coloured
hypercones in H of the corresponding type.

3.4.2. G-germs. Now let Y be a G-germ of K. We say that Y is of type I if it
admits a B-chart of type I (i.e. there exists a B-chart of type I intersecting Y') and
Y is of type II if not. A G-germ is of type I if and only if Vy UDE is finite and of
type II if and only if it admits a minimal B-chart.

Definition 3.7. The relative interior of a (coloured) hypercone C of type II is the
set (J,cpr relint C, Urelint K. We call C supported if relint C N’V is nonempty.

Definition 3.8. Let C be a hypercone in H. A face of C is a face of some C, not
intersecting P. A hyperface of C is a hypercone C’' = C N ker ¢ for some functional
¢ on H nonnegative on C. We call ¢ a supporting functional for the face C’.

A (hyper)face of a coloured hypercone (C,R) is a coloured (hyper)cone (C’, R')
where C’ is a (hyper)face of C and R’ = RN x~(C').

Theorem 3.3. [Tim97, Thm 3.2] G-germs of type I are in bijection with supported
coloured cones in H, and G-germs of type II are in bijection with supported coloured
hypercones of type II in H. Inclusion of G-germs in each other corresponds to
opposite inclusions of the respective (hyper)cones as (hyper)faces of each other.

3.4.3. G-models. We know that G-models are determined by their G-germs, which
lie in a finite collection of B-charts. The supports of the G-germs must be disjoint,
and inclusions of G-germs must be kept track of. In this spirit we have the following
definition:
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Definition 3.9. A coloured hyperfan in H is a collection of supported coloured
cones and supported coloured hypercones of type II in H, obtained as the set of all
supported (hyper)faces of a finite collection of coloured hypercones, subject to the
condition that the relative interiors of these (hyper)faces are disjoint inside V.

The coloured hyperfan Fx of a G-model X is the collection {Cy | ¥ C X}
where Y runs over all G-germs of X. Then by Theorem and Theorem B.3] we
have [Tim97, Thm 3.3]:

Theorem 3.4. G-models of K are in bijection up to isomorphism with coloured
hyperfans in H.

Corollary 3.2. A G-model is complete if and only if its coloured hyperfan covers
V.

Proposition 3.10. We say that a G-model X is of type I if all of its G-germs are
of type I, and of type Il if it contains any G-germ of type 1I. For any G-model X,
there exists a G-model X of type I and a proper birational morphism p: X — X.

Proof. See [Timl11l §16.6] O

Section 7 of this paper contains many example calculations with figures of the
coloured hyperfans of complexity one varieties, which should illuminate this com-
plicated theory.

3.5. Divisors on Complexity One G-Varieties. We now begin to study the
properties of divisors on complexity-one G-varieties, following [Tim00]. Throughout
this section X is a normal but possibly singular variety unless otherwise specified.
Helpfully, we can reduce everything to B-stable divisors:

Proposition 3.11. Let a connected solvable algebraic group B act on a normal
variety X. Then any Weil divisor on X is linearly equivalent to a B-stable one.

Proof. See [Timl11l Prop 17.1]. O

3.5.1. Cartier Divisors. Next we want to investigate conditions which guarantee
that a divisor is Cartier. We will assume that the associated line bundle to any
Cartier divisor is G-linearised (this is fine by [KKLV89, Prop 2.4] since G is facto-
rial).

Lemma 3.1. Any prime divisor D C X which does not contain a G-orbit is Cartier
and generated by global sections.

Proof. See [Timlll Lemma 17.3]. O

Theorem 3.5. Let § be a divisor on X and assume by Proposition 311 that §
is B-stable. Then ¢ is Cartier if and only if for any G-germ Y of X, there exists
fy € KB) such that each prime divisor D containingY occurs in & with multiplicity

vp(fy)-
Proof. See [Tim11l, Thm 17.4] O

Corollary 3.3. A Cartier divisor § on a G-model X is determined by the following
data:
(1) a collection {fy} of B-eigenfunctions for each G-germ'Y C X such that
v(fy,) = v(fv,) and vp(fyy) = vp(fy,) for all v € Vy, N Vy, and all
D e D NDy;
(2) a collection of integers mp for each D € DB\ Uycx DE (mp being the
multiplicity of D in the divisor), only finitely many of which are nonzero.
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If X is quasihomogeneous of complexity one, each fy determines up to scalar
multiples (and is up to powers determined by) a linear functional ¢y on the coloured
cone or hypercone Cy such that <,0y1|cy2 = ¢y, whenever Cy, is a face of Cy,,
that is, whenever Y5 contains Y;. Then the functionals ¢y paste together to a
piecewise linear function on | Jy - y Cy NV, which we call a piecewise linear function
on the coloured hyperfan Fx = {Cy | Y € X} of X. Then Cartier divisors on X
correspond to these piecewise linear functions.

3.5.2. Globally Generated and Ample Divisors.

Proposition 3.12. Let § be a Cartier divisor on X given by {fy}, {mp} as above.
Then:
(1) 6 is globally generated if and only if fy can be chosen such that for any
G-germ'Y C X, we have:
(a) for any other G-germ' Y’ C X and every B-stable divisor D containing
Y vp(fy) <vp(fy):
(b) for any D € DP \ Uy cx DY, vo(fy) < mp.
(2) 6 is ample if and only if, after replacing § with some positive multiple, fy
can be chosen such that for any G-germ Y C X, there exists a B-chart
Xo C X intersecting Y such that (a) and (b) hold, and the inequalities
therein are strict if and only if D N Xy = 0.

Proof. See [Tim11l, Thm 17.18] O

3.5.3. Global Sections. Let B(X) be the set of all B-stable prime divisors on X,
including the G-stable ones. Let § = ZDeB(X) mpD be a B-stable Cartier divisor,

and let ns € HO(X, 0(6))(B) be the respective rational B-eigensection (i.e. divns =
). We have

HO(X,000)®) = {fns | f € K, div f+5 > 0}.

The B-weight of an arbitrary B-eigensection ¢ = fns is A + As, where A is the
weight of f and As is the weight of ns. The latter is determined up to a character
of G and can be calculated as follows: let Y be a G-orbit intersecting § and pull
Y N § back to G under the orbit map, giving a divisor 6 on G. Since we assume G
to be factorial, 4 is principal, defined by a rational function F € k(G)(B). Then s
is the B-weight of F'.

It follows that

H(X,008))5)\, = {f e K\ | div f+8 >0} = {f € KP | div f+diver+3 > 0}.
We want to calculate the calculate the dimension of the space H°(X,O(d)) of

global sections of §. Note that, setting my(d) = dim H°(X, 0(5))&?)\5 for brevity,
using the Weyl dimension formula [Hum72, §24.3] for modules and counting multi-
plicities of simple submodules, we have

dim H(X,0(8)) = >_ma(8) [] <1+(A’O‘v)).

v
AEA aveAY (p, a¥)

We can calculate my () using the notion of a pseudodivisor:

Definition 3.10. Let C be a smooth projective curve. A pseudodivisor p on C' is
a formal linear combination pp = »° - m, - p where m;, € RU {£oc} and all but
finitely many m,, are 0. Let H°(C,u) = {f € k(C) | div f + u > 0} where for all
z € R, we set x + (£oo) = +o0.

If there is p € C with m, = —oo, then H°(C, u) = 0. Otherwise, H(C, u) is the
space of global sections of the divisor [p| =3 [m,|-pon C\{p € C | m;, = +o0},
where |my] represents the floor of m,,.
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Now let § be as above. Note that H°(X,0(8))®) is isomorphic to

foex | fo€ K2 X €A, Y [hovpy(fo) + (A lp) +mp]D >0
DeB(X)

Hence fix A € A and consider the pseudodivisor

Hy=Hy(6) =) (min M) P,

peP! PD=p hD

where we assume % = 400 for x > 0 and % = —oo for z < 0. It is clear from the
above description of H°(X,0(8))®) that my(8) = dim HO(P', Hx(8)) := h°(J, \).

We know that h®(P!, Hy) = 0 if any of its coefficients are —oco. This is the case
exactly when there is p € P! and D € B(X) with pp = p satisfying hp = 0 and
(A, £p) < —mp. Hence we define a polyhedral domain

P) ={N€A®R| () lp) > —mp for all D with hp = 0}.

Then HO(P!, Hy) = 0 for all A ¢ P(5). Conversely, a coefficient of H) is +oo if
and only if there is p € P! such that no divisor D € B(X) with pp = p satisfies
hp > 0. This is the case e.g. if X is a B-chart of type I. Then H°(P!, H,) is the
space of global sections of | Hy | on the affine curve P!\ {p | m, = +oo} and hence
hP(8,\) = oo for all A € P(9).

Otherwise, Hy is a ‘standard’ Weil divisor on P!, so by Riemann-Roch we have
RO(5,\) = deg | Hx| + 1+ h'(6, \), where h1(5,\) := dim H'(P*, | H,|). If we define

A(5,\) = Z min M,
PD=p hD
peP!

ie. A(0,\) = deg H), then deg | H)(9)] differs from A(d, \) by some bounded non-
negative function (8, \) for all 6, \. We then have h°(5,\) = A(3,\) — (5, \) +
hY(5,A) + 1.

Proposition 3.13. If A(6,\) < 0, then h%(5,\) = 0. Otherwise, for large n,
RO (nd,nA) ~ nA(6, \).

Proof. See [Tim11l §17.4] O

Inspired by the first part of the above Proposition, define the polyhedral domain
Pr(0)={ e P() | A(S,\) > 0}.
Then by the above and the definition of P(§), we have h%(§, ) = 0 for all A ¢ P (6).

3.5.4. Volume of Divisors. Now assume that X is a smooth projective G-model.
Let A be the root system of G, A the positive roots determined by B, AY the
corresponding set of positive coroots and p = %Zae A, O The following formula
of Timashev [Tim00] allows us to compute the volume of a Cartier divisor on a
complexity one variety.

Theorem 3.6. Let § be a B-stable Cartier divisor of weight As on a normal pro-
jective quasthomogeneous G-variety X of dimension d, complezity ¢ = 1 and rank
r. Then, in the notation of the previous subsection:

d=c+7r+ AL\ (A+ZXs)*],

and

/\ \%
vold = d! / AG A= Ns) I1 Aa) g
As+P4(6) aVeAYN(A+ZAs)+
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where the Lebesque measure on A @ R is normalised such that a fundamental par-
allelepiped of A has volume 1.

Proof. See [Tim11, Thm 18.8] O

Example. Let G = SLy so that A = {*+a}, Ay = {a}, AY = {av = (SCL)} and
p= %a. Any quasihomogeneous complexity one SLo-threefold X has d =3, ¢ =1,
r=1,s0 |AY \ (A +ZXs)*| = 1, i.e. this set is just AY = {a"}. If we identify
A = Za with Z, and hence a with 1, we have

A aY A aY
H < aav> _ <aaav> =2\,
aV €AY \(A+ZAs)+ (¥ (3,0%)

and the volume of a Cartier divisor § on X is given by

vold = 6 / 2XA(5, A — As) dA.
As+P(9)

We will put this formula to great use later on to calculate S-invariants of prime
divisors over SLo-threefolds.

4. MAIN RESULTS
The main results of this paper are the following;:

Theorem 4.1. Let X be a smooth Fano SLa-threefold. If any of the three conditions
below holds, then X is K-polystable if fr(X) > 0 for all central G-stable prime
divisors over X :

(i) A finite subgroup A C Aut X acts on P! with no fized points, such that the
rational B-quotient X --+ P is A-equivariant
(ii) A finite subgroup A C Aut X acts on P, interchanging two points in P!
corresponding to subreqular colours of X, and the rational B-quotient X --»
P! is A-equivariant
(iii) X has subreqular colours lying over three or more distinct points of PL.

Remark. We expect but have not proved that Theorem [4.1] applies with only minor
alterations to smooth Fano G-varieties of complexity one in general, rather than
just to SLo-threefolds.

Remark. We note the similarity of this result to [SuB13] Thm 1.1]

This result is essential since there are in general infinitely many prime divisors
over X, even G-invariant ones, but there are only finitely many central ones.

Theorem 4.2. The smooth Fano threefolds, (1.16), (1.17), (2.27), (2.32), (3.17),
(3.25) and (4.6) in the Mori-Mukai classification are K -polystable. The families
(2.21) and (3.13) each contain a K -polystable variety.

Remark. The same result were recently obtained independently by other authors
using different methods, see [SC2T,/ACCT21]. The K-polystability of the Mukai-
Umemura threefold in the family (1.10) was already known by Donaldson [Don08],
and the K-polystability of V5 (1.15) was known by Cheltsov-Shramov [CS09].

We will prove Theorem 1] in the next section for each of the three cases. In
the following two sections, we present the coloured data for each complexity one
homogeneous space of SLy and calculate the coloured hyperfans of the varieties
listed in Theorem .21 We then use this data to demonstrate that for each of these,
one of the three conditions of Theorem [£1] holds. In the final section, we show that
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there can only be one central prime divisor over any of these varieties. We then
calculate the S-invariant of this divisor explicitly in each case, completing the proof
of Theorem

5. PROOF oF THEOREM [4.1]
5.1. Action Without Fixed Points.

Proof of Theorem BETl(i). If A acts on P! and the B-quotient X --» P! is A-
equivariant, we have an overall action on X of an extension G’ of G by A which
descends to the quotient. Suppose F' is a non-central G-invariant prime divisor over
X. Since F is non-central, it must lie over some point Pr € P!. If A acts with no
fixed points on P!, then in particular Pr is not fixed, so F cannot be G’-invariant.
It follows that only central divisors can be G’-invariant. Since A is finite, G’ is re-
ductive, so by the theorems of Fujita-Li and Datar-Székelyhidi, X is K-polystable
if B(F) > 0 for all G’-invariant prime divisors over X, i.e. for all central G-divisors
over X, and is only 0 for divisors corresponding to product configurations. ([

5.2. Non-Normality. The proof of Theorem 1] parts (ii) and (iii) will be by
showing that, under these conditions, the test configurations corresponding to
non-central prime divisors over X have non-normal central fibre, and hence are
not special test configurations, and therefore we do not need to calculate their
Donaldson-Futaki invariant (or, equivalently, the 8 invariant of F'). We will use the
correspondence described in Section 3.5l between B-semi-invariant sections of prime
divisors on over X and sections of divisors on the B-quotient. We show that the
filtrations defined by the resulting divisors on P! give non-integrally closed rings
which correspond to the central fibres of the given test configuration.

5.2.1. Divisors on P!,

Theorem 5.1. Let H =Y \" a;Q; = > .°, ZZ—:Q1 be a Q-divisor of positive degree
on P, and let P € P'. Let
A=EPH"(kH)
keZ
be the section ring of H. Fix q € Z and consider the filtration on A over r € Z
given by

Fi=P {f € H(kH) | ordp(f) > f}.
kEZ 4
Then take the associated graded ring
B =D 7/
reZ

If at least two Q;, both distinct from P, have non-integral coefficients a; ¢ Z in
H, then for each q € Z>1, the ring B9 is not integrally closed.

We will prove this theorem in a number of steps, beginning with:

Proposition 5.1. With all notation as in Theorem 511, for any q > 1 there exist
integers k,r and n, with k and n positive, such that ng =0 and B?nk nry 70

Lemma 5.1. In the above proposition and theorem, we can assume without loss of
generality that ¢q = 1.

Proof. Let ¢ > 1. We have B(lk ny = B?k gry» S0 if we find k, 7 and n with B(1,C n =0

and B(lnk nr) =0, then k, ¢r and n give the required result for ¢ > 1. Hence we set
q = 1 going forward, and we drop the corresponding superscript. (I
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Proof of Proposition 5. By the lemma, we assume that ¢ = 1, and we want to find
n, k and r with B,y = 0 and Bk nr) # 0. We will rewrite H = Yo aiQi+apP,
with ap = 2—}‘:, and assuming all @Q; # P. Sums and products indexed over i should
be understood as running from i = 1 to ¢ = m and excluding P,ap etc. unless

otherwise specified.

Before we choose particular values of k, r and n, we will demonstrate an al-
ternative description of B ,). Denote by F( ) the degree-k part of F, i.e.
f(kﬂm) = {f S HO(kH) | Ol“dp(f) > 7’}. Then B(k,r) = ]:(k,r)/f(k,r-i-l)' Define

_ JkH —r > |kap]
k) =Y kH — kapP —rP —r < |kap].

We will show that ]:(k,,w) = HO(H(k,T)), SO B(k,r) = HO(H(;C,T))/HO(H(;C,T_,_U).

Indeed, when —r > |kap], it suffices to show that any f € H°(kH) automatically
has order at least r at P. Any such f must satisfy ordp(f) + |kap] > 0, and if
0 > r + |kap] then the result follows.

On the other hand, it is clear that F; .y C H°(kH — kapP —rP). Now suppose
f € H(kH — kapP — rP) and —r < |kap|. We have ordp(f) > r since the
coefficient at P of (f) + |kH — kapP — rP| is ordp(f) — r, so it remains to show
that f € H°(kH). Since kH only differs from kH — kapP —rP at P, it is sufficient
to note that ordp(f) + |kap| > r + |kap]| > 0.

Hence to show By, .y = 0 it is sufficient either that deg [ H(y )| < 0 or HY(H, ) =
HO(H g r11))-

Likewise, for B ) # 0 we must show that deg [H ()] > 0 and HO(H(IW)) +
HP(H} ;41y). Note that when the first of these conditions holds and —r < |kap],
the second one also holds by definition of H(y . If —r > |kap] and deg [kH| >0
we have

0 <deg |kH| =" |ka;] + [ka;] <7+ [ka;] <0,
so —(r+1) < |ka;| and H(H ) # H°(H,r11)) as well. Thus By, # 0 if and
only if deg [ Hy ] > 0.
Choice of k:

Our choice of k is motivated by two requirements, the reasons for which will be
seen later, these being:

(1) Z {ka;i} > 1

2

where {x} = & — |z] is the fractional part of a real number z, and
(2) deg |kH| > 0.

With that in mind, consider

k:{HiCﬁl doifait >1
Hici—l Zi{ai}<1.

This choice satisfies requirement (1): in the first case we have {ka;} = {a;} for
each i (by the fact that {z +n} = {«} for all integers n and real x), so >, {ka;} =
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> ;{a;} > 1 by assumption. If >~ {a;} < 1 we have

Z {kai} = Z {—a:}
=Nila; ¢ Z} - Z{ai}
>2-) {ai}>1

since {—z} is 1 — {a} whenever x ¢ Z and 0 when x € Z. Note that this is where
we use our assumption that at least two a; are non-integral, and it is essential.
However, this choice of k may not satisfy requirement (2). We have

deg |kH | = deg (kH) Z{/mz} {kap} > deg (kH) — (m +1),

since 0 < {z} < 1 for all z. Since deg H > 0, for k > 0 we will have deg (kH) >
m + 1 and requirement (2) will be satisfied. Hence replace our initial choice of
k with k + £]], ¢; for ¢ large enough to give deg(kH) > m + 1 - this choice will
still satisfy requirement (1) since {(k + ¢]], ¢;) a;} = {ka;} for each i in either case.

Choice of r, B,y = 0:

Let r = |deg (kH — kapP)| = |, ka;|. Then

+ |kap| = \‘Z kazJ |kap|
> Z ka;| + |kap]

= deg |kH]| =
by requirement (2) of our choice of k, so —r < |kap| and F(y .y = H(H,m) =
H(kH — kapP —rP).
We have

deg |kH — kapP — rP| = Z |ka;| + [—7]
= Z LkzaiJ — \‘Z kalJ
= {Z k’az} - Z {ka;}
<1=) {ka;} <0

since {z} < 1 for all  and ", {ka;} > 1 by requirement (1) of our choice of k. It
follows that By -y = Fk,ry/Fkr+1) = 0.

Choice of n, By nry # 0:
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Next, choose n = cp[], ¢;, so that nkH is an integral divisor. To show that
B(nk,nry 7 0, recall that it suffices to show that deg [ H(pni,nry] > 0. We have

nr+ |nkap| =n (\‘Z kaiJ + kap>

=n (deg(kH) — {Z k;ai}> >0,

since we chose k satisfying deg (kH) > m + 1 > 1. Hence —nr < nkap, meaning
Huknry = nkH — nkap — nrP. This divisor has degree

deg H(pp,nry =deg (nkH) —nkap —nr

=n (deg (kH) — kap — {Z kaD
= n{Zka} >0

since {x} > 0 for any . Hence B(,j nr) # 0, and we are done. O

Our goal is to show that for each H as above, the ring B is not integrally closed.
We now know that there exist k,r and n with B,y = 0 and B(,x,nr) # 0. Let K
be the algebra consisting of fractions of homogeneous elements of B. If there exists
[ € K@y with f™ € B(nk,nr) then the monic polynomial 2™ — f" € Blxz] has a root
in K which does not lie in B (since such a root would lie in B(k,r))z which would
prove non-normality. We now show the existence of such an element.

Proposition 5.2. Let H,k,r and n be as above. There exist integers (k',r") such
that B vy and By 1,4y are both nonzero. Hence there exists a nonzero function
m K(k,r)-

Proof. Recall from above that B,y # 0 if and only if deg [ H ] > 0.

We have deg |kH| = deg(kH) — >, {ka;} — {kap} > deg(kH) — t, where ¢
is the number of terms in kH with non-integral coefficients (possibly including
kap). Hence choose k' such that deg (k¥'H) > t and choose ' = —|k’ap]. Then
H(k/ﬂm/) =kKH=FKH - k’apP — 7' P and deg UC/HJ > 0, SO B(k/ﬂm/) 7é 0.

Now let k£ and r be as in the proof of Proposition (.1l and recall that for these
values we have —r < |kap]. Hence

H(k+k’,7‘+r’) = (k + k/)H — (k + k’)apP - (T + T/)P = H(k,r) + H(k’,r’)-

Then deg | H (41 riry ] > deg | Hgry | + deg | Hgr pry]. Since deg | Hy ] is fixed,
we may increase &’ (and thus increase deg | H( ) |) to ensure that deg | H(xqps rqrry| >
0, if necessary.

It follows that By ryr) 7 0 as required, and since By ..y # 0 as well, taking
the quotient of a nonzero element of the former by a nonzero element of the latter
gives a nonzero element in K ;). 1

We can now prove the theorem:

Proof of Theorem[B.1l As always we are free to assume that ¢ = 1 and drop the
superscript.

By some previous remarks, it suffices to find a nonzero element f € K,y with
I™ € Bnk,nry- The result above shows that K ) # 0, so we may choose f € K )
to be nonzero, so f" € K(ug,nr) 7 0. We will show that K, . is a line, and since
it contains Bk, nr) # 0, it follows that the two are equal, giving the result.
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Let k', 7' be arbitrary integers, and suppose g, h € K,y are nonzero. Their
quotient must lie in K (g ), which consists of fractions of homogeneous elements
of B of equal degree. Since B,y = HO(H(;W))/HO(H(;C/VT/H)) by the previous
proof, it is clear that dim B ,,y < 1. Therefore any fraction of elements of B of
equal degree is constant, so K(g,0) = k. Then dim K,y <1 for any (¥',7'), and
since K (p,nr) 7 0, it follows that dim K, »,) = 1 as required. O

We will now work through an example to demonstrate this theorem.

Example. With all notation as in the rest of this section, let

H = %Q1 + %QQ — %P
We will show that the ring B arising from H as described in Theorem [5.1] is not
integrally closed, since H has two non-integral coefficients at ()1 and Q.

First, we find k,r and n. Since >, {a;} = 3+ 3 =2 < 1, we set k = ay -
az—1=2-3-1=05 Nowr = [}, ka;] = |5+2] = 2] =4 Finally,
n=cp-cL-cg=2-2-3=12.

This gives H ) = %Ql + %QQ —4P. Then |Hg ] = 2Q1 + Q2 — 4P. This
divisor has no global sections because it has negative degree, so we see that B, ,) =
HO(H(;C7T))/HO(H(;€,T+1)) =0 as required.

On the other hand, we have H(,x,nr) = 30Q1 + 20Q2 — 48P, which has positive
degree, 80 Bk nr) 7 0. Indeed we have

Bnknry = H°(30Q1 + 20Q2 — 48P)/H(30Q1 + 20Q2 — 49P).
Let P! have co-ordinates  and y and suppose P = [0 : 1], @; = [l : 0] and
Q2 = [1:1]. Then By nr is generated by the rational functions

.T48 .T48 .T48

=) P =) - )

However, note that because we quotient by H%(30Q1 + 20Q2 — 49P), we can show
that:

.T48 $48 :C49

L e R
since the result is a section of that divisor. It follows that in B,k n,) we have
ﬁ = —1, and we will use this fact later.

Now we choose k' and r’. We can pick k' = 4 since that gives ¥’H = 2Q; +
%ngQP which has degree 2 and only one non-integral coefficient, so deg |k’H | > 0.

3
Then ' = —|k'ap| = 2. We have

By = H(2Q1 + Q2 — 2P)/H°(2Q, + Q2 — 3P)

=0,

and
Bosrr rary = H(4Q1 +3Q2 — 6P)/HO(4Q1 + 3Q2 — TP).

Hence take f = y(f—i € B,y and g = ﬁ € B(gtr!,r4ry and let

)
/ !
h===———¢€K,).
g Pa-y
We know that h ¢ B since By = 0. However, we have
T R e SR T S
Y36 (z — y)12 Y6 Y0 (z — )8 y30(z — )18 (nk,nr)

= —1 in B as seen above.

since @
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It follows that h is a root in K, the field of fractions of B, of the monic polynomial

48
Z" — 7y30(z e € B[z].

Hence B is not integrally closed.

5.2.2. Divisor Correspondence. Now we show that prime divisors over X give rise to
divisors on P!, and demonstrate how, subject to some conditions, Theorem [5.1] can
be applied to show that the test configurations corresponding to these prime divisors
have non-normal central fibres. We refer back to the notation of Proposition 2]
and Definition 2.0

Proposition 5.3. Let X be a smooth G-variety of complexity one. The test con-
figuration corresponding to a prime divisor F over X is special if and only if the
graded ring B associated to the filtration on the section ring of —Kx induced by F
is integrally closed.

Proof. The test configuration is special if and only if the central fibre X is normal.
In this case we have Xo = 77 1(0) = ProjA/(z), where A/(z) = @, ¢z F R/F 'R =
B. Since Xy = Proj B, and in fact B is the section ring of (X, Lg), it follows that X
is normal, and the test configuration special, if and only if B is integrally closed. [

Now suppose X is a smooth Fano G-variety of complexity one. Let F be a
non-central G-divisor over X. We know that the test configuration corresponding
to X is special if and only if the bigraded ring B defined above is integrally closed.
We will use the B-quotient to allow ourselves to check this using divisors on P1.
Recall that B = @, ., F"R/F 'R, where R = @,., H°(X,—kKx) and F'R =
Orez {f € H'(X, ~kEx) | vp(f) =1}

We know that we can find a B-invariant representative of the class —Kx, and
given this, the section rings H°(X, —kK x) gain a G-module structure. The B-semi-
invariants of weight \ in this G-module are of the form fyey where fo € KB = k(P!).
If B(X) is the set of B-invariant divisors of X and we have —Kx = ZDGB(X) mpD,
then

H (X, —Kx)\" = {foex | fo € KP, Y~ [hpvey(fo) + (A fp) +mp]D > 0}.
DeB(X)

For a fixed weight A € A we have H°(X, —KX)S\B) =~ HO(P!, H)), where

. (MEp)+m
Hy = Z (PIEI—HP<D}L>7D) P.

PePt b
This is a well defined divisor on P! (i.e. has no coefficients +0c) provided that
(a): for any P € P! there exists a B-divisor D on X with Pp = P and hp > 0,
and (b): A lies in the polyhedral domain
P(-Kx)={AeA|{(\{p)>—mp for all D with hp = 0}.

Condition (a) holds by completeness of X, but we need to be careful about condition

(b).

Recall the function

. (MEp)+m
A(—Kx,\) = Z (Pmmp<Dh>7D)
pept N °T b

which computes the degree of Hy, and the polyhedral domain
Pi(—Kx)={\eP|A(-Kx,\) > 0}.

In this notation, H) is well-defined and has positive degree exactly when A lies in
the relative interior of Py (—Kx).
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Lemma 5.2. We may assume that 0 is in the relative interior of P+(—Kx).

Proof. Since — K x is ample, we have seen that — K% = vol(—Kx), and this quantity
must be positive. We have also seen that vol(— K x) can be expressed as an integral
over A_g, + Py(—Kx). It follows that Py (—Kx) has non-empty interior. Let
A lie in the interior of P;(—Kx), and replace —Kx with the equivalent divisor
—K = —Kx +dive,.

Suppose hp = 0 for some D € B(X). We know that (\,¢p) > —mp. The
former is defined to be vp(ey), so we have mp +vp(ex) = m/p, > 0, or equivalently
0=1(0,{p) > —mlp, i.e. 0 € P(—K%).

Likewise, since A € relint P, (—Kx), we have A(—Kx,\) > 0. But

A(=Kx,\) = (m'n M)

pem \P=P hp
!/
- (min mD) = A(—KY%,0).
Pe[Pl PD:P hD
So A(—K%,0) > 0 and the result follows. O

Now looking back to B, we have

(FHP =P {f e P HUX,—kEx)\ | vp(f) > }

keZ AEA
By discussions above, we can rewrite this as
(FNP = PP 1S e HOB kHy) | vr(f) = 1}
AEA kEZ
Since vp(f) = hpordp, (f) + (A, €r), we have
r—{(\/4
= {1 e oGk ordn(r) > TR0,
We have shown that if deg Hy > 0 and H, has non-integral coefficients at two

points other than Pr, the ring B"# (H)) is not integrally closed. The latter is the
sum over (k,r) € Z® Z of

{f e HOGH,) |ordp, () = 7}
{f € HOWH,) [ordp, (f) > 5L}

Note that B (Hx)(,r—(xer)) = (‘FT)Ei)k)/(‘FTH)Ei)k) as defined above. The shift
of degrees by (A, ¢r) can be ignored as we sum over Z either way.

We can now write

5 - DODE. - DDHBE (i

AEA TEZ kEL AEA T€EZ kEL
=P B (H)).
AEA

Lemma 5.3. Let A be an integral domain with field of fractions K, and let K’ be
a subfield of K. Let B= ANK'. If B is not integrally closed in K', then A is not
integrally closed in K.

B (Hy) (k,r) =

Proof. If B is not integrally closed in K’, there exists a monic polynomial in B[x]
with a root f € K’ which does not lie in B. Since K’ C K and B[z] C Alx], we
can also view f as a root in K of a monic polynomial in Afz]. If f € A, then since
f €K', wehave f € AN K’ = B, a contradiction. Hence f ¢ A and A is therefore
not integrally closed in K. O



22 JACK ROGERS

Theorem 5.2. If there exists A € Py(—Kx) such that Hx has two non-integral
coefficients at points other than Pr, then B is not integrally closed.

Proof. By Lemmal[5.3]it suffices to show that B(()B) = BNK?P is not integrally closed.
We have shown that BB) = @, ., B (H)), so in particular B((JB) = B"*(Hy).
Hence if B"F(Hp) is not integrally closed, then neither is B. We have proved
already that B"# (Hy) is not integrally closed when Hy has positive degree and two
non-integral points distinct from Pr. We may assume that Hy has positive degree
by Lemma [5.2]

If H) has non-integral coefficients at two points other than Pr, then replace
—Kx with —K% = —Kx +divey. Then Hy = H) and the result follows using H)
instead of Hy. [l

To summarise the results of this subsection, we have:

Corollary 5.1. Let X be a smooth Fano G-variety of complexity one with anti-
canonical divisor —Kx . Let F' be a non-central prime divisor over X corresponding
to a point Pr € P! on the B-quotient. If there exists A\ € Py (—Kx) such that H)
has two non-integral coefficients at points other than Pr, then the test configuration
corresponding to F has non-normal special fibre.

In Section R we will show that the hypotheses of Corollary Gl hold for all smooth
Fano SLg threefolds. This will allow us to conclude the following:

Theorem 5.3. Let X be one of the SLy-threefolds mentioned in Theorem [E2l Let
F be a non-central prime divisor over X corresponding to a point Pp € P, If X
has subreqular colours lying over two points in P! distinct from Pr, then the test
configuration corresponding to F' has non-normal central fibre.

This result now allows us to prove parts (ii) and (iii) of Theorem [£.1]
5.3. Action Interchanging Two Points.

Proof of Theorem E.11(ii). Suppose a finite subgroup A C Aut X acts on P!, inter-
changing two points P and @ corresponding to subregular colours of X and that
the B-quotient is equivariant with respect to the A-action. We have an action on
X of an extension G’ of G by A. Any non-central G-invariant prime divisor F'
over X can only be G’-invariant if its corresponding point Pr € P! is fixed by A.
Since P and @ are not fixed by A, they are distinct from Pp, and since each has
a subregular colour lying over it, Theorem applies, and the test configuration
corresponding to F' is not special. Therefore we may show that X is K-polystable
by checking only central divisors. O

5.4. Three or More Subregular Colours.

Proof of Theorem [E1l(%i). If X has subregular colours lying over three or more
distinct points of P!, then for any non-central prime divisor F over X corresponding
to a point Pr in P!, there always exist at least two subregular colours lying over
two points distinct from Pr and from each other. Then Theorem [£.3] applies and
we need only check the S-invariant of central divisors. O

6. HOMOGENEOUS SPACES OF SLo

In this subsection we will describe the coloured data of the complexity one ho-
mogeneous spaces of SLy, as calculated by Timashev [Tim97]. We will show the
calculation in full for SL, itself, while simply presenting the pictures for the re-
maining homogeneous spaces. Note that a complexity one homogeneous space for
SLo must be of the form SLy/H for H finite, and that the finite subgroups of SLq
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are as follows: the cyclic groups Z,, for n € N, the binary dihedral groups D,, for
n € N, the binary tetrahedral group 7', the binary cubic group C and the binary
icosahedral group I.

6.1. SLy. Consider the action of G = SLy on itself by left multiplication of matri-
ces, let K = k(G) and choose subgroups B,U and T of G consisting of upper tri-
angular, upper unitriangular and diagonal matrices, respectively. The action gives
the homogeneous space G/H = SLa/{e}. The B-orbit of the identity is B itself,
which is a maximal orbit of codimension 1, so this is a complexity one homogeneous
space. Note that X(B) = Z« where « is the character (8 1l/’a) — a. For g = (ﬁ Z{,),
the functions g — z and g — w are semi-invariant of weight «, so A = Za as well.
These semi-invariants generate the space M = k[G]gB), and KP = k(z/w). Fix a
splitting e: A — K (B) given by e, = z. Then all semi-invariants are of the form
fek where f € KP and k € Z.

We are interested in G-valuations and valuations of colours of K, which are
determined by their restrictions to K(5), which are in turn determined by their
restrictions to KB and a functional £: A — Q.

The rational B-quotient map is determined by the invariant z/w and thus looks
like m: SLy — P!, g — [z : w]. The regular semi-invariants thus lie in the space
M generated by z and w. Since no other semi-invariants can divide z or w, there
are no subregular semi-invariants. Likewise there are also no central colours. The
fibre of a point p = [a: 8] € P! is the regular B-divisor D, = Z(8z — aw), and
all B-stable divisors are of this form. The chosen splitting e marks out the point
oo = [0: 1] with Do = Z(e,) as distinguished. Non-distinguished regular colours
D,, for p # oo sit at (p,£,h) = (p,0,1) € H,, and Dy has £ = v (eq) = 1, so sits
at (00,1,1) € Hoo.

We can calculate V using the method of formal curves (see [Timl1ll §24]): fix
m € Z and u(t) € k((t)) and let

"™ wu(t)
s =1 ex v

where ord; u(t) = n < —m. Then any non-central G-valuation is proportional to
Va(t), Where vy (f) = ords(f(g - z(t))) for any f € K®) and generic g € G. Let
p=la:f] and

dp = Vy(1)(Bz — aw) = ords ((Bt™ — au(t))z — at™"w).

The value of d, is constant along P! except at the distinguished point, where it
jumps by some h € Q>o, so that v is represented in hyperspace by (z, ¢, h), where
£ =vy)(ea)

Note that for any p, d, € [m,—m]. Now suppose that m < n. We have d, >
min {ord;(Bt™ — au(t)), —m} = ordy(Bt™ — au(t)) > min{m,n} = m. Now if
d, > m, we have d, € (m,—m]. Otherwise d, = m. Since h is the difference
between the maximum possible value of d,, (which is —m) and the minimum, which
we see lies in the interval [m, —m), we have h € (0, —2m]. Finally, ¢ is given by the
value of dp,, which at non-distinguished points is m and at the distinguished point
is m + h.

In the case m > n, we have d, = n when a # 0, and when o = 0 (at the
distinguished point), we have d,, = m. Hence h = m—n, ¢ = n for nondistinguished
points and £ = n + h for co.

In either case we have h > 0 and the possible (¢, h) are defined for p # oo by
the inequality 2¢ + h < 0, and for p = oo by 2¢ — h < 0. Re-including the central
valuations allows h > 0. Thus we have valuation cones V, = {({,h) € H, | 20+ h <
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0,h > 0} for p # oo, and Voo = {({,h) € Hoo | 20 — h < 0,h > 0}. The picture of
the hyperspace is thus:
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F1GURE 1. Coloured data of SLq
where dashed areas denote the valuation cones and colours are denoted by unfilled
circles.

6.2. SLy/Zy,. The coloured data of SLa/Z,, has a distinguished point as above,
but the two points 0,00 € P! are also set apart since they are fixed by the Z,,
action on P! obtained via the B-quotient.
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FIGURE 2. Coloured data of SLy/Z,,
where Q = A*, the f-axis, is given by Z if m is odd and %Z if m is even.

6.3. SLo/ D,,. The binary dihedral and polyhedral groups have distinguished points
corresponding to the faces, edges and vertices of their corresponding polygons.
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FIGURE 3. Coloured data of SLg/Dn
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6.4. SLo/T.

\ \ )
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FIGURE 4. Coloured data of SLy/T

6.5. SLy/C.
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FIGURE 5. Coloured data of SLQ/C’

6.6. SLo/I.
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h
X AN NRNENE
NN O
NN\
O 12 NN\
/ NN\
S/ NN\
S/ AN X
] Y 1 0
P = DPe p=Dpy
h h
NN\ N T
NN ©
NN\
NN\ /
NN\ // @1
NN\ Y4
1 /) -1 (0
P =Dy D # DfsPos Pe

FIGURE 6. Coloured data of SLo/T

7. COLOURED HYPERFANS OF SMOOTH FANO SLo-THREEFOLDS

Here we calculate the coloured hyperfans of the smooth Fano SLo-threefolds we
are interested in.

7.1. SLo-Actions on Symmetric Powers. Many of the SLo-actions on threefolds
to be considered here will be induced by an SLs-action on P™ for some n, often in
the case where P" is realised as the projectivisation of a symmetric power of k2.
We describe these actions and some of their properties here, and will use the results
throughout the remainder of this section.

Proposition 7.1. Let G = SLy. Fix a Borel subgroup B consisting of the upper
triangular matrices in G. Then X(B) = Za, where « is the character (§ 15’,1) — a.
The dominant weights are the non-negative integer multiples of o, and the simple
G-module of highest weight na can be realised as the space S"k* = klz,y|, of
homogeneous degree n polynomials in 2 variables, where G acts by linear change of
variables.

Proof. The G-module k|z, y],, is indeed simple: if not, it decomposes as a direct sum
of G-submodules by complete reduciblity of modules for reductive groups. Each of
these G-submodules must contain a nonzero U-invariant (see [Hum75, Thm 17.5]).
But the only U-invariants in k[z, y], are scalar multiples of y™, and complementary
submodules cannot both nontrivially intersect a single line. A simple check shows
that B acts on ky™ with weight na. O

Proposition 7.2. By the above, G acts on P* = P(S"k?). Under this action, the
rational normal curve Z C P™ defined as the image of P = P(k?) under the degree
n Veronese map, is a G-orbit.
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Proof. Since G acts transitively on P! under the standard linear action, it suffices to

show that v, is G-equivariant. But v, maps [z : y] to [z : 2" 1y ... oy~ 1 y"]
and since the G-action on P" is defined by the same linear changes of the variables
x,y as the action on P!, equivariance follows immediately. [

Proposition 7.3. Let P* = P(S"k?) (n > 2) have homogeneous co-ordinates zj,
0 < k <n. Then (where they are regular) z, is a B-semi-invariant of weight na
and zp—ozn — 22 _1 is a semi-invariant of weight (2n — 4)a.

Proof. Since z, corresponds to y" € S"k?, it is a semi-invariant of weight na by
Proposition [[Il For z,-2z, — 22_;, note that (0 1/a) € B maps the co-ordinate
function zj to the linear polynomial given by making the replacement ™~ ™y™ —
Zm in the expression (ax + by)"~™y™/a™. Tt is then straightforward to check the
claim. (I

Proposition 7.4. Each co-ordinate function z, on P* = S"k? is a T-eigenvector
of weight (2k—n)a, where T C B is a mazimal torus. It follows that a homogeneous
B-eigenfunction of degree d must be a linear combination of monomials zy, - - - 2k,
with Zle k; = %(m +dn). In particular, a G-invariant divisor of degree d in P™

must be defined by a linear combination of such monomials with Zle k; = %".

Proof. An element (8 1%) € T acts on 2z by 2z, = (az)" *(y/a)k — a" k2,

so zi has weight (2k — n)a. The B-weight of a B-eigenfunction must equal the
T-weight of the same function, which must in turn equal the weight of any of its
individual terms. Hence for a homogeneous polynomial of degree d, constructed
from monomials 2, -- - 2k,, to be a B-eigenfunction of weight ma we must have
Zle (2k; —n) = m, or Z';:l ki = 3(m + dn). Finally, a G-invariant divisor
must be defined by a G-semi-invariant homogeneous polynomial. Since G (being a
perfect group) has no nontrivial characters, such a polynomial must in particular
have B-weight 0, from which the final claim follows. (|

7.2. Blow-up of P? Along Three Lines (4.6).

Hyperfan of P3. Let G = SLy act on X = ]P’( 2(k)) = P3? by left multiplication
of matrices. Then the orbit B - is { ) € ]P’3} This point has stabiliser
Zo and the orbit therefore has dlmenswn dnnB = 2. This must be a maximal
orbit and so this action has complexity one. The G-orbit of the same point is
{(2%)€eP?|zw—yz+#0} = PGLy. This is an open subset of P, so we are in
the quasihomogeneous case, and P? is an embedding of PGLy = SLo/Zy = G/H.
The degenerate matrices constitute a G-stable prime divisor D = Z(zw — yz) of
IP3, which contains all of its closed orbits.

There is a family of colours parameterised by points in P': namely, for p =
[a: B] € P, the divisor D, = Z(8z — aw) is a colour.

Coloured Hyperspace. We know from that the weight lattice A of SLy/Zs is
Z - 2a, so we identify its dual Q with %Z, and the field of B-invariants can be
generated by z/w. In the case of SLy/Zs, to keep the convention of our analysis
of SLa, we would choose a distinguished semi-invariant es, = 2% € ]k[G/H](B).
This corresponds to the rational function F' = 22/(zw — yz) on P3. It is still a
semi-invariant of weight 2« and we will set es,, = F.

In the hyperspace, the choice of es, means that co = [0 : 1] is distinguished,
since its pullback under the B-quotient map is the divisor of F. For all other
points, the valuation cone is defined by £ + h < 0 (not 2¢ + h as before since
we identify Q with %Z), and the colour D, lies at (0,1) in #H,. For p = oo, the
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valuation cone is £ — h < 0, and the colour D, lies at (2,1). Indeed, we have
Ip.. =vp, (e2q) = v (2%/ (2w — y2)) = 2.

Let D := Z(zw—1yz) C P? be the divisor of degenerate matrices, with associated
valuation vp. This valuation is G-invariant and geometric, so lies in V. To locate
vp in the hyperspace H, first note that vp(z/w) = 0, so vp has trivial restriction
to KB and is thus central. We also have vp(e2s) = vp(22/(zw — yz)) = —1, 80 vp
sits at (—1,0) in the centre of the hyperspace. Since any positive rational multiple
of vp is also a G-valuation, the cone of central valuations K =V N Z is Q<.

Coloured Data. As has been noted, all closed G-orbits in X lie in the divisor of
degenerate matrices D. Since we are projectivising 2 X 2 matrices, D must consist
exclusively of (projectivisations of) rank 1 matrices. It is not difficult to check that
each closed orbit consists of matrices with a given kernel, so they are parameterised
by P!. For p € P! we write Y, for the closed orbit of matrices whose kernel is the
line in k? represented by p. Each colour D, contains the closed orbit Y, and this
orbit is contained in no other B-divisor, so the coloured data of the G-germs in X
are as follows: Vy, = {vp}, D% ={D,}; Vp = {vp}, DB = 0.

Thus for p # oo, the minimal G-germ Y}, corresponds to the coloured cone in
H, spanned by the colour D, at (0,1) and the G-divisor D at (—1,0), i.e. it is
the upper-left quarter-plane. Similarly for p = oo the coloured cone is spanned by
Dy = (2,1) and D. We can see that for any p, the coloured cones spanned by the
minimal G-germs cover V, entirely, in accordance with completeness of P3. Hence
the coloured hyperfan of P? looks as follows:
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FIGURE 7. Coloured hyperfan of P3 (linear action)
where filled circles represent G-divisors, unfilled circles represent colours, thick lines
indicate rays spanned by G-germs and B-divisors, hatched areas show the coloured
cones generated by minimal G-germs, and dashed lines show the boundaries of the
valuation cones.

Blow-up of One Line. The closed G-orbits Y, C P3, where p = [a: 3] € P!, consist
of matrices whose kernel is the line in k? represented by p. That is, Y, = Z(Bz —
ay, Bz — aw). Each of these closed orbits is a G-stable line in P3, and they are
mutually disjoint. We will obtain our example by blowing up three of these lines,
which can be chosen arbitrarily. First we investigate what happens to the coloured
data and hyperspace after one blow-up, and the rest follows easily.

Let 0 = [1: 0] € P! and consider Yy = Z(y,w) C P3. Let X := Bly,(P3) =
Z(yv — wu) C P! x P3. Note that under the blow-up, the colours D, and closed
orbits Y,, of P? where p # 0 pull back isomorphically to X, and since Yy is G-stable,
the blow-up is equivariant.
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The exceptional divisor of this blow-up is Fy = Z(y,w) C P! x P? and the strict
transform of the divisor of degenerate matrices is D= Z(zw—yz, uz—vz, yv—uw) C
P! x P3. These are the only G-stable prime divisors in X, and their intersection is
the curve Z(uz — vz, y, w). Together D, Ey, their intersection and the closed orbits
Y, (p # 0) constitute all G-germs of X. Meanwhile, the colours of X are the colours
D, (p # 0) of P? and the strict transform Dy = Z(w,v).

Hence the coloured data of the G-germs of X are as follows: for p # 0 we have
Vy, ={vp}, Dy, = {Dp}. Then also V. = {vp,ve,}, PP, =0, Vp ={vp},
Dg =0, Ve, = {VE}, Dgo =0.

The set-up of the hyperspace is unchanged from the example of P3: A is generated
by 2a, Q is identified with %Z, we choose the splitting ez = 22/(zw —yz) (marking
00) as the distinguished point), and the valuation cones are defined by ¢+ h < 0 for
p# oo and £ —h <0 for p= oco. It remains to locate the colours and G-divisors.

The central divisor D still sits at (—1,0) in every section of the hyperspace, as
before. For p = 0, the colour Dy sits at (0,1) and the G-divisor Fj sits at (—1,1).
The coloured cone defined by the minimal G-germ D N E, spans the rays defined
by D and Ey. For p # 0, the colour Dp sits at (0, 1) as before and the cone defined
by 17,, spans the rays defined by D and Dp. Again we see that the coloured cones
defined by the various G-germs all cover the valuation cone in each slice of the

hyperspace, as required by completeness of X. Thus the coloured hyperfan looks
like:
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FicURE 8. Coloured hyperfan of the blow-up of P? along one line

Blow-up of Three Lines. Now we can go back to P3, choose three arbitrary non-
distinguished points (say ¢,r,s € P\ {oc}) and successively blow up their corre-
sponding G-orbits, in this case Y;, Y, and Y. From the calculations above for the
first blow up it is clear what happens as far as G-germs and the hyperspace are
concerned: the slices of hyperspace corresponding to all points p # ¢,r,s will be
unchanged from their description above, and in each of the slices corresponding to
q,7, s there will be a new G-divisor (the exceptional divisor of the blow-up) sitting
at (—1,1), while the corresponding colour does not move from (0,1). The minimal
G-germs are Y), for p # ¢, 7, s and Dn E, for p = q,r,s. The former define coloured
cones bounded by D and Dp in ", (p # g¢,r,s) and the latter define coloured cones
bounded by D and E,in H, (p = ¢,7,5). Hence we get the following coloured
hyperfan:
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FIGURE 9. Coloured hyperfan of the blow-up of P along three lines
7.3. Blow-up of P! x P? (3.17).

Orbits and G-germs Before the Blow-up. Let G = SLy act on P! x P?, linearly
on the first factor and quadratically on the second. The G-orbit of the point
P=([1:0],[1:0:1]) is

{(Ja: c],[a* +b* :ac+bd : ¢* + d?]) | ad — be = 1}.

The stabiliser Gp is Z4, so this orbit is open, and the B-orbit is easily checked to
be 2 dimensional. Hence P! x P2 is a complexity one G-variety and an embedding
of G/H = SLy/Z.

The divisors A = Z(x322 + 2320 — 2z07121) and F = Z(z922 — 27) are G-stable.
Consider the G-stable curve C' = Z(x120 — 221, 2121 — Zo22) C P! x P2. Note that
C = FNA. The orbits on P! x P? are as follows: C is itself a closed orbit, then A\ C
and F'\ C are orbits, and the open orbit described above is P! x P2\ (F U A). This
is shown in detail by calculations after the blow-up in a later subsection. Hence the
proper G-germs of P! x P? are C, F and A.

(Semi-) Invariant Functions. Recall that for SLa/Z4, the weight lattice A is gen-
erated by 2a, @ = A* is identified with %Z, the field of invariants is gener-
ated by 22/w? and we chose a semi-invariant regular function F' from the module

M = k[G]Ef;jg? spanned by z? and w? to give a splitting ea, = F?/(zw).
On P! x P2, the function fo = go/ho = 23(2022—2}) /(2022 —121)? is B-invariant
and under the isomorphism G/H = P! x P?\ (F U A) corresponds to the invariant
22 /w?. Hence this function defines a rational B-quotient map 7: P! x P2 --» P!,
P [go(P) : ho(P)].
For p = [a : B] € P!, the pullbacks 7*(p) = Z(Bgo — ahg) define a family of
regular colours D, = 7*(p) except at three points:

p=o0o=[0:1]:7"(p) = Z(23(2022 — 27)) = FU Z(23) = F U Dy,
p=—-1= [1 : —1] : F*(p) = Z(ZQ(.T%ZQ —l—.T%ZO — 2$0.T121)) = AUZ(ZQ) =AUD_q,
p=0=[1:0]:7"(p) = Z((voz2 — 2121)*) = Do.
Note that Do, and Dg correspond to points in P! of multiplicity 2, i.e. they are
subregular colours and thus have h-coordinate 2 in hyperspace, in accordance with

the calculation of the hyperspace of SLa/Z4 in Section
Now we choose as the splitting semi-invariant

23(xd20 + 2320 — 2207121)

71 (2022 — 22) (w022 — T121)

€2 =
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This corresponds in the homogeneous space to the function (22 + w?)?/(zw), and
hence to the choice F = 22 +w? € M and thus marks out the point —1 € P! as
distinguished.

Coloured Data and Hyperfan. We first note here that the curve C' is contained in
the G-divisors A and F', and in every colour D), for p # —1, 00, i.e. in colours lying
over points in P! whose pullback does not contain A or F. Hence the coloured
data of C'is: Vo = {va,vr}, DE = {D, | p # —1,00}, and the remaining coloured
data is VAo = {va},Vr = {vr}, D = DE = (). We see from this that C defines a
coloured hypercone of type II in H.

In accordance with Section [6.2] the subregular colours Dy, Do sit at (—1,2) in
their respective slices of hyperspace, the colour D_; sitting over the distinguished
point sits at (2,1), and the non-distinguished regular colours D,, for p # 0,—1, 00
lie at (0,1). Finally, the G-divisors F' and A go to (p,¢,h) = (o0,—1,1) and
(p,€,h) = (—1,1,1) respectively. Then the polytope defined by C is P = Py +
Poo + P-1 = {-1/2} + {1} + {1} = {—1/2}. Hence the coloured hyperfan of
P! x P2 is as follows:

SO A

S S S
S S S
S S

pzil p#07_17oo

FiGURE 10. Coloured hyperfan of P! x P2

Blow-up. We now blow up C' to obtain the variety X = Z(zoyoz2+x1y120—ZoYy121—
z190z1) C P x P! xP2. Then X contains the G-stable divisors A = Z(zoy1 —T1Y0),
the strict transform of the divisor A defined above, E = Z(x120— 2021, 2121 —Z022),
the exceptional divisor of the blow-up, and F = Z(y120 — yoz1,Yoz2 — y121), the
strict transform of the above divisor F. Let D = EU F.

Orbits and G-germs After the Blow-up. Claim: the G-orbits on X are X\ (DU A),
which is open, A\ (DNA), E\ (ENA), F\(FNA)and DNA, which is closed.
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We note that QQA = ENA=FNA=ENF. Thus the G-germs of X are A,
E, F and DN A, with the latter being minimal.

Proposition 7.5. The open SLy-orbit on X is X \ (D UA).

Proof. For (p,q) € P* xP1 let X, , = XN ({(p,q)} xP?). Since the torus k* C SLy
fixes 0 := [0 : 1],00 := [1 : 0] € P!, it must also leave Xp - stable. We claim that
k* acts transitively on X¢ oo \ Do oot

Indeed, suppose @ = (0,00,[q0 : ¢1 : ¢2]) € Xo,00 \ Do,co. The equation for
X demands that g; = 0, and this means that the equations for E,F reduce to
go = 0 and g2 = 0, respectively. Hence we must have @ = (0,00, [qo : 0 : g2]), with
q0g2 # 0. Now consider P = (0,00, [1 : 0 : 1]), whose image under A = (§ 1?,1) e k*
is (0,00,[a?:0:1/a%) = (0,00, [a* : 0 : 1]). By setting a to be any fourth root of
do/q2, we thus have that Q = A - P, proving the claim.

Now let S = (p,q,7) € X \ (DUA). Since p,q € P! are distinct, there exists
M € SLg with M-S = (0,00, M 1) € Xo,00 \ Do,0o- Now by the above there exists
A € k* with A- (M -S) = P, hence SLy - P = X \ (DU A) as promised. O

Proposition 7.6. A\ (DN A) is an SLy-orbit on X.

Proof. First, note that the Borel subgroup B C SL, fixes oo € P!, which we use to
show that B acts transitively on Xoo 00 \ Doo,0co- The equations for X and D here
reduce to z2 = 0, z1 = 0 respectively. Let P = (00,00,[0:1:0]) € Xoo.00 \ Doo,c0;
so that A = (8 1%) - P =(00,00,[2ab:1:0]). If r =[rg: 71 : 0] € Xoo,00 \ Doo,c0;
then setting a = 1,b = r¢/2r, gives A- P = (00,00,7), so we are done. Now for
any Q = (p,p,q) € A\ (DN A) there exists M € SLy with M - Q = (00, 00, M - q),
so there exists A € B such that A- M - QQ = P as required. (I

Proposition 7.7. E\ (ENA) and F\ (FNA) are SLy-orbits on X.

Proof. Let Q = (p,q,7) € E\ (ENA). As above, there exists M € SLy with
M-Q = (0,00,M - 1) € Dgoo. Now since E is SLg stable, we have in fact that
M - Q € (E)o.0, which is a singleton. Hence E \ (ENA) is an SLo-orbit, and the

case for F' is symmetric. O

Proposition 7.8. The final SLy-orbit on X is NA N D. Hence the G-orbits on X
are DUA, A\ (DNA), E\(ENA), F\(FNA) and DNA

Proof. Let Q = (p,p,q) € A N D, noting that assuming the equations for A, the
equations for E and F become the same, i.e. ANE = ANF. Tt follows that Ds 0o
is a singleton, say P. We can as before choose M € SL3 such that M - Q € Dy o,
showing that AN D = SLy - P.

Now it is clear that the orbits described so far cover X, so they must constitute
an exhaustive list. O

Hyperfan of X. As in previous examples, blowing up the curve C does not change
the position of any divisor in hyperspace, but it adds the new G-divisor E. Taking
the same invariant and semi-invariant rational functions used above (i.e. fp and
€2q) We see that F sits over 0 € P! and lies at (p,¢,h) = (0,—1,1) € H. The colour
Dy no longer contains the minimal G-germ E N A, which now has coloured data
VEHA = {VE’VF’VA}’ ngg = {DP | p 7& —-1,0, OO}

We thus have P = Py + Poo = P_1 = {—1} + {—1} + {1} = {—1}. Hence all
things considered the coloured hyperfan for X looks like:
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FIGURE 11. Coloured hyperfan of the blow-up of P! x P? along C
7.4. Blow-up of the Divisor W in P? x P? (3.13).

Definition and Structure of W. Let G = SLy act diagonally on P? x P? with the
action on each factor P? = P(S?k?) described in Section [l Then the divisor
W = Z(zoy2 — 221y1 + 2yo) is G-stable. The point P =([1:0:1,[0:1:0]) e W
has a 2 dimensional B-orbit, and a G-stabiliser of order 8 generated by (3 Bi) and
(? é), solet H=Gp = Do, the binary dihedral group of order 8. Then we see that
W is a quasihomogeneous complexity-one G-variety containing the homogeneous
space G/H.

Now consider the conic C' = Z(xozz — 23) C P2. It is G-stable under the action
induced from S2?k? by Proposition [.2) and hence the divisors C' x P2 and P2 x C
on P? x P? are also G-stable. Let E., and Fy respectively be the intersections of
these divisors with W. Their union is the complement of G/H in W and their
intersection is a G-stable curve Z = (C' x C') N W. The equations of W also force
Z = diag (P2 x P2) N W.

Thus the G-germs of W are exactly Z, Fy and F,, with the latter two containing
the former, which is minimal.

(Semi-) Invariant Functions. For G/H = SLy/ Dy, the weight lattice is A = Z(2a),
Q = A* is identified with %Z and the field of invariants is generated by fJ% /f2. In
W, the equations defining Ey and E, are invariant, and x5, y2 are B-semi-invariant
of weight 2c. Hence f = y3(zox2 — 23)/23(yoy2 — y?) is invariant, and one can
check that it does indeed correspond to fJ% /f2 on the open orbit.

Now f defines a B-quotient m: W --» P P — [y2(zoz2 — 2%) : 23(yoy2 — v3)]-
The pullback of p = [a : 8] € P! is Z(By3 (zoxa — 23) — ax3(yoy2 — y?)) and defines
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a regular colour for all p except for the following:

p=1[1:0]=0:7"(p) = Z(23(yoy2 — y1)) = Z(23) U Z(yoy2 — y7) = Do U Ey
p=[0:1] =00 7*(p) = Z(sE(wowz — 23)) = Z(42) U Z(wowz — a%) = Dac U Eng

p=[-1:1=-1:7"(p) = Z(~ (212 — 2291)*) = D_1.

Here we see three subregular colours (Dg, Doy, D—1) of multiplicity 2 correspond-
ing to the three subregular semi-invariants on G/H, and the two G-divisors Fy, E«
defining the minimal G-germ Z. One can check that every colour except Dy, D
contains Z.

The function xays/(x1y2 — 22y1) is semi-invariant of weight 2« and corresponds
to fefu/fr in the homogeneous space, so we choose this as our splitting eaq. Its
divisor is Dy + Dso — D_1, so these points are distinguished by it.

Hyperfan Before the Blow-up. We recall that the G-germs of W are Ey, F, and
Z, with the latter being minimal. The coloured data are thus V; = {vg,,vEe.},
D7 ={D, | p # 0,00} and Vg, = {vg,}, DE. = 0 for i = 0,00. Thus Z defines a
supported coloured hypercone of type II in H.

From our choice of invariant and splitting semi-invariant, the G-divisors and
colours map to the following points in hyperspace: Eg — (0,0,1), Dy — (0, 1,2),
Ew = (00,0,1), Do = (c0,1,2), Dy — (—=1,—1,2) and D, — (p,0,1) for
p # 0,00,—1. Therefore the polytope defined by Z is given by P_; = {—1/2},
P, = {0} for p # —1, so P = {—1/2}. Hence the coloured hyperfan of W looks
like:
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FIGURE 12. Coloured hyperfan of the divisor W on P? x P2
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Blow-up. To obtain the variety we want, we blow up W along Z. Since Z defines
a hypercone of type II, it has a minimal B-chart U = W \ (Dy U D). We will
simplify matters by blowing up this chart instead.

Hence consider U as an affine chart of W, i.e. we set x5 = y2 = 1 in W to obtain
WNU = Z(xg — 22191 + yo) € A%, Eliminate zg = 2x1y1 — 9o so that WNU =
Speck(z1,v0,y1] = A3. Then Eo NU = Z(yo — y?) C A3, Eoo NU = Z(2m1y1 —
yo—3) CA3and ZNU = Z(yo — v}, 2x1y1 —yo — 23) = Z(y1 — 21,90 — y3) C A3,

Now take X = Blynz(W N Z) = Z(20(yo — y}) — z1(y1 — 1)) C A3 x PL.
The exceptional divisor is E = Z(yo — y3,y1 — 71), and we have strict transforms
Eo = Z(yo — y3,21) and En = Z(20(z1 — y1) — 21,2191 — Yo — 23) of the G-
divisors from downstairs. Any two of these three G-divisors intersect in the curve
Y = Z(yo — y},y1 — x1,21), which is hence the unique minimal G-germ of the
blow-up.

The invariant rational function on W becomes f = (2z1y1 — yo — 22)/(yo — ¥3)
on UNW and hence also on X. Under the induced B-quotient 7 to P! we see that
([1:=1)) = Z(z1 — y1,50 — ¥3) U Z(x1 — y1,20) = EUD_,. Hence E sits in the
slice of hyperspace corresponding to —1 € P!, and the colour D_; does not contain
the minimal G-germ Y, as D_; did before the blow-up.

Choosing a uniformising element 6 = (2z1y1 — yo — 2% + (yo — ¥3))/(yo — ¥3) =
—(y1 — 71)?/(yo — y?) of the DVR corresponding to —1 and taking an affine chart
zo =1 of X, a simple calculation shows that hg = vg(d) = 1.

Likewise, the splitting semi-invariant es, from above becomes 1/(x; — y1) on
X, giving ¢g = vg(esq) = —1. Hence E + (—1,—1,1) € H. The positions in
hyperspace of all other G-divisors and colours remain as always unchanged by the
blow-up.

Thus the curve Y has coloured data Vy = {vg,vg,vz_}, DY = {Dy | p #
0,00, —1}. Tt defines a supported coloured hypercone of type IT in H with associated
polytope P = P_; = {—1}. Hence X (and therefore the variety Blzy W) has the
following coloured hyperfan:
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F1GURE 13. Coloured hyperfan of the blow-up of W along Z
7.5. Blow-up of P3 Along the Twisted Cubic (2.27).

Homogeneous Space and Structure. Let G = SLy act on P? = P(S%k?) as in Sec-
tion [[J] The point P = [1: 0 : 0 : 1] has as its G-stabiliser the binary dihedral
group H = Ds of degree 3 and order 12. The same point has B-stabiliser equal
to the group of sixth roots of unity, so dim B - P = 2. Hence G - P is the homo-
geneous space G/H, realising P? (in a different way to previous examples) as a
quasihomogeneous complexity-one G-variety.

Let Z be the rational normal curve of degree 3in P3,i.e. Z = Z(zox2 —x%, ToT3—
2172, 1123 —23). Then Z is a closed orbit in P? by Proposition[Z2l We will see that
Z is the unique minimal G-germ of P2, and is contained in its unique G-divisor.

(Semi-) Invariant Functions. By Section [6.3] there are semi-invariant functions
fos fe, [ ink[G]P*H) of respective biweights (3a, (—1,3)), (3a, (—1,1)) and (2q, (1,2)).

In P3, z3 is semi-invariant of B-weight 3, and z123 — 23 is semi-invariant of
B-weight 2a by Proposition [[3l Hence the latter corresponds to ff. On G/H,
we see that, acting with (9¢) € H on the right, x3 has H-weight (—1,3), so x3
corresponds to f, Finally, 223 — 3z12923 + o3 has B-weight 3o and thus by
process of elimination it corresponds to fe.

Now the function f}/fZ is B-invariant, so gives the B-quotient map 7 to P!,
ie. m(P) = [f}(P) : f2(P)] for P € P?. This defines a family of regular colours
D, =7*(p) in P3 for all p = [a: §] € P! except:

p=0:7"(p) = Z(f2) = D,
p=o00:7(p) = Z(f}) = Dux,
p=—4:7%(p) = Z(fUZBairl —4adxs — xlx3 — dwoal + 6201 0273) = D_4UF
where F' is a G-divisor. The subregular colours Dy, D+, and D_, have multiplicities

2, 3 and 2, respectively, in accordance with the pictures above.
Finally, we choose a splitting es,, = fvfe/f? € Kéf).

Coloured Data and Hyperfan of P3. The minimal G-germ is contained in F' and in
every colour except D_y4, so has coloured data Vz = {vp},DZ = {D, | p # —4}.
It therefore defines a supported coloured hypercone of type II in .

By our choice of splitting we see that Do — (£, h) = (1,2) in hyperspace, Dy +—
(—2,3), D_4 +— (1,2), F — (0,1) and as always the regular colours D, — (0, 1) for
p # 0,00, —4.

Therefore the polytope defined by Z is given by P = Py 4+ Poo + P-4 = {1/2 —
1/3+0} = {-1/6}.
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Hence the coloured hyperfan of P? looks like:
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FIGURE 14. Coloured hyperfan of P? (cubic action)

Blow-up. Now to get the variety we need, we blow up Z. To simplify what happens,
we will take affine charts. Take the minimal B-chart for Z, which is Uz = P3\ Z(z3).
By setting x3 = 1, we get Uz NP3 = A3 = Speck|xg, 71, 22]. Then ZNUz becomes
Z(xg — x1272, 71 — T3).

Now X = Blzny,(A3) = Z(20(z1 — 23) — 21(x0 — 7122)) € A3 x PL. The
exceptional divisor is E = Z(z1 — 23,29 — x122). Take another affine chart V
defined by z; = 1. Using the equation for X we can eliminate x( to obtain XNV =
A3 = Speck|r1, 72, 20). Now ENV = Z(x1 — 23).

On V N X, the B-invariant above becomes (23 — z1)/(272(1 + 20))?, and the
splitting semi-invariant becomes 2z2(1 + z0)/(z1 — 22). Hence E sits over co in
hyperspace and is mapped to (—1,1) € Heo.

Since the blow-up is an isomorphism away from Z, nothing else in hyperspace
moves from its previous position. There is a new minimal G-germ ¥ = EN F with
coloured data Vy = {vg,vz}, DE = {D, | p # 0o, —4}. The coloured hyperfan for
X is thus:
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FIGURE 15. Coloured hyperfan of the blow-up of P? along the
twisted cubic

7.6. Blow-up of the Quadric Threefold (2.21).

Homogeneous Space and Structure. Let G = SLy act on P* = P(5%k?) as in Sec-
tion [[Il Then the quadric hypersurface Q = Z(3x% — 4x123 + xo14) is a smooth,
G-stable threefold. The stabiliser Gp of the point P=[0:1:0:0:1] € Q is the
binary tetrahedral group T, hence the orbit G - P is 3 dimensional and thus open.
The same point has the group of sixth roots of unity as its B-stabiliser, so has a
2-dimensional B orbit, so that @) is a quasihomogeneous complexity one G-variety
containing the homogeneous space G/H = SLo/T.

Let Z be the rational normal curve of degree 4 in P4, i.e. Z = Z(xgr2—2?, 2073 —
T1Xo, 1Ty — T3, Loy — x%) Then Z is a closed G-orbit in @ by Proposition [7.21
We will see that Z is the unique minimal G-germ in @, and is contained in a unique
G-divisor.

(Semi-) Invariant Functions. We know from Section[6.4lthat there are semi-invariant
regular functions fe, ff, fu in k[G](B*H) of respective biweights (6c,1), (4, e~ 1)
and (4a, ), where ¢ is a primitive cube root of unity.

On Q, 74 and zewy — 73 have B-weight 4a by Proposition [.3] and checking
on the homogeneous space G/H = G -[0 : 1 :0 : 0 : 1] we see that acting by
(8 591) on the right, they have H-weights e~! and ¢ respectively. Hence x4 = f7,
rox4 — 13 = f,. Finally, the function 223 + 2123 — 3z22374 is B-semi-invariant of
weight 6 and H-invariant, so this is fe.

Now f3/f? is a B-invariant rational function on @, so the B-quotient map 7 is
given by w(P) = [f3(P) : f2(P)] for P € @, and defines a family of regular colours
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D, = 7*(p) for all p = [a : 8] € P! except:
p=0:7"(p) = Z(f2) = Do,
p=o0:7"(p) = Z(f) = Deo,
p=—4:7"(p) = Z(f;’) U Z(4xs + 23y + 2023 — 6212003) = D_4 U F
where F' is a G-invariant divisor. Note that the subregular colours Dy, Dy, and D_4
have multiplicities 2, 3 and 3, respectively, as we should expect from the hyperspace

of G/H.
Finally, we choose as a splitting semi-invariant eso = fou fr/fe € Kéf).

Coloured Data and Hyperfan of @. The minimal G-germ Z is contained in F' and
in every colour except D_y4, so has coloured data Vz = {vp}, D = {D, | p # —4}.
Hence it defines a supported coloured hypercone of type II in H.

Our choice of invariant and splitting functions mean that Dy sits at (¢,h) =
(—1,2) in hyperspace, D_4, Do +— (1,3), F — (0,1) and as always for regular
colours we have D, — (0,1) for p # 0, co, —4.

Hence the polytope defined by Z is given by P = Py + Poo + Py = {-1/2+
1/3+0} = {—1/6}. Therefore the full coloured hyperfan defined by Q is as follows:
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F1GURE 16. Coloured hyperfan of the quadric threefold @

Blow-up. The variety we want is obtained by blowing up Z. We calculate the
effect on the hyperfan by blowing up in an affine chart. Since Z defines a coloured
hypercone of type II, it has a minimal B-chart Uz with the same coloured data.
Indeed Z is contained in every colour except D_4 = Z(x4), so Uz = P4\ Z(z4).
Setting x4 = 1 allows us to eliminate xg using the equation for @, so Uz N Q =
A3 = Speck|z1, 22, 23]. Then Uz N Z = Z(x1 — w223, 09 — 23).
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Now X = Bly,nz(A3) = Z(z0(z2 — 23) — 21(z1 — x2w3)) € A3 x PL. The
exceptional divisor E is given by Z(x1 — zaxs, 2 — x%) Now we take another affine
chart V' by setting z; = 1, which allows us to eliminate x; using the equation for
X. Thus VN X = A3 = Speck[za, 73, 20], and ENV = Z(x9 — 23).

On V N X, the invariant function f3/f2 becomes (z2 — x3)/(z0 — 223)?, and the
splitting semi-invariant is 1/(zo — 2x3), so we see that E — (p,¢,h) = (00,0,1) in
hyperspace.

Since the blow-up is an isomorphism away from Z, all other colours and G-
divisors lie at the same points in hyperspace as before. The blow-up introduces a
new minimal G-germ Y = E N F which must have coloured data Vy = {vg, Vit
DE ={D, | p # 0o, —4}. Hence the coloured hyperfan for X looks like:
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F1GURE 17. Coloured hyperfan of the blow-up of @ along Z

7.7. Vs (1.15).

Description and Homogeneous Space. Let G = SLy act on k? with the standard
linear action, and hence on P® = P(S%k?). By [Fur92], we can realise V5 as the
closure in PS of the G-orbit of the point P =[0:1:0:0:0: —1:0]. This
explicitly shows that V5 is a quasihomogeneous G-variety of complexity one. The
stabiliser of P in G contains the matrices y,r and w which, in Section 6.5 were
shown to generate the binary cubic group H = C. Since no other finite subgroup
of G contains C, we see that G - P = G/H. Hence there are three subregular
semi-invariants f,, fo and f; of respective (B x H) biweights (8c, 1), (12c, —1) and
(6cr, —1) and multiplicities 3,2 and 4.
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The description of V5 in [Fur92] realises it as the subvariety of PS defined by the
equations

ToTy — 4r123 + 330% =0,
Toxs — 3x1T4 + 2xox3 = 0,
Toxg — 9ToxTy + 8x§ =0,
T1Te — 3xoxs + 2x314 = 0,

ol — 41‘31’5 + 3562 =0.

It is clear from the above then that the rational normal curve Z of degree 6 defined
as the image of the Veronese embedding vg: P — P° lies inside V5 as a minimal
G-germ. We will show later that Z is in fact the unique minimal G-germ of Vs,
contained in a unique G-stable divisor.

(Semi)-Invariant Functions. One can find semi-invariants of the correct B-weights
by using a torus action, under which each co-ordinate function has a given weight.
In this case z; has weight —6 + 2k. It is easy to see immediately that z¢ is B
semi-invariant of weight 6, so must be the subregular semi-invariant f;. Likewise
x4 — o2 is B semi-invariant of weight 8, so represents f,. Now from Section [(.5]
we know that f, f¢/fe is a rational function, so has degree 0. Hence f. must have
degree 3 and B- (hence T-) weight 12a, and therefore must be a linear combination
of the monomials acgac%,mxg,xf; and J:g A simple check shows that f. = x3x§ -
3z47516 + 223 suffices.

Hence f3/f? is an invariant rational function defining a rational B-quotient
7: Vs —=+» P P — [f3(P) : f2(P)]. The pullback of p = [a : 8] € P! defines a
regular colour for all p except the following;:

p=0:7"(p) = Z2(f2) = Do;

p=o00:7*(p) = Z(f}) = Do;

p=—4:7"(p) = Z(x3) U Z(x175 + 3235 — dwoxz) = D_4 U F;

where I is then a unique G-divisor containing the G-germ Z. Likewise it is straight-
forward that Z is contained in every colour except D_j.

We choose as mentioned the semi-invariant splitting function esq = f, ff/fe of
B-weight 2a, and the colours Dy, Do, and D_4 are distinguished by it.

Coloured Hyperfan. We already know from previous discussions and our choice of
splitting that regular colours D), for p # 0,00 — 4 are mapped to points (p,0,1)
of hyperspace, and that Dy — (0,—1,2), Do > (00,1,3) and D_4 +— (—4,1,4).
Finally, it is easy to check on the B-chart V5 \ Z(x¢) that F is mapped to (—4,0,1).

The coloured data of the minimal G-germ Z is Vz = {vr}, DZ = {D, | p # —4}.
Hence Z is a G-germ of type II and defines a supported coloured hypercone of
type II generated by its coloured data and the polytope P = Py + Poo + P_4 =
{—-1/2} +{1/3} + {0} = {—1/6}. Hence the coloured hyperfan of V5 is as follows:
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F1GURE 18. Coloured hyperfan of Vj
7.8. Vay (1.10).

Description and Homogeneous Space. Let G = SLy act on k? with the standard
linear action, and hence on P'? = P(S1%2k?). By [Fur92], we can realise Vo as the
closure in P'? of the G-orbit of the point

P:[O:1:O:O:O:O:11:0:0:0:0:1:0].

This explicitly shows that Vas is a quasihomogeneous G-variety of complexity one.
The stabiliser of P in G contains (8 591) for € a primitive tenth root of unity.
Furthermore, the function x15 on Va9 is a B-eigenfunction of weight 12«.. The only
finite subgroup H of SLo containing an element of order 10 and such that SLo/H
has a semi-invariant of weight 12« is I, the binary icosahedral group. Hence V59 is
an embedding of SLy /1.

Then by 6.6l there are three subregular semi-invariants f,, f. and fy of respective
B-weights 12a, 30 and 20 and multiplicities 5,2 and 3. Note that I has no
weights.

The description of Vay in [Fur92] realises it as the subvariety of P'2 defined by
the equations

p
8 8

Z (A) < -~ )\) (XATpra—x — 4Tx412Tp3-x + 3Tr422p42-2) =0

A=0 P

for 0 < p < 16. It is easy to check using these equations that the rational normal
curve Z of degree 12, defined as the image of the Veronese embedding vy5: P! — P12,
lies inside V52 as a minimal G-germ. We will see that Z is in fact the unique minimal
G-germ of Vao, contained in a unique G-stable divisor.
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(Semi)-Invariant Functions. One can find semi-invariants of the correct B-weights
by using a torus action, under which each co-ordinate function has a given weight.
In this case zj has weight (—12 + 2k)a. We have mentioned that 15 is B semi-
invariant of weight 12«, so must be the subregular semi-invariant f,. Likewise
T10%12 — x%; is B semi-invariant of weight 20q, so represents fr. Now from Sec-
tion [6.6] we know that f, fy/fc is a rational function, so has degree 0. Hence f,
must have degree 3 and B- (hence T-) weight 30c, and therefore must be a linear
combination of the monomials z19x11%12, xi’l and xg:cfg. A simple check shows that
fe = 3x10711T12 — 2:1:?1 — x9$%2 suffices.

Hence f}/fZ is an invariant rational function defining a rational B-quotient
m: Vag ==+ P1, P [f}(P) : f2(P)]. The pullback of p = [a : 5] € P' defines a
regular colour for all p except the following;:

p=0:7"(p) = 2(f¢) = Do;

p=oco:m(p) = Z(f}) = Dx.

We also see that the subregular colour Z(f,) lies over p = —4 = [1 : —4], so we
write D_4 = Z(f,), recalling that this colour has multiplicity 5.

We choose as mentioned the semi-invariant splitting function esq = f, ff/fe of
B-weight 2«, and the colours Dy, Do, and D_,4 are distinguished by it.

Coloured Hyperfan. We already know from previous discussions and our choice of
splitting that regular colours D), for p # 0,00 — 4 are mapped to points (p,0,1) of
hyperspace, and that Dy — (0,—1,2), Do — (00,1,3) and D_4 — (—4,1,5).

Consider the coloured data of the minimal G-germ Z: we know that DZ =
{D, | p # —4}. This is infinite, so Z is a G-germ of type II and defines a coloured
hypercone generated by its coloured data and the polytope P. However, the slice
H_4 does not contain a non-central element of DZ, and hence must contain a non-
central element of V since Z is of type II. Hence there must be a G-divisor F' C Voq
containing Z and lying over —4 € P!. In the slice %_4, Cz is then generated by
‘P, which is central, and F', and by completeness it must cover the valuation cone.
Hence we must have F +— (—4,0, h) for some h > 0, and the hyperfan is the same
for any such h, so take h = 1. Then P = Py+Poo + P-4 = {—1/2} +{1/3} +{0} =
{—1/6}. Hence the coloured hyperfan of Vas is as follows:
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F1cURE 19. Coloured hyperfan of Vs,

8. APPLYING THEOREM [K£1]

In this section we show that Theorem ] applies to the varieties whose combi-
natorial data we have just calculated.

8.1. Action with no Fixed Points. The first case of Theorem EI] applies to P3
(1.17), the blow-up of P? in two lines (3.25) and the blow-up of P? in three lines
(4.6).

Realise P! as the unit sphere and consider the action of the symmetric group
A = S3 on P! consisting of rotations permuting the vertices of an equilateral triangle
inscribed in the equator. This action has no fixed points, one orbit of order 2
consisting of the north and south poles, and various other orbits of orders 3 and 6.

If X = P3, then S5 C Aut X = PGL4. Recall that the slices of the coloured
hyperfan are all identical to each other except for that of the distinguished point,
which lies two units to the left on the ¢-axis relative to the other slices. Hence we
can shift the slice of the distinguished point pg one unit to the right and shift the
slice of some other point p; one unit to the left. Now #,, and H,, look the same,
so we identify these two points with the north and south poles of the sphere. It
follows that the A-action preserves the coloured hyperfan of X, in the sense that for
a € A and p € P!, we permute the slices of H via H,, — Hq., and the coloured data
within each slice are invariant with respect to these permutations. This means that
the action of A on X is such that the B-quotient is A-invariant and Theorem [T
applies.

If X is the blow-up of P? along two lines, say Y, and Y;, then let ¢ and r be
the north and south poles of the sphere P!. Shift their slices of the hyperspace two
units to the left each, then choose two other non-distinguished points p; and ps and
shift their slices two units to the right each. Then the slices corresponding to p1,
p2 and the distinguished point pg align, and we can choose these to be the vertices
of the equilateral triangle acted on by S3. Again, S3 acts on X and preserves the
coloured hyperfan up to balanced integral shifts, so Theorem ] applies.

If X is the blow-up of P? along three lines, Y, Y, and Y;, the method is the same
as when X = P3, only making sure to choose ¢,r and s to be the vertices of the
triangle. Again, Theorem [£.]] applies.

As an aside, it is worth mentioning that the blow-up of P? along one line (2.33)
has non-reductive automorphism group and is thus not K-polystable. It is easy to
see that the method above does not work in this case, since the slice of hyperspace
corresponding to the blown-up line is fundamentally distinct from all other slices
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for this variety, so no action on P! which does not fix the corresponding point could
ever preserve the coloured hyperfan.

8.2. Action Interchanging Two Points. The second case of Theorem [ Tlapplies
to the blow-up of P! x P? along a curve of bidegree (1,1) (3.17).

Consider the Zo-symmetry of P! given by [ : 8] — [ : a]. This interchanges 0
and oo, fixes 1 and —1, and puts every other point in an orbit of order 2. Recall
that the blow-up of P! x P? has subregular colours lying over 0 and oo, and has a
distinguished point —1. Since the slices of the coloured hyperfan over 0 and oo are
identical to each other, the interchange of these points by Zs leaves the hyperfan
invariant, hence the Zs action on X respects the B-quotient map and Theorem 1]
applies.

Oddly, this method seems not to apply to P! x P? itself, even though this variety
is known to be K-polystable, since in this case, one of the two slices with subreg-
ular colours contains a G-divisor while the other does not, and the Zs-symmetry
therefore does not extend. This may require some further exploration.

8.3. Three or More Subregular Colours. We have seen that any smooth Fano
SLy-threefold whose stabiliser subgroup H is one of {D,,,T,C, I} has 3 subregular
colours, all lying over distinct points in P'. Then in particular, the third case of
Theorem FT] applies to Vae (1.10), V5 (1.15), @ (1.16), the blow-up of Q along a
twisted quartic (2.21), the blow-up of P? along a twisted cubic (2.27), W (2.32)
and the blow-up of W along a curve of bidegree (2,2) (3.13).

It remains to verify that each of these varieties satisfies the hypotheses of Corol-
lary B0l which we now do one by one.

8.3.1. Voo (1.10). Tt is known that for X = Vas, the Mukai-Umemura threefold, we
can take — K x to be a hyperplane section. The B-invariant hyperplane section of X
for our action is D_4. This variety has subregular colours lying over 0, oo, —4 € P!,
With this representative of —K x, we have

A A A+1
Hy, = 75[0] + g[oo] + min {%,0} [—4].
Choosing A = —5 gives deg H) = % and non-integral coefficients at all three points.

8.3.2. V5 (1.15). This time —Kx = 2D_4. We have

A A A+2
iy = =30+ Jloc) +min {222 0} 1)
Again, A = —5 works, giving deg Hy = 1—12 and non-integral coefficients at all three

points.

8.3.3. Q (1.16). Q is a hypersurface of degree 2 in P* so its anticanonical divisor
is given by its intersection with a divisor of degree 3 in P4. The three subregular
colours Dy, Dy, and D_y4 of @ are sections of prime divisors in P* of degrees 3, 2
and 1, respectively, so we may take —K¢g = 3D_4. Then

Hy = %/\[0] + %[oo] +mm{¥,o} =)

Choosing A = —5 gives non-integral coeflicients at each point and deg Hy = %
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8.3.4. Blow-up of @ (2.21). With the same —K¢g as before, blowing up in the
twisted quartic, which is contained in Dy and D, but not in D_y4, gives —Kx =
3D_,— E. Adding div(foe;,2), where fo € C(P') has divisor [0o] — [0] gives —Kx =
D,4 + Doo Then

—A+2 A+1 A+1
Hy= 2210 mind 252 04 oo] 4 min d 252 o Ly,
2 3 3
Taking A = —3 gives non-integral coefficients and deg Hy = %.

8.3.5. Blow-up of P? along a twisted cubic (2.27). P3 with the cubic SLy-action has
subregular colours Dy, Do, and D_4 of respective degrees 3, 2 and 1. Hence we may
choose —Kps = 4D_,4. Then blowing up the twisted cubic gives —Kx = 4D,4 —F,
where E is the exceptional divisor and lies over co. We add div(foey?) to —Kyx,
where div(fo) = [0] — [oc], giving —Kx = 2D_4 + Do,. We then have

Hy = 5[0] +min{1 2>\,>\} [00] +min{ﬂ,o} [—4].

2 3 2

Choosing A = —3 gives non-integral coefficients at all points and deg Hy = %

8.3.6. W (2.32). The divisor W on P? x P? of bidegree (1,1) has anticanonical
divisor class given by the intersection with W of a class of bidegree (2,2) on P? x P2
The subregular colours Dy and Do, have bidegrees (1,0) and (0,1), so we take
—Kw =2Dg + 2D This gives

A+2 A+2 A
Hy = min{i,o} [0] +min{i,o} [00] — Z[-1].
2 2 2
Taking A = —3 gives non-integral coefficients at all points and deg Hy = %

8.3.7. P! xP? (2.34). The anticanonical divisor of P! x P? has bidegree (2, 3) which
we can obtain as 2D, + 3D_1. This gives

Hy = fg[o] + min {¥ A} [o0] + min {2 + 3, A} [—1].

Taking A = —3 gives non-integral coefficients at the points 0, co corresponding to
subregular colours and deg Hy = 1.

8.3.8. Blow-up of W (3.13). We blow up W in the curve of bidegree (2, 2) obtaining
~Kx = 2Dg + 2Dy — E. Adding div(e;) gives —Kx = Do + Do + D_1. Then

A+1 A+1 1-A
Hy = min{%,O} [0] +min{%,0} [00] erin{T, ,\} [—1].
Taking A = —2 gives non-integral coefficients at all points and deg H) = %
8.3.9. Blow-up of P! x P2 (3.17). Blowing up P! x P? along the curve of bidegree
(1,1) gives —Kx = 2D +3D_; — E. We can add div(foes,.), where div(fy) =
[—1] — [00] to get —Kx = Do, +2D_1 + Dg. Then

H) = min {% A} [0] 4+ min {% A} [0o] + min {2X + 2, A} [-1].

Choosing A = —2 gives non-integral coefficients at the points 0,00 corresponding
to subregular colours and deg Hy = 1.
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9. CENTRAL DIVISORS OF SLy-THREEFOLDS

Here we prove Theorem 4.2 by calculating the S-invariant for the G-stable central
prime divisors over each of our list of SLy-threefolds. By Theorem 1], we need to
show that (1): Bx(F) > 0 for central divisors F' over each variety and (2): if
Bx(F) = 0 then F corresponds to a product configuration. It will turn out that
(2) is never the case. Throughout we will mostly use the notation and results of
Section [1 for curves, divisors etc. lying in each variety, with any changes to this
notation clearly signalled.

9.1. Existence and Uniqueness of Central Divisors. In this subsection we
will prove the following;:

Theorem 9.1. Let X be a smooth Fano SLy-threefold. There exists a unique central
G-divisor over X. If X is of type I, then it contains this central divisor. If X is
of type II, the central G-divisor over X lies on the type I variety over X whose
existence 1is proved in Proposition 310

Definition 9.1. Let H be the hyperspace of a G-model X of complexity one. The
dimension of H is the common dimension of each half-space H, for p € P'. If
Cp, is a coloured cone in H,, its dimension is the dimension of a minimal affine
subspace of H, containing C,. If C is a coloured hypercone of type II in H, set
dim C = max,epr dim (C N H,y).

Lemma 9.1. Let X be a G-model of complexity one and rank r, and let H be the
hyperspace of X. We have dimH =1+ 7.

Proof. For each p € P!, the slice H,, of hyperspace corresponding to p is isomorphic
to Af X Qxo, where A is the weight lattice of X, which has dimension 1+dim Ag =
141k A =1+ 7, by the definition of rank. (]

Proposition 9.1. Let X be a G-model and letY C X be a G-germ. The dimension
of Cy in H is equal to the codimension of Y in X.

Proof. This follows from the fact that the coloured hypercone corresponding to
X itself is {0} and that inclusion of coloured hypercones as faces in one another
corresponds to the reverse inclusion of the associated G-germs. O

Corollary 9.1. Let X be a complete G-model of dimension d, rank r and complezity
1. Then minimal G-germs in X must have dimension d —r — 1.

Proof. Since V is full dimensional in #, it follows from completeness that the
coloured (hyper)cone corresponding to a minimal G-germ Y in X must have the
same dimension as H, i.e. 1+ r. Then codimx Y = dimCy =1+ r, so dimY =
d—r—1. O

Now let G = SLa(k) and let X be a complete three dimensional G-model of
complexity one, i.e. a normal projective threefold with a G-action having finite
stabilisers. Then X contains an open orbit isomorphic to G/H for H a finite
subgroup of G.

Let B be the Borel subgroup of G given by the upper triangular matrices. Then
X(B) is of rank 1, generated by the character o which picks out the upper-left
entry. Hence in particular X is a rank 1 variety. The hyperspace H of X then
has dimension 2, so minimal G-germs of X must have codimension 2, i.e. they are
curves, and in particular X can contain no G-fixed points. The centre Z of H is a
line. Most of the following results arise from this fact. In particular, note that for
any finite H C G, the valuation cone V(G/H) intersects Z in a ray.

Proposition 9.2. X contains at most one central G-divisor.
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Proof. Any central G-divisor must be mapped to the intersection ¥V N Z of the
valuation cone and the central hyperplane. As noted, this intersection is a ray. If
there were two distinct central G-divisors, their coloured (hyper)cones would then
both be the same ray, a contradiction. ([

Proposition 9.3. X contains a central G-divisor if and only if X is a model of
type L

Proof. Suppose X is of type I, i.e. every G-germ of X corresponds to a coloured
cone in some slice of the hyperspace. By completeness, these coloured cones must
cover V. Since V intersects the central line Z in a ray p, there must be a G-germ
of X whose coloured cone is p, i.e. a central G-divisor.

Now suppose X has a central G-divisor D and that Y C X is a G-germ of type
II with coloured hypercone Cy. We know that Cy must intersect Z in V), i.e. it
contains the ray p corresponding to D. Then vp lies in the relative interior of Cy,
hence in the support Sy of Y. But vp € Sp, so the supports of ¥ and D are not
disjoint, contradicting separation of X. Hence all G-germs of X are of type I, as
required. (I

Proposition 9.4. If X is of type II, there exists a central prime divisor over X.

Proof. We know from Proposition B.I0 that there exists a projective birational
morphism v: X — X where X is of type I. Then by the above proposition there is
a central prime divisor D C X. O

Proposition 9.5. Let X be of type II. Then X has a unique G-germ of type I, a
curve, which must be a closed G-orbit.

Proof. We know that X contains at least one G-germ of type II. Suppose Y, Y’ C X
are both G-germs of type II. Their corresponding coloured hypercones Cy, Cys must
both intersect the central ray p C V), hence their relative interiors must intersect in
V. It follows that Y = Y’, and X has exactly one G-germ of type II.

Then all other G-germs of X are of type I and so each defines a coloured cone
in some H,. In particular, these coloured cones cannot contain Cy, so Y does not
contain any other G-germ of X. Hence Y is a minimal G-germ, so in particular a
curve and a closed G-orbit. (I

Proposition 9.6. Let X be of type II and suppose that every G-divisor of X maps
to the boundary of the valuation cone. Then the unique minimal G-germ'Y C X of
type II is contained in every G-divisor, and X has no minimal G-germs of type I.
In particular, Y is the unique closed G-orbit of X.

Proof. Let F' C X be a G-divisor mapping to the non-central boundary of V, =
VNH,. The ray Cr defined by F' must then be a face of some coloured cone in H,,
or coloured hypercone of type Il in #, i.e. F must contain some minimal G-germ.

We know that X contains a unique minimal G-germ Y of type II, and in par-
ticular the coloured hypercone Cy must have Cr as a face, i.e. F contains Y. Now
suppose I’ contains another G-germ Z. This must be of type I since Y is the only
G-germ of type 11, so Cz must be a coloured cone in ‘H, with Cr as a face. However,
Cz must intersect V in its relative interior, and since Cr is the boundary of V, it
follows that Cz and Cy intersect in their relative interiors, a contradiction.

Hence for each H, containing a G-divisor, the only minimal G-germ whose
coloured (hyper)cone intersects H,, is Y. If H,, does not contain a G-divisor, it can
also only support one coloured (hyper)cone since it only contains one B-divisor,
the colour D).

Therefore Y is indeed the unique minimal G-germ of X and hence also the unique
closed orbit. O
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In all cases which we will consider here, we are given a smooth SLs-threefold
X, and either X is of type I and has a central divisor, which is unique, or X is of
type II and we can obtain the unique central divisor over X by blowing up a finite
sequence of G-invariant curves.

Combining Theorem with Theorem [£I] we see that to prove Theorem [£.2]
we need only find the central divisor over each variety and show that its S-invariant
is positive. In the following subsections we will perform this calculation for each of
the examples, thus proving their K-polystability.

9.2. P? and Blow-Ups Along Two or Three Lines.

9.2.1. P? (1.17). The anticanonical divisor of P3 = P(M(C)) is the class of a
divisor of degree 4, which we may take to be 2A, where A is the G-invariant divisor
of singular matrices. This is also the unique central divisor on P3.

To calculate Bx (A) when X = P3, note that (—Kx)? = 64 and Ax (A) = 1 since
A lies on P3. It remains to calculate vol(§), where § = —Kx — A = (2 — 2)A.
Note that since ¢ is G-invariant we have A\s = 0.

We have P(§) = {A € A | (\,la) > —(2—2x)}. Since A = Za =7 and {p = —1,
we get P(O) ={\N€Z|X<2—zx}.

Consider o)
. ,tp)+mp

PD=P
peP!
We have {p = mp = 0 for all colours D other than the distinguished colour, which

has mp = 0, £p = 2 and hence contributes a value of 2\ to A(J, A).
We therefore have P (6) ={A<2—xz | A >0} =[0,2 — z]. Hence

2—x
vol(d) = 6/ 2X-2) d\ = 8(2 — 2)%.
0
We therefore have
2
B(A) :647/ 8(2—2) dv =64 —32=232>0.
0

Hence by Theorem ET], P? is K-polystable.

9.2.2. Blow-up of P3 Along Two Lines (3.25). Starting with —Kps = 2A as before,
the anticanonical divisor after blowing up two lines Y, and Y, is 2A + E,+ E..

This time we have (—Kx)? = 44 and again Ax(A) = 1. We must now compute
B(A) by calculating vol(§) where § = (2 — 2)A 4 E, + E,. We still have \s = 0.

Likewise, P(§) = (—00,2 — z] as before. This time A(J, \) receives the same
contribution of 2\ at the distinguished point, and there is no contribution other
than from here and from ¢ and r. At ¢, we have the exceptional divisor E, with
{ = -1, m =1 and h = 1, and the colour with £ = m = 0. Thus there is
a contribution to A(d, ) of —A + 1 when this is less than or equal to 0, and a
contribution of 0 otherwise. The same holds for r. Hence we have

< <2 —
A(5,)\){2 1<A<2—=z

20 A<
Therefore P4 () = [0,2 — ], and

614N dA+6 7 "4 dy 0<a <1
VOl((S) = 2—x 2
6 [,  4A%dA l<az<2.

We thus get
2
Bx(A) =44 — / vol(8) dr = 44 — 26 = 18 > 0.
0
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Hence the blow-up of P? at two lines is K-polystable.

9.2.3. Blow up of P2 Along Three Lines (4.6). The anticanonical divisor of the
blow-up of P? along three lines Y,,Y, and Y, is 2A + E,+ E, + E;. We have
(-Kx)® =34, Ax(A) = 1,6 = 2—2)A+ E, + E. + E,, \s = 0 and P(d) =
(—00,2 — 2.

The calculation of A(d,A) goes much the same as in the previous case, only
A(6, ) gains an extra contribution of —\ + 1 from Es when A > 1, giving

33— 1<A<2—2

AW, 2) = {2)\ A<1

Therefore P, (6) = [0,2 — z], and

614N dA+6[776A—202d\ 0<z<1
VOl((S) = 2—x 2
6 /777422 dA l<z<2.

We thus get

Bx(A) =34 — /2vol(5) dr=34-23=11>0.
Hence the blow-up of P? at threeolines is K-polystable.
9.3. Blow-up of P! x P2,

9.3.1. Central Divisor. Let X = Z(xoyoza + T1y120 — ToY121 — T1Yoz1) C P! x
P! x P2, This variety is the blow up of P! x P? along the G = SLo-stable curve
C = Z(x120— o021, Toy1 —L1Yo)- In X there are G-invariant divisors A = Z(zoy1 —
1Yo, Ti22 + 2320 — 2w0x121), B = Z (2120 — 021, ToY1 — ¥1Y0) and F = Z(y120 —
Y021, Yoz2 —y121). The curve Z = FNANE is G-invariant and defined by Z(z120—
Toz1, 121 — TO22, LoY1 — $1y0)-

Taking 1 = y; = 2o = 1 gives a maximal B-chart U of Z, given by U =
Z(x0yo+ 20 —Toz1 —Yo2z1) C A%, so eliminating z gives U = Speck|xo, yo, 21] = A3.
We have ANU = Z(xo —yo), FNU = Z(yo — z1), ENU = Z(21 — xp) and
ZNU = Z(z1 — xg,z0 — Yo). We blow up U in this curve to obtain the variety
X = Z(u1(21 — o) — uo(z0 — y0)) C A3 x PL.

The B-invariant rational function

_ 22 (2022 — 23)
($OZ2 - 5E121)2

Z1—Yo

on X becomes, on X, f = gl

From this one can see that the exceptional divisor
D = Z(z1 — yo,xo — 2z1) of the blow-up o: X — X is central.

9.3.2. Bx(F) (3.17). We now want to calculate
B(D) = Ax(D)(—Kx)* — / volx (—Kx — xD) da.
0

We have Ax (D) = 2 since D is the exceptional divisor on a blow-up of X, and
(—Kx)3 =36, so

B(F)=72— /0OO voly (—Kx —aD) de =72 — /OOOVOIX (0" (—Kx)—xD) dz.

To calculate o* (— K x), first let A = Z(2322+2320—2w02121) and F = Z (2020 —
22) in Pt x P2. The divisors A, F above are the strict transforms of these under
the blow-up p: X — P! x P2, Since —Kpiyp2 is the class of a divisor of bidegree
(2,3), we can represent it by A + F = (2,1) + (0, 2).
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Then —Kx = p*(A+F)-FE = (A+E)+(F+E)-FE=A+F+E
Hence 0*(—Kx) = A+ F + E + 3D, and so we need to calculate the volume of
d=A+F+ FE+ (3—x)D. This is given by

vol(5) = 6 / INAS, A — Ag) dA.
As+P (6)
Since J is G-invariant, we have As = 0. We also have
PO ={A e AR | {Mp)>x—-3}={A | A<3 -1}

and
Pi(6) ={AeP@) ]| A(6,\) >0} ={A<3—z|A(5,\) >0}
where
A(5,\) = Z min M.

peP! PD=p hD

To calculate A(d, A), first note that for p # 0, —1, 0o, the only B-divisors with
pp = p are the colours D, with {p = mp, =0, hp, = 1, so there is no contribution
in these cases.

For p = 0, the two divisors with pp =p are F, with { = -1, m =1 and h = 1,
and Dy with ¢ = —1, m = 0 and h = 2. Hence there is a contribution to A(d, A) of

. A 1-X2 A>2
mins1— A\ ——= % = A\ .
2 ) A< 2
For p = oo, the contribution is the same. The two divisors with pp = —1 are A

with/ =1, m=1and h =1, and D_; with £ = —2, m = 0 and h = 1, so the
contribution to A(d, A) is

14X A>1
in{l+ A, 2\} = - .
min { } {2)\ A<l
Hence we have
3—X A>2
A6, N) =<1 1<A<2.
A A<

It follows that P4 (6) = {A <3 —2 |0 < XA <3}, and since z > 0, 3 — 2 < 3 and
P1(0) is empty if © > 3. Hence P+(6) =[0:3 — z] where 0 < x < 3.
Therefore
STT2A dA 2<x<3
vold =64 [ 222 dA+ [ 2x dA 1<z<2

Jo222dh+ [Z2xda+ ;7203 - A dh 0<e <1

4(3 — x)3 2<zx<3
=<{622—-36z+52 1<z<2
423 — 1822 +36 0<x <1

giving
3
B(F) =172 f/ vold dz
0

1 2 3

:72—/ 4x3—18x2+36dx—/ 6x2—36x+52dx—/ 4(3 —z)® da
0 1 2

=72 -31-12—-1=28.
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Hence X is K-polystable.
9.4. The Divisor W on P? x P? and Its Blow-Up.

9.4.1. Central Divisor. Let W = Z(zoy2 — 22191 + 72y0) C P2 x P2 . We know
that W has G-invariant divisors Eo, = Z(mgz2 — 23) N W and Ey = Z(yoy2 —
y3) N W whose intersection is a G-stable curve Z. We obtain the smooth Fano
(3.13) by blowing up W along Z. The curve Z has a minimal B-chart U = W\
(Z(x2) U Z(y2)) = Z(xo — 22191 + y0) € A%, We eliminate x¢ to obtain U =
Speck[x1, 0, y1] = A3. Introducing new co-ordinates z = 1 — y1, ¥ = Yo, 2 = Y1,
the curve ZNU is defined by 2 = y — 22 = 0. The divisors FEo, NU and EyNU are
defined by 22 —y — 22 = 0 and y — 22 = 0, respectively.

Hence blowing up U along Z N U we obtain X = Z(vz — u(y — 22)) C A3 x P!
with exceptional divisor E = Z(x,y — z?) and strict transforms (abusing notation)
By = Z(ux —v,2% — 22 —y) and Ey = Z(y — 2%,v). The intersection of these
three G-invariant divisors (in fact any two of them) gives a G-invariant curve Y =
Z(y — 22, z,v), the unique minimal G-germ of X.

Take a chart u = 1 to obtain X = Z(vaz — y + 22), then eliminate y so that
X = Speck[z,v,z] = A3. Then we have F,, = Z(z —v), Ey = Z(v), E = Z(x)
and Y = Z(z,v).

Blowing up this chart along Y, we obtain X = Z(wx — sv) € A% x PL. We
now have Ey = Z(v,w), Es = Z(z —v,w — 5), E = Z(z,s) and an exceptional
divisor F = Z(x,v). The B-quotient map W --» P! was originally given by
P [y3(zoxs — 23) : 22 (yoy2 — ¥3)], which on X reduces to P — [v — z : v]. From
this one can see that the exceptional divisor F' is central.

Since F' is G-invariant we must have £z < 0 (for it to lie in the valuation cone),
and since it is a hyperplane we must then have {r = —1. Since the coloured
hyperfan of any model of type I must consist of strictly convex coloured cones, and
the G-invariant valuations map injectively into the hyperspace, F' is the unique
central G-invariant prime divisor over W.

9.4.2. Bw(F) (2.32). To calculate By (F), we first must calculate —Ky and its
pullback to the model containing F. Since W is a hypersurface in P? x P2, the
adjunction formula gives —Kw = (—Kpzyp2z — W)|w. The anticanonical class of
P2 x P2 is (3,3) where we identify the divisor class group with Z @ Z, and since W
has bidegree (1,1) we get —Kw = (2,2)|w. Represent the divisor class (2,2) on
P2 x P? by Z(zoxe — 23) + Z(yoy2 — y?), so that the restriction to W of this class
is represented by Eo, + Eg = —Kw.

After the two blow-ups, this class pulls back to Ey + Eo + 2E + 4F, and we
must calculate By (F) = Aw (F)(—Kw)? — [, vol(§) dz where § = Ey + E +
2F + (4 — x)F. We have (—Kw)? = 48 and Ay (F) = 3 since F is the exceptional
divisor of the second of two nested blow-ups of W.

We have A\s = 0 and P(J) = (—o00,4 — x]. To calculate A(d, \), first note that
there is no contribution at points other than 0, co and —1. At p = 0, 0o, we have
divisors E, with £ =0, h=1and m =1, and D, with £ =1, h =2 and m = 0,
so the contribution in each case is min{1,5}. At p = —1 we have E with ¢ = —1,
h=1and m =2, and D_; with £ = —1, h = 2 and m = 0, so the contribution is
min{2 — X\, —3}. Overall, we have

4-X A>0

A
5 A< 2.

A(5,)) = {
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Therefore we have P, () = [0,4 — z], so 0 < z < 4, and:

2—x
vol(5) = 6 / IAA(5,\) dA
0

67T dn 2<z<4
6N AN 678 —2)2dN 0<a <2
)24 —a)? 2<x<4
| 42® - 242 +80 0<z <2

Hence A
Bw (F) =3-48—/ vol(§) de =144 —-120=24 >0
0
so W is K-polystable.

9.4.3. Bx(F) (3.18). We now want to calculate
Bx(F):Ax(F)(—Kx)3—/ VOlX (—Kx—.’L'F) dx.
0

We have Ax (F) = 2 since F is a prime divisor on a blow-up of X, and (—K x)? = 30.
We have —Kx = pu*(—Kw) — FE where p is the blow-up of W in Ey N Eo, which
gives —Kx = Ey + Ex + E. Under the next blow-up to the model containing F,
this pulls back to Ep + Eoo + E +3F,so weset 0 = Eg + Es + E 4 (3 — 2)F.

We have A\s = 0 and P(§) = (—o0,3 —x]. To calculate A(, \), first note that for
p # 0,—1, 00, there is no contribution. For p = 0, co, the two divisors with pp = p
are E,, with =0, m=1and h =1, and D, with £ =1, m =0 and h = 2. Hence
in each case there is a contribution to A(d, A) of

) { )\} 1 A>2
minql, = =4, .
2 5 A<2

For p = —1, the two divisors with pp = p are F with £ = -1, m =1 and h = 1,
and D, with £ = —1, m = 0 and h = 2, so the contribution to A(4, ) is
1-— >2
min{l—)\,—é}: )\)\ Az .
2 -3 A< 2
Hence we have

3N A>2
A(é,A){A oy

2
It follows that P4 (5) =[0,3 —z],s0 0 <z <3

Therefore
6 /077 A2 dA 1<z<3
VOI(SZ 02 2 3—z 2
6f0A d)\—|—6f2 6A—2)*d\ 0<z<1
)23 —a)? 1<z<3
C 423 — 1822430 0<ax<1.
Hence

3
B(F) =60 — / vol(d) dz = 60 — 33 = 27.
0
So X is K-polystable.

9.5. Blow up of P? along the Twisted Cubic.
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9.5.1. Central Divisor. Let G = SLy act on P? = P(S3k?). The twisted cubic curve
C = Z(xowy — 23, o3 — T120, T1T3 — T5)
is G-invariant. The prime divisor
F = Z(32325 — 4aes — xia3 — 4woxh + 62021 2273).

is G-invariant and contains C' - indeed F' is the secant variety to C and C is the
singular locus of F', contained with multiplicity 2.

The smooth Fano (2.27) is obtained by blowing up P? along C. We first take
the open chart given by x3 = 1, which is the minimal B-chart of C. In this chart,

2 2 2
C = Z(zoxe — 27,20 — 122,21 — T5) = Z(xg — X122, 71 — X3),
and
2,2 3_ .2 3

F = Z(3zjas — 4oy — xf — dxoxs + 6ror122)

Now consider the change of co-ordinates
3 2
(xo, 1, T2) = (o + 3122 + T35, 1 + 25, T2).

It is easily checked to be an isomorphism, and it sends F' to Z(z3 — 423) and C to
Z(xg,21). Hence we see that F' is isomorphic to the product of a line (C') and a
cuspidal cubic plane curve. Performing another transformation x; — 2/ V/4 gives
F = Z(23 — 23) and leaves C invariant.

Now we blow up C, giving X = Z(y1z0 — yoxr1) C A3 x P! with exceptional
divisor E = Z(z9,x1). We have

F= Z(zg - ziylxo —yoz1) \ Z(x0,71).
It is easy to check that this gives
F = Z(z§ — 23, y170 — Yow1, YoTo — T1y1, Yg — Yiz1).

The intersection F' N E is then given by Z(xg,x1,yo). Since we don’t yet have a
central divisor, we will blow up this curve.

First, take the chart y; = 1. Then X becomes Z(xg — z1yo) = Speck|z1, z2, yo],
F becomes Z(y2 — 1), and E becomes Z(x;). Hence we obtain X = Z(zox; —
2190) € A3 x P!, with exceptional divisor D = Z(x1,yo). The strict transforms of F
and E are Z(y3 — 1, 20yo0 — 21) and Z(z1, 21), respectively. It is straightforward to
check that E, F' and D mutually intersect in the curve Z(x1, 4o, 21). In particular
this shows that D is not central, so we must blow up again.

Take the chart zp = 1, giving X = Z(z; — z150) = Speck[za,y0,21], F =
Z(yo — z1), E = Z(z1) and D = Z(yo). Blowing up the intersection Z(yo,z1) of
these divisors gives X’ = Z(u1yo — ugz1) with exceptional divisor H = Z(yq, z1).
Now the strict transforms E, F and D all intersect H in different curves and are
disjoint from each other: hence H is a central divisor.

9.5.2. B(H) (2.27). We now want to calculate S(H). We have (—Kx)? = 38, and
Ax(H) = 3 since H is a prime divisor on a variety obtained by two blow-ups of X.
Hence

B(H) =114 —/ volx (—Kx —zH) de =114 —/ volg, (6" (—=Kx) —zH) dx
0 0

where o: X’ — X is the birational morphism given by composing the two blow-ups
described above.

To calculate o* (— K x), first note that the anticanonical class of P? is the class of
a prime divisor of degree 4, so we can set —Kps = F. Then, blowing up C, which
is contained in F' with multiplicity 2, gives —Kx = (F 4+ 2E) — E = F + E. The
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pullback of this class under the blowing up of FNEisthen (F4 D)+ (E+ D) =
F + E +2D. Finally, the second blow-up gives
o (~Kx)=(F+H)+(E+H)+2(D+H)=F+E +2D + 4H.

Our next step is the calculate the volume of the divisor § = F+E+42D+(4—x)H.
We have A\s = 0 and P(0) = (—00,4 — 2] since we must have £z = —1. Now we
calculate A(d,\). The points p # —4,0, 00 contribute nothing as pp = p in this
case only for colours D, with mp ={p =0.

At p = —4, we have two divisors: F, with m = 1,£ = 0 and h = 1, and D_y,
with m =0, £ =1 and h = 2. Hence there is a contribution of

,{ A} I A>2
minql, = =4, .
2 5 A<2

At p = 0, we have two divisors: D, with m =2, £ =0 and h = 1, and Dy, with
m =0, ¢ =1 and h = 2. Hence there is a contribution of

. { )\} 2 A>4
min{ 2, — » = .
2 2 A<d4

At p = o0, we have two divisors: E, with m =1, £ = —1 and h = 1, and D,

with m = 0, £ = —2 and h = 3. Hence there is a contribution of

2 1— >

min 17)\,7—)\ = A )\_3.
3 -2 A<3

All in all, we have
4—X A>4
2-3 3<i<4
A(8,\) = 2 oAt

1—-5 2<A<3
2 A< 2

We can then read off Py (§) = [0,4 — ], so in particular z < 4. Hence

4—x
wﬂ&:ﬁ/ 2AA(6,\) dA
0

That is,
ST 4N A 9<r<4
vol(8) = { [Z4A2 dA+ [, 712X — 2)2 dA 1<z<?2
JZANZ AN+ [120 =202 dA + [, 7240 602 dN 0<az <1
—3(z—4)* 2<x<4
=024 2% 322 - 242 +52) 1<z<2
28 + 2(z® — 6% +5) 0<z<l

Hence we have
4
B(H) =114 —/ vol(§) = 114 — 59 = 55.
0
So X is K-polystable.

9.6. The Quadric Threefold and Its Blow-Up.
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9.6.1. Central Divisor. Let Q = Z(3x3 — 4x123 + xow4) C P%. The twisted quartic
curve

C = Z(zow2 — 23, 20T3 — T1T9, T1T4 — ToT3, TaTy — T3)
is G-invariant. The prime divisor

F = Z(4a} + xiwg + 2025 — 6212223) N Q

is G-invariant and contains C'.

The smooth Fano (2.21) is obtained by blowing up @ along C. The minimal
B-chart of C is given by taking x4 = 1. In this chart, the equation of @ allows us
to eliminate zg, so that @ = Speck[z1, 22, x3]. Then C' is given by

C = Z(x1 — xow3, T2 — z%)

and F' by
F = Z(4a3 + 27 + 4a 25 — 3525 — 6210073)

One can read off immediately that there is an isomorphism from this B-chart in @
to the B-chart in P® we took in the previous example and that this isomorphism
preserves the G-invariant subvarieties F' and C' (again, F' is the secant variety of C).
Hence finding the central divisor is identical in this case to the previous one. Hence
keeping the same notation as above, we must blow ) up three times, obtaining
exceptional divisors F/, D and H, with the latter being central.

9.6.2. Bo(H) (1.16). To calculate Sg(H), we must first calculate —Kg and its
pullback to the model containing H. Since @ is a hypersurface in P4, the adjunction
formula gives —Kg = (—Kps — Q)|g. The anticanonical class of P* is the class of
a divisor of degree 5. If we represent this by Q + Z(4x3 + 23wy + xo23 — 6x12273),
we see that F' is an anticanonical divisor of Q).

After the three blow-ups described above, this pulls back to F'+2FE +3D +6H,
soset 6 = F+2FE 4+ 3D+ (6 —x)H. We have A\s = 0 and P(4) = (00,6 — z]. To
calculate A(d, \), first note that there is no contribution at points p # 0, 00, —4. At
p = 0 we have two divisors: D with /= —1, m =3 and h = 1, and Dy with £ = —1,
m = 0 and h = 2. Hence at this point there is a contribution of

A 3—X A>6
min{3)\,—} N -

2 -5  A<6.
At p=—4wehave Fwith{=0,m=1,h=1,and D_4, with{ =1, m =0, h = 3.
Hence the contribution is

) { )\} 1 A>3
mingl, - =9,
3 g A<3.

Finally, at p = co we have E with £ =0, m =2, h=1, and Dy, with £ =1, m =0,
h = 3. Hence the contribution is

) { /\} 2 A>6
ming 2, — =19,
3 § A<G6.

All in all, we have

6-X A>6
A, N)=41—-%2 3<A<6
2 A< 3.

Hence A(d,A) > 0 for 0 < A < 6, so we have P4(§) =[0,6 —z] and 0 < z < 6.
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Now we have

6—x
wﬂ&:ﬁ/ 2AA(6,\) dA
0

D L 3<x<6
6 A F6 T2 -2 dy 0<e<3
JE26—2)? 3<x<6
S E 62?454 0<a<3.

We have (—Kg)? = 54 and Ag(H) = 4, since we reached H as the final exceptional
divisor after 3 nested blow-ups of ). Therefore

6
Bo(H) =216 — / vol(§) de =216 —135=81>0
0
and @ is K-polystable.

9.6.3. Bx(H) (2.21). We now calculate Sx(H), where X is the blow-up of @ in
the twisted quartic C, i.e. the smooth Fano (2.21). We have (—Kx)? = 28, and
Ax(H) = 3.

Since —Kg = F and the curve C' has multiplicity 2 in F', we have —Kx =
(F+2E)—E = F+E. Under thw two subsequent blow-ups to the model containing
H, this pulls back to F+ E+2D+4H,soweset § = F+ E+2D+ (4—x)H. We
have A\s = 0 and P(d) = (00,4 — x]. Moving on to calculating A(d, A): as before,
points p # —4,0, co do not contribute.

At p = —4, we have two divisors: F', with m =1, =0, h = 1, and D_4, with
m =0, ¢ =1, h = 3. Hence there is a contribution of

.{ A} 1 A>3
minql, = =19, .
3 5 A<3

At p = oo, the situation is identical to that at p = —4, so we get the same
contribution again.
At p = 0, we have two divisors: D, with m =2, { = —1 and h = 1, and Dy, with
m =0, ¢{=—1 and h = 2. Hence there is a contribution of
min{Q—)\,—é} = {2>\ >\24.
2 -2 <4

Hence all things considered, we have

4—X A>4
AB,N)=¢2-3 3<A<4.
2 A<3

Therefore A(d,A) > 0 for 0 < XA < 4. Hence P4 () = [0,4 — x] with 0 < x < 4. We
thus have

4—x
vol(3) = 6 / IAA(5, \) dA
0

1T 9A2 A 1<z<4
JP2202 A+ 7724060 dN 0<a <1
B %(4—,7:)3 1<z<4
|18+ 2(2® —622+5) 0<az<I1.
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Hence
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B(H) = 84 —/O vol(§) da

1 4
2
:847/ 18 4 2(x® — 622 +5) dx—/ g(4—$)3 dz
0 1

49 27
Y A |
84— o — 5 =46>0,

so X is K-polystable.
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