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HOMOTOPY DOUBLE COPY AND THE KAWAI-LEWELLEN-TYE RELATIONS FOR THE
NON-ABELIAN AND TENSOR NAVIER-STOKES EQUATIONS
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To the memory of Jorge Alberto Naranjo Mesa

ABSTRACT. Recently, a non-abelian generalisation of the Navier-Stokes equation that exhibits a manifest du-
ality between colour and kinematics has been proposed by Cheung and Mangan. In this paper, we offer a new
perspective on the double copy formulation of this equation, based on the homotopy algebraic picture suggested
by Borsten, Kim, Jur¢o, Macrelli, Saemann, and Wolf. In the process, we describe precisely how the double
copy can be realised at the level of perturbiner expansions. Specifically, we will show that the colour-dressed
Berends-Giele currents for the non-abelian version of the Navier-Stokes equation can be used to construct the
Berends-Giele currents for the double copied equation by replacing the colour factors with a second copy of
kinematic numerators. We will also show a Kawai-Lewellen-Tye relation stating that the full tree-level scat-
tering amplitudes in the latter can be written as a product of tree-level colour ordered partial amplitudes in the
former.

1. INTRODUCTION

In 1985, Kawai, Lewellen and Tye [[1]] discovered an astonishing relation between tree-level closed and
open string amplitudes, which after taking the field theory limit implies that the tree-level gravity amplitudes
can be represented by the “square” of the tree-level colour-ordered Yang-Mills amplitudes. It was only
realised much later by Bern, Carrasco, and Johansson [2] that if the Yang-Mills amplitudes can be arranged
so that their numerator factors satisfy a specific color-kinematics duality, it is possible to directly generate
gravity amplitudes from these by squaring the numerators. This method for obtaining gravity amplitudes is
known as the double copy construction (see Ref. [3]] for a review).

Since its original formulation, it has become clear that the double copy construction is not restricted to
just gravity and Yang-Mills theory. Identical squaring relations hold for a much larger “web” of theories.
Notable examples include the non-linear sigma model, the special Galileon, and Born-Infeld theories [4, |5,
6, [7,18,19]. Even more, it turns out that the double copy can also be used to engineer scattering amplitudes
in nonrelativistic theories, emphasising the widespread applicability of these ideas. Let us comment briefly
on this, as it will be our main focus.

In a recent article [[10], Cheung and Mangan initiated the study of scattering amplitudes for a natural non-
abelian generalisation of the Navier-Stokes equation, which they dubbed the non-abelian Navier-Stokes
equation. Essentially following the steps of the analysis given in Ref. [[11], these authors derived the Feyn-
man rules for the perturbative scheme to this equation and used them to calculate the tree-level amplitudes
for the scattering of three and four fluid quanta. They also showed that the tree-level amplitude for the scat-
tering of an arbitrary number of fluid quanta is “on-shell constructible” by carefully examining its infrared
properties. But perhaps more significant was their observation that for any triplet of off-shell Feynman dia-
grams describing the s, t and u channel fluid quanta exchanges, the kinematic Jacobi identities required for
colour-kinematics duality to hold are automatically satisfied. This enabled them to apply the double copy
procedure at the classical level to “square” the non-abelian Navier-Stokes equation, thus obtaining the tensor
Navier-Stokes equation that governs the dynamics of a bi-fluid velocity distribution.

In the present paper, we will explore the duality between colour and kinematics and the double copy of
the non-abelian Navier-Stokes equation in more depth. Our approach relies on the remarkable description
of the double copy formalism in terms of factorisations of strict L.-algebras introduced by Borsten et. al.
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in Ref. [12]. However, in contrast to the point of view taken in that reference, here we will be working
with perturbiner expansions, which are multiparticle solutions to the non-abelian and tensor Navier-Stokes
equations that arise in the construction of the minimal model of the strict L.-algebras underlying these
equations [[13}[14]. This provides us with a unified picture for treating the various realisations of the double
copy procedure that we will consider.

To make things concrete, let us sketch the main qualitative results of this paper. We will first show that
the strict L.-algebra £ that controls both the colour-stripped and the colour-dressed perturbiner expansions
for the non-abelian Navier-Stokes equation factorises into a colour factor, a kinematic factor, and a scalar
theory factor. To be precise,

£=g® (Rin®;Scal),
where g is the colour factor corresponding to the Lie algebra of internal symmetries, fin is the kinematic
factor corresponding to the kinematic degrees of freedom, and Gcal is the scalar theory factor corresponding
to the strict L..-algebra that encodes the trivalent interactions. Furthermore, just as the general construction
of Ref. [12] dictates, the tensor product between the last two factors is twisted by a twist datum 7. Next we
will verify that this factorisation of £ is suitable, which means that it is compatible with colour-kinematics
duality. This will be done by showing that it is possible to reorganise the colour-dressed Berends-Giele cur-
rents produced by the non-abelian Navier-Stokes equation so as to extract kinematic numerators that satisfy
the same generalised Jacobi identities as their colour counterparts. As a matter of fact, we will identify the
kinematic Lie algebra that gives rise to these numerators with the Lie algebra of “Fourier coefficients” of in-
finitesimal spatial diffeomorphisms, in complete agreement with the statement made in Ref. [10]. Once this
is realised, we will demonstrate that the strict L..-algebra £’ controlling the perturbiner expansions for the
tensor Navier-Stokes equation can be represented by a “homotopy double copy”, in the sense of Ref. [[12]], of
the strict L..-algebra £. What this means concretely is that, from the above factorisation of £, we obtain £’
by replacing the colour factor g with another copy of the kinematic factor Kin and twist the tensor product
by 7:
£ = Rin®; (Rin®; Scal).

Within this context, we next address the question of how this factorisation can be practically implemented
both at the level of perturbiner expansions and at the level of scattering amplitudes. For the former, we
will show that the double copy Berends-Giele currents can be obtained from the colour-dressed Berends-
Giele currents by simply substituting the colour factors for another copy of kinematic numerators. For the
latter, we will show a Kawai-Lewellen-Tye relation that provides a representation of the tree-level scattering
amplitudes of bi-fluid quanta described by the tensor Navier-Stokes equation as the “square” of tree-level
colour ordered partial amplitudes of fluid quanta described by the non-abelian Navier-Stokes equation. Of
course, as with the standard Kawai-Lewellen-Tye factorisation of gravity amplitudes into products of Yang-
Mills amplitudes [[15} (16, [17]], the role of the momentum kernel will be played by the inverse of a matrix
which is constructed out of Berends-Giele double currents derived from a strict L..-algebra £” that controls
the perturbiner expansions of a bi-adjoint analogue of the Navier-Stokes equation. This strict L..-algebra, in
turn, will be shown to be represented by a “homotopy zeroth copy” of the the strict L..-algebra £, again in
the spirit of Ref. [12]. In other words, £" is obtained by replacing the kinematic factor Kin with a different
colour factor g in the prescribed factorisation of £:

£ = g® (§ @ Scal).

To summarise, we will find that the homotopy algebraic perspective on the double copy advocated in
Ref. [12] gives us a complete and elegant formulation of this operation at all levels for the non-abelian
Navier-Stokes equation.

It is significant to point out that the scalar factor Geal is common to all three strict L..-algebras: £,
£ and £”. Since, as we have already stated, the strict L..-algebra Geal describes a scalar theory with
only trivalent interactions that underlies the non-abelian, tensor, and bi-adjoint Navier-Stokes equations,
which are manifestly nonrelativistic, this means that none of these three equations can be obtained from the
extremisation of an action functional[] What this translates to from the algebraic standpoint is that none

IThe overall reason for this is that the nonrelativistic scalar field encased in Geal is necessarily complex, and it is therefore not
possible to write a suitable action functional with a cubic interaction. It is also worth noting here that this fact is not too surprising
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of the three strict L.-algebras £, £ and £” can be equipped with a cyclic inner product giving rise to a
homotopy Maurer-Cartan action; see Ref. [18]] for an explanation.

One motivation for this investigation is that the non-abelian Navier-Stokes equation is rich enough to elu-
cidate the general structure of the double copy prescription, avoiding many of the technical complications
that arise in the generic situation, where a specific strictification compatible with colour-kinematics duality
of the L.-algebra describing the dynamics needs to be singled out before one can actually apply the recipe
developed in Ref. [12]. Another motivation is to show how perturbiner methods will help give perspective
and a deeper understanding of the results in loc. cit. This is fully in line with the arguments and findings pre-
sented in Ref. [19]], where it was confirmed that our proposal for determining the double copied perturbiner
coefficients works out for several other theories.

The organisation of this paper is as follows. In Section 2] we discuss the non-abelian Navier-Stokes
equation and outline some of its basic properties. After these preparations, we explain the construction of
the strict L.-algebra £ relevant to such equation in Section[3| In Sections 4 and [3 we determine multipar-
ticle solutions to the non-abelian Navier-Stokes equation in the form of colour-stripped and colour-dressed
perturbiner expansions. In Section [6] we tackle the task of factorising the strict L.-algebra £, so that the
construction described above can be carried out. Section [7lis devoted to the verification of the fact that this
factorisation is compatible with colour-kinematics duality. In Section [§] we introduce the strict L..-algebra
£’ associated to the tensor Navier-Stokes equation and show that it can be obtained as the homotopy double
copy of £. In Section [9 we work out the multiparticle solution to the tensor Navier-Stokes equation in the
shape of a perturbiner expansion. Section [I0 is concerned with the precise relation between the double
copy Berends-Giele currents and the colour-dressed Berends-Giele currents. In Section [L1] we introduce
the strict L..-algebra £” that describes the bi-adjoint Navier-Stokes equation and show that it can be char-
acterised as the homotopy zeroth copy of £. Section [12]is dedicated to the determination of multiparticle
solutions to the bi-adjoint Navier-Stokes equation by way of colour-stripped and colour-dressed perturbiner
expansions. Following this, scattering amplitudes for the non-abelian and tensor Navier-Stokes equations
are discussed on Section [[3] We then proceed in Section [14] to show the Kawai-Lewellen-Tye relations.
Finally, in Section [15 we offer our conclusions and speculations.

Notation. The physical space will be represented isometrically by the 3-dimensional Euclidean space R.

To specify its points we use a rectangular coordinate system (x',x?,x*). We refer to the coordinate triple

(xl,x2,x3) as the position and denote it by x. Latin indices i, j, etc. run over the coordinate labels 1,2, 3.
The parameter ¢ is identified with the time, and we may suppose its range to be —oo <t < oo, The coordinate
basis corresponding to (x) is denoted e;, and the dual basis is denoted ¢!. The terminology “vector” is
reserved for ¢; and the terminology “1-form” is used for ¢/. We also adopt the shorthand notation d; for the
partial derivative %.

We use Q' (R?) to denote the space of time-dependent r-forms on R®. We also write d: Q7 (R*) —
Q11 (R3) for the spatial exterior differential, *: Q7 (R?) — Q2;"(R?) for the spatial star operator with
respect to the usual metric on R3, § = xd+: Q7 (R3) — QI '(R?) for the corresponding spatial exterior
codifferential, and % : Q4 (R?) — QF, (R?) for the partial derivative with respect to time.

If u is a time-dependent vector field on R, we use the symbol u’ to denote the associated time-dependent
I-form on R3. In terms of the coordinate system (x'), the components of w’ are obtained by lowering the
indices of the components of u. Of course, we can also pass from a time-dependent 1-form u to a time-
dependent vector field u* by raising the indices of the components of u. This enables us to define a Lie
bracket on the space Q! (R?) by setting

[”’V] = [”ﬁ’vﬁ]ba

where the bracket on the right-hand side is just the Lie bracket of two time-dependent vector fields on R3.
If we write this out explicitly in components, we have

[u,v],- = ujc?jv,- - vaju,-.

when we recall that the classical Navier-Stokes equation, of which the equations in question are generalisations, does not admit a
least action principle.
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The Einstein summation convention where repeated indices implies addition has been employed in this
formula and, in the sequel we shall adhere to this notation.

We also frequently make use of a notation based on the combinatorics of words. By a word we mean
a finite string P = p1p; - -- px of positive integers pp, p2,...,px > 1. The word consisting of no symbols,
called the empty word, is represented by &. Given a word P = pp, - - - pi, we denote by P = pipi_1-+- p1
its transpose and by |P] its length k. The scalar product of two words P and Q is defined to be

(P7 Q) = 6P,Q7

where Op is the ‘Kronecker delta’, that is, §pp = 1 if P = Q and 6pp = 0 if P # Q. Clearly, this definition
may be extended by linearity to arbitrary finite linear combinations of words. We too shall need the shuffle
product on words, which will be denoted by the symbol LLI. It is defined inductively by setting

FWP=PWS =P, pPuigQ=pPqQ)+q(pPLiQ),

for any words P and Q and for any positive integers p and q.

We shall implicitly work with the free Lie algebra &, generated by the set {1,2,...,n— 1}. This is
defined as the span of the letters in {1,2,...,n — 1} and all brackets of letters in {1,2,...,n—1}. By a
Lie polynomial of length n — 1 we mean an element of &£, ;. The left to right bracketing of a word P =
pipa--- pr with letters in {1,2,...,n— 1} is denoted ¢[P] = [[...[[p1,p2],p3];--.], px]- Any Lie polynomial
I' of length n — 1 may be expanded as

r=Y (1PT)[1P],
P

where the sum ranges over all permutations P of 23--- (n—1).

Finally we shall need the notion of an object labelled by words satisfying the generalised Jacobi identities.
Specifically, let Up be an arbitrary object which is labelled by words P with letters in {1,2,...,n—1}. Then
Up is said to satisfy the generalised Jacobi identity of order k if

Uouir) + Ureig) = 0

for every pair of non-empty words Q and R such that |Q[ + |R| = k. In this case, we shall write Uy|p| instead
of Up. In particular, this implies that Uy o) ¢r)) = Uro(r])-

2. NON-ABELIAN NAVIER-STOKES EQUATIONS

We shall start in this section by discussing the non-abelian analogue of the Navier-Stokes equations. Such
analogue has been introduced recently by Cheung and Mangan in Ref. [10]. However, our presentation
differs from theirs in that we follow an intrinsic, and basically coordinate free approach. We begin by
reviewing the main ingredients associated with the classical Navier-Stokes equations.

The mathematical description of the state of a homogeneous and incompressible Newtonian fluid with
unit density is effected by means of a vector field u = u(x,#) which gives the distribution of the fluid velocity
and a function p = p(x,t) which gives the pressure. Its dynamics is governed by the Navier-Stokes equations
expressed as

divu =0, (2.1a)
Ju
5~ vAu+ (u-grad)u+gradp =0, (2.1b)

where V is the kinematic viscosity. Using the formulas well known in vector analysis, Au = grad(divu) —
rot(rotu) and (u-grad)u = }grad(u-u) —u x rotu, and the incompressibility condition Z.Ia), we may
put Eq. 2.1D) in the form
Jdu
ar
When the velocity distribution is known, the pressure distribution in the fluid can be found by solving the
Poisson-type equation

+ vrot(rotu) + J grad(u-u) — u x rotu+ grad p = 0. (2.2)

Ap = —1A(u-u)+div(u x rotu), (2.3)
which is obtained by taking the divergence of Eq. (2.2).
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In order to derive a non-abelian version of the Navier-Stokes equations it is convenient to first translate
Egs. (2.1a) and (2.2) into the language of time-dependent differential forms. To this end, we use the identities

(divu)b =&,
(rot(rotu))’ = Sdu’,
(grad(u-u))’ = dx(u’ A =u’),
(u x rotu)’ = x(u’ A xdu’),

(grad p)’ = dp,

where the notation is the one described in the introduction. Substituting these formulae in Eqs. (2.1a) and
(2.2)), the Navier-Stokes equations are then expressed as

Su’ =0, (2.4a)
o’ by 1 b b b b
W+v6du + 3ds (W’ Axu”) — x(0’ A xda’) +dp = 0. (2.4b)

When written in this fashion, the distribution of the fluid velocity is now represented by the time-dependent
1-form u”, and the pressure by the time-dependent O-form p.

Having this, we can formulate what we mean by a homogeneous and incompressible non-abelian Newto-
nian fluid. We begin with a colour gauge group, which we take to be a compact Lie group G with Lie algebra
g. We are given a time-dependent 1-form u on R? with values in g, representing the distribution of the fluid
velocity, and a time-dependent O-form p on R® with values in g, representing the pressure. Taking inspi-
ration from the universal form that the Navier-Stokes equations assume in the language of time-dependent
differential forms, Egs. (2.4a) and (2.4b), one may be tempted to stipulate that its non-abelian version is
obtained by changing the wedge product by the Lie bracket on the space of time-dependent r-forms on R3
taking values in g. However, this recipe does not reproduce the correct interaction term in the fluid velocity.
To abstract such term properly, we must make a more educated guess. But first a little notation.

Let T, be the generators of g, with structure constants f,, ¢ satisfying [7,,T;] = f,, “T.. Then an element u
of the space of time-dependent 1-forms on R? with values in g is specified by giving time-dependent 1-forms
u® on R3. This makes it possible to define a binary operation on such space by means of

fu,v} = A f,, “[u? V)T, (2.5)

Here [,] stands for the Lie bracket on the space of time-dependent 1-forms on R? and the coupling constant
A has been inserted for later convenience. Written out in components, this equals

fu v} = AL (W9 —vIoul). (2.6)

That the operation so defined is independent of the choice of the generators 7 is clear.
Armed with this implement, we may now write down the non-abelian Navier-Stokes equations. They
read

ou=0, (2.7a)
% +v5du+%{u,u} +dp =0. (2.7b)

To help understand these equations, we work out their component form. In the notation of the preceding
paragraph, the components of u and p relative to the generators 7, might be labeled as u“ and p“, respectively.
Hence we may use Eq. (2.6) to rewrite Eqs. (2.7a) and (2.7b) in the forms

aiuai — O, (283)
ab? — VAU + A fy “u djuf + 9p* = 0. (2.80)

These coincide precisely with the the sourceless non-abelian Navier-Stokes equations of Ref. [10]. The
equations written in the form (2.7a) and (2.7b)) have, however, a more intrinsic geometric meaning.
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One other point we shall notice is this. Applying the spatial exterior codifferential 6 to Eq. (2.7b) and
using Eq. (2.74a) gives
Ap = —38{u,u}. (2.9)
In components, this implies that
Ap® = =D £ 0P duTy = — A £y Dbl 9 u, (2.10)
which is identically zero due to the antisymmetry of the structure constants f, . in their two lower indices.
Thus Eq. (2.9) becomes simply
Ap =0. (2.11)
From this we conclude that in a homogeneous and incompressible non-abelian Newtonian fluid, the velocity
distribution u and the pressure distribution p are decoupled and may therefore be treated independently. This
is in sharp contrast with the abelian situation, as evidenced by Eq. 2.3).

In view of the preceding remarks, we choose to ignore the pressure term in Eq. (2.7b)) altogether, so that
the non-abelian Navier-Stokes equations take the form

ou=0, (2.12a)
du |
En +védu+ 5 {u,ul} =0, (2.12b)
or, in terms of components,
du =0, (2.13a)
au? a a bj c
3 VAui + A f,,.“u”’ djui = 0. (2.13b)

We shall also find it convenient to treat Eq. (2.12al), or its component counterpart Eq. (2.13a)), as a subsidiary
solenoidal condition.

3. THE NON-ABELIAN NAVIER-STOKES STRICT L..-ALGEBRA

In this section we shall describe the strict L..-algebra associated to the non-abelian Navier-Stokes equation
(2.12Db). This is the algebraic object that will enable us to construct multiparticle solutions via the perturbiner
method advocated in Refs. [13]] and [14].

Denote by Q! Gl‘([R3, g) the space of time-dependent 1-forms on R® with values in g. As a cochain com-
plex, the non-abelian Navier-Stokes strict L.-algebra £ is

o)
;-&-véd

Qg (R, 9)[-1] "—— Q4 (R*,9)[-2].

Thus, Q! ; (R3,g) is concentrated in degrees 1 and 2, and the differential /; is the operator % + véd acting
on Q! (R3,g). The bracket ,: Q! (R3,g)[—1]%% — Q! ; (R?,g)[—2] is defined by

bu,v) = {u,v}. 3.1)
Recalling the definition (2.3), this is evidently skew-symmetric and since the graded Jacobi identity is triv-
ially satisfied, it turns the graded vector space £ = Q! (R3,g)[-1] @ Q!  (R3 g)[—2] into a strict Le.-
algebra. From the definitions it follows immediately that, for all u € Q! (R?, g)[—1],

@
ot

and hence the Maurer-Cartan equation for the strict L..-algebra £ reproduces exactly the non-abelian Navier-

Stokes equation (2.12b).

Now, the definition of the strict L.-algebra £ requires a slight modification that allows to deal with
perturbiner expansions. First we must establish some notation. Let (a,,),>1 be an infinite multiset of colour
indices associated with the Lie algebra g and let (k,, @, ) ,>1 be an infinite set of pairs with k, € R? and W, €
R and such thatiw), + kf, =0 for each p > 1. Let also W, be the set of words of length n. If P = pyp;--- p,

i (u) + 3 (u,u) = — + v8du+ 3 {u, v},
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is one such word, we put 7, = Ty, T, -+ Ta,,, kp = Kp, +Kp, + -+ k), and wp = @p, + 0, +--- + @p,.

We denote by €2, (R?, g) the space of time-dependent formal series of the form

hx,t)=Y Y #pelrxrony, (3.2)
n>1pPe,
and by €/, (R?, g) the space of time-dependent 1-forms on R* with coefficients on €, (R*, g). Borrowing
the terminology from Ref. [[13]], elements of %tl_ q (R3,g) are called colour-stripped perturbiner ansatzs.
We would next like to extend the operator % +v&d to all of 6!, (R3,g). This can be achieved using the

colour-dressed version of the perturbiner ansatzs. In terms of the rectangular coordinates of R>, an element
of 6!, (R3,g) may be represented as u = u;(x,t)e’ where, in accord with Eq. (3.2), the components u;(x,?)
are formal series of the form

wix,r) =Y Y wpel®rxreny, | (3.3)
n>1pe,

With this in mind, for each sequence of positive integers p; < p» < --- < p,, we set

a b c e a
fplpz"'Pn = fap] ap, fbap3 e 'fdal,,"fl feap,, ) (34)
and define the coefficients ul?‘;,l D2 by
a _ a .
Wipipyeopy = Zfl’l%(z)‘“Po<n)u’l’11’c<2)‘“1’6<n)’ 3-5)
o

the summation being taken over all permutations of the set {2,3,...,n}. With the help of the latter, Eq. (3.3))
may be rewritten as u;(X,1) = uf(x,t)T,, where the coefficients u?(x,7) are formal series of the form

wx)=Y Y ugelbrxron, (3.6)
n>1PcOW,
Here O, denotes the set of words P = pyp, - p, of length n with p; < p» < --- < p,. This allows us to
define the operator % + v&d acting on the space €, (R3, g) by putting

d _ .
(E + V5d> w(x0)=Y Y (iop+ VK3 ), et (ke xtor) (3.7)
n>1pPeOW,
and extending by linearity.
This digression out of the way, we can now write down the strict L..-algebra £ that conceals the pertur-
biner expansions for the non-abelian Navier-Stokes equation. The cochain complex underlying £ is

24v§
8 (R g)[— 1] 5 gl (RP, g)[—2). (3.8)

Thus, as before, the differential /; is here the operator % + v&d acting on €/, (R, g). As for the bracket
L: 8l (R} g)[—1]%% — €l (R g)[—2], it is given by the same formula as that of Eq. (3.I). That this is
well-defined follows easily from the argument presented in §2.2 of [20].

4. COLOUR-STRIPPED MULTIPARTICLE SOLUTION TO THE NON-ABELIAN NAVIER-STOKES EQUATION

Now we turn our attention to the multiparticle solution to the non-abelian Navier-Stokes equations. As we
have already stated, this type of solution is obtained in the form of a perturbiner expansion [21, 22} [20]. We
take up first the case in which the perturbiner expansion is colour-stripped. The philosophy here is the same
as that exposed in Ref. [[13] in that the determination of such expansion can be reduced to the construction
of a minimal model for the strict L..-algebra £.

To begin with, using the defining cochain complex (3.8)), we see that the cohomology of £ is concentrated
in degrees 1 and 2. It is given by the solution space H'(£) = ker(I;) of the linearaised equation % +védu=

0 and the space H?(£) = coker(l;) of linear on-shell colour-stripped perturbiner ansatzs. It follows that the
cochain underlying the cohomology H*(£) of £ is

ker(l1)[—1] —— coker(l;)[~2].



8 VALENTINA GUARIN ESCUDERO, CRISTHIAM LOPEZ-ARCOS, AND ALEXANDER QUINTERO VELEZ

In order to construct the minimal L.-structure on H*(£), we must define a projection p: £ — H*(£) and a
contracting homotopy /: £ — £. To this end, we consider the Wyld propagator G defined on the space of

time-dependent O-forms on R>. Its explicit expression, when acting on plane waves of the form ! (*+®?) jg
1
W _
¢ T ior v @D

as long as we assume that i® + vk # 0. We extend GV to all of %tl_di([R3, g) so that we obtain a linear
operator GV : €}, (R*,g) — !, (R?,g) satisfying

d :
lio GW = <E + V6d> o GW = ldcgtl.d.([RS’g)' 4.2)

With the help of GV, we may define the projection p!): €, (R3,g) — ker(l;) by

(1)

P!V = ide1 (gs g~ GV ol 4.3)

As for the other projection p(?): €, (R3,g) — coker(l;) we simply take the quotient map. In terms of these
choices, the only non-zero component of the contracting homotopy /4 turns out to be

h? =G%: Cgtlid.([Rag) — Cgtlid.([R%g)- (4.4)

Having this, the quasi-ismorphism between H*(£) and £ is readily determined by maps f,,: H*(£)®" — £
which are constructed recursively using i, whereas the higher order brackets I;: H*(£)®" — H*(£) are
constructed recursively using p. We shall not reproduce here the explicit expressions, but instead refer the
reader to the Appendix A of Ref. [23] (see also Ref. [18]).

We shall now obtain the perturbiner expansion for the non-abelian Navier-Stokes equation by using the
minimal Le-structure on H*(£). To reach that goal, we consider a Maurer-Cartan element «' € H!(£) =
ker([;) with components of the form

/ _ i(k,x+wp,t
u;(x,1) = Z Wipe (kp 1’)Tap,
p=>1

4.5)

where @), is related to k,, through the dispersion relation i®), + ka, = 0. This, of course, is the simplest
multiparticle solution to the linearised equation. We then define the colour-stripped perturbiner expansion
to be the Maurer-Cartan element u of £ given by the formula

u—Zn‘fn s, (4.6)
n>1

The task is to work out the components u;(x,7) of u. Here we may borrow from the analysis carried out in
Ref. [13]. To start off, a detailed calculation gives the term f,(«/,...,u) in Eq. (4.6) as

Folideooul) = —%2 ( >GW Ll o), fui il o)), @.7)

Next, using mathematical induction and taking note of Eqgs. (2.3 and (.1), the components of the above
result in the form

f,,(u’,...,u’)i =n! Z U,l'pei(kp'x—i_wpl) Tap, (48)
PEW,

where the coefficients w;p are determined from the recursion relations

A : :
iop + vk} P%R {(wg ke)twir = (ug-ko)tio ) (4.9)

Wip =

Here the notation } p_ g instructs to sum over deconcatenations of the word P into non-empty words Q and
R. In line with the terminology used in Ref. [20], we refer to the coefficients w;p as the colour-stripped
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Berends-Giele currents for u. Inserting Eq. (4.8) back in Eq. (.6) gives then the components of the pertur-
biner expansion as

uix,t) =Y Y wpelrxren, (4.10)
n>1Pec,

So our conclusion is that the recursion relations for the perturbiner coefficients are preset by the recursion
relations for the L..-quasi-isomorphism from H*(£) onto £.

It is possible to put Eq. (4.9) into a somewhat more pliable form. In the first place, we can eliminate the
p from the denominator of the right-hand side of Eq. (4.9) by using the dispersion relation for each of the
terms entering in Eq. (4.3), and find that such denominator is given by

sp=2v Y k,k, 4.11)
{p.q}cp
This expression may be considered as the nonrelativistic analogue of the Mandelstam variables. In the sec-
ond place, it is very convenient to invoke a combinatorial gadget, termed the “binary tree map” in Ref. [24],
that allows us to keep track of the bracketed words obtained by iterated recursion of Eq. (4.9). We shall here
refer to it as the colour-stripped Berends-Giele map. It is defined as the map b acting on all words and
determined recursively by

bcs(p) =D,

b (P) =~ Y [bes(©) bes (R)).

SP p=Qr

(4.12)

In the third place, as a matter of notation, for an arbitrary labelled object Up, we bring the definition from
Ref. [24] for the replacement of words by such object as

[U]oP=Up. (4.13)

And in the fourth and last place, for every pair of bracketed words ¢[P] and ¢[Q], we recursively set

Eilip0) = (eﬁ[p] ko) € — (eﬁ[Q] “Kp)€iip); (4.14)

with the agreement that &, = w;,. Later we shall see that the labelled objects &;pj are to be identified
with kinematic numerators satisfying generalised Jacobi identities. With all this in mind, we can rewrite the
recursion relation in Eq. (4.9)) in the form

Wip = A [[S,']] o bcs (P) (415)

We have then a clear-cut way in which the colour-stripped Berends-Giele map b s provides a purely com-
binatorial realisation of the colour-stripped Berends-Giele current w;p. From this, in particular, follows the
shuffle constraint w;p.,9 = 0, which can be equivalently stated as w;ppp = (—1 )‘P |u,-p( pup)- This is seen at
once by appealing to the general abstract argument presented in Appendix C.1 of Ref. [24].

5. COLOUR-DRESSED MULTIPARTICLE SOLUTION TO THE NON-ABELIAN NAVIER-STOKES EQUATION

We are now concerned with the determination of a multiparticle solution to the non-abelian Navier-Stokes
equations in the form of a colour-dressed perturbiner expansion. All conventions, notation and terminology
introduced in the previous section remain in force.

The treatment of colour-dressed perturbiner expansions can be carried out along lines parallel to the
treatment employed for colour-stripped perturbiner expansions and is in many respects simpler (see, for
example, Ref. [14]). We start with a Maurer-Cartan element u € H*(£) = ker(/;) which has components

W xr) = Y g, el brxton), 5.1)
p>1

with @, and k,, obeying the dispersion relation i@, + ka, =0. We next define the colour-dressed perturbiner
expansion u € £ by means of the same formula as Eq. (4.6). Again our basic problem will be to work out
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the components u¢(x,7) of u. This calculation proceeds exactly as before, using mathematical induction. We
obtain

ul (x,1) = wipel ket (5.2)
l r; Pe%‘éﬂfn l

where the coefficients w{, are determined from the recursion relations

Uip = L Z %fbc“{(ugﬁ ‘kr)wip — (u;ﬁ : kQ)waQ}- (5.3)

SP p=QUR
Here the notation P = Q UR instructs to distribute the letters of the ordered words P into non-empty ordered
words Q and R. We have also introduced, for later notational convenience, the combination fb =211 4
From now on the coefficients w{p will be referred to as the colour-dressed Berends-Giele currents for u. It
is, perhaps, worth mentioning that, in terms of the wjp, the solenoidal condition (2.134)) translates into the

transversality condition u;ﬁ ‘kp =0.

We shall find the colour-dressed version of the perturbiner expansion extremely useful in our later work.
In fact, we shall see that from the colour-dressed Berends-Giele currents we can extract kinematic numer-
ators that naturally satisfy the generalised Jacobi identities of a nested commutator, an attribute that can be
reconciled with a manifestation of colour-kinematics duality.

6. FACTORISATION OF THE NON-ABELIAN NAVIER-STOKES STRICT L..-ALGEBRA

In this section the problem of factoring the non-abelian Navier-Stokes strict L..-algebra £ is considered.
More precisely, we are interested in establishing a factorisation of £ into three parts: a colour part, a kine-
matic part and a strict L.-algebra which fully describes the interaction of the perturbiner coefficients. This
will be accomplished building upon the ideas and constructions of Ref. [[12]. We shall therefore use the
notation and terminology used there.

There are two steps in defining the required factorisation of the strict L.-algebra £. The first step amounts
to showing that £ admits a factorisation into a colour or gauge Lie algebra and a kinematical strict C..-algebra
¢. We start with the definition of the latter. As a cochain complex, it is given by
% +véd

Qg (RO)[-1] “—— Qpy (R*)[-2].

In other words, the differential m; is identified with the operator % + v&d acting on Q| ; (R?). The multi-
plication my: Q! (R*)[-1]*2 — Q! (R3)[—2] is defined by taking
ma(u,v) = Alu,v)]. (6.1)

Clearly, this operation is graded commutative. Moreover, for degree reasons, the Leibniz rule is trivially
satisfied. In this way, the graded vector space € = Q! (R*)[-1]@ Q! (R?)[—2] acquires the structure of a
strict C.-algebra. We claim that this strict C..-algebra allows for a factorisation

L£=g®C¢, (6.2)

where the colour Lie algebra g is concentrated in degree zero. To verify this, identify Qtlid_ (R3,g) with the
tensor product g® Q! ; (R?) in the usual way, so that, we may write an element u € Q! | (R, g) asu =T, @u“
with u“ € Qt{ d‘([R3)' Then, recalling the definition of the differentials /; and m;, we see that

Hh{T,ou")=T,® <% +v6d> u =T, @m(u").

Also, from Egs. (3.1) and (6.1)), we find that
L(T, @u®, Ty V) = [T, @u®, Ty V'] = A £,, T @ [u®,V*] = [T,,, Tp] @ ma (u V7).

These last two equalities show that /; = id®m; and I, = [,] ® my, and consequently the claim holds true.
We remark in passing that the factorisation (6.2)) corresponds to colour-stripping the strict L..-algebra £.
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In order to make further progress it is necessary to adjust the definition of the strict C.-algebra € so as
to include perturbiner expansions. Following the notation of Section[3] we denote by %Sd‘ (R3) the space of
time-dependent formal series of the form

p(x,1)=Y Y gpellrxron) (6.3)

n>1pcO,

and by €, (R?) the space of time-dependent 1-forms on R* with coefficients on €2, (R?). In line with the
preceding discussion, we refer to the elements of €/ (R3) as colour-stripped perturbiner ansatzs. We must
also say a bit about how to extend the operator % + vad to act on the space %&d (R3). This is done in the
standard way: we first extend the definition of % + v&d to the space €, (R*) by putting

(% + v5d> o(x)=Y, Y (iop+vkp)gpe!rrror, (6:4)

n>1pcO,

and then extend % + v&d uniquely to €/, (R?) by linearity.
Equipped with all this information, the cochain complex underlying the strict Cs-algebra ¢ controlling
the perturbiner expansion is

véd
Bl (R)1] 4 ), (1)),
Hence, the differential m; is simply the operator E +vé&d acting on €/, (R3). Regarding the multiplication
my: Gl (R¥)[—1]%% — €l (R?)[—2], this is determined by the exact same formula (6.I) as above. Using
this prescription, and recalling the definition of the strict L..-algebra £ that results in dealing with colour-
dressed perturbiner expansions, we deduce that the factorisation (6.2) remains valid.

With this background in mind, the second step consists of showing that the strict C.-algebra € admits a
further factorisation which strips off the kinematical factor. For this purpose, we use the notion of twisted
tensor product of homotopy algebras introduced in Ref. [12]]. We proceed to give some of the necessary
definitions.

Let Rin = (R?)* be the dual space of covectors in R?, which we regard as being a graded vector space sit-
ting in degree zero. We continue to write e’ for the natural basis of fin relative to the rectangular coordinates
of R3. We also consider the strict L..-algebra Gcal built from the cochain complex

5 9 1y&d

8l (RO)[-1] —— &y (R*)[-2],

whose differential we write as y; and whose bracket i : €2, (R*)[—1]%% — €2, (R3)[—2] is defined as
follows: for any two elements @ (x,1), y(x,t) € €, (R?) we set

w(e(x,0, y(x,0) =3 Y ( Y 7L¢QWR>6“"’"*“’”), (6.5)

n>1PeOW, \ P=OQUR

where @p and g are the coefficients in the expansions of ¢(x,7) and y(x,r) as formal series. We are
interested here in computing the twisted tensor product between RKin and Geal. To do so, we need to define
a twist datum 7 = (11, 7p) consisting of a pair of maps 7; : Kin — Kin® End(Scal) and 7,: Kin® Kin —
Rin®End(Scal) ® End(Scal). We put

71(e') = ®id (6.6)
and
ne®e) = ®idod —e ®d ®id. (6.7)

Using the above formulae for 7; and 7, as well as the prescription of Ref. [12], it is a fact that the tensor
product Rin ® Gcal carries the structure of a strict C.-algebra with differential

mt(e' @ui(x,1)) = € @ py (u;(x,1)) (6.8)
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and multiplication
ms(ei ® ui(xat)’ej ® Vj(X,l))

) ) ) . 6.9
= o @ pa (), 3y (5,1)) — € @ (s, 1),v3 (5, 1), ©2

This strict C-algebra is defined to be the twisted tensor product of Kin and Geal and is denoted by Rin ®;
Geal.
Now to the point. We claim that the strict C..-algebra € factorises as

¢ = Rin®; Scal. (6.10)

To substantiate the claim, we identify 6!, (R*) with the tensor product (R*)* ® €?; (R?) so that we may
write any element u € €, (R?) as u = ' @ u;(x,1) with u;(x,1) € €%, (R?). Under this identification, it is
clear that € = Rin® Gcal as graded vector spaces. Thus, to show (6.10), we only need to verify that m; = m]
and my = mj. That the first equality holds follows immediately from the definitions of m; and m]. In fact,
both are given by the formula (6.8). For the second equality, we simply calculate both sides separately. So
fix two elements e’ ® u;(x,t) and e/ ®v;(x,1) of B!, (R?). Then Eq. (6.I) may be expressed more explicitly
as

my(e' @ u;(x,1),e! @v(x,1)) = €' ® ),{uj(x,t)8jv,~(x,t) - vj(x,t)8ju,~(x,t)}. (6.11)
If we further write w;p and v j¢ for the coefficients in the expansions of u;(x,) and v;(x,) as formal series,
this is

m2(6i®ui(xat)?ej ®Vj(X,f))

i - 6.12
—oLLL < ) M{(u’ﬁQ'kR)viR_(Ufe'kQ)U'iQ}> el (kpxtopr) ©.12)

n>1peOW, \ P=QUR

On the other hand, using Eq. (6.3) gives

ug(u,»(x,t)ﬂ"vj(x,t)) = Z ( Z il(uﬁQ-kR)ij> ei(kPAXerPt). (6.13)
n>1PeOM, \ P=QUR

and

i (07ui(x,1),v;(x,1) = ¥ Y ( Y iA(v- kQ)“fiQ) gl (krxrorr) (6.14)
n>1PpeOW, \ P=QUR
Inserting Egs. (6.13) and (6.14) into Eq. (6.9) we find that m (e’ ® u;(x,1),e/ @ v;(x,1)) is also equal to the
right-hand side of Eq. (6.12), which proves what we set out to show.
To summarise, we have shown that the strict L.-algebra £ encoding the colour-dressed perturbiner ex-
pansion for the non-abelian Navier-Stokes equation factorises as

£=g® (Rin®;Scal). (6.15)

In terms of this factorisation, the double copy prescription becomes quite readily apparent. First, however,
we need to verify that the factorisation is compatible with colour-kinematics duality. We shall do so in the
following section.

7. COLOUR-KINEMATICS DUALITY

In this section we investigate how colour-kinematics duality can be made manifest for the colour-dressed
Berends-Giele currents produced by the non-abelian Navier-Stokes equation. Specifically, we identify an
infinite-dimensional Lie algebra which determines the kinematic numerators of the colour-dressed pertur-
biner coefficients satisfying the same generalised Jacobi identities as their colour factors. This means, among
other things, that the latter Lie algebra is dual to the colour Lie algebra g, in the sense suggested by the work
of Bern, Carrasco and Johansson [2].
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To begin with it is of course evident that we can always decompose the colour and kinematic degrees of
freedom of the single index colour-dressed Berends-Giele currents w;, by writting

wé = 6“apg,-p. (7.1)

Here the g;, may be regarded as the components of a covector g, in R3. That said, let us consider the
infinite-dimensional Lie algebra g’ that is spanned by the €, and whose Lie bracket is defined by

[€p,€4) = (€} - kg) € — (€5-K))E). (7.2)

By treating the infinite integer index p as the “Fourier transform” of a continuous variable in R>, this algebra
may be recognised as the Lie algebra of infinitesimal spatial diffeomorphisms. This is to be contrasted with
the discussion made in the last section of Ref. [10].

In what follows, we will make believe that the Lie algebras g and g’ are reciprocal in the sense of allowing
the duality between color and kinematics, also referred to as color-kinematics duality. To simplify the
expressions that occur in the calculation, for each bracketed word ¢[P] = £[pps--- p,] of length n, we
employ the notation ¢ to indicate the product of colour factors determined by

= b ~ n ~ ~
Clip) = Japyap, Soap, * Jday, | Jeay,” (7.3)

with the understanding that ¢, = 5“ap. We also set

clupeio) = Joe "lipiig) (7:4)

for every pair of bracketed words ¢[P] and ¢[Q]. Using this notation we shall proceed to write down explicitly
the Berends-Giele currents u$, by making direct reference to the components &;, of the generators of g'. By
way of preparation, we first take P = 12 in Eq. (3.3). In this case, the possible ways of distributing the
letters are (Q,R) = (1,2),(2,1). Then, using Eqs. (ZI)-(Z4), we find that the colour-dressed Berends-
Giele current uf}, acquires the form

ct & 12

wly = A <7“’2] 2 ) : (7.5)
512

where we have introduced, for convenience, the kinematic numerator &1 = [€1,&];. Tt follows immedi-

ately that the & 5 satisfy the same antisymmetry properties under interchange of 1 and 2 as the colour

factor c‘[l1 Bk Next take P = 123 in Eq. (5.3). In this case, the possible ways of distributing the letters are

(Q,R) =(12,3),(13,2),(23,1),(1,23),(2,13),(3,12). Therefore, after a straightforward calculation mak-
ing use of Eqs. (ZI)—(Z.3), we obtain for the colour-dressed Berends-Giele current w{,, the formula

Clyans&i23 &z s n&iRal
uﬁza=l2< haatnay | haatinsa , Fpanties ])7 76
125123 5135123 235123
where now the kinematic numerators are &;(; )3 = [[€1,&2],&3]i» €132 = [[€1,83],&]i and gp 31 =

[[€2, €3], €1]i- Notice in particular that the last two terms in the parenthesis in Eq. (6.6) are obtained from
the first by permuting the indices 1, 2 and 3 cyclically. Furthermore, it may be emphasised again that the
Jacobi identity, which requires &gy 53 to vanish when antisymmetrised on 1, 2 and 3, mirrors the Jacobi
identity satisfied by the colour factor cﬁ1,2]73]' This matter can perhaps be made a little plainer if we subse-
quently take P = 1234 in Eq. (5.3)). In this case, the possible ways of distributing the letters that contribute
to the sum are (Q,R) = (123,4), (124,3), (134,2), (234,1), (12,34), (13,24), (23,14), (1,234), (2,134),
(3,124), (4,123). By analogy with the calculation leading to Eq. (Z.6), it is not difficult, though perhaps a
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little tedious, to verify that the colour-dressed Berends-Giele current {],3, may be represented in the form

Wi = 13(Cﬁu,zmmSimnz],am +Cﬁ[1,21,4],3]Siuu,zmﬁ] +Cﬁ[l,a],z],4]Siml,z],zl,zu
$12812351234 §$12512451234 §$13512351234

Ca 8[ Ca 8[ 41.2], Ca 8[ 41,3,
n [[[1,3],4),2] €ill[1,3],4],2] n [[[1,41,2),3] €ill[1,4),2],3] n [[[1,41,3),2] €ill[1,4),3],2]

$13513451234 514512451234 514513451234
n Cﬁ[2,3]71],4] Eill[2,3],1]4] n cﬁ[2,3]74],1]81'[[[23}74],1] n Cﬁ[2,4]71],3] Eill[2,41,1)3] 717
$23512351234 523523451234 524512451234
N Cli.4,3),1) Ell2.413)1] N Cli3,40,1].2) Eill3.41,11.2 N Cli3,41,2),1) Eilll3.41.2),1]
$24823451234 534513451234 534523451234
N Cli12),3.4) Eill1.21,3.4] N €13, .41 Eill1.3),12.4] N Cli14),2.3) Eill141,12.3]
$1253451234 $1352451234 $1452351234
where, as the notation implies, the kinematic numerators are &qj 234 = [[[€1, 2], &3], €4]i, €234y =

[[€1, €], €3, €4]]:, and so on. Thus we are once more led to conclude that these kinematic numerators share
the same symmetry properties as the corresponding colour factors.

The above pattern continues as we keep increasing the length of the word P. To see it, we need yet some
more notation. In the first place, for any bracketed word ¢[P] = £[p|ps--- ps| of length n, the kinematic
numerator &gpj is defined to be

R (S AN - B (7.8)

We further put

Eeipl.ui0]) = [€p)> Eg)li (7.9)

for every pair of bracketed words ¢[P] and ¢[Q]. One easily checks by employing Eq. (Z.2) that this re-
produces Eq. @.14). In the second place, we need to modify the colour-stripped Berends-Giele map by a
colour-dressed version of it. To be more precise, here we consider the map b4 acting on ordered words and
determined recursively by

bea(p) = p,

balP)= 5 ¥ [ba(Q) ba(R)] .10

2sp pL5UR
Parenthetically it may be worth remarking that the factor of 2 in the denominator on the right-hand side of
the second formula in Eq. (6.9) can be dropped if we impose the condition that |Q| > |R|. And, in the third
place, given two arbitrary labelled objects Up and Vp, we define the replacement of ordered words by the
product of such objects as

[U@V]oP=UpVp. (7.11)

With all the foregoing, it can be shown that the recursion relation in Eq. (3.3)) is expressible in the form
wlh = AP @ &] 0 bea (P). (7.12)
Taking note of Eq. (Z.1Q), this amounts to saying that the generalised Jacobi identities associated to the

colour factors CZ[P] are also obeyed by the kinematic numerators €ypj. Since the latter are, according to

Eq. (Z72), built out of structure constants of the infinite dimensional Lie algebra g’, we may conclude that g’
constitutes a particular realisation of the “kinematic Lie algebra” that underlies the duality between colour
and kinematics/ It should also be borne in mind that the “factorisation” of the colour-dressed Berends-Giele
currents given in Eq. (Z.12) is a manifestation of the factorisation (6.2)) of the strict L..-algebra £.

%It is worth noting that this algebra has been studied before in the context of colour-kinematics duality for the self-dual sector
of Yang-Mills theory in Refs. [25 261 27} 28], 3-dimensional Chern-Simions theory in Ref. [29]], the non-linear sigma model in
Ref. [30]], and 10-dimensional super Yang-Mills theory in Ref. [31].
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The preceding discussion provides the specific justification for using the double copy prescription. In
doing so, we shall appreciate more fully the power of the L..-language at work for us.

8. THE DOUBLE COPY OF THE NON-ABELIAN NAVIER-STOKES EQUATION

It is our intention in this section to implement the double copy of the non-abelian Navier-Stokes equation.
We shall begin by discussing the strict L.-algebra which captures the dynamics described by such double
copy. Following this we shall show that this strict L..-algebra may be obtained directly from the “homotopy
double copy” procedure outlined in Ref. [12], which is implied by the factorisation of the non-abelian
Navier-Stokes strict L.-algebra £ examined in Section [6l

Let Q! (R?) B (®) Q! (R?) denote the tensor product of Q! (R*) with itself considered as a module
over Q) (R?). We think of the elements of Q4 (R*) ®qo (r3) /¢ (R?) as time-dependent 1-forms on R’

with values in the Lie algebra Ql d‘([R3)' Thus, with reference to a basis e’ corresponding to a rectangular
coordinate system (x'), an element u € Q! ; (R?) a0 (R?) Q! (R?) is decomposed as u = ' ® u; with u; €
Q! (R?). We may therefore extend the operator 5 + v&d to act on Q/ (R?) B0 (%) g, (R?) by putting

d 7 8u; ~
<E+v5d>u:e ® <W+V6dui>' (8.1)

Bearing this in mind, the cochain complex underlying the double copy strict L..-algebra £ is simply

2 1véd
Q14 (R) ®go () Q. (R)[-1] "= Qi (RP) @0 (rs) Qo (R)[-2].

Henceforth, as is customary, the symbol /; is used to represent the differential. To define the bracket, we first
define a binary operation on Q| ; (R?) R0 (R Q! (R?) as follows. Letu € Q! (R?) D0, (RY) Q! (R?)
and let u; the components of u relative to the basis ¢f. We also write us; for the components of u; relative to
the given basis e'. Since x and x' are independent variables the partial derivatives 0’ and 9’ commute and
hence it makes sense to define 9’ u; as the time-dependent 1-form on R? whose components relative to e are
97 uz;. With this understood, we define the binary operation by the formula

- K B B
{uvt = 5{[14;, v+ vy, 0/uil }, (8.2)

where K is a coupling constant. Written explicitly in components this formula has the form
{u,v}ﬁ - E(I/ij_jajajvl_l - ajvl_]a‘]uﬁ + Vj_jaja‘]ul_l — aju;]ajvj-l) (83)

The bracket : (Q!, (R?) R0, (R3) Ql (R)[-1))*% — Ql | (RY) R0 (R3) Q! (R*)[—2] can now be ob-
tained by simply setting

L(u,v) = {u,v}. (8.4)

As this is clearly skew-symmetric and trivially satisfies the graded Jacobi identity, the graded vector space

= (Qy (RP) ®q sy Qg (RY)[1]) @ (@4 (RP) @ (r3) Qg (R*)[-2]) is indeed a strict Lo-algebra.

With the help of the foregoing we may now obtain an expression for the field equation that governs the

dynamics of the double copy. This is an extremely simple matter: just set down the Maurer-Cartan equation

associated to £’. From the definitions which we have given of the differential /; and the bracket ,, the latter
equation reads

du
ot
It should be specially noted that this equation is identical in form with the non-abelian Navier-Stokes equa-
tion (Z.12b). To emphasise this we have adopted the same symbol {,} to designate the relevant binary
operation. By using Egs. (8.I) and (8.3)), we find the component form of Eq. (8.3)) to be
du; K

a—t"" — VA + 5 (5,079 uz; — 3uz;07uz) = 0. (8.6)

+v8du+ 3 {u,u}} = 0. (8.5)
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On account of the similarity between Eqs. (2.13b) and (8.6)) we could speak of the latter as a tensor Navier-
Stokes equation describing the dynamics of a bi-fluid velocity distribution with components u;;. The termi-
nology is taken from Ref. [[10] with a view towards our precise needs.

To complete our consideration of the double copy strict L..-algebra £’ we must now readjust its definition
to contend with perturbiner expansions. Here we return to the notation described in Section |6l Consider
the tensor product !, (R?) g (RY) €. (R?) and expand once again its elements as u = ¢' ® u; with u; €
€l (R?). Of course, this means that each of the components uj;(x,t) of u; with respect to the basis €' is
expressible by means of a formal series of the form

up(x,0) =Y, Y ugp el kpxtart) (8.7)
n>1pPeOW,

The cochain complex underlying the strict L.-algebra £ that encodes the perturbiner expansion for the
tensor Navier-Stokes equation is thus

%—i—véd
e

€0 (R) Do, (R?) €y (RY)[-1] €4.(R) Qg0 (R3) €lq.(R7)[-2]. (8.8)

The differential [; is therefore given simply by the obvious extension of Eq. (8.1). As regards the bracket
lzf:E(cgtl'd' (R3) g0 (RY) €l (RH)[-1])*? =8, (R?) g0 (R3) €., (R*)[-2], it has the same formula as that
of Eq. (8.3).

We go on now to cast the definition the double copy strict L..-algebra £’ into a somewhat more elegant
form by connecting it up with the homotopy double copy construction. The claim is that £’ can be obtained
by replacing the colour factor g in the factorisation (6.13)) of £ with another copy of the “twisted” kinematic
factor Rin, while sending A to 5. Explicitly,

£ = Rin®, (Rin®; Scal). (8.9)

To establish this claim we must first specify the strict L.-algebra structure on the twisted tensor product of
the right hand side. To do this we note that an arbitrary element of Rin® (Rin®; &cal) can be represented in
the form €' ® e @ uy;(x,t) with uz;(x,1) € €2, (R?). Referring back to Eqs. (6.8) and (6.9) and the discussion
in the ensuing paragraph, we consider Rin®; (Rin ®; Scal) as a strict Lo-algebra with differential
[F(e 0 @u(x,1) =& @ e © pu (u(x,1)) (8.10)
and bracket
B ®e @uy(x1),ef ® el @vy(x,1))
=/ @ e/ @ pa(uz(x,1),0'd'v (%)) — ej®ei®/,Lz(c?ju;i(x,t),B’ijj(x,t)) (8.11)
+el @€' @ r(9707u5(x,1),v7;(x,1)) — € © el @ U (9 uz(x,1),9'v7(x,1)).

Having clarified this point, let us return to the verification of (8.9). The first point to be noticed is that
€l (R )®cg0 (R3)%td (R?) can be naturally identified with (R*)* ® (R?)* ® €7, (R?) so that every element

of the former can be expanded in the form described above. Evidently then, 2’ Rin® (Rin ® Sceal) as
graded vector spaces. Hence we are left to check that /; =[] and [, = [. The first equality is obvious
since both /; and /] are determined by the same formula (m) For the second, let us take two elements

e ®e' @usz(x,t) and el ®vy;(x,1) of (RP)*® (R*)* ® €2, (R?). By use of Eq. (83) we see that Eq. (8.4)
may be rewritten as

lg(e;®ei®u;,-(x t) f®e’®v L (x,1))
—d@de~ {u (x,1)9797vy;(x,1) — vz (x,1)d u5(x. 1) (8.12)
+v5 (xt)8]81 2(x,1) — dTu; (x.0)07v5(x,1)}.
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Denoting the coefficients in the expansions of u;(x,¢) and v;;(x,t) by wzp and v, respectively, this
becomes

lz(e;® ei®u;i(x,t),ej®ej ®Vv5;(X,1))

- , K - . - .
=d®e®), ) ) 2] {k{?“?ijigu jio — WijokekgVir
n>1PcO%, \ P=QUR (8.13)

i(k
+k] tJQkIJQUﬂR UJJRkaQ uQ}> PHW)

At the same time, applying Eq. (6.3)), but with A replaced with X, we obtain

‘LLZ(M;Z'(X,Z)7a;aiVjTj(X,l)) - - Z Z < Z zszRkRv]]R

n>1peOW, P:QUR

kp X+ (Dpt

=1 PO, \ P—OUR 2
n=ihe o (8.14)

kP X+wPl

pa (@ c1),9vj5(x) == ¥ ¥ < y : ,,QkR%R> s onn)

.uz(ajaj”fi(xv )7 jj(X t)) _Z Z < Z zkjk]uuQv]J

n>1pPeOW, \ P=QUR

/.12(8ju;,-(x,t),8iv]vj(x,t)) - - Z < Z 2kj U’quRv iR e ikpx+apr) .
>1pPeO, \ P=QUR

Substituting these expressions back into Eq. 8.11)), we find that [ (¢’ ® ¢’ @ uj(x,1),e/ ® e/ @ v;;(x,1)) also
equals the right-hand side of Eq. (8.13)), as was to be shown.

To sum up, we could have avoided the guesswork of figuring out precisely what the double copy procedure
is supposed to do to the non-abelian Navier-Stokes equation by appealing directly to the homotopy double
copy recipe. In our opinion, this framework offers a more systematic and rigorous method of tackling the
problem.

9. MULTIPARTICLE SOLUTION TO THE TENSOR NAVIER-STOKES EQUATION

We may now turn to the multiparticle solution to the tensor Navier-Stokes equation. Again we use what
we have learned in the preceding section to write this solution in the form of a perturbiner expansion.

We first describe the minimal Le.-structure on the cohomology H*(£') of the double copy strict Le.-
algebra £'. Like before, all we need to do is to define a projection p: £ — H*(£') and a contracting
homotopy h: £ — £'. As a preliminary remark, note that by virtue of the definition (8.8), the cochain
complex underlying H*(£') is

ker(l;)[—1] SN coker(/;)[—2].
This is formally identical to the one we encountered in Sectiondl We thus proceed as we did there. To start,
we extend the Wyld propagator G¥ so that we obtain a linear operator GW €l (RY) g0 (R €l (R} —

€4 (R%) @0 (m3) By (R?). This enables us to define the projection p: €l (R ) @ o) €l (RY) =
ker(/;) by the formula

1) _ W
P()—‘d%&d(w)@%o (w8l ®) G ol 9.1)

The other projection p®: €/, (R )®%[od (®) €l (R3) — coker(l;) we take simply as the quotient map.
Lastly, it can be seen that the only non-zero component of the contracting homotopy # is given by 1(?) = GV.
We are now ready to formulate the perturbiner expansion for the tensor Navier-Stokes equation. First of

all, we pick a Maurer-Cartan element «' € H'(£') = ker(l;), for which we have
uh(x,1) = Y g, el Xt 9.2)

p>1
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Then we define the perturbiner expansion to be the Maurer-Cartan element u in £’ given by the formula

1
=y —‘fn(u',...,u'). (9.3)
!
We want to calculate the components of u. Obviously the same argument that led to Eq. (5.2) applies here,
and gives the components of u as

up(x,0) =Y Y wype Krxrenn, 94

n>1pPeOW,

where the double copy Berends-Giele currents w;;p are determined from the recursion relations
K T . T .
- V(o pigd g VPP
SP p=QUR
Thus the problem of determining the perturbiner expansion has once again been reduced to that of deter-
mining the L.-quasi-isomorphism from H*(£') to £'. In the next section we shall see how the double copy
prescription can be articulated in terms of the perturbiner coefficients (9.3)).

10. DOUBLE COPY RELATIONS FOR BERENDS-GIELE CURRENTS

So far, we have seen that the double copy structure of the non-abelian Navier-Stokes equation is implied
by the factorisation of the strict L.-algebra £. Our object is now to uncover this structure at the level of
perturbiner expansions. What we shall see is that, from the double copy Berends-Giele currents (9.3), we
can extract numerators that can be written as the “square” of the kinematic numerators obtained from the
colour-dressed Berends-Giele currents. This result will be exceedingly useful in permitting us to derive a
Kawai-Lewellen-Tye type relation, giving the double copy Berends-Giele currents as a sum of products of
two colour-stripped Berends-Giele currents.

First of all it is to be remarked that, in close parallel with development described in Section[@l the single
index double copy Berends-Giele current w;;, may be decomposed into its kinematic degrees of freedom
according to

Wiip = EpEip- (10.1)

Here it must be recalled that &, and ¢;, are regarded as the components of two covectors €, and €, in
R3. Thus it is possible to consider not one but two infinite-dimensional Lie algebras §’ and g’ generated
respectively by the €, and the €, and with the same Lie bracket as the one defined in Eq. (Z.2).

The next step is to write down explicitly the Berends-Giele currents up to multiplicity four and compare
them with the expressions given in Section [/l We set P = 12 in Eq. (0.3) first. A simple calculation, using

Eq. (100D, gives
K [ & nE
1@u:—<iﬂiﬁg, (10.2)

2 512

where, as before, we have used the notation &g, 5 = [€1,&]; and &q; 5 = [€1, &];. We can compare this result
directly with Eq. (Z.S). The equations are identical if we just identify & 5 with c{j - While sending A to
5. Next we take P = 123 in Eq. (Q.5). In this case, the computation is slightly more complicated, but still
straightforward. One finds that

(K EwanEnal | Epa2&inse | Ees iRy
Wiz = <2) ( 5125123 - 5135123 " 5235123 ’ (109
where this time we have used & 53 = [[€1, &), &5 &3 = [[€1, 8], 815 Ep 3 = [[€2,8),& 5 and

likewise for the unbarred factors. Thus once again we see that this equation is identical to Eq. (Z.6) except
for the fact that Cﬁl,z]g]’ 61[1[173],2] and c‘[’[273]’1] are replaced by &y 5 37, &jp1.,3),2) and & 37,17, respectively, and
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A is sent to 5. Finally, we take P = 1234 in Eq. (9.5). By following the same arguments used to derive
Eq. (IQ.3), it is not too hard, but somewhat tedious, to show that

Wiigss = (5)3 <éfm1,2173],41 &in234 | & 2Aq980243) | & a8
2 §12512351234 $12512451234 $13512351234

& &3], & Eil[1.4), &(11.41.3),21 Eil[[1,4],3],
+ [[[1,3],4],2] [[[173],4]72]_’_ [[[1,4],2],3] [[[174],2]73]_’_ [[[1,4,3],2] <i[[[1,4],3],2]

513513451234 514512451234 514513451234
& &; é{ &; é{ &;

4 [12,3],1],4] &il[[2,3],1]4] X [[12,3),41,1] “i[[[2,3],4],1] I [[[2,4],11,3] “i[[[2,4],1].3] (10.4)
5238512351234 523523451234 524512451234

i Eill12.41,3).1 &ill[2.:4),31.1] n Ei3.41,11.2) &ill[3.:41,1].2) n Ei113.4),21.1 &ill[3.4),21.1]
524823451234 534513451234 534523451234

O R e e () O R B R (e )
51253451234 51352451234 51452351234 ’

where, of course, we have defined &y 5314 = [[[€1,&2], 8], &l &pioy3ay = [[E1,&]:[E3,&4]]5 etc., and

similarly for the unbarred factors. Upon comparing the expression in Eq. (Z.7) with that of Eq. (10.4), we
see that they are identical except that the colour factors in the numerators are replaced by barred factors, and
A is sent to 5.

Making use of the notation introduced in Section[7, we can proceed directly to find a general expression
for w;;p. Either by explicit calculation based on Eq. (9.3) or by inference from Eqs. (10.2)), (10.3) and (10.4),
we arrive at

|Pl—1
Ujp = (g) [&;® &] 0 bea(P). (10.5)

We can compare this with the expression we obtained for the colour-dressed Berends-Giele current given by
Eq. (Z12). The similarity of these expressions leads us to conclude that they are identical if ¢? is replaced
by &, and if A is sent to 5. This is what we mean when we say that the numerators of the double copy
Berends-Giele current w;;p can be built as the “square” of the kinematic numerators of the colour-dressed
Berends-Giele current w;,. We must point out, however, that from the perspective we have taken here, this
is a reflection of the homotopy algebraic treatment which yields the double copy strict L..-algebra £'.

11. THE ZEROTH COPY OF THE NON-ABELIAN NAVIER-STOKES EQUATION

Having pinned down the double copy of the non-abelian Navier-Stokes equation, we would now like to
address its zeroth copy. We proceed in essentially the same way as in the double copy case and first formally
define the strict L.-algebra that governs the dynamics of the theory.

For starters, unlike the initial formulation of the non-abelian Navier-Stokes equation, to specify the zeroth
copy, we need not one but two compact Lie groups G and G. The corresponding Lie algebras are written
g and §. We pick generators T, and T; for g and § respectively, and let the associated structure constants
be given by f, ¢ and faiyE' We also let di_(ﬂ?3, g® §) be the space of time-dependent O-forms on R? with
values in the bi-adjoint representation of G x G on g® §. Explicitly, an element u € Q?_dl([R3, g®g) can
be written as u = u"T, ® T; with u*® € Q°; (R®). Hence, we can allow the operator 2 + v&d to act on
Q‘Ed. ([R379 ® g) by

a a ada T
<E+V5d>u: <E+V5d>u T,QT;. (11.1)

There is, moreover, a binary operation on Q?.d‘ (R?,g®g) given by the rule

{M, V} = ’}/fbcaf_l_ygaubl;vCETa o2y Tli7 (1 1 2)
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where 7 is a coupling constant. With this understanding, we choose the cochain complex underlying the
zeroth copy strict L..-algebra £” to be

ol (R.gon)-1 %% ol (R g g)-2
(R, g®8)[—1] —— Q4 (R, g®3)[-2].

As usual, we reserve /; to designate the differential. Regarding the bracket lr: Q! (R} g® §)[—1]%? —
Qtl‘d. ([R3,g ® g) [_2], we Simply set

L(u,v) = {u,v}. (11.3)

Since this is evidently skew-symmetric and the graded Jacobi identity is trivially satisfied, the graded vector
space £’ = Q! | (R?,g®§)[-1]® Q! (R?,g®§)[—2] is, in effect, a strict L.-algebra.

It is now quite straightforward to derive the field equation that governs the dynamics of the zeroth copy.
We just have to write down the Maurer-Cartan equation associated to £”. Using the definitions of the
differential /; and the bracket /,, this equation takes the form

%+v6du+%{u,u}20. (11.4)

It is crucial to note that, once again, the notation has been chosen to ensure that this equation looks exactly
the same as Eqgs. (2.12b) and (8.3)). In terms of components, Eq. (ITL.4) is written as

a uaa
ot

This can be regarded as a fluid analog of the bi-adjoint scalar theory (see, for instance, Refs. [26, 132} 33} [15]).
For this reason it is natural call Eq. (IL.3) the bi-adjoint Navier-Stokes equation.

We now indicate briefly how to recast the definition of the strict L..-algebra £” in a form which enables
us to handle perturbiner expansions. Analogously to what we did in Section 3] let us fix infinite multisets
of colour indices (ap),>1 and (d,),>1 associated with the Lie algebras g and §, respectively, as well as an
infinite set (k,,®,),> of pairs with k, € R? and @, € R and such that i, + ka, = 0 for each p > 1.

Denote by €, (R®,g® §) the space of formal series of the form

=Y Y wuppe®roNT, 0T, (11.6)
n>1P,QOeW,

— VAU + 2 fbc FrotulPuc = 0. (11.5)

where the coefficients wp|p are supposed to vanish unless the word P is a permutation of the word Q. We
keep on calling the elements of %Sdi([Rﬁ g ® @) colour-stripped perturbiner ansatzs. The next step is to

extend the operator % +v&d and the binary operation {, } to €2, (R*,g®§). For this, we use the colour-
dressed version of the pertubiner ansatz. We therefore introduce, for each ordered sequence of positive
integers p; < p» < --- < py, the notations

a _ b c e a
fl’ll’z-"l’n_fam“pz fba,73 "'fdap,k] Jeay, "

f_ﬁ _ f_ br [ f_ er a
P1p2Pn Ap1Gpy 7 bay, dap, €’

(11.7)

and define

uw; (11.8)

171172 Pn prll’o(z Pcn)fPIPr(z “Pr(n) plpo‘) ‘Po(n) \Plpr(z ‘Pr(n)?

where the sums extends over all permutations of the set (2,...,n). Using the latter, we can rewrite Eq. (IL.6)
as u(x,t) = u'(x,t)T, ® Tz, where the coefficients u“?(x,) are formal series of the form

Mad(X7 t) — Z Z uaa e1 (kp- X+(Dpl) (1 1 9)

n>1pPeO,

With this expression in hand, it is now straightforward to extend the definition of % +védand {, } to all of
%Sd. (R3ag ®g)
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In light of the above discussion, the cochain complex underlying the strict L..-algebra £” that encapsulates
perturbiner expansions for the bi-adjoint Navier-Stokes equation is

0 /m3 _ GHved g 3 -
€. (R, g2g)[—1] —— €4 (R',g28)[-2]. (11.10)

That is to say, the differential /; is the operator % + v&d acting on €2 (R*,g®§). As for the bracket
L: €Y (R, g®g)[—1]%%* — €, (R*,g®§)[—2] it is again determined by the binary operation {, }.

Before leaving this section it will be well to comment on the homotopy algebraic structure implicit in the
zeroth copy prescription. We assert that £” can be obtained by replacing the kinematic factor Kin in the
factorisation (6.13) of £ with the colour factor §, while sending A to y. In other words,

£ = g2 (@ Sceal). (11.11)

To justify this assertion, we first observe that €°; (R, g ® §) can be identified with g ® §® €, (R?) and
hence we may write each element u(x,t) € €% (R},g® ) in the form u(x,t) = T, ® T ® u®(x,t) with
u“(x,t) € B2, (R®). With this identification, it follows at once that £’ = g® (§ ® Gcal) as graded vector
spaces. Furthermore, calling to mind the definition of the differential y; on Geal, we have

- , - d _ _ _
WLRT;Qu"(x,1) =T, T;® <E + v6d> u(x,t) =T, @ T @ uy (u(x,1)).

So there only remains to verify that
L(T,® Ts @ u™(x,1), Ty @ Ty VP (x,1)) = [To, Ty] @ [Tz, Ty @ o (u® (x,1),v7 (x,1))). (11.12)

To begin with, from Eqs. (ITL.2) and (I1.3) we see that
b(T,® T @u(x,1),T, @ T, 0" (x,1)) = . @ T- @ 7f,,° fa;uaﬁ(x,z)vbﬁ_(x,z) L)
= [T, Tp) @ [Ty, Ty) @ yu® (x, 0V (x,1).

If we denote by w4 and vgg the coefficients in the expansions of u%(x,1) and vbl_’(x,t), respectively, then
Eq. (IL.13) can also be written in the form

L(T,® Ty @ u“(x,1), T, ® T @V’ (x,1))

. O\ (11.14)
=Lhlelhey ¥ | ¥ yugoy|etmron,
n>1PcOW, \ P=QUR
On the other hand, from Eq. (6.3), but with A replaced with y, we get
w0 x0) =Y, ¥ | X rugop |trxren, (11.15)
n>1peOW, \ P=QUR

Combining Eq. (IL.14)) and Eq. (IL15)), we arrive at Eq. (I1.12)), as we wished to check.

12. MULTIPARTICLE SOLUTION TO THE BI-ADJOINT NAVIER-STOKES EQUATION

We now briefly address the problem of finding a multiparticle solution to the bi-adjoint Navier-Stokes
equation. Just as we have done above, we can build up such solution in the form of a perturbiner expansion
and comes in two flavours: a colour-stripped version and a colour-dressed version.

We begin as usual by considering the minimal L..-structure on the cohomology H*(£") of the zeroth copy
strict L.-algebra £”. For this, we need to specify a projection p: £” — H*(£") and a contracting homotopy
h: £" — £". In the first place, as a consequence of the definition (IT.I0), the cochain complex underlying
H*(£")is

ker(l1)[—1] — coker(l;)[~2],
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which is formally identical with those found in Sections ] and [0l We then proceed as before, extending
the Wyld operator GV to a linear operator G¥ : €2, (R3,g®§) — €2, (R?,g® §), taking the projection
D: 8% (R}, g®d) — ker(l) to be given by

p = idg (R3 gog) —-GVol, (12.1)

and the projection p(?): €%, (R3,g® g) — coker(l;) to be given by the quotient map. Using these, one can
deduce that 2(®) = GV is the only non-zero component of the contracting homotopy 4.

We are now in a position to consider the perturbiner expansion for the bi-adjoint Navier-Stokes equation.
First we discuss the colour-stripped version. On that account, we select a Maurer-Cartan element ' (x,7) €
H'(£") =ker(l;) of the form

Z w, ol (kpx+opt) T, ® Ta,,- (12.2)
p.g>1

Then the colour-stripped perturbiner expansion may be defined as the Maurer-Cartan element u(x,7) of £”
given by the formula

u(x,t) = Z fn( "(x,1),...,u (x,1)). (12.3)
n>1
Using precisely the same technique as we used in Sectiond] we can evaluate the right hand side of Eq. (12.3).
We obtain

=Y Y uppe® T, o1, (12.4)
n=1P,0cW,

where the coefficients wp|p are determined from the recursion relations

Wplg = r Y, Y (wrpusy — wsrgpy)- (12.5)
SP p=RSQ=TU

Notice that, because of the antisymmetry of the right-hand side of Eq. (I2.3)) under interchange of the words
R and § and T and U, these coefficients obey the shuffle constraint wp,pg = 0. In view of this and the
similarity already remarked with the bi-adjoint scalar theory, we adopt the terminology of Ref. [16], and
refer to the wpjp as the Berends-Giele double currents. It is also worth pointing out that, if we choose
Wplq = Opg the recursion relation in Eq. (IZ.3) can be rewritten in terms of the colour-stripped Berends-
Giele map b as

wpip = 1(P.bes(Q)), (12.6)

where (,) stands for the scalar product of words. This formula will play a crucial role in our further treat-
ment.

We next discuss the colour-dressed version of the perturbiner expansion. To that effect, we pick a Maurer-
Cartan element ' (x,t) € H'(£") = ker(l;) with components of the form

M/aa Z ‘Ll/aa i(ky-x+apt ) (127)
p>1

One may then define the colour-dressed perturbiner expansion u(x,t) € £” by exactly the same formula as
Eq. (I2Z.3). The problem is to work out its components. By a virtually identical calculation to that followed
in Section[3] we find that

wix,t)=Y Y upiellexron) (12.8)

n>1pPeOW,

where the coefficients w4, which we shall refer to as the zeroth copy Berends-Giele currents, are determined
from the recursion relations

wga =Ly 1p af aybhie (12.9)

SP p=QUR
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Here we found it convenient, as in Section[3] to introduce the notations fbc“ = —2if,.“ and fBEﬁ = —2i fl-jéa.
Of course, this equation can be cast in a form analogous to Eq. (Z.12). To this end, for each bracketed word
L[P] = L[p1pa- - pn| of length n, we set

a _ F b= c ~ ¢ p
CE[P] _faplap2 fbap3 "’fdapn—l feapn s

. (12.10)
;. — F g C r ey a
C[[P] - fdm ap, l_uip3 o fd_dp,H fe_ﬁpn ’
with the conventions ¢, = 8%, and &, = &%, . We further define ¢z o) = fie“CiipiCiio) 204 Gyppy o) =

fBEﬁE‘?[ Pl Eg[Q] for every pair of bracketed words ¢[P] and ¢[Q]. Then it is an easy matter to show that, in the
notation of Section 7} the recursion relation of Eq. (12.9) can be rewritten more simply as

_ [P|—1 _
Wi — (%’) [ © &7 0 bea(P). (12.11)

By comparing this with Eq. (Z12]), we see that the effect of the zeroth copy construction at the level of
colour-dressed perturbiner expansions is equivalent to replace & by ¢” and send A to %’ . Once again this

is a reflection of the homotopy algebraic perspective we have adopted to produce the zeroth copy strict
Lo.-algebra £"[3

13. SCATTERING AMPLITUDES FOR THE NON-ABELIAN AND TENSOR NAVIER-STOKES EQUATIONS

Tree-level scattering amplitudes of “fluid quanta” described by the non-abelian Navier-Stokes equation
have been explored in Ref. [10]. In this section we use the pioneering results of Berends and Giele in
Ref. [34] to construct multiparticle generalisations of such amplitudes. Naturally this approach also allows
for a multiparticle description of tree-level scattering amplitudes of “bi-fluid quanta” described by the tensor
Navier-Stokes equation. We shall learn in the next section that, through the double copy, the latter can be
expressed as sums of products of the former.

Following the path of the previous sections, we shall start by examining the colour-ordered partial ampli-
tudes associated to the non-abelian Navier-Stokes equation which are directly related to the colour-stripped
Berends-Giele currents. Throughout the discussion, we let P denote an arbitrary but fixed permutation of
23---(n—1). The external data for a scattering amplitude involve a specification of a momentum k,, and an
energy @, for each of the n fluid quanta, subject to the dispersion relation i®), + ka, = 0 and momentum
conservation —k, = ):Z;ll k,. One often uses the phrase “on-shell constraint” to refer to the first of these
two conditions. We also recall that the single index colour-stripped Berends-Giele currents w;, = §€;, sat-
isfy the transversality condition €l -k, =0, so that they may be assimilated to polarisations of fluid quanta.
With these general considerations in mind and motivated by the Berends-Giele prescription, the tree-level
colour-ordered partial amplitude for the scattering of the n fluid quanta is defined through the formula

A" (1Pn) = s1pi1pE.. (13.1)

Here the factor s;p is inserted to cancel the 1/s;p pole inside w;p. It is also worth stressing that Eqs. (4.14))
and (4.13) imply that the right-hand side of Eq. (I3.1) is manifestly energy independent in the sense that it
depends only on dot products of momenta and polarisations. Finally, we note that, as a consequence of the
shuffle constraint for the colour-stripped Berends-Giele currents, the partial amplitude given by Eq. (13.1)
manifestly satisfies the Kleiss-Kuijf relations

A" (Q1Rn) = (—1)12 A" (1(Q W R)n), (13.2)

where the words Q and R involve the labels 2,...,n— 1. As usual, these relations allow for a basis of (n—2)!
tree-level colour-ordered partial amplitudes with letters 1 and » held fixed (see, for instance, Refs. [35] and

(3D.

s important to notice that the realisation of the L-algebra £” as a zeroth copy required A to be sent to y and not to %’. This
is because in the argument presented in Section [[T] we worked with the structure constants f,,¢ and fm-;é instead of the rescaled

5 z -
ones f, ¢ and fﬁB .
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Our object now is to consider the amplitudes associated to the non-abelian Navier-Stokes equation that
are linked to the colour-dressed Berends-Giele currents. The formula to evaluate such amplitudes turns out
to be a straightforward generalisation of the one considered in the colour-stripped case. Indeed, following
the analogy developed in Ref. [20], the full amplitude for the scattering of n fluid quanta can be determined
using

e = slzm(,,,l)uf’lzm(n_l)u;n (13.3)
or, equivalently, in view of Eq. (Z1)),
Ay = S12 (1Y Wity (1) (13.4)

We may also express this another way. We first note that by use of Eq. (Z.3)) we can rewrite Eq. (3.3)) in the
form

Wineuony = (3)" ch[lp]u/zlPa (13.5)

where the sum over P represents the sum over all permutations of 23 --- (n— 1). Substituting Eq. (I3.3)) back
into (I3.4)), we obtain

sy = (%)IHZ"Zﬁp]SuAA(nfl)“ingfi: (2)" 2ZCZ[IP]S1P“’1PS"’ (13.6)
P

where the last equality follows from the identity sy,...(,—1) = s1p for P a permutation of 23--- (n—1). From
the definition (13.1)), we conclude then that

e = (1) 224}””, A (1Pp). (13.7)

The significance of this equation is that we can always decompose the tree-level scattering amplitude o, in
terms of colour factors CZFI Pl and tree-level colour-ordered partial amplitudes A"¢(1Pn), which, as we have
seen, contain all kinematical information.

It remains to say a word about amplitudes associated to the tensor Navier-Stokes equation which are
obtainable directly from the double copy Berends-Giele currents. The external data to specify them is as
above: a momentum K, and an energy @, for each of the n bi-fluid quanta, subject to the on-shell constraint
i, + vk%J = 0 and momentum conservation —k, = Zz;l k,. The above description then shows (or rather,

suggests) that the amplitude for the scattering of the n bi-fluid quanta can be represented as

M = SlZ---(nfl)u’tTilZu(n—1)“37 (13.8)
or, equivalently, using Eq. (I0.1)),
M = 51211 Wit (0 1) B (13.9)

However, for the analogy with scattering of fluid quanta to be complete, we would like the amplitude (7
to be expressed in terms of a sum of colour-ordered partial amplitudes times kinematic factors. This will be
shown to follow from the basic property (I0.3)) of double copy Berends-Giele currents.

14. KAWAI-LEWELLEN-TYE RELATIONS

We must turn now to a more detailed examination of the foregoing proposed form of the scattering ampli-
tude of bi-fluid quanta. We shall show that these amplitudes can be expressed either in terms of a sum over
products of colour-ordered partial amplitudes and master numerators that depend on the kinematics vari-
ables, or in terms of a sum over products of pairs of colour-ordered partial amplitudes “glued” together by
kinematic factors contained in the so-called momentum kernel. The latter of these two provides an analogue
of the Kawai-Lewellen-Tye relations that link products of Yang-Mills amplitudes to gravity amplitudes at
tree level [3,136,137, 138,139, 140,/41]. To get somewhat cleaner looking expressions, throughout our discussion
we shall setA =1,k =1and y=1.
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We begin the treatment by determining a simple relationship between the colour-dressed Berends-Giele
map and the Berends-Giele double currents. The first thing to notice is that, since beq(12--- (n—1)) is a Lie
polynomial of length n — 1, it may be expanded as

bea(12---(n=1)) = Y (1P,bea(12--- (n = 1)))([1P], (14.1)

P

where the sum runs over all permutations of 23 --- (n — 1). Referring back to Eq. (I2.11)), we see, then, that

- 72 -

wif oy = (1) Y g (1P bea(12- -+ (n—1)))&f) - (14.2)
P
On the other hand, making use of Egs. (IL.8) and (I2.10), we can easily obtain
- n72 -
Ui (1) = (=1"(3) ;CZ[IP] (%ulmQ‘_’?hQ]) (14.3)
In order that Egs. (I4.2) and (I4.3)) both hold we must have
(1P,bea(12--- (n = 1)))ef 1 = (= 1)" Y 11010 (14.4)
Qg

And for Eq. (I14.4) to be true, we must have
(1P,bea(12--- (n—1))){[1P] = Zulpugf 10]. (14.5)

This is the expression that we want. It shows that the coefficients in the expansion of the right-hand side
as a Lie polynomial of length n — 1 are, modulo the global sign (—1)", given by the Berends-Giele double
currents ‘l/l/lp‘ 10-

We next explore some of the consequences of the above relation. To begin with, for any permutation P of
23---(n—1), bes(1P) may be expanded analogously to Eq. as

bes(1P) =) (10, b5 (1P))([10), (14.6)
9]
which, on use of Eq. (I2.6) and the identity w,g|;p = wp|10, becomes
bes(1P) Zu1p|1Q€ 10]. (14.7)

Plugging this back into Eq. (4.13), one finds that

Witp = Y Wip|10&it[ig)- (14.8)
Q
Alternatively, we could of course use Eq. to express Eq. as
wirp = (=1)"(1P,bea(12--- (n—1)))€nip- (14.9)
Now let us go back to Eq. (10.3). Using Eqs. (I4.1) and (14.9)), this is
2
Wity = (=1 (3)" Ze,z[lp]unp (14.10)

Inserting this result into Eq. (I3.9) gives then
2 _7 .
mgee = (—1) ( " ZSMIPS 8§12 (n— 1)11/,1138 % Z ,[[1p]3,l151PU/ing;l1a (14.11)
P

where, as before, we have used the identity sy,...,1) = s1p for P a permutation of 23--- (n—1). This leads
us to introduce the coefficients

Tig(1pn = Ex1p B (14.12)
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to which we will refer to as master numerators[] By substituting these in Eq. (IZ.11), and remembering the
definition (I3.1)), we finally obtain

A= (1" (3)" LA™ (1Pn). (1419
P

A comparison with Eq. (I3.7) shows a deep underlying similarity between the tree-level scattering ampli-
tudes AT and L. We need merely replace the colour factor cjﬁ P by the master numerator 71 pj,, to ob-

tain the same looking decomposition in terms of the tree-level colour-ordered partial amplitudes A" (1Pn).
Needless to say, this circumstance is a proper manifestation of the color-kinematics duality that was de-
scribed in Section[7]

We are now in a position to derive the Kawai-Lewellen-Tye relations. In fact, we shall prove a more
general Kawai-Lewellen-Tye type relation which expresses double copy Berends-Giele currents as sums of
products of colour-stripped Berends-Giele currents. The key ingredient here is the introduction of a matrix
of objects S(P|Q),, labelled by permutations P and Q of 23---(n — 1) and a positive integer p, which is
known in the literature as the momentum kernel, and which works as an inverse for the matrix of objects
whose entries are the Berends-Giele double currents ,p|,o- This latter statement translates to the algebraic
relations

Zupp|pRS(R|Q) = ZS(P|R) »UWpRipo = BP0 (14.14)
R R

The existence of such an inverse can be established by adapting the construction of Ref. [42] to the present
context. Indeed, it is possible to demonstrate that a recursive formula for its entries is given by

S(®|®)P = 15
S(Pq|lQqR)p = 2VK, - kpoS(P|QR)).
With this implement at our disposal we may next proceed with the derivation. Let us write i p for the

colour-stripped Berends-Giele current associated with the kinematic numerator & p). We have, according
to Eq. (I4.8)), that

(14.15)

U p = %"um“QémQ]. (14.16)
With Eq. (I4.14), this tells us that
Bitfig) = ;S<Q!P)1aap- (14.17)
Substituting this back into Eq. (I4.10), and using the property S(Q|P); = S(P|Q);, then gives
Wiin-(n-1) = (—1)”(%)”2%@711:5(1’@)1%@ (14.18)

This is the equation that we desire. It is in a perfect agreement with the proposal put forward in Ref. [20]. If
we now enter all this information into Eq. (13.9)), we find that

72 _ _7 .
A = (=1)"(3)" 7Y wnpES(PIQ)1s10tin08;, (14.19)
PO
which, upon use of the definition (I3.1)), yields up
_ 1
M = (—1)"(3)" ZZ —A"¢(1Pn)S(P|Q)1A"(10n). (14.20)
S1p

FQ

The equality within this expression gives what is known as the (n — 2)! version of the Kawai-Lewellen-Tye
relations (see Ref. [37] for further details). More accurately, it can be seen as the natural adaptation of these
relations to a nonrelativistic setting.

4The terminology “master numerators” is taken from the literature in colour-kinematics duality. They are associated with “half-
ladder” diagrams which are characterised by a fixed choice of endpoints 1 and n as well as permutations of the remaining legs
2,3,...,n—1.
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This is the result which we have been seeking: a prescription for realising the double copy directly at
amplitude level. Once we know the colour-ordered partial amplitudes for the non-abelian Navier-Stokes
equation we can determine automatically the scattering amplitudes for the tensor Navier-Stokes equation

via Eq. (I4.20).

15. CONCLUSIONS

We investigated how the colour-kinematics duality and the double copy of the non-abelian Navier-Stokes
equation can be realised in terms of the homotopy algebraic treatment adduced in Ref. [12]. We showed
that by using only information that is intrinsic to the factorisation of the strict L..-algebra encoding the
perturbiner expansions for the non-abelian Navier-Stokes equation, one can pull out kinematic numerators
from the colour-dressed Berends-Giele currents that obey the same generalised Jacobi identities as the colour
factors, thus manifesting a kinematic Lie algebra. Moreover, we showed that the homotopy double copy
prescription applied to such factorisation can be matched with the strict L..-algebra encoding the perturbiner
expansions for the tensor Navier-Stokes equation. Armed with this understanding, we went on to explore
the implications of the double copy construction at the level of perturbiner coefficients. We showed that
the double copy Berends-Giele currents are obtained by replacing the colour factors of the colour-dressed
Berends-Giele currents with kinematic factors. In physical terminology, this is what one would refer to as
an “off-shell” formulation of the double copy. We also learned that the double copy construction can be
made manifest at the level of scattering amplitudes. More specifically, we proved a symmetric form of the
Kawai-Lewellen-Tye relations which relate tree-level scattering amplitudes of bi-fluid quanta to products of
tree-level colour ordered partial amplitudes of fluid quanta. Again in physical terminology, this is what one
would mean by an “on-shell” formulation of the double copy.

The approach that we have followed has the virtue of giving us the proper arena for understanding the
algebraic origins and different incarnations of the double copy procedure. It is crucial to notice that, although
there are a number of features peculiar to the non-abelian Navier-Stokes equation, the constructions that we
have presented are completely general and not limited to this example. This is particularly apparent in
our proof of the Kawai-Lewellen-Tye relations, which does not rely on any other properties of the double
copy Berends-Giele currents than those provided by the “factorisation” with respect to the colour-stripped
Berends-Giele map. We therefore expect that results analogous to those described here in connection to
the non-abelian and tensor Navier-Stokes equations can be obtained for other theories as well. Natural
candidates include the self-dual sectors of Yang-Mills and gravity in the light-cone formulation [43] and
topologically massive 3-dimensional Yang-Mills theory [44]. Work along these lines is in progress.

REFERENCES

[1] H. Kawai, D. C. Lewellen and S. H. H. Tye, A Relation Between Tree Amplitudes of Closed and Open Strings,
Nucl. Phys. B 269 (1986) 1-23,
[2] Z. Bern, J. J. M. Carrasco and H. Johansson, New Relations for Gauge-Theory Amplitudes, Phys. Rev. D 78 (2008) 085011},
[0885.3993].
[3] Z. Bern, J. J. Carrasco, M. Chiodaroli, H. Johansson and R. Roiban, The Duality Between Color and Kinematics and its
Applications,[1909.01358.
[4] G. Chen and Y.-J. Du, Amplitude Relations in Non-linear Sigma Model, JHEP 01 (2014) 061} [1311.1133].
[5] E. Cachazo, S. He and E. Y. Yuan, Scattering Equations and Matrices: From Einstein To Yang-Mills, DBI and NLSM,
JHEP 07 (2015) 149 [1412.3479].
[6] C. Cheung, K. Kampf, J. Novotny and J. Trnka, Effective Field Theories from Soft Limits of Scattering Amplitudes,
Phys. Rev. Lett. 114 (2015) 221602, [1412.4095].
[7] Y.-J. Du and C.-H. Fu, Explicit BCJ numerators of nonlinear simga model,|JHEP 09 (2016) 174, [1606.05846].
[8] C. Cheung and C.-H. Shen, Symmetry for Flavor-Kinematics Duality from an Action,|Phys. Rev. Lett. 118 (2017) 121601,
[1612.00868].
[9] C. Cheung, C.-H. Shen and C. Wen, Unifying Relations for Scattering Amplitudes, JHEP 02 (2018) 095, [1705.03025].
[10] C. Cheung and J. Mangan, Scattering Amplitudes and the Navier-Stokes Equation,|2010.15970.
[11] H. W. Wyld, Formulation of the theory of turbulence in an incompressible fluid, Annals Phys. 14 (1961) 143-165.
[12] L. Borsten, H. Kim, B. JurCo, T. Macrelli, C. Saemann and M. Wolf, Double Copy from Homotopy Algebras,
Fortsch. Phys. 69 (2021) 2100075} [2162.11390].
[13] C. Lopez-Arcos and A. Quintero Vélez, L..-algebras and the perturbiner expansion, JHEP 11 (2019) 010, [1907.12154].


http://dx.doi.org/10.1016/0550-3213(86)90362-7
http://dx.doi.org/10.1103/PhysRevD.78.085011
https://arxiv.org/abs/0805.3993
https://arxiv.org/abs/1909.01358
http://dx.doi.org/10.1007/JHEP01(2014)061
https://arxiv.org/abs/1311.1133
http://dx.doi.org/10.1007/JHEP07(2015)149
https://arxiv.org/abs/1412.3479
http://dx.doi.org/10.1103/PhysRevLett.114.221602
https://arxiv.org/abs/1412.4095
http://dx.doi.org/10.1007/JHEP09(2016)174
https://arxiv.org/abs/1606.05846
http://dx.doi.org/10.1103/PhysRevLett.118.121601
https://arxiv.org/abs/1612.00868
http://dx.doi.org/10.1007/JHEP02(2018)095
https://arxiv.org/abs/1705.03025
https://arxiv.org/abs/2010.15970
http://dx.doi.org/10.1016/0003-4916(61)90056-2
http://dx.doi.org/10.1002/prop.202100075
https://arxiv.org/abs/2102.11390
http://dx.doi.org/10.1007/JHEP11(2019)010
https://arxiv.org/abs/1907.12154

28 VALENTINA GUARIN ESCUDERO, CRISTHIAM LOPEZ-ARCOS, AND ALEXANDER QUINTERO VELEZ

[14] H. Gomez, R. L. Jusinskas, C. Lopez-Arcos and A. Quintero Velez, The L., structure of gauge theories with matter,
JHEP 02 (2021) 093, [2011.89528].

[15] F. Cachazo, S. He and E. Y. Yuan, Scattering of Massless Particles: Scalars, Gluons and Gravitons, JHEP 07 (2014) 033,
[1309.0885].

[16] C.R. Mafra, Berends-Giele recursion for double-color-ordered amplitudes, JHEP 07 (2016) 080, [1603.89731].

[17] S. Mizera, Inverse of the String Theory KLT Kernel, JHEP 06 (2017) 084, [1610.04230].

[18] B. Jurco, L. Raspollini, C. Sdémann and M. Wolf, L..-Algebras of Classical Field Theories and the Batalin-Vilkovisky
Formalism, Fortsch. Phys. 67 (2019) 1900025, [1889.69899].

[19] N. Ahmadiniaz, F. M. Balli, O. Corradini, C. Lopez-Arcos, A. Quintero Velez and C. Schubert, Manifest colour-kinematics
duality and double-copy in the string-based formalism, Nucl. Phys. B 975 (2022) 115690, [2110.04853].

[20] S. Mizera and B. Skrzypek, Perturbiner Methods for Effective Field Theories and the Double Copy, JHEP 10 (2018) 018,
[1809.02096].

[21] K. G. Selivanov, SD perturbiner in Yang-Mills + gravity, Phys. Lett. B 420 (1998) 274-278, [hep-th/9710197].

[22] A. A.Rosly and K. G. Selivanov, Gravitational SD perturbiner, hep-th/9710196,

[23] T. Macrelli, C. Sdémann and M. Wolf, Scattering amplitude recursion relations in Batalin-Vilkovisky—quantizable theories,
Phys. Rev. D 100 (2019) 045017, [1963.05713].

[24] E. Bridges and C. R. Mafra, Algorithmic construction of SYM multiparticle superfields in the BCJ gauge,
JHEP 10 (2019) 022} [1906.12252].

[25] R. Monteiro and D. O’Connell, The Kinematic Algebra From the Self-Dual Sector, JHEP 07 (2011) 007, [1185.2565].

[26] N.E.J. Bjerrum-Bohr, P. H. Damgaard, R. Monteiro and D. O’Connell, Algebras for Amplitudes, JHEP 06 (2012) 061,
[1203.0944].

[27] R. Monteiro and D. O’Connell, The Kinematic Algebras from the Scattering Equations, JHEP 03 (2014) 110, [1311.1151].

[28] C.-H. Fu and K. Krasnov, Colour-Kinematics duality and the Drinfeld double of the Lie algebra of diffeomorphisms,
JHEP 01 (2017) 075, [1683.02033].

[29] M. Ben-Shahar and H. Johansson, Off-shell color-kinematics duality for Chern-Simons, JHEP 08 (2022) 035, [2112.11452].

[30] C. Cheung and J. Mangan, Covariant color-kinematics duality, JHEP 11 (2021) 069, [2108.02276].

[31] M. Ben-Shahar and M. Guillen, 10D super-Yang-Mills scattering amplitudes from its pure spinor action,
JHEP 12 (2021) 014} [2108.11708].

[32] F. Cachazo, S. He and E. Y. Yuan, Scattering equations and Kawai-Lewellen-Tye orthogonality,
Phys. Rev. D 90 (2014) 065001 [1306.6575].

[33] F. Cachazo, S. He and E. Y. Yuan, Scattering of Massless Particles in Arbitrary Dimensions,
Phys. Rev. Lett. 113 (2014) 171601, [1307.2199].

[34] F. A. Berends and W. T. Giele, Recursive Calculations for Processes with n Gluons, Nucl. Phys. B 306 (1988) 759-808.

[35] V. Del Duca, L. J. Dixon and F. Maltoni, New color decompositions for gauge amplitudes at tree and loop level,
Nucl. Phys. B 571 (2000) 51-70, [hep-ph/9910563].

[36] Z. Bern, T. Dennen, Y.-t. Huang and M. Kiermaier, Gravity as the Square of Gauge Theory, Phys. Rev. D 82 (2010) 065003,
[1604.0693].

[37] N.E.J. Bjerrum-Bohr, P. H. Damgaard, B. Feng and T. Sondergaard, Gravity and Yang-Mills Amplitude Relations,
Phys. Rev. D 82 (2010) 107702, [1005.4367].

[38] N.E.J. Bjerrum-Bohr, P. H. Damgaard, T. Sondergaard and P. Vanhove, The Momentum Kernel of Gauge and Gravity
Theories,|JHEP 01 (2011) 001, [16010.3933].

[39] C.-H. Fu, Y.-J. Du and B. Feng, An algebraic approach to BCJ numerators, JHEP 03 (2013) 050, [1212.6168].

[40] C.-H. Fu, Y.-J. Du, R. Huang and B. Feng, Expansion of Einstein-Yang-Mills Amplitude, JHEP 09 (2017) 021,
[1762.68158].

[41] Y. Geyer and R. Monteiro, Gluons and gravitons at one loop from ambitwistor strings, JHEP 03 (2018) 068, [1711.89923].

[42] H. Frost, C. R. Mafra and L. Mason, A Lie bracket for the momentum kernel, 2012 .00519.

[43] M. Campiglia and S. Nagy, A double copy for asymptotic symmetries in the self-dual sector, JHEP 03 (2021) 262,
[2102.01680].

[44] N. Moynihan, Massive Covariant Colour-Kinematics in 3D,2110.02209.

ESCUELA DE MATEMATICAS, UNIVERSIDAD NACIONAL DE COLOMBIA SEDE MEDELLIN, CARRERA 65 # 59A-110,
MEDELLIN, COLOMBIA
Email address: mvguarine@unal . edu.co

ESCUELA DE MATEMATICAS, UNIVERSIDAD NACIONAL DE COLOMBIA SEDE MEDELLIN, CARRERA 65 # 59A-110,
MEDELLIN, COLOMBIA
Email address: cmlopeza@unal.edu.co

ESCUELA DE MATEMATICAS, UNIVERSIDAD NACIONAL DE COLOMBIA SEDE MEDELLIN, CARRERA 65 # 59A-110,
MEDELLIN, COLOMBIA
Email address: aquinte2@unal .edu.co


http://dx.doi.org/10.1007/JHEP02(2021)093
https://arxiv.org/abs/2011.09528
http://dx.doi.org/10.1007/JHEP07(2014)033
https://arxiv.org/abs/1309.0885
http://dx.doi.org/10.1007/JHEP07(2016)080
https://arxiv.org/abs/1603.09731
http://dx.doi.org/10.1007/JHEP06(2017)084
https://arxiv.org/abs/1610.04230
http://dx.doi.org/10.1002/prop.201900025
https://arxiv.org/abs/1809.09899
http://dx.doi.org/10.1016/j.nuclphysb.2022.115690
https://arxiv.org/abs/2110.04853
http://dx.doi.org/10.1007/JHEP10(2018)018
https://arxiv.org/abs/1809.02096
http://dx.doi.org/10.1016/S0370-2693(97)01514-1
http://arxiv.org/abs/hep-th/9710197
https://arxiv.org/abs/hep-th/9710197
http://arxiv.org/abs/hep-th/9710196
https://arxiv.org/abs/hep-th/9710196
http://dx.doi.org/10.1103/PhysRevD.100.045017
https://arxiv.org/abs/1903.05713
http://dx.doi.org/10.1007/JHEP10(2019)022
https://arxiv.org/abs/1906.12252
http://dx.doi.org/10.1007/JHEP07(2011)007
https://arxiv.org/abs/1105.2565
http://dx.doi.org/10.1007/JHEP06(2012)061
https://arxiv.org/abs/1203.0944
http://dx.doi.org/10.1007/JHEP03(2014)110
https://arxiv.org/abs/1311.1151
http://dx.doi.org/10.1007/JHEP01(2017)075
https://arxiv.org/abs/1603.02033
http://dx.doi.org/10.1007/JHEP08(2022)035
https://arxiv.org/abs/2112.11452
http://dx.doi.org/10.1007/JHEP11(2021)069
https://arxiv.org/abs/2108.02276
http://dx.doi.org/10.1007/JHEP12(2021)014
https://arxiv.org/abs/2108.11708
http://dx.doi.org/10.1103/PhysRevD.90.065001
https://arxiv.org/abs/1306.6575
http://dx.doi.org/10.1103/PhysRevLett.113.171601
https://arxiv.org/abs/1307.2199
http://dx.doi.org/10.1016/0550-3213(88)90442-7
http://dx.doi.org/10.1016/S0550-3213(99)00809-3
http://arxiv.org/abs/hep-ph/9910563
https://arxiv.org/abs/hep-ph/9910563
http://dx.doi.org/10.1103/PhysRevD.82.065003
https://arxiv.org/abs/1004.0693
http://dx.doi.org/10.1103/PhysRevD.82.107702
https://arxiv.org/abs/1005.4367
http://dx.doi.org/10.1007/JHEP01(2011)001
https://arxiv.org/abs/1010.3933
http://dx.doi.org/10.1007/JHEP03(2013)050
https://arxiv.org/abs/1212.6168
http://dx.doi.org/10.1007/JHEP09(2017)021
https://arxiv.org/abs/1702.08158
http://dx.doi.org/10.1007/JHEP03(2018)068
https://arxiv.org/abs/1711.09923
https://arxiv.org/abs/2012.00519
http://dx.doi.org/10.1007/JHEP03(2021)262
https://arxiv.org/abs/2102.01680
https://arxiv.org/abs/2110.02209

	1. Introduction
	2. Non-abelian Navier-Stokes equations
	3. The non-abelian Navier-Stokes strict L-algebra
	4. Colour-stripped multiparticle solution to the non-abelian Navier-Stokes equation
	5. Colour-dressed multiparticle solution to the non-abelian Navier-Stokes equation
	6. Factorisation of the non-abelian Navier-Stokes strict L-algebra
	7. Colour-kinematics duality
	8. The double copy of the non-abelian Navier-Stokes equation
	9. Multiparticle solution to the tensor Navier-Stokes equation
	10. Double copy relations for Berends-Giele currents
	11. The zeroth copy of the non-abelian Navier-Stokes equation
	12. Multiparticle solution to the bi-adjoint Navier-Stokes equation
	13. Scattering amplitudes for the non-abelian and tensor Navier-Stokes equations
	14. Kawai-Lewellen-Tye relations
	15. Conclusions
	References

