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FROM LOCAL TO GLOBAL CONGRUENCES

FOR AUTOMORPHIC REPRESENTATIONS

by

Boyer Pascal

Abstract. — Given a irreducible automorphic representation Π of a
similitude group G{Q giving rise to a KHT-Shimura variety, given a lo-
cal congruence of the local component of Π at a fixed place p, we justify
the existence of a global automorphic representation Π1 with the same
weight and the same level outside p than Π, such that Π and Π1 are
weakly congruent. The arguments rest on the separation of the various
contributions coming either from torsion or on the distinct families of au-
tomorphic representations, to the modulo l reduction of the cohomology
of Harris-Taylor perverse sheaves.
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1. Introduction

The first appearance of automorphic congruences can be trace back to
Ramanujan’s works on the τ -functions. Now existence and construction
of higher dimension automorphic congruences play an essential role in
particular in the Langlands program.

One possible approach is to look at the cohomology groups of some
Zl-local system on a Shimura variety associated to some reductive group
G{Q, whose free quotients are expected to be of automorphic nature.
The idea is then to take two (or two families of) such local systems those
modulo l reduction is related and be able to relate the modulo l reduction
of their cohomology groups. We then face two main problems.

(a) The torsion may interfere and prevent us to relate the modulo l

reduction of the free quotients of the cohomology groups of our two
Zl-local systems.

(b) Even if we can manage about the torsion, the Ql-cohomology of our
local systems may involve different sorts of automorphic representa-
tions and we would only be able to construct imprecise automorphic
congruences.

In this article we are able, playing with all the Harris-Taylor local
systems associated to one cuspidal representation, to deal with this two
problems when G is a similitude group with signature p1, d ´ 1q and
the associated Shimura variety is of Kottwitz-Harris-Taylor type. More
precisely we first prove the conjecture 5.10 of [4] which says that the mod-
ulo l reduction of the torsion submodule of the cohomology groups of the
Harris-Taylor perverse sheaves only depends on the modulo l reduction
of the perverse sheaf. Secondly we are able to separate the contribution
of the automorphic representations according to the shape of their local
component at the place considered, in the following sense.
Main result : We start with a irreducible automorphic representation
Π of GpAq which locally at some place v looks like Spehs

`
Stt1pπv,1q ˆ

¨ ¨ ¨Sttrpπv,rq
˘

where πv,1, ¨ ¨ ¨ , πv,r are irreducible cuspidal represen-
tations. We then consider some local congruence π1

v,1 of πv,1 which
we suppose to be supercuspidal modulo l, and we then construct a
irreducible automorphic representation Π1 of GpAq such that

– locally Π1 at the place v is isomorphic to SpehspStt11pπ1
v,1q ˆ ¨ ¨ ¨ ˆ

Stt1
r1

pπ1
v,r1q with t11 “ t1 and π

1
v,i, for i “ 2, ¨ ¨ ¨ , r1 irreducible cuspidal

representations,
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– globally Π1 share with Π the same weight and the same level outside
v.

More precisely theorem 6.2 gives a quantitative version in terms of a
equality between multiplicities in the space of automorphic forms.

2. Notations about representations of GLnpKq

We fix a finite extension K{Qp with residue field Fq. We denote by
| ´ | its absolute value.

2.1. Definition. — Two representations π and π1 of GLnpKq are said
inertially equivalent and we denote by π „i π1, if there exists a character
χ : Z ÝÑ Q̄ˆ

l such that

π » π1 b pχ ˝ val ˝ detq.

We then denote by eπ the order of the set of characters χ : Z ÝÑ Q̄ˆ
l ,

such that π b χ ˝ valpdetq » π.

For a representation π of GLdpKq and n P 1

2
Z, set

πtnu :“ π b q´n val ˝det.

2.2. Notations. — For π1 and π2 representations of respectively
GLn1

pKq and GLn2
pKq, we will denote by

π1 ˆ π2 :“ ind
GLn1`n2

pKq

Pn1,n1`n2
pKq π1t

n2

2
u b π2t´

n1

2
u,

the normalized parabolic induced representation where for any sequence
r “ p0 ă r1 ă r2 ă ¨ ¨ ¨ ă rk “ dq, we write Pr for the standard parabolic
subgroup of GLd with Levi

GLr1 ˆ GLr2´r1 ˆ ¨ ¨ ¨ ˆ GLrk´rk´1
.

Recall that a representation ̺ of GLdpKq is called cuspidal (resp.
supercuspidal) if it is not a subspace (resp. subquotient) of a proper
parabolic induced representation. When the field of coefficients is of
characteristic zero then these two notions coincides, but this is no more
true for Fl.
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2.3. Definition. — (see [8] §9 and [2] §1.4) Let g be a divisor of d “ sg

and π an irreducible cuspidal Ql-representation of GLgpKq. The induced
representation

πt
1 ´ s

2
u ˆ πt

3 ´ s

2
u ˆ ¨ ¨ ¨ ˆ πt

s ´ 1

2
u

holds a unique irreducible quotient (resp. subspace) denoted Stspπq (resp.
Spehspπq); it is a generalized Steinberg (resp. Speh) representation.

Any generic irreducible representation Π of GLdpKq is isomorphic to
Stt1pπ1q ˆ ¨ ¨ ¨ ˆ Sttrpπrq where for i “ 1, ¨ ¨ ¨ , r, the πi are irreducible
cuspidal representations of GLgipKq and ti ě 1 are such that

řr
i“1

tigi “
d. For Π a irreducible generic representation and s ě 1, we denote by

SpehspΠq “ Spehs
`
Stt1pπ1q

˘
ˆ ¨ ¨ ¨ ˆ Spehs

`
Sttrpπrq

˘

the Langlands quotient of the parabolic induced representation Πt1´s
2

uˆ
Πt3´s

2
u ˆ ¨ ¨ ¨ ˆ Πts´1

2
u. In terms of the local Langlands correspondence,

if σ is the representation of GalpF̄ {F q associated to Π, then SpehspΠq
corresponds to σ ‘ σp1q ‘ ¨ ¨ ¨ ‘ σps ´ 1q.

2.4. Definition. — Let DK,d be the central division algebra over K with
invariant 1{d and with maximal order denoted by DK,d.

The local Jacquet-Langlands correspondance is a bijection JL between
the set of equivalence classes of irreducible admissible representations of
Dˆ
K,d and the one of irreducible admissible essentially square integrable

representations of GLdpKq.

2.5. Notation. — For π a cuspidal irreducible Q̄l-representation of
GLgpKq and for t ě 1, we then denote by πrtsD the representation
JL´1pSttpπqq_ of Dˆ

K,tg.

3. KHT-Shimura varieties and Harris-Taylor local systems

Let F “ F`E be a CM field where E{Q is quadratic imaginary and
F`{Q totally real with a fixed real embedding τ : F` ãÑ R. For a place
v of F , we will denote by

– Fv the completion of F at v,
– Ov the ring of integers of Fv,
– ̟v a uniformizer,
– qv the order of the residual field κpvq “ Ov{p̟vq.
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Let B be a division algebra with center F , of dimension d2 such that
at every place x of F , either Bx is split or a local division algebra and
suppose B provided with an involution of second kind ˚ such that ˚|F is
the complex conjugation. For any β P B˚“´1, denote by 7β the involution
x ÞÑ x7β “ βx˚β´1 and G{Q the group of similitudes, denoted Gτ in [6],
defined for every Q-algebra R by

GpRq » tpλ, gq P Rˆ ˆ pBop bQ Rqˆ such that gg7β “ λu

with Bop “ B bF,c F . If x is a place of Q split x “ yyc in E then

GpQxq » pBop
y qˆ ˆ Qˆ

x » Qˆ
x ˆ

ź

zi

pBop
zi

qˆ, (3.1)

where, identifying places of F` over x with places of F over y, x “
ś

i zi
in F`.
Convention: for x “ yyc a place of Q split in E and z a place of F over
y as before, we shall make throughout the text, the following abuse of
notation by denoting GpFzq in place of the factor pBop

z qˆ in the formula
(3.1).

In [6], the author justify the existence of G like before such that more-
over

– if x is a place of Q non split in E then GpQxq is quasi split;
– the invariants of GpRq are p1, d´ 1q for the embedding τ and p0, dq
for the others.

3.2. Definition. — Define Spl as the set of places v of F such that
pv :“ v|Q ‰ l is split in E and Bˆ

v » GLdpFvq. For each I P I, write
SplpIq the subset of Spl of places which do not divide the level I.

As in [6] bottom of page 90, a compact open subgroup U of GpA8q is
said small enough if there exists a place x such that the projection from
Uv to GpQxq does not contain any element of finite order except identity.

3.3. Notation. — We denote by I the set of open compact subgroups
small enough of GpA8q. For I P I, then ShI,η ÝÑ SpecF is the associ-
ated Shimura variety said of Kottwitz-Harris-Taylor type.

In the sequel, v will denote a fixed place of F in Spl. For such a place
v the scheme ShI,η has a projective model ShI,v over SpecOv with special
fiber ShI,sv . For I going through I, the projective system pShI,vqIPI is
naturally equipped with an action of GpA8q ˆ Z such that wv in the
Weil group Wv of Fv acts by ´ degpwvq P Z, where deg “ val ˝Art´1
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and Art´1 : W ab
v » Fˆ

v is the Artin isomorphism which sends geometric
Frobenius to uniformizers.

3.4. Notations. — (see [1] §1.3) For I P I, the Newton stratification
of the geometric special fiber ShI,s̄v is denoted by

ShI,s̄v “: Shě1

I,s̄v
Ą Shě2

I,s̄v
Ą ¨ ¨ ¨ Ą Shěd

I,s̄v

where Sh“h
I,s̄v

:“ Shěh
I,s̄v

´ Shěh`1

I,s̄v
is an affine schemep1q, smooth of pure

dimension d´h built up by the geometric points whose connected part of
its Barsotti-Tate group is of rank h. For each 1 ď h ă d, write

ih : Sh
ěh
I,s̄v

ãÑ Shě1

I,s̄v
, jěh : Sh“h

I,s̄v
ãÑ Shěh

I,s̄v
,

and j“h “ ih ˝ jěh.

Consider now the ideals Ivpnq :“ IvKvpnq where

Kvpnq :“ KerpGLdpOvq ։ GLdpOv{M
n
v qq.

Recall then that Sh“h
Ivpnq,s̄v is geometrically induced under the action of

the parabolic subgroup Ph,dpOv{M
n
v q. Concretely this means that there

exists a closed subscheme Sh“h
Ivpnq,s̄v,1h

stabilized by the Hecke action of

Ph,dpFvq and such that

Sh“h
Ivpnq,s̄v “ Sh“h

Ivpnq,s̄v,1h
ˆPh,dpOv{Mn

v qGLdpOv{M
n
v q,

meaning that Sh“h
Ivpnq,s̄v is the disjoint union of copies of Sh“h

Ivpnq,s̄v,1h
in-

dexed by GLdpOv{M
n
v q{Ph,dpOv{M

n
v q and exchanged by the action of

GLdpOv{M
n
v q.

3.5. Notations. — For 1 ď t ď sg :“ td{gu, let Πt be any representa-
tion of GLd´tgpFvq. We then denote by

ĄHT 1pπv,Πtq :“ LpπvrtsDq1tg b Πt b Ξ
tg´d

2

the Harris-Taylor local system on the Newton stratum Sh“tg

I,s̄v,1tg
where

– LpπvrtsDq1tg is defined thanks to Igusa varieties attached to the rep-
resentation πvrtsD,

– Ξ : 1

2
Z ÝÑ Z

ˆ

l is defined by Ξp1

2
q “ q1{2.

p1qsee for example [7]
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We also introduce the induced version

ĄHT pπv,Πtq :“
´
LpπvrtsDq1tg b Πt b Ξ

tg´d
2

¯
ˆPtg,dpFvq GLdpFvq,

where the unipotent radical of Ptg,dpFvq acts trivially and the action of

pg8,v,

ˆ
gcv ˚
0 getv

˙
, σvq P GpA8,vq ˆ Ptg,dpFvq ˆ Wv

is given

– by the action of gcv on Πt and degpσvq P Z on Ξ
tg´d

2 , and
– the action of pg8,v, getv , valpdet g

c
vq´deg σvq P GpA8,vqˆGLd´tgpFvqˆ

Z on LQl
pπvrtsDq1tg b Ξ

tg´d
2 .

We also introduce

HT pπv,Πtq1tg :“
ĄHT pπv,Πtq1tgrd ´ tgs,

and the perverse sheaf

P pt, πvq1tg :“ j
“tg
1,!˚HT pπv, Sttpπvqq1tg b Lpπvq,

and their induced version, HT pπv,Πtq and P pt, πvq, where

j“h “ ih ˝ jěh : Sh“h
I,s̄v

ãÑ Shěh
I,s̄v

ãÑ ShI,s̄v

and L_, the dual of L, is the local Langlands correspondence.

For Ql or Fl coefficients, we will mention it in the index of the local
system, as for example HTQl

pπv,Πtq or HTFl
pπv,Πtq.

4. Ql-cohomology groups

From now on, we fix a prime number l unramified in E. Let us first
recall some known facts about irreducible algebraic representations of G,
see for example [6] p.97. Let σ0 : E ãÑ Ql be a fixed embedding and et
write Φ the set of embeddings σ : F ãÑ Ql whose restriction to E equals
σ0. There exists then an explicit bijection between irreducible algebraic
representations ξ of G over Ql and pd`1q-uple

`
a0, pÝÑaσqσPΦ

˘
where a0 P Z

and for all σ P Φ, we have ÝÑaσ “ paσ,1 ď ¨ ¨ ¨ ď aσ,dq.
For K Ă Ql a finite extension of Ql such that the representation ι´1 ˝ξ

of highest weight
`
a0, pÝÑaσqσPΦ

˘
, is defined over K, write Wξ,K the space

of this representation and Wξ,O a stable lattice under the action of the
maximal open compact subgroup GpZlq, where O is the ring of integers
of K with uniformizer λ.
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Remark. if ξ is supposed to be l-small, in the sense that for all σ P Φ and
all 1 ď i ă j ď n we have 0 ď aτ,j ´ aτ,i ă l, then such a stable lattice is
unique up to a homothety.

4.1. Notation. — We will denote by Vξ,O{λn the local system on ShI,v
as well as

Vξ,O “ lim
ÐÝ
n

Vξ,O{λn and Vξ,K “ Vξ,O bO K.

For Zl and Ql version, we will write respectively Vξ,Zl
and Vξ,Ql

.

Remark. the representation ξ is said regular if its parameter
`
a0, pÝÑaσqσPΦ

˘

verifies for all σ P Φ that aσ,1 ă ¨ ¨ ¨ ă aσ,d.

4.2. Definition. — For a Zl-sheaf F on ShI,v, we will denote by Fξ

the sheaf F b Vξ,Zl
.

4.3. Definition. — Let ξ be a irreducible algebraic C-representation
with finite dimension of G. Then a irreducible C-representation Π8 of
GpA8q is said ξ-cohomological if there exists an integer i such that

H ippLie GpRqq bR C, Uτ ,Π8 b ξ_q ‰ p0q

where Uτ is a maximal open compact modulo center subgroup of GpRq,
cf. [6] p.92. We then denote by diξpΠ8q the dimension of this cohomology
group.

Remark. If ξ has Q̄l-coefficients, then a irreducible Q̄l-representation Π8

of GpA8q is said ξ-cohomolocal if there exists a C-representation Π8 of

GpA8q such that ιl

´
Π8

¯
b Π8 is an automorphic C-representation of

GpAq, where ιl : Ql » C.
Recall that GpQpq » Qˆ

p ˆGLdpFvq ˆ
śr

i“2
pBop

vi
qˆ, for a fixed place v

of F above p. For Π a irreducible representation of GpAq, its component
for the similitude factor le facteur Qˆ

p is denoted as in [6], Πp,0: as all
the open compact subgroup of I contain Zˆ

p , the representation Π which
appear in the cohomology groups will all verify that pΠp,0q|Zˆ

p
“ 1. We

now consider

– an admissible irreducible representation Π of GpAq with multiplicity
mpΠq in the space of automorphic forms,

– and let πv be a cuspidal irreducible representation of GLgpFvq.
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– We also fix a finite level I and we denote by S the set of places x
such that Ix is maximal and we moreover impose v P S. We then
denote by TS the Zl-unramified Hecke algebra outside S.

From [2] and more precisely from [4], we now recall the main results
about the Ql-cohomology groups of Harris-Taylor perverse sheaves. We
first introduce some notations.

– For any Ql-perverse sheaf P on the projective system of schemes
Sh“h

Ivpnq,s̄v with Ivpnq :“ IvKvpnq where Kvpnq :“ KerpGLdpOvq ։

GLdpOv{M
n
v qq, we consider

H ipShIvp8q,s̄v , P q :“ lim
ÝÑ
n

H ipShIvpnq,s̄v , P q.

It is then equipped with an action of TS
Ql

ˆ GLdpFvq ˆ Wv and we

denote by rH˚pPξqs the image of
ř
ip´1qiH ipShIvp8q,s̄v , P b Vξ,Ql

q

in the Grothendieck group of admissible representations of TS ˆ
GLdpFvq ˆ Wv.

– For a fixed maximal ideal rm of TS
Ql
, and a Ql-perverse sheaf

P as above, we then denote by H ipPξqrm the localization at rm
of H ipShIvp8q,s̄v , Pξq and rH˚pPξqsrm will denote its image in the
Grothendieck group of admissible representations of GLdpFvq ˆWv.
If rm is associated to a irrreductible representation Π8,v of GpA8,vq,
we might also denote it by rHjpPξqstΠ8,vu.

– In particular for HT pπv,Πtq a Harris-Taylor local system, we de-
note by rH i

cpHT pπv,Πtqqsrm (resp. rH i
!˚pHT pπv,Πtqqsrm), the image of

H ipShIv,s̄v , j
“h
!
HT pπv,Πtqqrm (resp. H ipShIv,s̄v ,

pj“h
!˚ HT pπv,Πtqqrm)

in the Grothendieck group of GLdpFvq ˆWv admissible representa-
tions. We also use a similar notation for HT1tgpπv,Πtq by replacing
GLdpFvq by Ptg,dpFvq.

It is also well known, cf. lemma 3.2 of [4] that if Π is a irreducible
automorphic representation of GpAq then its local component Πv is iso-
morphic to

SpehspStt1pπ1,zqqˆ¨ ¨ ¨ˆSpehspSttupπu,zqq » Spehs

´
Stt1pπ1,zqˆ¨ ¨ ¨ˆSttupπu,zq

¯

where the πi,z are irreducible cuspidal representations.
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4.4. Notation. — For πv a irreducible cuspidal representation of
GLgpFvq, we denote by Aξ,πvpr, sq the set of equivalence classes of auto-
morphic irreducible representations of GpAq which are ξ-cohomological
and such that

– pΠp,0q|Zˆ
p

“ 1,

– its local component at v looks like SpehspSttpπ
1
vqqˆ? with r “ s`t´1,

π1
v „i πv and ? is a irreducible representation of GLd´stgpFvq which

we do not want to precise.

Remark. An automorphic irreducible representation Π of GpAq which is
ξ-cohomological and such that

Πv » Spehs

´
Stt1pπ1,vq ˆ ¨ ¨ ¨ ˆ Sttupπu,vq

¯

belongs to Aξ,πv,ips ` ti ´ 1, sq for i “ 1, ¨ ¨ ¨ , u.

4.5. Proposition. — (proposition 3.6 of [4])
Let πv be a irreducible cuspidal representation of GLgpFvq and 1 ď r ď
d{g. Then we have

rH i
!˚pHT1rg,ξpπv,ΠrqqstΠ8,vu “

eπv7Ker1pQ, Gq

dÿ

ps,tq
ΠPAξ,πv ps`t´1,sq

ÿ

Π1PUGpΠ8,vq

ÿ

ms,tpr,iq“1

mpΠ1qdξpΠ
1
8q

´
ΠrbRπvps, tqpr, iqpΠvq

¯

where

– UGpΠ8,vq is the set of equivalence classes of automorphic irreducible
representation Π1 of GpAq such that pΠ1q8,v » Π8,v;

– Πv is the local component of all the Π1 P UGpΠ8,vq such that
dξpΠ

1
8q ‰ 0, is the common value of the diξpΠ

1
8q for i ” s mod 2,

cf. corollary VI.2.2 of [6] and corollary 3.3 of [4]

Concerning Rπvps, tqpr, iqpΠvq as a sum of representations of GLd´rgpFvqˆ
Z, for Πv » SpehspStt1pπ1,vqq ˆ ¨ ¨ ¨ ˆ SpehspSttupπu,vqq, it is given by the
formula

Rπvpr, iqpΠvq “
ÿ

k: πk,v„iπv

ms,tkpr, iqRπvps, tkqpr, iqpΠv, kq b
´
ξk b Ξi{2

¯

where

– the characters ξk are such that πk,v » πv b ξk ˝ val ˝ det;
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– Rπvps, tkqpr, iqpΠv, kq can be written as

Rπvps, tkqpr, iqpΠv, kq :“ SpehspStt1pπ1,vqq ˆ ¨ ¨ ¨ ˆ SpehspSttk´1
pπk´1,vqq

ˆ Rπk,vps, tkqpr, iqˆ

SpehspSttk`1
pπk`1,vqq ˆ ¨ ¨ ¨ ˆ SpehspSttupπu,vqq.

– Rπk,vps, tkqpr, iq is a representation of GLd´rgpFvq which can be com-
puted combinatorially as explained below

– and ms,tpr, iq P t0, 1u is given in the next definition.

The representation Rπk,vps, tkqpr, iq is computed as follows: we first
apply the Jacquet functor JP op

rg,d
to SpehspSttkpπk,vqq which can written

as a sum ÿ
xa1y b xa2y

where a1, a2 are multisegments in the Zelevinsky line of πv; the precise
computation is given in corollary 1.5.6 of [2]. We then consider the sum

ÿ
RπvrrsD

´
xa1y

¯
a2 “

ÿ

ψ

ǫψψ b Πψ P Groth
´
Fˆ
v ˆ GLpst´rqgpFvq

¯

where ψ describe the set of characters of Fˆ
v and ǫψ P t´1, 1u.

Remark. In the previous formula when τv “ πvrrsD, the ψ such that Πψ

are non zero, looks like | ´ |k{2 with k P Z, and

Rπk,vps, tkqpr, iq “ Π|´|´i{2.

We do not need the precise computation of Rπvps, tqpr, iq, we just want
to use the fact that if π1

v is any irreducible cuspidal representation, then
Rπ1

v
ps, tqpr, iq is obtained from Rπvps, tqpr, iq by replacing πv by π1

v in its
combinatorial description. In particular if the modulo l reduction of π1

v is
isomorphic to the modulo l reduction of πv, then the modulo l reduction
of Rπvps, tqpr, iq and those of Rπ1

v
ps, tqpr, iq, are isomorphic.

The assumptions on i in proposition 3.6.1 of [2] are contained in the
following definition of ms,tpr, iq.

4.6. Definition. — The point with coordinates pr, iq such that
ms,tpr, iq “ 1, are contained in the convex hull of the polygon with
edges ps ` t ´ 1, 0q, pt,˘ps ´ 1qq and p1,˘ps ´ tqq if s ě t (resp.
pt´ s` 1, 0q if t ě s); inside it for a fixed r, the indexes i start from the
boundary en grows by 2, i.e. ms,tpr, iq “ 1 if and only if

– maxt1, s ` t ´ 1 ´ 2ps´ 1qu ď r ď s ` t´ 1;



12 BOYER PASCAL

– if t ď r ď s` t´ 1 then 0 ď |i| ď s` t´ 1´ r and i ” s` t´ 1´ r

mod 2;
– if maxt1, s` t´ 1 ´ 2ps´ 1qu ď r ď t then 0 ď |i| ď s´ 1 ´ pt´ rq
and i ” s ´ t´ 1 ` r mod 2,

as represented in figures 1 and 2.

t=1 s=5

s=1 t=5

Figure 1. The squares indicate the pr, iq such that
ms,tpr, iq “ 1 for a Speh (t “ 1) at left and a Steinberg (s “ 1)
on the right

Remark. For

Πv » SpehspStt1pπ1,vqq ˆ ¨ ¨ ¨ ˆ SpehspSttupπu,vqq

the set of pr, iq such that rH ippjěrg
!˚ FQ̄l,ξ

pπv, rqrd ´ rgsqstΠ8,vu ‰ 0 is
obtained by superposition of the u previous diagrams as in the fig-
ure 3. More precisely for a fixed pr, iq, the contribution of diagram of
SpehspSttkpπk,vqq is the same as in the starting point ps` tk ´ 1, 0q after
replacing SpehspSttkpπk,vqq by Rπkps, tkqpr, iq. We can then trace back
any

Rπkps, tkqpr, iqpΠ1
vq b

´
ξk b Ξi{2

¯



FROM LOCAL TO AUTOMORPHIC CONGRUENCES 13

s-1

s-1

s-t

s=4 t=2

s=2 t=4

s+t-1 s+t-1

Figure 2. ms,tpr, iq “ 1 when s ě t at left and t ě s on the right

of rH ippjěrg
!˚ FQ̄l,ξ

pπv, rq1rd ´ rgsqstΠ8,vu, to

Rπkps ` tk, 0qpr1, 0qpΠ1
vq b

´
ξk b Ξ0

¯

of rH0ppj
ěps`tkqg
!˚ FQ̄l,ξ

pπv, s ` tkq1rd ´ ps ` tkqgsqstΠ8,vu. Note although

that for i “ 0, some of the constituants of rH0ppjěrg
!˚ FQ̄l,ξ

pπv, rq1rd ´
rgsqstΠ8,vu may or may not come from r1 ą r.
Comments about the exemple of figure 3 for r “ 4:

– Speh4pπvq ˆ Speh4pSt3pπvqq ˆ Rπvp4, 5qp4, 0q comes from p8, 0q;
– Speh4pπvq ˆ Rπvp4, 3qp4, 0q ˆ Speh4pSt5pπvqq comes from p6, 0q;
– Rπvp4, 1qp4, 0qˆSpeh4pSt3pπvqqˆSpeh4pSt5pπvqq does not come from
any pr1, 0q for r1 ą 4.

5. Integral Harris-Taylor perverse sheaves

We now consider a fixed irreducible cuspidal representation πv such
that its modulo l reduction is still supercuspidal. Then for any t ě 1, the
representation πvrtsD remains irreducible modulo l so that LpπvrtsDq1tg
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Figure 3. Superposition to compute mpr, iq for Πv »
Speh4pπvq ˆ Speh4pSt3pπvqq ˆ Speh4pSt5pπvqq

has an unique, up to homothety, stable Zl-lattice. Then for a Zl-
representation Πt of GLtgpFvq, we have a well defined Zl-local system
HT pπv,Πtq.
Remark. Πt is called the infinitesimal part of the Harris-Taylor local
system and it does not play any role here, we only mention it as it
appears everywhere in [4] or [1].

Over Zl, we have two natural t-structures denoted p and p` which are
exchanged by Grothendieck-Verdier duality. We then have two notions
of intermediate extension, pj!˚ and p`j!˚. In [3] we explain, using the
Newton stratification, how to construct Zl-filtrations of perverse sheaves,
with torsion free graded parts. In [5] we then prove the following results.

– When the modulo l reduction of πv remains supercuspidal, the two
intermediate extensions pj

“tg
!˚ HT pπv,Πtq and p`j

“tg
!˚ HT pπv,Πtq are

isomorphic, as it is, essentially formally, the case when πv is a char-
acter.
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– The following resolution of pj“t
!˚ HT pπv,Πtq, proved over Ql in [1], is

still valid over Zl:

0 Ñ j“s
! HT pπv,Πtt

t ´ s

2
uq ˆ Spehs´tpπvtt{2uqq b Ξ

s´t
2 ÝÑ ¨ ¨ ¨

ÝÑ j“t`1

!
HT pπv,Πtt´1{2u ˆ πvtt{2uq b Ξ

1

2 ÝÑ

j“t
!
HT pπv,Πtq ÝÑ pj“t

!˚ HT pπv,Πtq Ñ 0. (5.1)

– By the adjunction property, the map

j
“pt`δqg
!

HT pπv,Πtt
´δ

2
uq ˆ Spehδpπvtt{2uqq b Ξδ{2

ÝÑ j
“pt`δ´1qg
!

HT pπv,Πtt
1 ´ δ

2
uq ˆ Spehδ´1pπvtt{2uqq b Ξ

δ´1

2 (5.2)

is given by

HT pπv,Πtt
´δ

2
u ˆ Spehδpπvtt{2uqq b Ξδ{2 ÝÑ

pipt`δqg,!j
“pt`δ´1qg
!

HT pπv,Πtt
1 ´ δ

2
uq ˆ Spehδ´1pπvtt{2uqq b Ξ

δ´1

2 . (5.3)

We have then

pipt`δqg,!j
“pt`δ´1qg
!

HT pπv,Πtt
1 ´ δ

2
uq ˆ Spehδ´1pπvtt{2uqq b Ξ

δ´1

2

» HT
´
πv,Πtt

1 ´ δ

2
uqˆ

`
Spehδ´1pπvt´1{2uqˆπvt

δ ´ 1

2
u
˘
tt{2u

¯
bΞδ{2.

(5.4)

– In particular, up to homothety, the map (5.4), and so those of (5.3),
is unique. Finally as the map of (5.1) are strict, the given maps
(5.2) are uniquely determined, that is if we forget the infinitesimal
parts, these maps are independent of the chosen t in (5.1).

– We also have a filtration

Fil
t´sq
!

pπv,Πtq ãÑ Filt´s`1

!
pπv,Πtq ãÑ ¨ ¨ ¨

ãÑ Fil0! pπv,Πtq “ j
“tg
!
HT pπv,Πtq, (5.5)

with graded parts gr´δ
!

pπv,Πtq » pj
ěpt`δqg
!˚ HT pπv,Πt

ÝÑ̂Stδpπvqqpδ{2q.

We fix a level Iv outside v and a maximal ideal m of TS: recall that
fixing m means that we focus on liftings rm Ă m, i.e. on ξ-cohomological
automorphic representations Π of GpAq such that their modulo l Satake
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parameters are prescribed by m. As usual we then denote with an index
m for the localization bTSTS

m
.

5.6. Notation. — For 1 ď h ď d, we denote by iphq the smaller index
i such that H ipShIvp8q,s̄v ,

pj“h
!˚ HTξpπv,Πhqqm has non trivial torsion: if it

does not exists then set iphq “ `8.

Remark. By duality, as pj“h
!˚ “ p`j“h

!˚ for Harris-Taylor local systems asso-
ciated to a irreducible cuspidal representation whose modulo l reduction
remains supercuspidal, note that when iIphq is finite then iphq ď 0.

We now suppose for the rest of this section, that Iv and m are chosen
so that there exists 1 ď t ď sg with iptq finite and we denote by t0 the
bigger such t.

5.7. Lemma. — For 1 ď t ď t0, we have iptq “ t´ t0 and

H
iptq
tor pShIvp8q,s̄v ,

pj
“tg
!˚ HT pπv,Πtqq bZl

Fl »

H0

torpShIvp8q,s̄v ,
pj

“t0g
!˚ HT pπv,Πtt

t0 ´ t

2
uˆSpeht´t0pπvqt

t

2
uΞ

t´t0
2 qbZl

Fl.

(5.8)

Proof. — Note first that for every t0 ă t ď sg, then the cohomology

groups of j“hg
!

HTξpπv,Πhq are torsion free. Indeed consider the spectral
sequence associated to the filtration (5.5): by definition of t0, note that
the Ep,q

1
are torsion free. Moreover as explained in [2] over Ql, we remark

that all the dp,qr for p ` q ě 0 are zero. So torsion can also appear in

degree ď 0 but as the open Newton stratum Sh“hg
I,s̄v

are affine, then the

cohomology of j“hg
!

HTξpπv,Πhq is zero in degree ă 0 and torsion free for
i “ 0.

Consider then the spectral sequence associated to the resolution (5.1)
for t ą t0: its E1 terms are torsion free and it degenerates at E2. As by
hypothesis the aims of this spectral sequence is free and equals to only
one E2 terms, we deduce that all the maps

H0
`
ShIvp8q,s̄v , j

“pt`δqg
!

HTξpπv,Πtt
´δ

2
uq ˆSpehδpπvtt{2uqq bΞδ{2

˘
m

ÝÑ

H0
`
ShIvp8q,s̄v , j

“pt`δ´1qg
!

HTξpπv,Πht
1 ´ δ

2
u

ˆ Spehδ´1pπvtt{2uqq b Ξ
δ´1

2

˘
m

(5.9)
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are strict. Then from the previous fact stressed after (5.4), this property
remains true when we consider the associated spectral sequence for 1 ď
t1 ď t0.

Consider now t “ t0 where we know the torsion to be non trivial. From
what was observed above we then deduce that the map

H0
`
ShIvp8q,s̄v , j

“pt0`1qg
!

HTξpπv,Πt0t
´1

2
uq ˆ πvtt0{2uqq b Ξ1{2

˘
m

ÝÑ H0
`
ShIvp8q,s̄v , j

“t0g
!

HTξpπv,Πt0q
˘
m

(5.10)

has a non trivial torsion cokernel so that ipt0q “ 0.
Finally for any 1 ď t ď t0, the map like (5.10) for t`δ´1 ă t0 are strict

so that the H ipShIvp8q,s̄v ,
pj

“tg
!˚ HTξpπv,Πtqqm are zero for i ă t´ t0 while

when t` δ ´ 1 “ t0 its cokernel has non trivial torsion which gives then
a non trivial torsion class in H t´t0pShIvp8q,s̄v ,

pj
“tg
!˚ HTξpπv,Πtqqm.

6. Automorphic congruences

From now on we consider

– two irreducible cuspidal representations πv and π1
v such that their

modulo l reduction are isomorphic and supercuspidal,
– and as before, a maximal ideal m of TS.

For V a Zl-free module, we denote by rlpV q “ V bZl
Fl its modulo l

reduction.

6.1. Notation. — For ψv a Fl-representation of GLhpFvq, we denote
by dimFl,n

ψ the set !
dimFl

ψKvpnq
v , n P N

)
.

6.2. Theorem. — (cf. conjecture 5.2.1 of [4])
Let r be maximal such that there exists s and rm Ă m with Πrm P Aξ,πvpr, sq
and ΠIv

rm,S ‰ p0q. Then we have

ÿ

ΠPAξ,πv pr,sq

mpΠqdξpΠ8q dimQl
pΠ8,vqI

v

dimFl,n
rl

`
Rπvpr, rqpΠvq

˘

“
ÿ

Π1PA
ξ,π1

v
pr,sq

mpΠ1qdξpΠ
1
8q dimQl

pΠ
1,8,vqI

v

dimFl,n
rl

`
Rπvpr, rqpΠ1

vq
˘
. (6.3)
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Remark. The result is still valid without the maximality hypothesis on r
but it is more tricky to expose, cf. the remark after the proof.

A qualitative version of the previous theorem could be formulated as
follows.

– Given a irreducible ξ-cohomological automorphic representation Π
of GpAq such that Πv » SpehspSttpπvqqˆ?, with πv cuspidal with
modulo l reduction still supercuspidal,

– and π1
v such that its modulo l reduction is isomorphic to those of

πv,

then there exists a irreducible ξ-cohomological automorphic representa-
tion Π1 such that

– outside v, Π and Π1 share the same level Iv,
– their also share the same modulo l Satake parameters at the places
outside S, i.e. they are weakly automorphic congruent,

– at v, we have Π1
v » SpehspSttpπvqqˆ?1,

where by convention, the symbols ? and ?1 mean any representation we
do not want to precise.

The strategy of the proof is the same as in [4]. The main point
to notice is that the left hand side of (6.3) is a part of the image of
H0pShIvp8q,s̄v ,

pj
“rg
!˚ HTξpπv,Πrqqm. In [4] §5.3, we look at the particular

case where the localized cohomology groups at m are concentrated in
degree 0: this is for example the case when ξ is very regular, or if ρ

m
is

irreducible. Then

rH˚pShIvp8q,s̄v ,
pj

“rg
!˚ HTξpπv,Πrqqms “ rH0pShIvp8q,s̄v ,

pj
“rg
!˚ HTξpπv,Πrqqms,

and its modulo l reduction is then equal to

H˚pShIvp8q,s̄v ,F
pj

“rg
!˚ HTξpπ

1
v,Πrqqm “ H˚pShIvp8q,s̄v , j

“rg
!˚ HTξ,Fl

pπ1
v,Πrqqm

“ rl

´
H0pShIvp8q,s̄v ,

pj
“rg
!˚ HTξpπ

1
v,Πrqqm

¯
,

where Fp‚q “ ‚bL

Zl
Fl and by the main result of [5], as pj“rg

!˚ HTξpπ
1
v,Πrq »

p`j
“rg
!˚ HTξpπ

1
v,Πrq for π1

v such that rlpπ
1
vq remains supercuspidal, then

Fpj
“rg
!˚ HTξpπ

1
v,Πrq » j

“rg
!˚ HTξ,Fl

pπ1
v,Πrq.

To isolate the various contribution in these cohomology groups, we
start from r “ d towards r “ 1 so that for a fixed r, as for r1 ą
r, the modulo l reduction of elements of Aξ,πvpr1, 1q was, by an in-
ductive argument, already identified with those of Aξ,π1

v
pr1, 1q, we can
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then identify the contribution of Aξ,πvpr, 1q in the modulo l reduction of
rH˚pShIvp8q,s̄v ,

pj
“rg
!˚ HTξpπv,Πrqqms to that of Aξ,π1

v
pr, 1q.

In the general case where s is not necessary equal to 1 but its congru-
ence modulo 2 is fixed, the first problem is that Aξ,πvpr, sq and Aξ,πvpr, s1q
with s ą s1 first contribute to rH0pShIvp8q,s̄v ,

pj
“rg
!˚ HTξpπv,Πrqqms at

the same time. To separate them, the only solution seems to look

at rH1´spShIvp8q,s̄v ,
pj

“pr`1´sqg
!˚ HTξpπv,Πrqqms where only Aξ,πvpr, sq con-

tributes. We are then led to argue on individual cohomology groups
where we recall the following short exact sequence for a torsion free Zl-
perverse sheaf P over a Fp-scheme X :

0 Ñ FH ipX,P q ÝÑ H ipX,FP q ÝÑ H i`1pX,P qrls Ñ 0,

where in our situation P “ pj
“tg
!˚ HT pπv,Πtq and, as recall before, as the

p and p` intermediate extension of HT pπv,Πtq are isomorphic, then

Fpj
“tg
!˚ HT pπv,Πtq » j

“tg
!˚ HTFl

pπv,Πtq.

We then must face the problem of understanding the l-torsion and its
contribution in the modulo l reduction of the cohomology. In [4] §5.4, we
formulate the conjecture that, for a fixed representation Πt of GLtgpFvq,
the modulo l reduction of the torsion in each cohomology group of
pj

“tg
!˚ HT pπv,Πtq should depend only on the modulo l reduction of πv

and we explain how this conjecture implies the previous theorem.

Proof. — We first look at H0pShIvp8q,s̄v ,
pj

“rg
!˚ HTξpπv,Πtqqm which, by

maximality of r and the spectral sequence associated to (5.1), is iso-
morphic to H0pShIvp8q,s̄v , j

“rg
!

HTξpπv,Πtqqm and so is torsion free. To
this cohomology group contribute the irreducible automorphic represen-
tations of Aξ,πvpr, sq with r “ s ` t´ 1 for some set

Bpπvq “
!

ps, tq s. t. Drm Ă m,Πrm P Aξ,πvpr, sq and pΠ8,v
rm qIS ‰ p0q

)
.

The qualitative version of the theorem asks to prove that Bpπvq “ Bpπ1
vq

and the quantitative one then follows from the formula of the multiplic-
ities in 4.5.

(a) About the quantitative version, consider first the easiest case when
the qualitative version tells us Bpπvq “ Bpπ1

vq “ tps, tqu. Then the mod-
ulo l reduction of

rH0pShIvp8q,s̄v ,
pj

“rg
!˚ HTξpπv,Πtqqms “ rH˚pShIvp8q,s̄v ,

pj
“rg
!˚ HTξpπv,Πtqqms
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is equal to that ofH˚pShIvp8q,s̄v ,
pj

“rg
!˚ HTξpπ

1
v,Πtqqm which is also equal to

that ofH0pShIvp8q,s̄v ,
pj

“rg
!˚ HTξpπ

1
v,Πtqqm. We can then conclude, as these

two cohomology groups are torsion free, from the explicit computation
of the multiplicities in 4.5.

(b) We now focus on the sequence of the dimension

dk,n “ dimFl
HkpShIvpnq,s̄v ,

pj
“pr´kqg
!˚ HTξpπv,1r´kqqm bZl

Fl,

where 1rk is the trivial representation of GLpr´kqgpFvq, for k “ 0, ¨ ¨ ¨ , r´1
and n P N. More specifically we will focus on the dk,n ´ dk`1,n. Note the
following facts:

– By maximality of r, we haveHk`1pShIvpnq,s̄v ,
pj

“pr´kqg
!˚ HTξpπv,1qqm “

p0q so that

HkpShIvpnq,s̄v ,
pj

“pr´kqg
!˚ HTξpπv,1r´kqqm bZl

Fl

» HkpShIvpnq,s̄v , j
“pr´kqg
!˚ HTξ,Fl

pπv,1r´kqqm.

– By lemma 5.7, the dimension of the modulo l reduction of the tor-

sion of HkpShIvpnq,s̄v ,
pj

“pr´kqg
!˚ HTξpπv,1qqm is prescribed by those of

H1pShIvpnq,s̄v ,
pj

“pr´1qg
!˚ HTξpπv,1qqm.

– From 4.5 and the description in 4.6 of the ms,tpr, iq, the behavior of
the contribution to the sequence dk,n´dk`1,n of the modulo l reduc-
tion of the free quotients of each cohomology groups is completely
determined by Bpπvq. Indeed note that the contribution of some au-
tomorphic representation Π such that Πv » SpehspSttpπvqqˆ? with
s ` t ´ 1 “ r, only contributes to dk,n for k “ 0, ¨ ¨ ¨ , s ´ 1 so that
ds´1,n ´ ds,n, after eliminating the contribution of the torsion part,
will detect such Π.

So as the contribution of the torsion to the sequence pdk,nqkě1,nPN depends
only on pd1,nqnPN, we can then infer the elements ps, tq P Bpπvq (resp.
Bpπ1

vq) with s ě 2 and prove the qualitative previous theorem for s ě 2.
To deduce the result for s “ 1, we then look at pd0,nqnPN where the
contribution of the torsion is zero and where the contribution of the free
quotient of each of the s ě 2 are the same for πv and π

1
v. The remaining

part for πv and π1
v should then match which give us the case of s “ 1.

Remark. We could keep on tracing the contribution of the torsion sub-
modules, to the modulo l reduction of the others cohomology groups.
Once the contribution coming from r maximal is understood, we could
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consider the next r1 ă r and repeat the previous argument taking into
account what is already known about the contribution of what is related
to r.
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