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INTEGRAL MEANS OF DERIVATIVES OF UNIVALENT FUNCTIONS IN
HARDY SPACES

FERNANDO PEREZ-GONZALEZ, JOUNI RATTYA, AND TONI VESIKKO

ABSTRACT. We show that the norm in the Hardy space H? satisfies

112 :L M2, £ (1= P03 ar 4 £(0) 7 ()

for all univalent functions provided that either ¢ > 2 or Qa_—pp < g < 2. This asymptotic
2

was previously known in the cases 0 < p < ¢ < o0 and T”p < q <p <2+ 1z by results
due to Pommerenke (1962), Baernstein, Girela and Peldez (2004) and Gonzélez and Peldez
(2009). It is also shown that () is satisfied for all close-to-convex functions if 1 < ¢ < 00. A
counterpart of (f]) in the setting of weighted Bergman spaces is also briefly discussed.

1. INTRODUCTION AND RESULTS

Let H(D) denote the space of analytic functions in the unit disc D = {z € C: |2| < 1}. For
0 < p < o, the Hardy space H? consists of those f € H (D) such that

| flze = sup My(r, f) < oo,
O<r<1

where

27 5
M) = (52 [ 1reepas)" . o< <,
2 0
is the LP-mean of the restriction of f to the circle of radius 7, and My (r, f) = max,—, |f(2)]
is the maximum modulus function. The monographs [2] and [5] are excellent sources for the
theory of the Hardy spaces.

An injective function in H(D) is called a conformal map or univalent, and the class of all
such functions is denoted by U. Let S denote the set of f € U normalized such that f(0) =0
and f'(0) = 1. If f e U, then (f — f(0))/f'(0) belongs to S. We refer to [3], [I1] and [12] for
the theory of univalent functions.

In 1927 Prawitz [13] showed that

M{j(r,f)épj Mgg(t,f)%, 0<r<l1, 0O<p<ow, f[feS. (1.1)
0

This combined with the Hardy-Littlewood [7, p. 411] inequality
f ME(t, fldt < mrMJ(r, f), 0<r<1, 0<p<owo, feH(D), (1.2)
0

the proof of which can be found in [10, Hilfssatz 1] and [I, p. 841], shows that for each
0 < p < o0 we have the well-known asymptotic equality

1
fmemem feu. (1.3)

Therefore the containment of f € U in the Hardy space HP is neatly characterized by the
behavior of its maximum modulus. Another well-known characterization is given in terms of
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the arc-length. Namely, the image of the circle of radius r centered at the origin under f € U
with f(0) = 0 is a Jordan curve with zero in its inner domain. The length of this image is
27r My (r, f'), and therefore

My (r, f) <mrMi(r, f)), O0<r<1, feld, f(0)=0. (1.4)

This inequality is in a sense sharp for conformal maps as its proof shows, and it is actually
valid for all analytic functions. Namely, (L2]) applied to f’ yields

WMM<fWW%W<meﬁ% 0<r<1, feHD). f(0)=0.
0

This combined with the Prawitz’ inequality (I.I]) shows that

T
Mg(r,f)gpﬂpLMf(t,f’)tlpdt, 0<r<l1, 0O<p<ow, f[feS8.

A kind of converse of this inequality is also valid for some p. Indeed, in 1962 Pommerenke [10]
Satz 4] showed that for 0 < p < 2 it holds that

Tperf(t,f/)dtSMg(T,f), 0<r<1, feUu, f(0)=0.
0

This asymptotic inequality, (L3)) and (4] show that for each 0 < p < 2 we have

1
|u%x£ﬂﬁwﬁw+u®m(mu. (1.5)

In 2009 Gonzalez and Peldez [0, Theorem 1] generalized this results to the range 0 < p <
2+ %, showed that it fails for p > % ~ 5.88, and also observed by using 1967-results due
to Thomas [14] that (LH) is valid for all 0 < p < oo if U is replaced by its proper subclass
of all close-to-convex (univalent) functions [0, Proposition 1]. Recall that f € H(D) is close-
to-convex if there exists a convex function g such that the real part of the quotient f’/¢" is
strictly positive on D. The class of close-to-convex functions f normalized such that f(0) = 0
and f/(0) = 1 is denoted by K and it was introduced by Kaplan in 1952, see [3| Chapter 2]
and [IT, Chapter 2] for further information. At this point we only mention that an important
subclass of close-to-convex functions is the class of starlike functions. Starlike functions are
conformal maps which map ID onto a domain starlike with respect to the origin.

Integral means of derivatives different from M (r, f') appearing in (LLH]) can also be used to
characterize univalent functions in H?. Namely, by combining the 2004-result by Baernstein,
Girela and Peldez [I, Theorem 1] and [6, Theorem 2] due to Gonzalez and Peldez we deduce

1 1
nf%:menmu7V@9m+u@mtmu, (1.6)

if either 0 < p < ¢ < w0 or ﬁ <qg<p<2+ % The main result of this note shows that

these hypotheses can be significantly relaxed in a certain sense.

Theorem 1. Let 0 < p,q < o0 such that either 22Tpp <q<2orq=2. Then (L6 is valid.
Moreover, if 0 < p < 0 and 1 < q < o0, then ([L0) is valid for all close-to-convex functions f.

On one hand, Theorem [ shows that for ¢ > 2 there is no restriction on p. On the other
hand, 22 € (0,2) for all 0 < p < o0, and hence the range 2P~ ¢ < 2 covers many cases

> 2+4p 2+p
previously excluded by the requirement p < 2 + % However, the hypothesis % < qis
obviously strictly stronger than % < ¢ for each 0 < p < . The statement on close-to-

convex functions is a generalization of [6, Proposition 1] concerning the case ¢ = 1.
The proof of Theorem [Il occupies most of the remaining part of the paper, and it is given in
Section Bl At this point we only mention that we offer two proofs concerning the case ¢ > 2,
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and one of them reveals that for p > ¢ we have the asymptotic equality

p

1 q
Hf?n:<f (j AUW%znuua> (- rPdr, fel.
0 D(0,r)

where, as usual, A stands for the Laplacian. We have not found this asymptotic in the existing
literature and believe that it is of interest.

We next shortly discuss an application of TheoremIIIto Bergman spaces. Let w : D — [0, o0)
such that w(z) = w(|z|) for all z € D, and §y w(z) dA(z) < o0, where dA(z) denotes the element
of the Lebesgue area measure on . For 0 < p < o0 and such an w, the weighted Bergman
space AL, consists of f € H(D) such that

Il = | 1£GIPw(z) aae) <o

By combining Prawitz’ result (LT and the Hardy-Littlewood inequality (2], and then inte-
grating over [0, 1) with respect to w(r)r dr, we obtain throught Fubini’s theorem the chain of
inequalities

2£A@@ﬁ<fw@ﬁ>W<Wﬂg<%ﬁﬂM&nﬁ<f(ﬁﬁ>f

valid for all f e Y with f(0) = 0. Standard arguments then show that

Hf”ig = fol MPE (r, f) (f:w(t)t dt) dr, fel. (1.7)

We may also transfer (L6]) to the setting of the weighted Bergman spaces as the following
result shows.

Corollary 2. Let 0 < p,q < 0 and let w : D — [0,00) such that w(z) = w(|z|) for all z € D.
Further, assume that one of the following conditions is satisfied:

() 0<p<q<oo;

(i) 1+p<q<p<2+157’
(iii) q>2
(iv )2+p<Q<2

Then
fMAJMp 1—m@9(

The natural approach that we adopt to obtain (L8] consists of first applying (LG) to the
univalent dilatation f.(z) = f(rz) appearing in the Bergman space norm of f, and then
changing the order of radial integrations. The problem then no longer involves the weight w
and the final step is managed by using the fact |f/(p&)| = |f/(r€)| for all £ on the boundary
of Dand 0 <7 < p <1 such that 1 —r =1 — p. Corollary [2 is proved in Section

The case g = p of Corollary Rl is of special interest. It states that

1 1
f w(t)tdt) dr + |f(0)\pf0 w(r)rdr, fel. (1.8)

T

1
ﬂMﬂJWf JP(L— [P <f<wm> ()+MUPL w(ryrdr, feld. (19)

It is well known that this asymptotic equality is valid for all f € H(D) if w is the standard
radial weight (1 —|z|?)® with —1 < o < o0. These kind of asymptotic equalities are known as
Littlewood-Paley formulas. The rough idea behind these asymptotics is that f’ behaves in a
somewhat similar way as f divided by the distance from the boundary. However, it is known
that all Bergman spaces do not admit this property. Namely, there exist radial weights w such
that

Al = | 1P IPQ= W dAG) + |F O, f < WD), (1.10)
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fails to be true for each non-negative radial function W on D unless p = 2 [9, Proposition 4.3].
However, it was recently discovered in [8, Theorem 5] that (ILI0) with W = w is valid if and
only if w satisfies a certain two-sided doubling condition which imposes severe restrictions to
the growth, the decay and the oscillation of the weight. Nevertheless, the asymptotic (9]
shows that if we restrict our consideration to univalent functions, then a Littlewood-Paley
formula exists for all weighted Bergman spaces induced by radial weights.

To this end a couple of words about the notation already used. If there exists a constant
C' > 0 such that A(z) < CB(x) for all z in some set I, then we write either A(z) < B(x), xz € I,
or B(z) 2 A(x), x € I, and the notation A(z) = B(x), x € I, stands for A(z) < B(z) < A(x)
for all x € 1.

2. PROOF OF THEOREM [I]

First observe that [4, Theorems 6 and 7] imply

1 1
fo M, (r, f) dr = L ME(r, )X =r)Pdr + [f(O)F,  feHD). (2.1)

Moreover, a careful inspection of the proof of [2, Theorem 5.9] shows that for 0 < a < < ©
there exists a constant C' = C(«, ) > 0 such that

Mpg(r,g) < CM, <%,g> (1-r)Fa, 0<r<l1, geH(D) (2.2)

=

By combining (2] and ([2.2]), with 8 = 0 and « = ¢, we deduce

1 1 )
fo M2 (r, f) dr < fo MP (1, ') (1= )P0 dr + | FO) = Ly(f) + |F ), f € H(D).

This together with ([L3)) yields | f[%, < Ipq(f) + [ f(0)[? for all f € U. Observe that this part
of the proof is valid for all 0 < p,q < 0.

For the converse implication assume first that 0 < ¢ < 2, and write ¢ = a + 3, where
0 < «, B < q. By [12, Proposition 8.1], for each fixed 0 < p < o0, we have

2m
AlfP(re?) ap 5 2 S)

1
T, §<r<1, fes. (2.3)

Holder’s inequality and (2.3)) yield

2| ¢ i0y 2 . 2 % 27 . 2 QT
277M3<nf’><<f0 e If(re’e)lach) ([ weenp= )
2 . 2 X % 27 ] 28 2;—‘1
= ([ reenrireenpa)” ([ et )
0 0

«a 27 . 2
<M<f |f(r€z0)|2%d9> , %<r<1, fes.

~ (1—7’)% 0
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Another application of Holder’s inequality gives

1 1
Lo(f) S | M2 (r f) (1 —r)P ) ar

NI

2—qp
q

al . 28 2 a=2
f M ( <f |f(relg)|2—q d9> (1 —r)P2 dr
1 1/ p2n . 28 P3g 2 q
([ amena) ([ ([ reea) " a-na
0 0 \Jo
1 T /0l , 7
= ([ 2z nar) (f M@= Far)
0 0
where s = 22—5 Our hypothesis ¢ > 522 allows us to choose
s> p. Now EL Theorems 6 and 7] 1mply

2 [®

(2.4)

QR

(2 2q < B < q which guarantees

fMprf(l—r sdrvf M2, Y0 — PO dr + | F(O)F,  feMD),  (25)

where the right-hand side is comparable to | f|%, for all f € U by (LG). Therefore ([2.4), 23],
(L) and ([L3) give I, 4(f) S |5, for all f € S. An application of this to (f — f(0))/f'(0)
gives the assertion for f e U.

Assume now that 2 < ¢ < 0. We offer two different proofs of which the first one is valid for
all 0 < p < o and the second one only for ¢ < p. The importance of the second proof lies in
the fact that it allows us to characterize univalent functions in H? in terms of the Laplacian
of [f'|9. The first proof is pretty straightforward and reads as follows. It is well-known [2
Chapter 5] that for each fixed 0 < p < o0 we have

0<r<l1, feH(D). (2.6)
By applying (2.0]), with p = 00, and (23] we deduce
' (1-1)
= My @D

: f (Mol )0 (fo ()2 d9> -t ar

1
2

[0t G 7)) (Msom)ﬂ(l@pa;)dr

~Jo (177’)@ 2% L=r

1 1
S (Shs)as [ mena ses

Q

This together with (I3)) yields I, 4(f) + | f(0)[? < | f|5, for all felUd.

The first step towards the second proof is to estimate I, ,(f) upwards for all f € H(ID), and

it is valid on the range 0 < 1% < q <p < oo, that is, 0 < p(1 — —) + 1 < p. An integration



6 FERNANDO PEREZ-GONZALEZ, JOUNI RATTYA, AND TONI VESIKKO

by parts and Holder’s inequality show that
Lo 1
e R T Y e e A T O,
‘BJIM’”I(T 7 (M0 5 ) (= PO | )
aJo ¢ ’ or 9
p=a [ (L[ 0 e z
< UpalF)5 (f (5-110.1) <1r>pdr> LPOP, feHD),
and it follows that

! :
L5 [ (020 )) A= rrar 170, feHD) (27)

provided 0 < p(1 — l) +1 < p. The next step is to estimate < M (r, f') for f €U, and this is
done in three Separate cases. If ¢ = 4, then (2.0]), with p = oo yields

i q N _ 2 / q—2] ¢! 2
Ml f) = PR A

< M2 (r, fYMIr, f')j F/(2)2 dA(z)

D(0,r)
ME (2.1 M (52, 5)
N—’Mz(fr <2127 o<r<1, fel.
1P T
If 2 < ¢ < 4, then Holder’s inequality and (2.4), first with p = fq and then for p = oo, yield
a=2 4—q
0 : 4 :
sl Mg f) < ([ PP ] ([ e )
or D(0,r) D(0,r)
4 2
M (1551
< MG (r,f) f 4*—4ds
0 (1—s)i

<D (e (552)) T i (452)

<M§O(%’f)qu2 1+Tf/
T (1—1)2 » 2
<Mg0(%’f)
~ o (1—r)e
In the case ¢ = 2, [2.6]), with p = 2, gives

, O<r<l1, fel.

o TM2(1+S f/)
2mr— M3 (r, f' :4J "(2)]* dA(z ,Sf 21202 ) s
MBS = @R S | S

M2 (1+7" f)
< —Lr2 7/
TS O<r<l1, fel.

Therefore we have shown that, for each fixed 2 < ¢ < o0, we have

M (3+7’ f)

q
27rra—iqu(r,f’):jD(O’T)A|f’|q(z)dA(z)§ ?0 TR O<r<1, feUd.  (28)
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This estimate together with (2.7) and (L3)) yields

S+

lpalf) £ f (5308 >)§ a=erar el or < [ (BEr) a0

< [ M) a4 POF S 1 Teu

This finishes the proof of (L6 for g > 2

It remains to prove the assertion for close-to-convex functions. Since we have already shown
that || f%, < Lpg(f) + | f(0)? for all f € U, and this is valid for all 0 < p,q < o0, it remains
to estimate Ip,q(f) upwards to | f[%,. We claim that for 1 < ¢ < o, e > 0 and for all
close-to-convex functions f we have

L (" MLt f) 1,
MI(r, ') S (L L = dt, S <r<1, (2.9)

the proof of which is postponed for a moment. Let p;q < x < p, and pick up € = e(p,q) > 0
such that z < p(1 — £). Then 2.9), Holder’s inequality and Fubini’s theorem yield

j (f Mot Py 6,7(1—15) N dt)g (17"0)1)(171;5)(1’1“

pP—gq

1 4 1 r q -
< Moo(t, {p) f j ds _ (1 o r)p(lf%) dr | dt
o (11—t e "\ e 0 (1—s)pa

M) (! dr '
— 2 = | at < | ME(t, f)at
0 (1 o t)p—?—a: (ﬁ (1 . T)$+1—p+?> fO ( f)

and we are done by (L3]).

It remains to prove ([Z9)). If 2 < ¢ < o, this, with ¢ = 0, follows from the estimate (28]
by integrating. Namely, [12l Corollary 1.6] shows that |f’ (p£)| = |f'(r§)| for all £ on the
boundary of D and 0 < r < p < 1 such that 1 —r =< 1 — p, provided f € U, and hence

My (r, f') = My(p, f'). This together with ([2.8) and (Z6)) imply

34r .\ , Mgo(3+t f)

SZT Mgo (t, f) <1 ) T Mgo (t f)
< _ MA (| = <
Nfi (1—1t)4 dt a 2’f Njo ( t)4 dt, 0<r<l.

Further, by the proofs of [14, Theorems 2 and 3] we have (Z9) for ¢ = 1 with ¢ = 0. Since the
right-hand side of (2.9) is increasing, it remains to consider the case 1 < ¢ < 2. To do this, we
use ideas from [I4]. Since f is close-to-convex, Alexander’s theorem [3, Theorem 2.12] implies

that there exists a starlike function g such that %ZJ(IS) > 0 for all z e DD. Write h(z) = z;”(’S)
for all z e D. Then

27 ) 27 ) )
rqf |f/(7‘629)|q df = f |g(r629)h(rel‘9)|q df

0 0

27 T ) ) q 2m T ) ) q
< f < |y (te?)h(te™)| dt) do + f (f lg(te®)h/ (te'?)] dt) do
0 0 0 0
= Il(’l“) + IQ(T‘).
Since ¢ is starlike, there exists ¢ such that e > 0 and z¢'(z) = g(z)p(z) for all z € D. Hence

L(r) = L ” ( fo "I (te P h(te®) dt)q do — fo T (L | (te®) (e dt)q o).
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Let x = % > 0. Observe that |p(n)| < 1 because R > 0. This together with Holder’s
inequality, Fubini’s theorem, (23)), (20) and Parseval’s identity yields

hin = fo% (fo |1 (te)p(te)|(1 — 1)"(L =)~ dt)q d6
ﬁ fo (sz |/ (te)p(te?)|? de) (1= a1+ gt

T | M)

' (fw | (te)P d9>é <L2ﬂ o (te™)? d€>é (1—t)9 1t

—1
1 Mgol(lth q
< )¢
N(1r)6f0 (1— )T th )

<M2 tf) (ZI t2"> (1 — )71+ gt

1 MY (L) 1 [ MLt f)
fo : dt < fo dt.

1A\

N

NI

~(1—r)F 1—t)a—= ~(1—r)F (1—t)a—=
Since Rh > 0, there exists an increasing function y such that
1 27 1+ Zefia 1 27
h(z) = — —d — d, = 1.
0 =50 | (o). 5= | duto)

Hence

27 efia
h(z2) = lf e dn(a).

T Jo (1 —ze @)

By using [14, Lemma 2] and (2.6]) it follows that
1 r 27 ) )
B S e | (f \g(tew)h’(tewﬂqd@) (1 - )7 dy
0

(1—r) 0
27 42 ei@ q
j 1—t7 d,u(a) |91(t t2)|> d9> ( )q e gt

| (fo ([ roemn
) ([ 7 (Raee)lgtee))* ) (117t

1 r 21 ) )
< [ ares ( a%h(te”ng(te”)me) (-t
0

N

N

(1=7)Jo
1 - Mgo_l (1+t ) 1 =V t f)
M, — )" tdt < f 0L .
S M e e S e Ml e
Therefore we have shown that
14r
L ML)
apre / T ZONI T 0 1
M ) S )+ 1) S e | T e 0<r<,
provided 1 < ¢ < 2. This together with [12, Corollary 1.6] yields (2.9]).
3. PROOF OF COROLLARY
If the integral SO r)r dr vanishes or diverges then there is nothing to prove, so assume

Séw( )rdr € (0,00). Then there exists R = R(w) € (0,1) such that SR r)rdr > 0. By (LG)
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and Theorem [I] we have

1 1 1 1
fth;M%MWMXL< M2(s 11$07M@+M@@wmmr

0

:f; LrMé’@,f') <1;>p(1_Q) Pt + [ fO)P |w(r)r dr

- f; (L Mz, ) r — 0P 3) dt) w(r)rdr + | f(0)P flw(r)r dr, fel.

0

Moreover, Fubini’s theorem yields

fM”tf (1— (Llw rdr)d
f <J MP(t, f') 1—1&”(1 )dt> r)r dr
. JR <f0 MP(, £) (1 (1) dt) w(r)r dr.

Therefore it suffices to show that

fr MP(t, f) (1 =) dt = fr M, f') (r—t)%dt, R<r<I, (3.1)
0 0

where o = a(p,q) = p(l - %) To see this, fix M = M(w) > 0 such that M > 1/R. If
t < ]\]\4/[:11 € (0,r), then 1 —¢ < M(r —t) < M(1 —t). Moreover, [12, Corollary 1.6] yields

Mr—1
M—1 M—1

quﬂﬁﬁiﬁﬂﬂ“ﬂ:ﬂﬁijlm“4zfr M2t f) (r = 1) dt,

from which [BJ)) follows.
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