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INTEGRAL MEANS OF DERIVATIVES OF UNIVALENT FUNCTIONS IN

HARDY SPACES

FERNANDO PÉREZ-GONZÁLEZ, JOUNI RÄTTYÄ, AND TONI VESIKKO

Abstract. We show that the norm in the Hardy space Hp satisfies

}f}pHp —

ż
1

0

M
p
q pr, f 1qp1 ´ rq

p
´
1´

1

q

¯

dr ` |fp0q|p (†)

for all univalent functions provided that either q ě 2 or 2p

2`p
ă q ă 2. This asymptotic

was previously known in the cases 0 ă p ď q ă 8 and p

1`p
ă q ă p ă 2 ` 2

157
by results

due to Pommerenke (1962), Baernstein, Girela and Peláez (2004) and González and Peláez
(2009). It is also shown that (†) is satisfied for all close-to-convex functions if 1 ď q ă 8. A
counterpart of (†) in the setting of weighted Bergman spaces is also briefly discussed.

1. Introduction and results

Let HpDq denote the space of analytic functions in the unit disc D “ tz P C : |z| ă 1u. For
0 ă p ď 8, the Hardy space Hp consists of those f P HpDq such that

}f}Hp “ sup
0ără1

Mppr, fq ă 8,

where

Mppr, fq “

ˆ
1

2π

ż 2π

0

|fpreiθq|p dθ

˙ 1

p

, 0 ă r ă 1,

is the Lp-mean of the restriction of f to the circle of radius r, and M8pr, fq “ max|z|“r |fpzq|
is the maximum modulus function. The monographs [2] and [5] are excellent sources for the
theory of the Hardy spaces.

An injective function in HpDq is called a conformal map or univalent, and the class of all
such functions is denoted by U . Let S denote the set of f P U normalized such that fp0q “ 0
and f 1p0q “ 1. If f P U , then pf ´ fp0qq{f 1p0q belongs to S. We refer to [3], [11] and [12] for
the theory of univalent functions.

In 1927 Prawitz [13] showed that

Mp
p pr, fq ď p

ż r

0

Mp
8pt, fq

dt

t
, 0 ă r ă 1, 0 ă p ă 8, f P S. (1.1)

This combined with the Hardy-Littlewood [7, p. 411] inequality
ż r

0

Mp
8pt, fqdt ď πrMp

p pr, fq, 0 ă r ă 1, 0 ă p ă 8, f P HpDq, (1.2)

the proof of which can be found in [10, Hilfssatz 1] and [1, p. 841], shows that for each
0 ă p ă 8 we have the well-known asymptotic equality

}f}pHp —

ż 1

0

Mp
8pt, fq dt, f P U . (1.3)

Therefore the containment of f P U in the Hardy space Hp is neatly characterized by the
behavior of its maximum modulus. Another well-known characterization is given in terms of
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Mathematics Subject Classification 2020: Primary 30H10, 30H20; Secondary 30C45.

1

http://arxiv.org/abs/2201.06122v1
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the arc-length. Namely, the image of the circle of radius r centered at the origin under f P U

with fp0q “ 0 is a Jordan curve with zero in its inner domain. The length of this image is
2πrM1pr, f 1q, and therefore

M8pr, fq ď πrM1pr, f 1q, 0 ă r ă 1, f P U , fp0q “ 0. (1.4)

This inequality is in a sense sharp for conformal maps as its proof shows, and it is actually
valid for all analytic functions. Namely, (1.2) applied to f 1 yields

|fpreiθq| ď

ż r

0

|f 1pteiθq| dt ď πrM1

`
r, f 1

˘
, 0 ă r ă 1, f P HpDq, fp0q “ 0.

This combined with the Prawitz’ inequality (1.1) shows that

Mp
p pr, fq ď pπp

ż r

0

M
p
1 pt, f 1qt1´p dt, 0 ă r ă 1, 0 ă p ă 8, f P S.

A kind of converse of this inequality is also valid for some p. Indeed, in 1962 Pommerenke [10,
Satz 4] showed that for 0 ă p ă 2 it holds that

rp
ż r

0

M
p
1 pt, f 1q dt . Mp

p pr, fq, 0 ă r ă 1, f P U , fp0q “ 0.

This asymptotic inequality, (1.3) and (1.4) show that for each 0 ă p ă 2 we have

}f}pHp —

ż 1

0

M
p
1 pt, f 1q dt ` |fp0q|p, f P U . (1.5)

In 2009 González and Peláez [6, Theorem 1] generalized this results to the range 0 ă p ă
2 ` 2

157
, showed that it fails for p ě 100

17
« 5.88, and also observed by using 1967-results due

to Thomas [14] that (1.5) is valid for all 0 ă p ă 8 if U is replaced by its proper subclass
of all close-to-convex (univalent) functions [6, Proposition 1]. Recall that f P HpDq is close-
to-convex if there exists a convex function g such that the real part of the quotient f 1{g1 is
strictly positive on D. The class of close-to-convex functions f normalized such that fp0q “ 0
and f 1p0q “ 1 is denoted by K and it was introduced by Kaplan in 1952, see [3, Chapter 2]
and [11, Chapter 2] for further information. At this point we only mention that an important
subclass of close-to-convex functions is the class of starlike functions. Starlike functions are
conformal maps which map D onto a domain starlike with respect to the origin.

Integral means of derivatives different from M1pr, f 1q appearing in (1.5) can also be used to
characterize univalent functions in Hp. Namely, by combining the 2004-result by Baernstein,
Girela and Peláez [1, Theorem 1] and [6, Theorem 2] due to González and Peláez we deduce

}f}pHp —

ż 1

0

Mp
q pr, f 1qp1 ´ rq

p
´
1´ 1

q

¯

dr ` |fp0q|p, f P U , (1.6)

if either 0 ă p ď q ă 8 or p
1`p

ă q ă p ă 2 ` 2
157

. The main result of this note shows that

these hypotheses can be significantly relaxed in a certain sense.

Theorem 1. Let 0 ă p, q ă 8 such that either 2p
2`p

ă q ă 2 or q ě 2. Then (1.6) is valid.

Moreover, if 0 ă p ă 8 and 1 ď q ă 8, then (1.6) is valid for all close-to-convex functions f .

On one hand, Theorem 1 shows that for q ě 2 there is no restriction on p. On the other
hand, 2p

2`p
P p0, 2q for all 0 ă p ă 8, and hence the range 2p

2`p
ă q ă 2 covers many cases

previously excluded by the requirement p ă 2 ` 2
157

. However, the hypothesis 2p
2`p

ă q is

obviously strictly stronger than p
1`p

ă q for each 0 ă p ă 8. The statement on close-to-

convex functions is a generalization of [6, Proposition 1] concerning the case q “ 1.
The proof of Theorem 1 occupies most of the remaining part of the paper, and it is given in

Section 2. At this point we only mention that we offer two proofs concerning the case q ě 2,
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and one of them reveals that for p ě q we have the asymptotic equality

}f}pHp —

ż 1

0

˜ż

Dp0,rq
∆|f 1|qpzq dApzq

¸ p

q

p1 ´ rqp dr, f P U ,

where, as usual, ∆ stands for the Laplacian. We have not found this asymptotic in the existing
literature and believe that it is of interest.

We next shortly discuss an application of Theorem 1 to Bergman spaces. Let ω : D Ñ r0,8q
such that ωpzq “ ωp|z|q for all z P D, and

ş
D
ωpzq dApzq ă 8, where dApzq denotes the element

of the Lebesgue area measure on D. For 0 ă p ă 8 and such an ω, the weighted Bergman
space A

p
ω consists of f P HpDq such that

}f}p
A

p
ω

“

ż

D

|fpzq|pωpzq dApzq ă 8.

By combining Prawitz’ result (1.1) and the Hardy-Littlewood inequality (1.2), and then inte-
grating over r0, 1q with respect to ωprqr dr, we obtain throught Fubini’s theorem the chain of
inequalities

2

ż 1

0

Mp
8pr, fq

ˆż 1

r

ωptq dt

˙
dr ď }f}p

A
p
ω

ď 2πp

ż 1

0

Mp
8pr, fq

ˆż 1

r

ωptqt dt

˙
dr

r
,

valid for all f P U with fp0q “ 0. Standard arguments then show that

}f}p
A

p
ω

—

ż 1

0

Mp
8pr, fq

ˆż 1

r

ωptqt dt

˙
dr, f P U . (1.7)

We may also transfer (1.6) to the setting of the weighted Bergman spaces as the following
result shows.

Corollary 2. Let 0 ă p, q ă 8 and let ω : D Ñ r0,8q such that ωpzq “ ωp|z|q for all z P D.

Further, assume that one of the following conditions is satisfied:

(i) 0 ă p ď q ă 8;

(ii) p
1`p

ă q ă p ă 2 ` 2
157

;

(iii) q ě 2;

(iv) 2p
2`p

ă q ă 2.

Then

}f}p
A

p
ω

—

ż 1

0

Mp
q pr, f 1qp1 ´ rq

p
´
1´ 1

q

¯ ˆż 1

r

ωptqt dt

˙
dr ` |fp0q|p

ż 1

0

ωprqr dr, f P U . (1.8)

The natural approach that we adopt to obtain (1.8) consists of first applying (1.6) to the
univalent dilatation frpzq “ fprzq appearing in the Bergman space norm of f , and then
changing the order of radial integrations. The problem then no longer involves the weight ω

and the final step is managed by using the fact |f 1pρξq| — |f 1prξq| for all ξ on the boundary
of D and 0 ď r ď ρ ă 1 such that 1 ´ r — 1 ´ ρ. Corollary 2 is proved in Section 3.

The case q “ p of Corollary 2 is of special interest. It states that

}f}p
A

p
ω

—

ż

D

|f 1pzq|pp1 ´ |z|qp´1

˜ż 1

|z|
ωprqr dr

¸
dApzq ` |fp0q|p

ż 1

0

ωprqr dr, f P U . (1.9)

It is well known that this asymptotic equality is valid for all f P HpDq if ω is the standard
radial weight p1 ´ |z|2qα with ´1 ă α ă 8. These kind of asymptotic equalities are known as
Littlewood-Paley formulas. The rough idea behind these asymptotics is that f 1 behaves in a
somewhat similar way as f divided by the distance from the boundary. However, it is known
that all Bergman spaces do not admit this property. Namely, there exist radial weights ω such
that

}f}p
A

p
ω

—

ż

D

|f 1pzq|pp1 ´ |z|qpW pzq dApzq ` |fp0q|p, f P HpDq, (1.10)
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fails to be true for each non-negative radial function W on D unless p “ 2 [9, Proposition 4.3].
However, it was recently discovered in [8, Theorem 5] that (1.10) with W “ ω is valid if and
only if ω satisfies a certain two-sided doubling condition which imposes severe restrictions to
the growth, the decay and the oscillation of the weight. Nevertheless, the asymptotic (1.9)
shows that if we restrict our consideration to univalent functions, then a Littlewood-Paley
formula exists for all weighted Bergman spaces induced by radial weights.

To this end a couple of words about the notation already used. If there exists a constant
C ą 0 such that Apxq ď CBpxq for all x in some set I, then we write either Apxq . Bpxq, x P I,

or Bpxq & Apxq, x P I, and the notation Apxq — Bpxq, x P I, stands for Apxq . Bpxq . Apxq
for all x P I.

2. Proof of Theorem 1

First observe that [4, Theorems 6 and 7] imply

ż 1

0

Mp
8pr, fq dr —

ż 1

0

Mp
8pr, f 1qp1 ´ rqp dr ` |fp0q|p, f P HpDq. (2.1)

Moreover, a careful inspection of the proof of [2, Theorem 5.9] shows that for 0 ă α ă β ď 8
there exists a constant C “ Cpα, βq ą 0 such that

Mβpr, gq ď CMα

ˆ
1 ` r

2
, g

˙
p1 ´ rq

1

β
´ 1

α , 0 ď r ă 1, g P HpDq. (2.2)

By combining (2.1) and (2.2), with β “ 8 and α “ q, we deduce

ż 1

0

Mp
8pr, fq dr .

ż 1

0

Mp
q

`
r, f 1

˘
p1 ´ rqpp1´ 1

q
q
dr ` |fp0q|p “ Ip,qpfq ` |fp0q|p, f P HpDq.

This together with (1.3) yields }f}pHp . Ip,qpfq ` |fp0q|p for all f P U . Observe that this part
of the proof is valid for all 0 ă p, q ă 8.

For the converse implication assume first that 0 ă q ă 2, and write q “ α ` β, where
0 ă α, β ă q. By [12, Proposition 8.1], for each fixed 0 ă p ă 8, we have

ż 2π

0

∆|f |ppreiθq dθ .
M

p
8pr, fq

1 ´ r
,

1

2
ď r ă 1, f P S. (2.3)

Hölder’s inequality and (2.3) yield

2πM q
q pr, f 1q ď

˜ż 2π

0

ˇ̌
ˇ̌f

1preiθq

fpreiθq

ˇ̌
ˇ̌
2

|fpreiθq|α
2

q dθ

¸ q

2
ˆż 2π

0

|fpreiθq|β
2

2´q dθ

˙ 2´q

2

“

ˆż 2π

0

|fpreiθq|
α 2

q
´2

|f 1preiθq|2 dθ

˙ q

2
ˆż 2π

0

|fpreiθq|
2β

2´q dθ

˙ 2´q

2

.
Mα

8pr, fq

p1 ´ rq
q

2

ˆż 2π

0

|fpreiθq|
2β

2´q dθ

˙ 2´q

2

,
1

2
ď r ă 1, f P S.
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Another application of Hölder’s inequality gives

Ip,qpfq .

ż 1

1

2

Mp
q

`
r, f 1

˘
p1 ´ rq

pp1´ 1

q
q
dr

.

ż 1

1

2

M
α p

q

8 pr, fq

ˆż 2π

0

|fpreiθq|
2β

2´q dθ

˙2´q

2

p

q

p1 ´ rqp
q´2

2q dr

.

ˆż 1

0

Mp
8pr, fq dr

˙α
q

¨
˝

ż 1

0

ˆż 2π

0

|fpreiθq|
2β

2´q dθ

˙p
2´q

2β

p1 ´ rq
´p

2´q

2β dr

˛
‚

β

q

—

ˆż 1

0

Mp
8pr, fq dr

˙α
q

ˆż 1

0

Mp
s pr, fqp1 ´ rq´ p

s dr

˙β

q

,

(2.4)

where s “ 2β
2´q

. Our hypothesis q ą 2p
2`p

allows us to choose p2´qqp
2

ă β ă q which guarantees

s ą p. Now [4, Theorems 6 and 7] imply

ż 1

0

Mp
s pr, fqp1 ´ rq´ p

s dr —

ż 1

0

Mp
s pr, f 1qp1 ´ rqpp1´ 1

s q dr ` |fp0q|p, f P HpDq, (2.5)

where the right-hand side is comparable to }f}pHp for all f P U by (1.6). Therefore (2.4), (2.5),
(1.6) and (1.3) give Ip,qpfq . }f}pHp for all f P S. An application of this to pf ´ fp0qq{f 1p0q
gives the assertion for f P U .

Assume now that 2 ď q ă 8. We offer two different proofs of which the first one is valid for
all 0 ă p ă 8 and the second one only for q ď p. The importance of the second proof lies in
the fact that it allows us to characterize univalent functions in Hp in terms of the Laplacian
of |f 1|q. The first proof is pretty straightforward and reads as follows. It is well-known [2,
Chapter 5] that for each fixed 0 ă p ď 8 we have

Mppr, f 1q .
Mp

`
1`r
2
, f

˘

1 ´ r
, 0 ă r ă 1, f P HpDq. (2.6)

By applying (2.6), with p “ 8, and (2.3) we deduce

Ip,qpfq —

ż 1

1

2

Mp
q

`
r, f 1

˘
p1 ´ rqpp1´ 1

q
q
dr

.

ż 1

1

2

`
M8pr, f 1q

˘pq´2qp

q

ˆż 2π

0

|f 1preiθq|2 dθ

˙p

q

p1 ´ rqpp1´ 1

q
q
dr

.

ż 1

0

`
M8

`
1`r
2
, f

˘˘pq´2qp

q

p1 ´ rq
pq´2qp

q

ˆ
M2

8pr, fq

1 ´ r

˙ p

q

p1 ´ rq
pp1´ 1

q
q
dr

.

ż 1

0

Mp
8

ˆ
1 ` r

2
, f

˙
dr .

ż 1

0

Mp
8 pr, fq dr, f P S.

This together with (1.3) yields Ip,qpfq ` |fp0q|p . }f}pHp for all f P U .
The first step towards the second proof is to estimate Ip,qpfq upwards for all f P HpDq, and

it is valid on the range 0 ă p
p`1

ă q ď p ă 8, that is, 0 ă pp1 ´ 1
q
q ` 1 ď p. An integration
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by parts and Hölder’s inequality show that

Ip,qpfq .

ż 1

0

B

Br
Mp

q pr, f 1qp1 ´ rq
pp1´ 1

q
q`1

dr ` |f 1p0q|p

“
p

q

ż 1

0

Mp´q
q pr, f 1q

ˆ
B

Br
M q

q pr, f 1q

˙
p1 ´ rq

pp1´ 1

q
q`1

dr ` |f 1p0q|p

. pIp,qpfqq
p´q

p

˜ż 1

0

ˆ
B

Br
M q

q pr, f 1q

˙ p

q

p1 ´ rqp dr

¸ q

p

` |f 1p0q|p, f P HpDq,

and it follows that

Ip,qpfq .

ż 1

0

ˆ
B

Br
M q

q pr, f 1q

˙ p

q

p1 ´ rqp dr ` |f 1p0q|p, f P HpDq, (2.7)

provided 0 ă pp1 ´ 1
q
q ` 1 ă p. The next step is to estimate B

BrM
q
q pr, f 1q for f P U , and this is

done in three separate cases. If q ě 4, then (2.6), with p “ 8, yields

2πr
B

Br
M q

q pr, f 1q “ q2
ż

Dp0,rq
|f 1pzq|q´2|f2pzq|2 dApzq

ď q2M2
8pr, f2qM q´4

8 pr, f 1q

ż

Dp0,rq
|f 1pzq|2 dApzq

.
M

q´2
8

`
1`r
2
, f 1

˘

p1 ´ rq2
M2

8pf, rq .
M

q
8

`
3`r
4
, f

˘

p1 ´ rqq
, 0 ă r ă 1, f P U .

If 2 ă q ă 4, then Hölder’s inequality and (2.6), first with p “ 4
4´q

and then for p “ 8, yield

2πr
B

Br
M q

q pr, f 1q ď q2

˜ż

Dp0,rq
|f 1pzq|2 dApzq

¸ q´2

2

˜ż

Dp0,rq
|f2pzq|

4

4´q dApzq

¸ 4´q

2

. M q´2
8 pr, fq

¨
˚̊
˝

ż r

0

M
4

4´q

4

4´q

`
1`s
2
, f 1

˘

p1 ´ sq
4

4´q

ds

˛
‹‹‚

4´q

2

.
M

q´2
8 pr, fq

p1 ´ rq2

ˆ
M8

ˆ
1 ` r

2
, f 1

˙˙ 4´q

2

´
4

4´q
´2

¯

M4´q
8

ˆ
1 ` r

2
, f

˙

ď
M2

8

`
1`r
2
, f

˘

p1 ´ rq2
M q´2

8

ˆ
1 ` r

2
, f 1

˙

.
M

q
8

`
3`r
4
, f

˘

p1 ´ rqq
, 0 ă r ă 1, f P U .

In the case q “ 2, (2.6), with p “ 2, gives

2πr
B

Br
M2

2 pr, f 1q “ 4

ż

Dp0,rq
|f2pzq|2 dApzq .

ż r

0

M2
2

`
1`s
2
, f 1

˘

p1 ´ sq2
ds

.
M2

8

`
1`r
2
, f

˘

p1 ´ rq2
, 0 ă r ă 1, f P U .

Therefore we have shown that, for each fixed 2 ď q ă 8, we have

2πr
B

Br
M q

q pr, f 1q “

ż

Dp0,rq
∆|f 1|qpzq dApzq .

M
q
8

`
3`r
4
, f

˘

p1 ´ rqq
, 0 ă r ă 1, f P U . (2.8)
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This estimate together with (2.7) and (1.3) yields

Ip,qpfq .

ż 1

1

2

ˆ
B

Br
M q

q pr, f 1q

˙ p

q

p1 ´ rqp dr ` |f 1p0q|p .

ż 1

0

Mp
8

ˆ
3 ` r

4
, f

˙
dr ` |f 1p0q|p

.

ż 1

0

Mp
8 pr, fq dr ` |f 1p0q|p . }f}pHp , f P U .

This finishes the proof of (1.6) for q ě 2.
It remains to prove the assertion for close-to-convex functions. Since we have already shown

that }f}pHp . Ip,qpfq ` |fp0q|p for all f P U , and this is valid for all 0 ă p, q ă 8, it remains
to estimate Ip,qpfq upwards to }f}pHp. We claim that for 1 ď q ă 8, ε ą 0 and for all
close-to-convex functions f we have

M q
q pr, f 1q .

1

p1 ´ rqε

ż r

0

M
q
8pt, fq

p1 ´ tqq´ε
dt,

1

2
ď r ă 1, (2.9)

the proof of which is postponed for a moment. Let p´q
q

ă x ă p, and pick up ε “ εpp, qq ą 0

such that x ă pp1 ´ ε
q
q. Then (2.9), Hölder’s inequality and Fubini’s theorem yield

Ip,qpfq .

ż 1

1

2

˜ż r

0

M
q
8pt, fq

p1 ´ tqq´ε´ qx

p

p1 ´ tq
´ qx

p dt

¸ p

q

p1 ´ rq
pp1´ 1`ε

q
q
dr

ď

ż 1

0

M
p
8pt, fq

p1 ´ tq
p´ εp

q
´x

¨
˝

ż 1

t

˜ż r

0

ds

p1 ´ sq
qx

p´q

¸ p´q

q

p1 ´ rq
pp1´ 1`ε

q
q
dr

˛
‚dt

—

ż 1

0

M
p
8pt, fq

p1 ´ tq
p´ εp

q
´x

˜ż 1

t

dr

p1 ´ rq
x`1´p` pε

q

¸
dt .

ż 1

0

Mp
8pt, fq dt,

and we are done by (1.3).
It remains to prove (2.9). If 2 ď q ă 8, this, with ε “ 0, follows from the estimate (2.8)

by integrating. Namely, [12, Corollary 1.6] shows that |f 1pρξq| — |f 1prξq| for all ξ on the
boundary of D and 0 ď r ď ρ ă 1 such that 1 ´ r — 1 ´ ρ, provided f P U , and hence
Mqpr, f 1q — Mqpρ, f 1q. This together with (2.8) and (2.6) imply

M q
q

ˆ
3 ` r

4
, f 1

˙
— M q

q pr, f 1q .

ż r

0

M
q
8

`
3`t
4
, f

˘

p1 ´ tqq
dt ` |f 1p0q|q

.

ż 3`r
4

3

4

M
q
8 pt, fq

p1 ´ tqq
dt ` M q

q

ˆ
1

2
, f

˙
.

ż 3`r
4

0

M
q
8 pt, fq

p1 ´ tqq
dt, 0 ă r ă 1.

Further, by the proofs of [14, Theorems 2 and 3] we have (2.9) for q “ 1 with ε “ 0. Since the
right-hand side of (2.9) is increasing, it remains to consider the case 1 ă q ă 2. To do this, we
use ideas from [14]. Since f is close-to-convex, Alexander’s theorem [3, Theorem 2.12] implies

that there exists a starlike function g such that ℜ zf 1pzq
gpzq ą 0 for all z P D. Write hpzq “ zf 1pzq

gpzq

for all z P D. Then

rq
ż 2π

0

|f 1preiθq|q dθ “

ż 2π

0

|gpreiθqhpreiθq|q dθ

.

ż 2π

0

ˆż r

0

|g1pteiθqhpteiθq| dt

˙q

dθ `

ż 2π

0

ˆż r

0

|gpteiθqh1pteiθq| dt

˙q

dθ

“ I1prq ` I2prq.

Since g is starlike, there exists ϕ such that ℜϕ ą 0 and zg1pzq “ gpzqϕpzq for all z P D. Hence

I1prq “

ż 2π

0

ˆż r

0

|g1pteiθqhpteiθq| dt

˙q

dθ “

ż 2π

0

ˆż r

0

|f 1pteiθqϕpteiθq| dt

˙q

dθ.
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Let x “ ε`q´1
q

ą 0. Observe that | pϕpnq| . 1 because ℜϕ ą 0. This together with Hölder’s

inequality, Fubini’s theorem, (2.3), (2.6) and Parseval’s identity yields

I1prq “

ż 2π

0

ˆż r

0

|f 1pteiθqϕpteiθq|p1 ´ tqxp1 ´ tq´x dt

˙q

dθ

.
1

p1 ´ rqε

ż r

0

ˆż 2π

0

|f 1pteiθqϕpteiθq|q dθ

˙
p1 ´ tqq´1`ε dt

.
1

p1 ´ rqε

ż r

0

M q´1
8 pt, f 1qM q´1

8 pt, ϕq

¨

ˆż 2π

0

|f 1pteiθq|2 dθ

˙1

2
ˆż 2π

0

|ϕpteiθq|2 dθ

˙1

2

p1 ´ tqq´1`ε dt

.
1

p1 ´ rqε

ż r

0

M
q´1
8

`
1`t
2
, f

˘

p1 ´ tqq´1

˜
ÿ

n

| pϕpnq|tn

¸q´1

¨

ˆ
M2

8pt, fq

1 ´ t

˙ 1

2

˜
ÿ

n

| pϕpnq|2t2n

¸ 1

2

p1 ´ tqq´1`ε dt

.
1

p1 ´ rqε

ż r

0

M
q
8

`
1`t
2
, f

˘

p1 ´ tqq´ε
dt .

1

p1 ´ rqε

ż 1`r
2

0

M
q
8 pt, fq

p1 ´ tqq´ε
dt.

Since ℜh ą 0, there exists an increasing function µ such that

hpzq “
1

2π

ż 2π

0

1 ` ze´iα

1 ´ ze´iα
dµpαq,

1

2π

ż 2π

0

dµpαq “ 1.

Hence

h1pzq “
1

π

ż 2π

0

e´iα

p1 ´ ze´iαq2
dµpαq.

By using [14, Lemma 2] and (2.6) it follows that

I2prq .
1

p1 ´ rqε

ż r

0

ˆż 2π

0

|gpteiθqh1pteiθq|q dθ

˙
p1 ´ tqq´1`ε dt

ď
1

p1 ´ rqε

ż r

0

ˆż 2π

0

ˆż 2π

0

1 ´ t2

|1 ´ teiθe´iα|2
dµpαq

|gpteiθq|

1 ´ t2

˙q

dθ

˙
p1 ´ tqq´1`ε dt

ď
1

p1 ´ rqε

ż r

0

ˆż 2π

0

´
ℜhpteiθq|gpteiθq|

¯q

dθ

˙
p1 ´ tqε´1 dt

.
1

p1 ´ rqε

ż r

0

M q´1
8 pt, f 1q

ˆż 2π

0

ℜhpteiθq|gpteiθq| dθ

˙
p1 ´ tqε´1 dt

.
1

p1 ´ rqε

ż r

0

M
q´1
8

`
1`t
2
, f

˘

p1 ´ tqq´1
M8pr, fqp1 ´ tqε´1 dt .

1

p1 ´ rqε

ż 1`r
2

0

M
q
8 pt, fq

p1 ´ tqq´ε
dt.

Therefore we have shown that

rqM q
q pr, f 1q . I1prq ` I2prq .

1

p1 ´ rqε

ż 1`r
2

0

M
q
8 pt, fq

p1 ´ tqq´ε
dt, 0 ă r ă 1,

provided 1 ă q ă 2. This together with [12, Corollary 1.6] yields (2.9).

3. Proof of Corollary 2

If the integral
ş1
0
ωprqr dr vanishes or diverges then there is nothing to prove, so assumeş1

0
ωprqr dr P p0,8q. Then there exists R “ Rpωq P p0, 1q such that

ş1
R
ωprqr dr ą 0. By (1.6)
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and Theorem 1 we have

}f}p
A

p
ω

—

ż 1

R

}fr}pHpωprqr dr —

ż 1

R

ˆż 1

0

Mp
q ps, f 1

rqp1 ´ sq
p

´
1´ 1

q

¯

rp ds ` |frp0q|p
˙
ωprqr dr

“

ż 1

R

¨
˝

ż r

0

Mp
q pt, f 1q

ˆ
1 ´

t

r

˙p
´
1´ 1

q

¯

rp´1 dt ` |fp0q|p

˛
‚ωprqr dr

—

ż 1

R

ˆż r

0

Mp
q pt, f 1q pr ´ tq

p
´
1´ 1

q

¯

dt

˙
ωprqr dr ` |fp0q|p

ż 1

0

ωprqr dr, f P U .

Moreover, Fubini’s theorem yields

ż 1

0

Mp
q pt, f 1q p1 ´ tq

p
´
1´ 1

q

¯ ˆż 1

t

ωprqr dr

˙
dt

“

ż 1

0

ˆż r

0

Mp
q pt, f 1q p1 ´ tq

p
´
1´ 1

q

¯

dt

˙
ωprqr dr

—

ż 1

R

ˆż r

0

Mp
q pt, f 1q p1 ´ tq

p
´
1´ 1

q

¯

dt

˙
ωprqr dr.

Therefore it suffices to show that
ż r

0

Mp
q pt, f 1q p1 ´ tqα dt —

ż r

0

Mp
q pt, f 1q pr ´ tqα dt, R ď r ă 1, (3.1)

where α “ αpp, qq “ p
´
1 ´ 1

q

¯
. To see this, fix M “ Mpωq ą 0 such that M ą 1{R. If

t ď Mr´1
M´1

P p0, rq, then 1 ´ t ď Mpr ´ tq ď Mp1 ´ tq. Moreover, [12, Corollary 1.6] yields

ż r

Mr´1

M´1

Mp
q pt, f 1q p1 ´ tqα dt — Mp

q pr, f 1qp1 ´ rqα`1 —

ż r

Mr´1

M´1

Mp
q pt, f 1q pr ´ tqα dt,

from which (3.1) follows.
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