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ON THE RELATIVE OPERS IN DIMENSION ONE

ANOOP SINGH AND ABHITOSH UPADHYAY

ABSTRACT. We investigate the relative opers over the complex analytic family of com-
pact complex manifolds of relative dimension one. We introduce the notion of relative
opers arising from the second fundamental form associated with a relative holomorphic
connection. We also investigate the relative differential operators over the complex ana-
lytic family of compact complex manifolds whose symbol is the identity automorphism.
We show that the set of equivalent relative opers arising from the second fundamental
form is in bijective correspondence with the set of equivalent relative differential opera-
tors whose symbol is the identity automorphism.

1. INTRODUCTION

The notion of opers were introduced by Beilinson, and Drinfeld in [1], [2]. In fact the germ
of this notion was already introduced in the work of Drinfeld and Sokolov in [3],[4]. Since
then there have been lot of study on this, especially in the realm of mathematical physics.
There are certain opers arising naturally as limits of Higgs bundles in the Hitchin com-
ponents [I4]. Also, there is a profound applications of opers to the geometric Langlands
program [6], [12]. Moreover, in [5], Biswas introduced the notion of coupled connection
over a compact Riemann surface, which is nothing but the GL(n, C)-opers arising from
the second fundamental form associated with a holomorphic connection.

Motivated by these, in this article we introduce the notion of relative opers or relative
GL(n, C)-opers over the complex analytic family of compact complex manifolds, and gen-
eralise results from [5] in the relative context. For the theory of complex analytic family of
compact complex manifolds see [13]. The generalisation in the relative setup is important
because the relative opers may correspond to the relative projective structures on the
family of compact Riemann surfaces, as this correspondence holds for the absolute setup,
that is, there is a correspondence between PGL(2, C) opers and projective structures. For
the relative projective structures see [7, Section 7]. In addition, it would not be very
difficult to show that the relative SL(2)-opers gives rise to relative projective structures
as defined in [7, Section 7]. Moreover, the space of differential operators plays a crucial
role while establishing the correspondence between the space of opers and the space of
projective structures on a compact Riemann surface (see [5, Section 6, Theorem 6.1]).
Therefore, it is interesting to see firstly the correspondence between relative opers and
relative differential operators.

A Complex analytic family of compact complex manifold is equivalent to a surjective
holomorphic proper submersion 7 : X — S between complex manifolds X and S. Further
we assume that the relative dimension is one, which is same as saying each fibre of 7 is
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of dimension one, that is, a compact Riemann surface. Many results in this article are
also true in the higher relative dimension. Therefore, we mention explicitly if the relative
dimension is > 1 or exactly 1. We work in analytic category.

In section 2 we define a relative oper over m : X — S, the surjective holomorphic
proper submersion of relative dimension 1. A relative oper is also called a S-oper. Let
E be a holomorphic vector bundle over X, and V a relative holomorphic connection on
E. Let F be a subbundle of E. Then, we have the second fundamental form Bx,s(F, V)
associated with the relative holomorphic connection V and subbundle F' (see subsection
2.1). The second fundamental form Bx,s(F, V) gives a filtration (Z2) of E' by subbundles
of E starting from F'| see Proposition B2l We also define the relative oper associated
with the second fundamental form Bx,s(F, V). There is a natural notion of equivalence
of two relative opers, and we consider the set Dp,fF F(X/8) of equivalent relative opers
associated with the second fundamental form, where £ is a positive integer and stands for
the length of the filtration.

In section [3] we recall the definitions of relative jet bundle, relative differential operator
and relative holomorphic connection. We also state some results from [§] in the relative
context necessary to prove theorems in the subsequent sections.

In section ], we construct the relative opers arising from the differential operators whose
symbol is an identity automorphism. The first thing is to construct a relative holomorphic
connection from the above mentioned differential operators, more precisely we prove the
following (see Proposition [.1]).

Proposition 1.1. Let 7 : X — S be a surjective holomorphic proper submersion of
complex manifolds of relative dimension > 1. For k > 1, let

P:E— Syka}X/S ®F
be a relative differential operator of order k with symbol
O'k(P) =15 € HO(X, SykaX/S (029 Endox (E)),

the identity isomorphism of E, where oy, is in [B.8). Then, P induces a relative holomor-
phic connection Vp on (k — 1)-th relative jet bundle Jf(?é(E) associated with E.

In view of above Proposition [[LT| we conclude the following result (see Corollary [A.3])
which is restatement of the Theorem

Theorem 1.2. Let m: X — S be a surjective holomorphic proper submersion of complex
manifolds of relative dimension 1. For k > 1, let P : £ — Symkﬂk/s ® E be a relative
differential operator of order k with symbol as identity morphism 1g of E. Then the
triple (Jf&é(E),Vp, {K;}) is a relative oper associated to the second fundamental form
BX/S(Symk*Qﬁ(/S@E, Vp), where V p is the relative holomorphic connection on Jf&é(E)
arising from P in Proposition [11.

By a triple (E, P,ox(P) = 1g), we mean that relative differential operators of order k
from E to SymFQL s OF whose symbol is the identity automorphism 1z of E. Again

there is a natural notion for the equivalence of such triples (see end of the section []). Let
Diff,(X/S) be the set of equivalent triples of the form (£, P, oy(P) = 1g).
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Now, in view of Theorem [[.2] we get a map (see (£I13))
T : Diffi(X/S) — Op""(X/S5) (1.1)
defined by sending (F, P, oy (P) = 1g) to (Jf&é(E), Ve, {K;}). We will show that T is a
bijective map (see Theorem [5.3)).

In the last section [5, we show the bijective correspondence between Diff,(X/S) and

Op? 7 (X/S) by constructing an inverse map of Y. In particular, we show the following
(see Theorem [B.1])

Theorem 1.3. Let m: X — S be a surjective holomorphic proper submersion of complex
manifolds of relative dimension 1. Let (E,V,EY) be the relative oper associated to the
second fundamental form Px;s(F, V). Then, there exists a relative differential operator

Py:Q— Sykaﬁg/s ® Q. (1.2)

of order k such that op(Py) = 1o, where Q = E/Fy_1, and Fy_1 is the last subbundle in
the filtration EI in ([2.2).

2. RELATIVE OPERS

In this section we define the notion of relative oper following [2]. Let 7 : X — S be a
surjective holomorphic proper submersion of relative dimension 1. Then the sheaf Q% /s
of relative holomorphic 1-forms is a locally free sheaf of rank 1, equipped with a universal
S-derivation

dx/g : OX — Q?X/S?
that is dx/g is a 7 1Og4- linear map and satisfies the Leibniz rule.

A relative oper or S-oper is a triple (E, V, E,) where

(1) E is a holomorphic vector bundle over X.
(2) V is a relative holomorphic connection on E, that is,

is a 77 1Og-linear map, which satisfies the Leibnitz identity
V(fs) = fV(S) + dx/s(f)s,

where f is a local section of Ox and s is a local section of F.
3)Ey: 0=EyCE, C---CE,CE,=FEis afiltration by subbundles of F
called S-oper flag.

These data have to satisfy the following conditions:

(1) V(E) CEip1 ® Qﬁ(/s for1<i<n-—1
(2) The induced maps

Ei v Ein 1
o — E, ®QX/S

are isomorphism for 1 <7 <n — 1.
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Given an S-oper (E,V, E,), we denote
Q=FE/E, 1.
We define respectively the degree, type and length of a relative oper (E, V, E,) as follows
deg(E,V, E,) := deg(E),
type(E, V, E,) :=rk(FE),
length(E, V, E,) := n.

We say that two relative opers (E,V, E,) and (E’, V', E.) of same length n are equiv-
alent if there exists a holomorphic isomorphism

a:E— FE
such that the diagram
E Y E® QY (2.1)
o |t
E Ve B ® Qs

commutes, and « preserves the filtration, that is, a(E;) = E! for every 1 <i < n.
Let Op,,(X/S) denote the set of all equivalent relative opers over X/S of length n.

2.1. Second fundamental form (SFF) and relative oper

Let £ = X 5 S be a holomorphic vector bundle equipped with a relative holomorphic
connection V. Let F' be a subbundle of E. The second fundamental form of I’ with
respect to relative holomorphic connection V on FE is the following composition

1,1 ®gq
2%/s

FLYEYS O s0E —" 0k g0 (E/F),

denoted by
Bxs(F,V) = (g1, ©@q)o Vo,

where ¢ : E — E/F is the natural projection. In view of the Leibnitz identity, the
second fundamental form fx/g(F, V) is an Ox-linear map. The following proposition is
true for any relative dimension.

Proposition 2.1. The second fundamental form Bx;s(F, V) induces a filtration
Ef:0=F,cFh =FCFKCFC---F, CF,CE, (2.2)
of E by subbundles.

Proof. Since fx/g(F, V) is an Ox-linear map, we have
Bx/s(F,V) € H'(X,Homoy(Tx/s ® F, E/F)).

Let
E/F

B B s (B V) (Ts @ F)
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be the torsion part of the cokernel of Sx/g(F, V). We have the natural projection
E/F
Bx/s(F,V)(Tx/s @ F)’

and the inverse image P under the above projection is the unique subbundle of E/F of
minimal rank containing the image Bx/s(F, V)(Tx/s ® F).

Denote this subbundle of E/F by F’. The inverse image
g H(F) = F

E/F —

is the subbundle of E containing F'.

Now, we replace F' by F,, and repeat the above construction, that is, we get second
fundamental form SBx,s(F5, V) of Fy with respect to V, and above process give us a
subbundle F3 and so on. Since E is a vector budle of finite rank, the iterated construction
of filtration stabilizes. O

Remark 2.2. We have following observation from above construction.

(1) The relative holomorphic connection V maps F; to Fj1 ® 5 /s for every 1 <1 <
n—1.

(2) F is preserved by V if and only if n = 1.

(3) The last subbundle, i.e., F,, is preserved by V, if not, we get another subbundle
Fn+1 of .

(4) The second fundamental forms for the subbundles {F;} in the filtration (2.2) of F
give a homomorphism of vector bundles

o Fy/Fioy — Qs © (Fia /F) (2.3)

for each 7 = 1,2,---,n—1, that is, oy coincides with fx/g(F, V), ay coincides with
Bx/s(F2, V) and so on.
(5) The filtration (Z.2]) may stabilize to a proper subbundle of E.

The triple (E,V, EL) is called the relative oper associated with the second fun-
damental form fy,s(F, V) if the corresponding filtration in (Z2) has the property that
F,, = E. that is, filtration does not stabilize to a proper subbundle of £ and the homo-
morphism

o Fi/Fiy — Qﬁ(/s ® (Fiy1/Fi)
is an isomorphism for all 1 = 1,---,n — 1.

If S is a single point, then X is a compact Riemann surface and in that case the triple
(E,V, F) is called coupled connection [5].

We say that two relative opers (£, V1, Ef 1) and (FEs, Vs, Ef 2) associated to the second
fundamental forms Bx/s(F1, Vi) and Bx/s(Fs, Vo) respectively, are equivalent if there is
a holomorphic isomorphism ¢ : £y — Ey such that ¢(F}) = F;, and the following diagram

® l¢®193</s
VQ 1
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commutes.

Since ¢ is an isomorphism and it maps F} onto Fy, and above digram (2.4]) commutes,
we have
length(E;, Vi, EfL) = length(Es, Vs, E532).

Let Op2F¥(X/S) be the set of all equivalent relative opers associated with some second

fundamental form. Then Op>**(X/S) € Op,(X/S). Our aim is to classify all relative

n
opers associated with some second fundamental form in terms of certain type of relative

differential operators.

3. RELATIVE JET BUNDLES, RELATIVE DIFFERENTIAL OPERATORS AND RELATIVE
HOLOMORPHIC CONNECTIONS

In this section, we recall the notion of relative jet bundles, relative differential operators
and relative holomorphic connections on a holomorphic vector bundle. We also state some
results which we will use to show our main theorem.

3.1. Relative Jet bundle

Let 7 : X — S be a surjective proper submersion of complex manifolds with relative
dimension [ > 1. Also, assume that dimension of X is m and dimension of S is n. Then,
m—n =1 Let EZ X 5 S be a holomorphic vector bundle. We define a bundle
associated to E, called the relative jet bundle as follows. Consider the following

Jxss(E) = E & (E® Q/g)
as 7 'Og-module. We equip J /S(E) with a right Ox-module structure

(s,0)- f:=(fs, fo+s@dx/sf),
where s is a local section of E, f is a local section of Ox and o is a local section of
E® Q% /5 We shall always consider J g /s(E) with this right Ox-module structure, and
call it first order relative jet bundle (see [9]) . This first order relative jet bundle

Jy /s(E) fits into the following short exact sequence
0— E® Qs — Jx5(E) & E— 0, (3.1)

of Ox-modules. Note that the short exact sequence (B.]) need not be holomorphically
splitting as an Ox-modules. We will see that the holomorphic splitting of (B.]) is equiv-
alent to the fact that £ admits a relative holomorphic connection.

We now define higher order relative jet bundle and describe some of its functorial
property. Consider the second order relative jets

Jg{/s(E) = J}(/S(E) ®(E® Syng_lX/S) =Ea(E® Q}X/S) ®(E® S?JWZQﬁ(/S)
as 7' Og-module, where Sym?Qy ¢ denotes the second symmetric power of QY .
Note that the relative derivation dy/g : Ox — Q /s induces naturally the quadratic
differential dg?}s D Ox — Sym*Qy -
Now, we express the quadratic differential dg} ¢ in terms of local coordinates. Let v € X
be a point and let (U, ¢ = (z1, ---, 2, Zi41, *** , Z14n)) be a holomorphic chart on X
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around x. Then, {dz; | 1 < i < [} is an Oy-basis of QQ/S\U. Since 7 : X — Sis a
holomorphic proper submersion of relative dimension [ > 1, for any holomorphic function
f on U, we have

dxss(f) =) a—fdzi. (3.2)

Now, using the local basis for Sym?Q, /g Over the holomorphic chart (U, ¢), we can express

the quadratic differential d') (f) in the local co-ordinates (U, ¢) as follows

X/S

(2)

where © denotes the symmetric product.

The right Ox-module structure on J3 /s(E) is defined as follows

(s,0,7)- f=(fs, fo+s®@dx/sf, fT+a®dX/gf+s®d /sf)
Here c®dx/s f, we mean that the image of c®@dx/sf € E@Q ,g@0y /g in E@Sym®Qy /g
under the symmetrization map
E® Q%{/S ® Qﬁqs — E® Sym*Qk%.
It is easy to verify that the right Ox-module structure on J% / s(F) is independent of the
local coordinate system.

Inductively we define k-th order relative jets for k£ > 1 as follows.
J%s(E) = J?(?é(E) & (B ® Sym" Q)

as 7 'Og-module and Sym*QL /s denote the k-th symmetric powers of Qy .

Let dg/s

derivation dx/s. Then, dg?/s
above as follows

Ox — Sym’Q} /s be the j-th order differential induced from the relative

(f) can be expressed in the local coordinates (U, ¢) considered

d) dzi, © - O dz .

X/S ]IZaZ“.. zi, i © © az;

Let (so,s1, -+, Sk) be a section of Jf(/S(E) with s; are local section of £ ® Symiﬂﬁ(/s for
every ¢ = 0,...,k. Then, for any f a local section of Oy, we set

(807 S, Sk) . f = (t()utlu te '7tk>7

where ¢; is a local section of E ® Sym'(; /s given by the following expression

t; —Zs]®dx/s

Also, the right Oy-module structure on J% /S(E) is independent of the local coordinate

system. See [9] for more details on higher order relative jet bundles and higher order
differentials.
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In view of the definition of higher order relative jets J% / s(F) associated with F, we get
an exact sequence

k
0 — E @ Sym* QY s — J&/5(B) 2 T3 4(E) — 0 (3.3)

of Ox-modules, for every k& > 1. The short exact sequence (B.3) in general does not
holomorphically split as an Ox-modules, although it splits holomorphically as 7= 1Og-
modules.

Let F' be another holomorphic vector bundle over X/S, and ® : E — F a holomorphic
homomorphism. Then from the above definition of relative jet bundle, it is immediate
that ® : E — F induces a homomorphism

T%s(®) 1 Iy s(B) — J%/5(F),
for each k£ > 0 and the corresponding diagram of homomorphisms

ke+1 Tx)s(®) k+1
JX/S(E> JX/S(F) (3.4)

l Th/s(®) l

Txss(E) Txss(F)

is commutative, where the vertical arrows are natural projections defined in (3.3).

For any integer £ > 0, from the definition of relative jet bundle and injective homo-
morphism in the short exact sequence (3.3))

E ® Sym*QY,s — Jx/s(E),
there is a natural injective homomorphism of vector bundles
0+ T5AE) — Ths(T%s(E). (35)
Note that for £ = 0, 4 is an isomorphism. We will explicitly describe 6 for k = 1. We
have the natural projection (see (3.]))
pe: Jx5(E) — E.
The above projection induces a morphism
J)I(/s(pE) : J)l(/S(J)I(/S(E>> — J)I(/S(E)'
Next, consider the equation (3.1]) and replacing E by J} /S(E), we get another map
(E) J)lc/s(J)l(/s(E)) — J)lc/s(E)-

Note that J}US(pE) and PJy, o(E) both projects to F under the composition with the

by

1
X/S
projection pp : Jy,g(E) — E. Therefore,

Jx)s(pE) — P, y(m) Ixss(Txs(E)) — E @ Qx5 C Jx/s(E).
Now consider 6 defined in equation (3.H) for k = 1, then

Im(0) = Ker(J;(/s(PE) - pJ}(/S(E))'
It should be noted that the diagram
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Tys(Txjs(E)) Tyjs(E) (3.6)
Tk s (& g(B)) < TNS(E)

does not commute (unless £ =0 or k = 0).

3.2. Relative differential operators
In this section, we follow [10] and [I5] to recall the definition of finite order relative
differential operators, and symbol map associated with it.

Let £ and F be two vector bundles over X = S. Let k > 0 be any integer. A k-th order
relative differential operator (or S-differential operator) is a 77! Og-linear homomorphism

P.E—F
such that for any open subset U C X and for any f € Ox(U), the bracket
[Plu, f] : Elv — Flu
defined as
[Plu, flv(s) = Pv(flvs) — flvPv(s)
is a relative differential operator of order (k — 1), for any open subset V' C U, and for all

s € E(V). For the case k = 0, we define a relative differential operator to be an Ox-linear
map from E to F'.

Let Homg(E, F) be the sheaf of 77! Og-linear morphism from E to F. Then Homg(E, F)
has Ox-bimodule structure defined as follows:

For every local sections f of Ox, and P of Homg(E, F), the S-linear morphisms fP
and P f are respectively, given by

fP(a) = f(P(a)) and Pf(a)= P(fa),

where « is a local section of E. The first operation gives the left and second gives the
right Ox-module structure on Homg(E, F'). Unless and otherwise stated we always use
left Ox-module structure on Homg(E, F).

Let Difff(F, F) denote the set of all S-differential operators from E to F of order k.
For any open subset U of X, the assignment

U — Diff%(E|y, Flv)

is the sheaf of S-differential operators over X of order k. This sheaf is denoted by
Diff(E, F) and this is an Ox-subbimodule of Homg(E, F). We have following in-
creasing chain of inclusions of subsheaves of Homg(E, F)

Homo, (E, F) C Diff s(E, F) C Diffs(E, F) C --- C Homgs(E, F).
From [8, Proposition 4.2], we have the following symbol exact sequence,
0 — Homoy (E, F) 5 Diff s(E, F) =5 Tx/s @ Homoy (E, F) — 0, (3.7)

where oy is the symbol map.
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The above symbol exact sequence also makes sense for the higher order differential
operator (see [I5, Chapter 2, Definition 7.15, Definition 7.18]) and can be given as follows

0 — Diffs (E, F) = Diff (E, F) =% Sym*Tx/s ® Homo, (B, F) — 0, (3.8)
where o denotes the k-th order symbol map.
Remark 3.1. For a morphism 7 : X — S of complex analytic spaces or complex algebraic

varieties, the theory of relative principal parts of order n denoted as P_g?/)s has been de-

veloped in [10, p.n.14, 16.3], [11, section 2| and [15, section 3]. We also have notion of
relative principal parts of order m associated with a holomorphic vector bundle E over

X/S, denotes as P)(?/)S(E) (see [10, p.n. 37, 16.7]).

Since, we are considering that the complex analytic spaces X and S are smooth, that
is, they are complex manifolds and 7 is a holomorphic surjective proper submersion, we
have an isomorphism of vector bundles (see [15, Proposition 4.2])

k ~
P)s(E) = Ty s(E)
for every k > 0.
We describe relative differential operators as functors on the category of Ox-modules.

Let Ox — Mod denote the category of Ox-modules. Fix an Ox-module F' € Ob(Ox —
Mod). Define a functor

Fh . Ox —Mod — Ox — Mod (3.9)
by
FE(E) = Diff§(E, F). (3.10)
Then, F% is a contravariant functor.
In view of above Remark B.1] and [10, p.n. 41, Proposition 16.8.4], we have

Proposition 3.2. Let 7w : X — S be a surjective proper submersion of complex manifolds.
Then, for every k > 0, the contravariant functor Fr is representable. More precisely, it
i1s represented by the k-th order relative jet bundle, that is,

FEE) = Diff ((E, F) = Homo, (J% 4(E), F) (3.11)

In fact, applying Homo, (—, F') to the short exact sequence ([3.3]), we get the symbol
exact sequence (B.8).

3.3. Relative holomorphic connection

Now, we describe the relationship among relative jet bundles, relative differential operators
and relative holomorphic connections. For details on relative holomorphic connections see
[8]. Consider the short exact sequence ([B.7), and take E = F', we get

0 — Homoy (E, E) = Diffs(E, E) =5 Tx/s @ Homoy (E, E) — 0. (3.12)
We denote Homo, (E, E) by Endo, (E). The subbundle
Ats(E) = 07 (Txys ® 1g) C Diff §(E, E)
is known as relative Atiyah bundle. We get a short exact sequence
0 — Endoy (E) = Ats(E) T Tx/s — 0, (3.13)
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which is known as relative Atiyah sequence.

Let atg(F) € HY(X, Qk/sgndoX(E)) denote the extension class of the short exact

sequence (313), called the relative Atiyah class. Then we have well established known
facts.

Proposition 3.3. Let 7w : X — S be a surjective proper submersion of complex manifolds,
and E be a holomorphic vector bundle over X.

(1) E admits a relative holomorphic connection.

(2) The relative Atiyah sequence [BI3)) splits holomorphically.

(3) The relative Atiyah class atg(E) vanishes.

(4) The first order relative jet bundle sequence in ([B1)) splits holomorphically.

Proof. For the equivalence of (II), (2), (3) see [8, Proposition 4.3] and [8, Corollary 4.4].
Next, equivalence (2]) and () follows from (B.ITI). O

A relative holomorphic connection V on F is in fact a relative first order differential
operator whose symbol is an identity morphism of E. More precisely, since V satisfies
Leibniz identity

V(fs) = fV(s) +dxs(f) ®s, (3.14)
where f is a local section of Oy, and s is a local section of E. From (B.14]), we have
[V, fl(s) = dx;s(f) ® s,

where [V, f](s) = V(fs) — fV(s). Note that V is in fact first order relative differential
operator whose symbol o1(V) is the identity automorphism of F, because

o1 (V)(dxysh)(s) = [V, F1(5) = dys(f) @ 5.
Thus, V € H)(X, Diffs(E, E® Q}X/S)) such that 01(V) = 1.

From (Bjj:l)a HO(Xv 'DZﬁ}g(E, E®Q£(/S>> = HO(X7 HOmOX (J)lf/S(E)v E®Q}(/S))7 there-
fore, we have an Ox-linear map

Vi Jys(E) — E® Qs
which gives an splitting of short exact sequence (B.1]), because 0,(V) = 1.
Thus, a relative holomorphic connection on E is a holomorphic map
V:E— Jig(E)
(as Ox-module) such that the composition
ES gL o(B) 5 E
is the identity morphism 1g.

4. RELATIVE OPERS ARISING FROM RELATIVE DIFFERENTIAL OPERATORS WITH
SYMBOL AN ISOMORPHISM

We investigate the relative differential operators from E to Sym*Q} s QL whose symbol

is the identity automorphism 1g.
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Proposition 4.1. Let 7 : X — S be a surjective holomorphic proper submersion of
complex manifolds of relative dimension > 1. For k > 1, let

P:E — Sym"Qy /s ® E
be a relative differential operator of order k with symbol
O’k(P) =15 € HO(X, Sykax/S X 5ndoX(E)),

the identity isomorphism of E, where oy, is in [B.8). Then, P induces a relative holomor-

phic connection Vp on (k — 1)-th relative jet bundle Jf(?é(E) associated with E.

Proof. From (B.11]), we have
Diffk(F, Symkﬁﬁf/s ®FE) = Hom@X(Jf(/S(E), Sykaﬁqs ® E).
Therefore, the differential operator P gives a morphism
op: Jfg/s(E) — Sykaﬁqs ® E.
Now, ¢p is an splitting of the short exact sequence (B.3)), because oy (P) = 1.
Next, the splitting ¢p defines a morphism
Up: J?(?é(E) — J?(/S(E) (4.1)

of vector bundles whose composition with the projection p% in (B3) is the identity auto-
morphism 1 TNy

Consider the following commutative diagram of vector bundles

| l@

0 —= Qs ® Ty 5(B) — Ty 5(Jy 5(E)) —= Ty 5(E) —=0

TEHE) —=0  (12)

where 6 is defined in equation (B.5]), the top exact sequence is the relative jet bundle
exact sequence in ([B3) and the bottom jet bundle exact sequence is obtained from (3.])
by putting Jf&é(E) in place of E. The morphism Vp in equation (4.1]) composed with 6
gives a morphism

0oVp: Jyi(E) — Jys(Jy5(E))
of vector bundles which is nothing but the splitting of bottom short exact sequence in
(#2). From Proposition @, J §7é(E) admits a relative holomorphic connection.

Moreover, let
xp Iy (Jys(EB)) — Qs @ Iy 6(E)
be the morphism of vector bundles obtained from the splitting of the bottom exact se-
quence in ([A.2). Then from (B.IT]), xp corresponds to a first order differential operator

Vr € H(X, Diff 5(Jy5(E), Qs © Jx/5(E))) (4.3)
such that o1 (Vp) is the identity automorphism 1 T E) which is nothing but the relative
X

holomorphic connection in Jf&é(E) O
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Consider the following chain of projections of the vector bundle J f(?é(E)

J;z;g(E) LN J§7§(E) LN J§7§(E) LU N <N J%s(E) = E 25 0. (4.4)
Let
. Tk—1 k—1—1
Vor-i Ty §(E) = J5,&(E) (4.5)

be the projection defined by the composition

Ve—1—i = Pk—1—i+1 © - O Pg—2 O Pk—1,

fori=1,...,k—1. We denote the kernel of v;_1_; by K;, then we get following filtration
k—1
of Jy,s(E)

0=FKoCKiCKyC---C K1 CKy = JY5(E). (4.6)

Moreover, E ® Symk_lﬁ_lx/s is a subbundle of J;Z;(E), and from Proposition FE1]
V p is a relative holomorphic connection on J f&é(E), then from Proposition B.2] we get a

filtration (Z2) corresponding to the second fundamental form Sx,s(E® Sym* Q% /5> VP)
of the subbundle F ® Symk‘lﬂﬁ(/s.

Theorem 4.2. Let m: X — S be a surjective holomorphic proper submersion of complex
manifolds of relative dimension 1. For k > 1, let P : £ — Syka}qs ® E be a relative

differential operator of order k with symbol as identity morphism 1g of E. Then the
filtration of J;;;(E) as defined in (4.0) coincides with the filtration (2.2) in Proposition

[7.2, after replacing E by Jf&é(E), F by E® Symk_lﬂk/s and V by Vp.

Further, the homomorphism «; defined in equation (2.3) coincides with the identity
automorphism of Symk_ZQﬁ(/s QR FE, wheret=1,...,k—1.

Proof. Note that the terms of the filtration in ([d.6]) can be explicitly given as
Ki = Kioy & Sym" Q5 ® E, (4.7)

for i =1,...,k. Now, applying the same steps as in the proof of the Proposition for

the vector bundle Jf&é(E), subbundle F' = Sym"~'Q% ¢ ® E and relative holomorphic

connection Vp on Jf(?é(E) we get the following terms of the filtration in (2.2)

F=F=8Sym"'0%,s @ FE; F,=F & (Sym" Q% ¢ ® E)
Fy=F @ (Sym* Q% g @ E);... F; = F; 1 @ (Sym" Q% 4 ® E) (4.8)

Fra=Fa® (@ E); F=FR.®E=Jy5E).
Thus, the two filtrations coincide and have same length k.
Next, we show that o; = Sx/s(K;, Vp) = 1Symk7iQ§(/S®E fori=1,...,k — 1. Since the
relative dimension is 1, Q5 /g is a locally free sheaf of rank 1, and hence all its symmetric
powers are locally free sheaf of rank 1. Therefore, using the expression of K; in (£1),
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the successive quotients in the filtration (.6) has the same rank. Now, we give another
description of fx/s(K;, Vp) as follows. Consider the following commutative diagram

0 (4.9)

Ki

L

Vp _
Jf(/s(E) = Jf( é(E)

lgo Te—1—i
k—i

; L —i p —i—
0 —— Sym* QY g @ B —— J{ L(E) —— Jy i (E) —=0

| |

TN ) = T \(B)

where K; = Ker(yx_1-;) and ¥p is defined in (41]). Because of the commutativity of the
above diagram (£9), we have

phiopolpor=0.

Thus, the morphism ¢ o ¥p o ¢ factors through Symk_iﬁﬁ(/s ® E, and hence we get a
morphism
i - ICZ — S'ymk_ZQAlX—/S QK

which is nothing but the second fundamental form for the subbundle KC; of J f&é(E) with
respect to Vp, i.e., pi; = Bx/5(K;i, Vp). Also, note that p;(IC;—1) = 0, therefore we have

ICi i
i = 5)(/5(’Ci,Vp) : — Symk Q}X/S R FE.

Kia
Further consider the following commutative diagram
0 K Ty 8(B) 2 T (B 0 (4.10)
. | pkfi . H
00— Sym* QY s ® E I 5(E) —— Jy,SH(E) 0

where v is defined due to commutativity of the diagram. Note that v coincides with pu;,
and have property that it vanishes on the subbundle IC;_; C K;.

Now the morphism in (4.10) induces a morphism

K, . .
Vig = Sym* 0 s @ B — Sym" QY s @ E (4.11)
i—1
which is an isomorphism. Thus, the morphism o; = Sx/s(K;, Vp) is the identity auto-
morphism of Sym*~1Q%L /s ® E. This completes the proof of the theorem. O

From above Theorem .2, we have
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Corollary 4.3. Let m : X — S be a surjective holomorphic proper submersion of complex
manifolds of relative dimension 1. For k > 1, let P : £ — Syka}X/S ® E be a relative
differential operator of order k with symbol as identity morphism 1g of E. Then the
triple (Jéi—?é(E),Vp, {K;}) is a relative oper associated to the second fundamental form
Bx)s(Sym* Q% g @ E, Vp), where Vp is the relative holomorphic connection on Jf&é(E)
arising from P in Proposition [{.1].

We want to consider the set of all equivalent relative differential operators of order k
from E to SymFQL /s ® E whose symbol is the identity automorphism of E. First we
define the equivalence of two relative differential operators.

Let us denote such differential operator by a triple (F, P, ox(P) = 1g).
Let (E;, P;,0x(P;) = 1g,) be the two triples for i« = 1,2, that is, F; and FE, are two
holomorphic vector bundles over X = S and

P € H(X, Diff§(E;, Sym* Qs ® E;))

for i = 1,2, two relative differential operators of order k£ with symbol o (P;) = 1g,.

We say that (E4y, Py, 0x(P1) = 1g,) is equivalent to (Es, Py, 01(FP2) = 1g,) or P is
equivalent to P, if there is a holomorphic isomorphism 7" : E; — FE, such that the

following diagram
Py

T llsymkﬂk/S@JT
E2 2 Syka,lX/S X E2

commutes.
Let Diff,(X/S) be the set of all equivalent triples (E, P, ox(P) = 1g).

Note that equivalent relative differential operators will produce equivalent relative op-
ers, and therefore, in view of Corollary 4.3 we get a map

T : Diff, (X/S) — OpFF(X/S) (4.13)
defined by sending (F, P,ox(P) = 1g) to (Jf(?é(E), Ve, {K;}). Our aim is to show that

T is a bijective map.

5. BUECTIVE CORRESPONDENCE BETWEEN Diff, (X/S) AND Op ¥ (X/9)

In this section we show that the two sets Diff,(X/S) and Op;7*(X/S) are in bijective
correspondence, that is, the map Y defined in (4I3) is a bijective map. Strategy is to
construct a map from Op; 7 (X/9) to Diff,(X/S) and then show that it is inverse of Y.

Theorem 5.1. Let m: X — S be a surjective holomorphic proper submersion of complex
manifolds of relative dimension 1. Let (E,V,ET) be the relative oper associated to the
second fundamental form Bx;s(F, V). Then, there exists a relative differential operator

Pg: @ — Sym"Qy,s ® Q. (5.1)

of order k such that oy (Py) = 1g, where Q = E/Fy_4, and Fy_1 is the last subbundle in
the filtration EI in ([22).
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To show above theorem we will use another description of the relative jet bundle given
by using k-th infinitesimal neighbourhoods.

Let m : X — S be as in the Theorem 5.1l Let A C X xg X be the diagonal as a
closed complex submanifold of X xg X, and Z the defining ideal sheaf of A. For each
k > 0, the k-th infinitesimal neighbourhood of A in X xg¢ X is defined to be the complex
analytic space

AQ)s = (A, Oxox /T

We can view O as a sheaf of Ox-algebras in a natural way, that is, considering Ag’;} g

AY)s
as an analytic space over X via the following morphism
(k) pry
Ay g X Xg X — X,

where 9y, is arising from the fact that we have natural projection Oxx — OXXSX/I"erl
As 1) := pr, 04}, is the identity on the underlying spaces, v *Ox = Ox, 1,0

and v*Ox = O

NS

A - We thus obtain a map of sheaves

On the stalk level the morphism v, is the following composition

# 511
prl k+1
OX,m OXXSX (z,x) 5 OXXSX (z,x) /I(xx - OAE?/)sv

By the relative jet of order k over X/, denoted by J% /5> We mean the structure sheaf

of A_()];}S viewed as a sheaf of Ox-algebras via the map pr] : Ox — O, , that is,
X/S
Jf(/s = OXXS)(/IIH_I, (52)
together with its sheaf of Ox-algebras structure described above.
Now for a vector bundle E over X, we define
Jxs(E) = J%/5 ®ox E (5.3)

as Ox-module.

Therefore, one can realize the section of J% 1s(E) as a section of E restricting to the
k-th order infinitesimal neighbourhood.

Proof of Theorem B0l Let (E,V, EF) € Op;FF(X/S) be the relative oper associated
to the second fundamental form ﬁX/S(F V). Note that F, = E and F,_1 € E. Set
E
F
to be the final quotient in the filtration Ef in (Z2). Let p : E — Q be the natural
projection. Take a point x € X and a vector v € E, in the fibre of E over x. Let U be

an open subset of X containing x, and s, : U — E be a holomorphic section satisfying
two conditions

(1) sy(x) = v

(2) V(sy) =0, ie., s, is flat with respect to the connection V on E.

Q=
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Then p(s,) is a holomorphic section of Q defined around z. Now, restricting p(s,) to the
k-th order infinitesimal neighbourhood of z, we get an element n;(v) € J& /5(Q)z in the

fibre of JQ/S(Q) over .

Define a homomorphism for 7 > 0
B = J%,5(Q) (5.4)

by sending any v to the corresponding element 7,(v) as above.

Now, we show that the homomorphism
M B = JY6(Q) (5.5)

is an isomorphism. Note that rank rk(.J §7é(Q)) = krk(Q). Since the given relative oper
(E,V, Ef) has length k, it follows that k rk(Q) = rk(E). Thus, rk(E) = rk(J§ 3(Q)).
Therefore, to show that n;_; is an isomorphism, it is enough to show that for any z € X,
ve B, \ {0}, me—1(v) = 0 implies v = 0.

By the interval [0, k — 1], we mean the integer values from 0 to k — 1. First, we show
the following assertion using induction on i:

If n;(v) = 0 for some i € [0,k — 1], then v € (Fy_j—1). C E, where Fj_;,_; is the
subbundle of FE in filtration (2.2)) and the homomorphism 7; as defined in (5.4)).

For i = 0, we have 19 : E — Q. Therefore, n9(v) = 0 will imply that v € (Fj_1),.
Thus, the assertion is true for ¢ = 0.

Suppose that 7;(v) = 0 for ¢ = 0,1, and assertion is true for ¢ = 0, then we show that
assertion is true for ¢ = 1. Since 7y(v) = 0 and assertions is true for i = 0, v € (Fj_1),.
Let v; € % be the image of v by the natural projection (Fj_1), — % The
condition 7y (v) = 0 implies that image

ak_l(vl) € (Qk/s ® Fk/Fk—l)x
is zero, where ay_; is in (2.2)). Since ay_; is an isomorphism, we get v; = 0. Therefore,
v € (Fy_2): C E,. Thus, the assertion is true for i = 1.

Next, suppose that n;(v) = 0, for 0 < i < (n+ 1) and assertion is true for all ¢ < n.
Using the similar steps as above, we show that assertion is true for ¢ = n + 1. Since
assertion is true for i = n, we get v € (Fy_,_1): C E,.

Let v, € % be the image of v by the natural projection

(Fk—n—1>m
Fk—n— e
( 1) (Fk—n—2>m

The condition 7,41(v) = 0 implies that the image of v,, under

Fr - Fr—n

Qg | 7t Q}X/S ® 7 b (5.6)
k—n—2 k—n—1

is zero, that is, ag_,_1(v,) = 0.

Since ay_,_1 is an isomorphism, this implies that v, = 0. Therefore, v € (Fy_,,_2). C
E,.. In other words, the assertion is true for i = n + 1.
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Note that as Fy = 0, setting ¢ = k — 1 in the above assertion we conclude that
M—1(v) =0= v =0.

Thus, nx—; in (B.5) is an isomorphism.

Since 7;_1 is an isomorphism, consider the homomorphism

e o Mty = J575(Q) — Jxys(Q)

which is an splitting of the following jet bundle exact sequence
k
0 = Sym* Q5 ® Q 5 J§ 5(Q) “% JEH(Q) — 0.

The above splitting gives a homomorphism of vector bundles

Py : J%,5(Q) — Sym* Qs @ Q, (5.7)
such that

L O Pv = 1J§(/S(Q)

Since Diff%(Q, Symkﬁﬁf/s ® Q) HomoX(Jﬁ/s(Q), Sykak/s ® Q), we get a relative
differential operator

of order k such that oy (Py) = 1g.
This completes the proof of the theorem. O

Remark 5.2. Under the assumption of above Theorem [B.1] we also get the following:

(1) me—1(F;) = K; for each i € [0,k — 1], where F}’s are terms in the filtration (2.2]).
(2) There is an isomorphism
_E 1o
;i r — Jf(/é (Q)
such that the following diagram

Nk—1

E J35(Q) (5.9)

o

E/F—" T (Q)

where Jf&é(Q) — J;;é_i(Q) is the projection.

It is easy to see that the equivalent relative opers will produce equivalent relative
differential operators, so in view of Theorem (.1, we have a map
@ OpP (X)) — Diff,(X/9) (5.10)

defined by sending the triple (E,V, EX) to the triple (Q, Py, o1(Py) = 1g), where Py is
constructed in (5.8]) is a relative differential operator on Q of order k such that oy (Py) =
1o.
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Theorem 5.3. Let m: X — S be a surjective holomorphic proper submersion of relative
dimension 1. Then the two maps T and ® defined in ({{.13) and [510) respectively, are
inverses of each other, that is

boT = ]-Diﬁk(X/S)a (511)

T O (I) = 1Dp£FF(X/S)' (512)

Proof. To show (B.I1), let (E, P,ox(P) = 1g) € Diff,(X/S). Then applying T on it,
from Corollary B.3] we get a relative oper (Jf(?é(E), Vp,{K;}) associated to the second
fundamental form BX/S(Symk*Q}X/S ® E,Vp), where Vp is the relative holomorphic
connection on Jf&é(E) arising from P in Proposition .1l and /C;’s are the terms of the
filtration in (.6l

Now, applying ® on (Jf&é(E), Vp, {K;}) gives a relative differential operator Py, on

Q.= J?{;é(E)/ICk_l such that o4,(Py,) = 1g.

Since Q := Jf&é(E)/le_l ~ F, we get the Py, on E. Now using the same steps in
Theorem [5.1, we conclude that P and Py, coincide.

Next to show (5I2), let (E,V,EF) € Opi**(X/S). Now, applying ® on it, from
Theorem B, we get the triple (Q, Py,04(Py) = 1g) € Diff(X/S), where Q = 5=
Apply T on the later triple, we get the triple (Jf&é(Q),va, o) € OpFF(X/S). In
the proof of the Theorem [5.1], from (5.5]), we have Jf(?é(Q) ~ F. Using the steps similar
to the Theorem {2, we get that V coincides with Vp_ and filtration Ef coincides with
the filtration QFt. This completes the proof. O
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