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Logarithmic Akizuki—Nakano vanishing theorems on weakly
pseudoconvex Kéahler manifolds

Yongpan Zou

Abstract. In this note, we obtain a logarithmic vanishing theorem on certain weakly
pseudoconvex Kéhler manifolds. It is a generalization of Norimatsu’s result on com-
pact Kahler manifolds. As a direct corollary, we obtain relative vanishing theorems
of certain direct image sheaves.
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1. Introduction

One of central topics in complex and algebraic geometry is cohomological vanishing
theorem. The famous Akizuki-Nakano vanishing theorem shows that if £ is a positive
line bundle over an n-dimensional compact Kéhler manifod X, then

HY X, Q% ® F) =0 forany p+g¢>n+1.

The generalization of Akizuki-Nakano vanishing theorem on weakly pseudoconvex
or weakly 1-complete Kéahler manifolds are finished by Nakano [Naka73, Naka74],

Kazama [Kaza73], Abdelkader [Abde80], Takegoshi [Take81], Ohsawa-Takegoshi [OhTa81]

and so on. On the other hand, in [Nori78] Norimatsu obtained the logarithmic vanish-
ing theorem on compact Kéhler manifold. In [EsVi86], Esnault and Viehweg studied
the logarithmic de Rham complexes and vanishing theorems on complex algebraic
manifolds. They obtain the logarithmic type vanishing theorems for the pair (X, D),
here X is projective manifold and D is a simple normal croosing divisor. Their
methods are based on the Hodge theory and the degeneration of Hodge to de Rham
spectral sequence. Recently, in [HLWY16], Huang-Liu—Wan—Yang obtain the corre-
sponding results on compact Kéhler manifold by the standard anlalytic technique like
L?-method.
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In this paper, we try to generalize Norimatsu, Esnalut—Viehweg and Huang-Liu-
Wan—Yang’s results to open pseudoconvex Kéahler manifolds. More specifically, we
get

Theorem 1.1 (=Corollary 4.2). Let X be an n-dimensional holomorphically convex
Kahler manifold and F is a positive line bundle on X. Let D be a simple normal
crossing divisor on X. We have

HY(X,0% (logD)® F) =0
foranyp+q>n+1.

The important case is that when p = n, one thus have Q% (log D) = Kx ® Ox(D).
In such a case, we extend this result to weakly pseudoconvex Kéahler manifolds, we
arrive at

Theorem 1.2 (= Theorem 4.3 + Theorem 4.12). Let X be a n-dimensional weakly
pseudoconvexr Kahler manifold and F is a positive line bundle on X. Let D be a
stmple normal crossing divisor on X. We have

HY(X,Kx ®Ox(D) ® F)=0.
for any q > 1.

In Theorem 1.2, we do not need to twist the sheaf Kx ® Ox (D) ® F with multiplier
ideal sheaf .# (D) of divisor. The vanishing of HY(X, Kx ® Ox(D) ® F ® . (D))
is the direct consequence of Nadel vanishing theorem. Our method is the combin-
ing of L? technique in [HLWY16] and Runge-type approximation method rooted in
[Naka74, Kaza73, Take81, OhTa81]. For a weakly pseudoconvex Kéahler manifold
X with smooth plurisubharmonic exhaustion function ® and a sequence of positive
real numbers tends to infinity. On each sublevel subset X, := {z € X : ®(z) < ¢}
which is relative compact in X, we obtain the logarithmic vanishing theorem by the
L?-technique. All these sublevel subsets formed a Leray covering of X and therefore
we can focus on the Cech cohomology. By the approximation we obtain the global
vanishing theorem.

One of motivation to study the cohomology on weakly pseudoconvex Kéahler man-
ifolds is that one can investigate the corresponding higher direct image sheaves. As a
direct corollary, we acquire

Corollary 1.3. Let f : X — S be a proper holomorphic morphism from a Kahler
manifold X onto the reduced complex space S. Let D be an simple normal crossing
divisor such that f|p is proper. If F is a positive holomorphic line bundle on X, then

Rif, (%5 (logD)® F) =0 forany p+q>n-+1.

In corollary 1.3 above, if we replace the positive line bundle by the positive vector
bundle in the sense of Nakano, the claim still be true. Also as Professor Ohsawa
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pointed in [Ohsa2l], it may be interested to generalize the results in [LRW19] and
[LWY19] to the weakly pseudoconvex situation.
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for his guidance and warm encouragement, and Professor Sheng Rao for his constant
support. The author is grateful to the University of Tokyo for Special Scholarship for
International Students (Todai Fellowship).

2. Preliminaries

In this section, we introduce some basic definitions and results in complex geometry.
Unless otherwise mentioned, X denotes a complex manifold of dimension n. The basic
reference is [Dem12b].

Definition 2.1 (Chern connection and curvature form of vector bundle). Let (E,h)
be a holomorphic vector bundle on X. Corresponding to this metric h, there exists
the unique Chern connection D = D g p), which can be split in a unique way as a
sum of a (1,0) and a (0,1) connection, i.e., D = DEE,h) + D(E,h)' Furthermore, the
(0,1) part of the Chern connection D(E,h) = 0. The curvature form is defined to be
Opn = D(QE’h). On a coordinate patch  C X with complex coordinate (z1,- - , z,),
denote by (ey,--- ,e,) an orthonormal frame of vector bundle E with rank r. Set

V _1@E,h =+v-1 E Cjk)\“de ANdZi ® 6; @ eu,  Ciku) = Cikiu-
1<j,k<n,1<A,u<r

Corresponding to /—10g ;,, there is a Hermitian form 0g ; on TX ® E defined by
HE',h((ba ¢) = Z Cjk)\u(x)(ﬁj)\akyn (25 € TSCX ® EZ‘
JkAp

Definition 2.2 (Positive vector bundle). A holomorphic vector bundle (E, h) is said
to be

(1) positive in the sense of Nakano (resp. Nakano semipositive) if for every
nonzero tensor ¢ € T'X ® F, we have

O5(6,8) >0 (resp. > 0).

(2) positive in the sense of Griffiths (resp. Griffiths semipositive) if for every
nonzero decomposable tensor £ ® e € T X ® E, we have

Opnl®e {®e) >0 (resp. >0).

It is clear that Nakano positivity implies Griffiths positivity and that both concepts
coincide if r = 1. In the case of line bundle, E' is merely said to be positive (resp.
semipositive).
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Definition 2.3 (Singular metric and curvature current on line bundle). Let (F,h)
be a holomorphic line bundle on complex manifold X endowed with possible singular
Hermitian metric h. For any given trivilization 6 : F|g ~ Q x C by

Illn = 16(€)e™*®), z € Q¢ € F,

where ¢ € L} () is an arbitrary function, called the weight of the metric. The
curvature /—10,(F) of h is defined by

V10,(F) = V=12006.

The Levi form /—100¢ is taken in the sense of distributions and thus the curvature
is a (1,1)-current but not always a smooth (1,1)-form. It is globally defined on X
and independent of the choice of trivializations. The curvature /—10y(F) of h is
said to be positive (resp. semi-positive) if /=10, (F)>0 (resp. > 0) in the sense of
current.

Definition 2.4 (Psh function and quasi-psh). A function u : Q — [—00, 00) defined
on a open subset 2 € C" is called plurisubharmonic (psh, for short) if

(1) w is upper semi-continuous;
(2) for every complex line Q C C", u|gng is subharmonic on 2N Q.

A quasi-plurisubharmonic (quasi-psh, for short) function is a function v which is
locally equal to the sum of a psh function and of a smooth function.

Definition 2.5 (Multiplier ideal sheaves). Let ¢ be a quasi-psh function on a complex
manifold X, the multiplier ideal sheaf .#(¢) C Ox is defined by

LU, 7(9) ={f € Ox(U): |fI?e™% € L,e(U)}

for every open set U C X. For a line bundle (F,h), if the local weight of metric h is
¢, then we denote the multiplier ideal sheaf interchangeably by .#(¢) or .#(h).

The basic properties of the sheaf of logarithmic differential forms and the logarith-
mic integrable connections on complex algebraic manifolds were developed by Deligne
in [De70], Esnault and Viehweg in [EsVi86] studied the relations between logarithmic
de Rham complexes and vanishing theorems on complex algebraic manifolds.

Definition 2.6 (Simple normal divisor and logarithmic forms). Let X be a complex
manifold and D be a simple normal crossing divisor on it, i.e., D = ), D;, where
each D; are distinct smooth hypersurfaces intersecting transversely in X. The sheaf
of germs of differential p-forms on X with at most logarithmic poles along D, we
denote it by Qf’;{(log D). Tts space of sections on any open subset W of X are

(W, Q% (log D)) := {a € T(W, Q% @ Ox (D)) : da € T(W, Q5™ @ Ox(D))}.

Denote by j : Y = X\D — X the natural inclusion and we can choose a local
coordinate chart (W; z1,--- , z,) of X such that the locus of D is given by 21 --- 2, =0
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and Y N W = W = (A5 x (A,)" % where A, (resp. A) is the (resp. punctured)
open disk of radius r in the complex plane.

Definition 2.7 (Poincaré type metric). Under the above setting, we say that the
metric wy on Y is of Poincaré type along D, if for each local coordinate chart
(W;z1,-+- ,2,) along D the restriction wy |y is equivalent to the usual Poincaré
type metric wp defined by

de A dfj
|2j[? - log? |z

+v -1 Z de /\dEj.

j=k+1

k
wp = V=1

i=1
We now turn to some basic definitions of pseudoconvex manifolds.

Definition 2.8 (Weakly pseudoconvex = Weakly 1-complete manifolds). A function
¢: X — [—00,+00) on a manifold X is said to be exhaustive if all sublevel sets

Xe={zeX: :¢p(x)<c} c<supo,

are relatively compact. A complex manifold X is called weakly pseudoconvex if there
exists a smooth plurisubharmonic exhaustion function ¢ : X — R with sup ¢ = 4o00.
Similarly, a complex manifold X is said strongly pseudoconvex if the exhaustion
function is smooth strictly plurisubharmonic.

Proposition 2.9. [Naka70, Dem12b| Every weakly pseudoconver Kdihler manifold
carries a complete Kdahler metric.

Proof. We show the proof of this because we will use it later. Let ¢ be an exhaustive
psh function on X. Set @ = w++/—199(x 0 ¢), where x is a smooth convex increasing
function. Then

O=w+ V-1 0¢)00¢ +V—1(x" 0 )0 N D¢
> w4V T0(po 6) AD(pod)

where p = fg VX" (u)du. We thus have complete metric @ as soon as limy_, 1o p(t) =
400, i.e.

/ i = oo,

0

The next theorem is very important for this paper.

Theorem 2.10 (J-equation on complete Kithler manifolds). [Dem12a, Theorem 5.1]
Let X be a complete Kdhler manifold with a Kdhler metric w which is not necessarily
complete. Let (E,h) be a Hermitian vector bundle of rank r over X, and assume
that the curvature operator B := [iOf j, A,] is semi-positive definite everywhere on
NPT ® E, for some q¢ > 1. Then for any form g € L*(X,\PT% @ E) satisfying
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@g =0 and fX(B_lg,g>de < +oo, there exists f € L*(X,\P97'T% ® E) such that
of =g and

/ PRV, < / (B~'g,g)dV..
X X

Definition 2.11 (Holomorphically convex manifold). A complex manifold X is called
holomorphically convex if for any compact set K C X, its holomorphic hull K = {z €
X :|f(x)] < sup|f| for all f € Ox(X)} is compact too.

K

Definition 2.12 (Stein manifold). A complex manifold X is called Stein manifold if
X is holomorphically convex and for any x,y € X,z # y, there exists a f € Ox(X)

with f(z) # f(y).

We know that every holomorphically convex manifold is weakly pseudoconvex but
the converse to it does not hold. For a holomorphically convex manifold, we have the
classical Remmert reduction which relates it to Stein space.

Remark 2.13 (Remmert reduction). If X is a holomorphically convex manifold, then
by Remmert reduction, there exist a normal Stein space S and a proper, surjective,
holomorphic morphism f : X — S such that

(1) f «Ox = OS )

(2) f has connected fibers,

(3) The map f*: Og(S) - Ox(X) is an isomorphism,

(4) The pair (f,S) is unique up to biholomorphism.

Remark 2.14 (Sublevel set of weakly pseudoconvex manifolds). Let (X,w,®) be
a weakly pseudoconvex Kahler manifold with smooth psh exhaustion function .
Without loss of generality, we may assume ® is positive. For any positive real number
¢, the sublevel set X, = {z € X : ®(x) < ¢} is relative compact in X and again
5. Set we == wlx,,
then (X.,we, @) is again a weakly pseudoconvex Kéhler manifold and thus we have
an exhaustion sequence of pseudoconvex sublevel set (X, w, ®.).

pseudoconvex with respect to the exhaustion function ®,. :=

3. Vanishing theorem on each sublevel set

In this section, let (X,w,®) be a weakly pseudoconvex Kéhler manifold with
smooth psh function ® with sup® = +oo. Let (F, h¥ ) be a holomorphic Hermit-
ian line bundle on X. For a fixed positive real number ¢, we have a sublevel set
(Xeywe, @.). We will focus on the sublevel set X, because it is relative compact.

Definition 3.1 (Incomplete Poincaré type Kéhler metric on X.). Let D = . D;
be a simple normal crossing divisor of X, and o; be the defining section of D;. Fix
any smooth Hermitian metrics || - ||; on O(D;) such that [o;||; < & on X, for each i.

Similar to [Zucker79], we set we,, := (kew. — 3 > 90 loglog? [|o;]|?) for large positive
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integer k. which depends on X.. In special coordinates W where D; is defined by
z; =0, and ||o;||? = |2;]?e" for some function u that is smooth on W. Then

! @ 4 ou n (Z 4 30 !

(log |22 +u)?" z z log 2|2 + u(‘)au.

1 _

—5001oglog? ||oi|? =
It is clear that w, ) is positive on X, and of Poincaré type along D provided k. is
sufficiently large. But it is obvious that w. ), is not complete along the boundary of
Xe.

Now we will follow Huang-Liu-Wan-Yang’s approach in [HLWY16] to acquire the L?
resolution.

Definition 3.2 (L? fine sheaf). Let (X.,w.) be the fixed sublevel set, we denote the
restriction of line bundle (F, hf") on Y. := X \D by (F, hi; ). The sheaf E’(’é‘i(Xc, F,wep, hi, )
over X, is defined as follows. On any open subset U of X., the section space

(U, E’(’é‘i(Xc, F,wep, h{;c)) over U consists of F-valued (p, ¢)-forms u with measurable

coefficients such that the L? norms of both u and du are integrable on any compact
subset K of U. Here the integrability means that both |u|? » and |Oul|? Foare
wc,p®hyc wc,p®hYC

integrable on K\D. Recall the sheaf F is called a fine sheaf if for any locally finite
open covering {U;}, there is a family of homomorphisms {f;}, f; : F — F, such that

(1) supp fi C Uj,

(2) >, fi=1,1e., >, fi(s) = s for any section s.
If the metric w,, is of Poincaré type as in Definition 3.1, then it is complete along
the divisor D and is of finite volume, see for example [Zucker79, Proposition 3.4]. As
a consequence, the sheaf Efé‘)l(Xc, F,wep, hi) would be a fine sheaf.

Theorem 3.3 (An L?type Dolbeault isomorphism). [HLWY16, Theorem 3.1] Let
(X,w) be a weakly pseudoconvex Kihler manifold of dimension n and D =% 7 | D;
be a simple normal crossing divosor in X. For a fived real number c, let X. be
the sublevel set. Let w., be a smooth Kdhler metric on Y. which is of Poincaré
type along D as in Definition 3.1. For a line bundle (F,h"), there exists a smooth
Hermitian metric hQQC on Fly, such that the sheaf QP(log D) @ F over X, enjoys a
fine resolution given by the L? Dolbeault complex (E’(’g;(Xc, F,wep, h{iaac),g), here a.
18 a large positive constant depends on X.. This is to say, we have an eract sequence
of sheaves over X,

(3.1) 0 — QP(log D) ® F — ELN(Xe, Fywep, 1Y, 0,)

such that E?é‘)l(XC,F, We,p, hf;c’ac) is a fine sheaf for each 0 < p,q < n. In particular,
by Dolbeault isomorphism

(3.2) H(X., Q" (log D) ® F) = H{(Ye, Fywep, b, q,)-
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Proof. Firstly, for any fixed constants 7; € (0, 1], we construct a smooth Hermitian
metric on Fly,.

2
My, = HHUZH " (log? [|ol|7) %

where a, is a large positive constant to be determined later. Based on the Definition
3.2, it is sufficient to check the exactness of complex. The proof is almost identical
to the proof in [HLWY16]. O

Even though w, ), is not complete, but Y. admit a complete Kahler metric. Indeed,
let @ = WHwyp, here @ is complete along the boundary of X, like in the Definition 2.9.
We know that & is complete on Y,. Hence we can still solve the certain d-equation on
Y, thanks to Theorem 2.10. Now we slight modify Huang-Liu—Wan—Yang’s approach
in [HLWY16] to get the local vanishing.

Theorem 3.4. Let (F, hF) be a positive holomorphic line bundle on an n-dimensional
weakly pseudoconvex Kdihler manifold X . For each real number ¢ and on the corre-
sponding sublevel set X., we have the vanishing of cohomology groups,

HY(X.,QP(logD)® F)=0 forany p+q>n+1.

Proof. Let w, be a fixed Kahler metric on X.. Set {\,(h'") 7y be the increasing
sequence of eigenvalues of v/—10(F, k") with respect to w.. Since X, is relative
compact in X, there exists a positive constant cy such that )\Lluc(hF ) > co everywhere
over X.. We construct a new metric on F'|y, as following,

S
27; o
haer = [ [ loillf™ (log®(ello 7)) 2 h.
i=1
Here the constant a > 0 is chosen to be large enough to meet the condition in Theorem

3.3 and the constants 7;,€ € (0, 1] are to be determined later and of course they are
all depend on X.. On Y., a straightforward computation gives rise to

(33)  VEIO(F, ha ) —V=TO(F,hF) + Z v (D))

+§: acl( ) +\/—Za@log”ale/\810g|]02|]2'

log(ello17) (log(ellorI?))?
Set § = g%, we can choose 7; and € small enough such that
1) : acCy (DZ) 1)
3.4 - —wc <) me(D;) < wc, —mwe < Y ———— < —w,
(34) Z 3 = 2 log(lla) = 2

hold on Y.. Note that the constants 7; and e are thus fixed. We set
= V—10(F, hqer) + 20we.
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It follows from formula (3.3) that wy, is of Poincaré type Kéhler form on Y,. And it
is apparent form formula (3.4) that we have

(3.5) V=1O(F, hyer) > V—10(F, h'") — dw,
on Y,. Since /—1O(F,h!") is a positive (1, 1)-form, we know on Y,
wy, = V—10(F, hacr) + 20w > dwe,

which means wy, is a positive (1,1)-form and thus a metric. On a local chart of Yz,
we may assume that w. =+/—1) " | 7; AT7; and

\% _1®(F « e'r vV — Z )\Z a,E,T 772 AN 1;

=1

haET
_\/_Z)\Z 7,) nAﬁ/

CVET)+25 !

where

o = 772-\//\3% hever) + 26.

Note that wy, = v/—=1Y 1,7, AT, and so the eigenvalues of /—1O(F, hq, ) with
respect to wy, are

L )\i;c(ha,s,r) <1
Vi = Zuc(ha,s,r) Yy .

Y
On the other hand, due to formula (3.5) one has
(h

/\ZJC a,e,T) > co — 0.

It implies

Ny = 'ch(ha,e,T) > cp—0 :1_i'

A, (hayer) 20 ~ co+ 06 4n
For any section u € I'(Y,, AP1T*Y, ® F'), we get
q n
(3.6) <[V 1O(F, haye,r), Ay, Ju, u> = (Z% - Z ’Yj)’up
i=1 j=p+1

The last inequality holds because of p+ ¢ > n + 1. We know wy, is of Poincaré type
metric along D on X, and « is large enough, by Thorem 3.3 we have

HY(Xc, ¥ (log D) @ F) ~ Hpl (Ye, Frwy,, ha,e.r)-
The inequality (3.6) and Theorem 2.10 show that the vanishing of H‘&’;](YC, F wy,, hoer).

Hence we get the desired vanishing theorem. O
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We introduce one important result of Le Potier which enables one to carry vanishing
theorems for line bundles over to vector bundles.

Theorem 3.5. [ShSo85, Theorem 5.16] Let m : E — X be a holomorphic vector
bundle on a complex manifold X and let F be a coherent analytic sheaf on X. Then
for all p,q > 0,

HY(X, F © O @ B) ~ HIP(E"), 7" F @ Q5 .y ® Op()(1)).

If X is a weakly pseudoconvex Kahler manifold, F and its dual E* are vector bundle
over it. We know the dual projectivized P(E*) is weakly pseudoconvex manifold but
not necessary a Kéahler one. But if we restrict the vector bundle E* on a sublevel
set X, and denote it by E¥ := E*|x,. Then we know P(EY) is weakly pseudoconvex
Kéahler manifold. Indeed, if m : P(E}) — X, is the natural projection, there is a
tautological hyperplane sunbundle S of 77 E over P(E;) such that Sig = § —10) c E,
for all £ € EX — {0}. The quotient line bundle 7{E/S is called the tautological
line bundle associated to £ and denoted by Op(g«)(1). Therefore there is an exact
sequence

0—=8—=mE— Opg~(l) =0
of vector bundles over P(EY). Suppose that E is equipped with a Hermitian metric,
then the above morphism endows Op(g+)(1) with a quetient metric. The Chern form
wp- associated to this metric is not necessarily positive on P(E*), but its restriction
to each fibre P(E}) is positive. Suppose now that X is Kéhler with Kéhler form w.
Let w,. be the restriction on X,.. Since X, is relatively compact, it is easy to see that
for A > 0, the real closed form of type (1,1)

W= wg* + AT]we

is positive on P(E*). Thus we have this claim. Moreover, if the vector bundle F
be positive in the sense of Griffiths, then the line bundle Op E*)(l) is a positive line
bundle, the reader can find the curvature formula in [Dem12b, Chapter V Formula
15.15].

Corollary 3.6. Let X be a weakly pseudoconvex Kahler manifold of dimension n and
D be a simple normal crossing divisor. Suppose that m : ' — X is a Nakano positive
vector bundle of rank r. Then for each sublevel set X,

HY X, (logD)® E)=0 forany p+q>n+r.

Proof. Let w1 : P(E;) — X, be the dual projective bundle of E' and Op(g+)(1) be the
tautological line bundle. According to Le Potier isomorphism Theorem 3.5, we have

H(X,,2(log D) @ E) =~ HI(P(E}), 05 .. (log 7 D) © Op(ze)(1)).

By the curvature calculation, if £ is Nakano positive, then the line bundle Op E*)(l)
is a positive line bundle. On the other hand, it is easy to see that 7* D is also a simple
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normal divisor. If necessary, we can choose smaller ¢ to shrink X.. Therefore, we get
the desired result. g

Definition 3.7 (k-positive line bundle). Let X be a complex manifold and F — X
be a holomorphic line bundle over X. F'is called k-positive (1 < k < n) if there exists
a smooth Hermitian metric 2* on F such that the curvature form /—10(F,hf") is
semi-positive everywhere and has at least n—k+ 1 positive eigenvalues at every point.
A divisor D on X is called k-positive if its associated line bundle O(D) is k-positive.

Corollary 3.8. Let D be a k-positive simple normal crossing divisor on an n-dimensional
weakly pseudoconvex Kdahler manifold X. For each real number ¢ and the correspond-
1ng sublevel set X., we have the next vanishing theorem,

HY(X.,Q(log D)) =0 forany p+q>n+k.
4. Global vanishing theorem

One of advantages to study the cohomology groups on weakly pseudoconvex mani-
folds is that we can investigate the corresponding higher direct images. Let f : X — S
be a proper surjective morphism from a Kéahler manifold X to a reduced and irre-
ducible complex space S. Let W C S be any Stein open subset, we put V = f~1(W).
Then V is a holomorphically convex Kéahler manifold. Let F be a coherent sheaf on V.
Then f*: HY(V,F) — H°(W, R1f,F) is an isomorphism of topological vector space
for every ¢ > 0. From now on, unless otherwise mentioned, X denotes a complex
manifold of dimension n. As a direct corollary of Theorem 3.4, we obtain

Corollary 4.1. Let f : X — S be a proper holomorphic morphism from a Kahler
manifold X onto the reduced and irreducible complex space S. Let D be an simple
normal crossing divisor for which f|p is proper. And let F be a positive holomorphic
line bundle on X, then

Rif, (% (logD)® F) =0 forany p+q>n-+1.

On holomorphically convex Kéhler manifolds, the global vanishing can be deduced
from the local vanishing.

Corollary 4.2. Let X be a holomorphically convex Kahler manifold and F' is a pos-
itive line bundle on X. Let D be a simple normal crossing divisor on X. We have

HY (X, 0% (logD)® F)=0 forany p+q>n+1.

Proof. Let f: X — S be the Remmert reduction, see Remark 2.13. For the coherent
sheaf G := Qf’;{(log D) ® F, we have the Leray spectral sequence

HP(S,R1f,G) = HPTI(X,G).
Since S be a normal Stein space, owing to Cartan’s theorem, we have the vanishing

HI(S,R°f.(Q% (log D) ® F)) = 0
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for any ¢ > 1. On the other hand, as Corollary 4.1, the local vanishing implies the
vanishing of high direct image sheaf R%f,(Q% (log D) ® F) = 0 for any p+¢q > n + 1.
This two facts yield the vanishing H9(X, Q% (log D)@ F) = 0 for any p+¢q > n+1. O

Now we focus on the weakly pseudoconvex Kéahler manifolds. Firstly we have

Theorem 4.3. Let X be a weakly pseudoconvex Kdahler manifold and F is a positive
line bundle on X. Let D be a simple normal crossing divisor on X. We have

HI(X,Q%(logD)® F)=HY(X,Kx @ O(D)® F) =0,
for any q > 2.

At present, we can not prove the global vanishing of H'(X, Kx ® O(D) ® F). We
will deal with it later.

Proof. According to Sard’s theorem, we can choose a sequence {c¢,}y=01,... of real
numbers such that

(1) ¢y < cpy1 and im0 ¢, = 4005
(2) the bondary 0X, of X, = {z € X : ®(z) < ¢,} is smooth for any v.

So X = {X,}v>0 is a covering of X. For any v, we set X, = {Xj}r<y, here k are
non negative integers. Then X, is a covering of X,. By the vanishing Theorem 3.4
on each sublevel set X, this covering X (resp. Xy ) is the Leray covering of the sheaf
N"(log D) ® F on X (resp. X,). Therefore we have, for any ¢ > 1 and v > 0,

HY(X,Q"(log D) ® F) = H{(X,Q"(log D) ® F)

and
HY(X,,Q"(log D) ® F) = H1(%X,,Q"(log D) ® F) = 0.

The right cohomology groups are Cech cohomology.

For any ¢ > 1, the g-cocycle 0 € Z9(X,Q"(log D) ® F') and set o, be the restric-
tion of o to X,. Then it is obviously that o, € Z9(X,,2"(log D) ® F'). According
to the local vanishing, there is a (¢ — 1)-cochain «, € C?1(X,,Q"(log D) ® F)
such that doy, = o0,. The notation § here is the Cech differential. As an ele-
ment of C11(%X,_1,Q"(log D) ® F), we have do, = dov,_1, and hence a, — a1 €
Z97 %Xy 1,2 (log D) @ F).

By assumption ¢ > 2, so there is a (¢—2)-cochain 3,_1 € C?72(X,_1,Q"(log D)®F)
such that 03, 1 = ay—ay_1 on X,_1. We now can define o € C9~1(X, Q2" (log D)® F)
as follows, on each X,

a=a, =) Br)

k<v

=0y — 5(51}—1) - 5(51}—2) e 5(51)
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On X,41, similarly we have

a =1 — O Z Br.)

k<v+1

=0y+1 — 5(51}) - 5(51}—1) e 5(51)

According to the definition of ,, we have a,11 — 0(8,) = ay, on X,,. It follows that
« is well defined. Finally, on each X,,,

So = oy — 66(D _ Br) = bevy = 0.

k<v

Hence we have da = o and this yields the vanishing of cohomology groups. O

Now we give the proof of the vanishing of H'(X, Ky ® Ox(D) ® F) on weakly
pseudoconvex Kahler manifold. The key method is a Runge-type approximation
which have been used in [Naka70, Naka73, Kaza73, Take81, OhTa81]. For any real
number pair ¢; < ¢z, let Xj:={zr € X : ®(x) < 1} and Xp:= {z € X : ®(z) < c2}.
Set Y7 := X3\D and Y, := Xo\D. As soon as we have the fixed pair (X3, X3) and
(Y1,Y3). We can choose any smooth Hermitian metric {h; = e~ ?'} on O(D), and the
canonical singular metric {hy = =92} on O(D), here locally ¢ = >, log|g:|?, where
gi be the generator of D;. Let (F,h!") be the fixed positive line bundle, we construct
a new metric hg on the Fp := O(D) ® F,

hs == hT T (log?(lo:l?)) e 001~ (0=092 (0 <5 < 1).
i=1
Here the constant x and ¢ are to be determined later. According to this construction,
we know the associated multiplier ideal sheaf .# (hs) = Ox, on X3 because 0 < 6 < 1
and the logarithmic part does not affect the integration.
On Y3, hs is smooth and the curvature forms

V=10p, n; = V=10p,r + (—rV—1901og(log? ||o;]|7)) + V16006

Set L™%(Yy, Fp, hs) be the set of Fp-valued (n,0)-form on Y5 with a finite L? norms
with respect to hg, this norm is independent on Kéhler metric since we are focusing
on the (n,0)-forms. We Set A™°(Ya, Fp, hs) := ker N L™%(Ys, Fp, hs) and moreover
we have the isomorphism

H(X2, Kx @ F® O(D)) = H(X3, Kx ® F @ O(D) © .7 (hs)) ~ A™%(Ya, Fp, hs)

because of the L? extension property of holomorphic (n,0)-forms. On Xi, we have
the similar isomorphism. We define A™?(Y1, Fp, hs) the set of holomorphic (n,0)-
forms with values in the bundle F ® O(D) in the neighborhoods of Y7 in Y5 (not the
neighborhoods in X3). Similarly, we denote by H*(X1, Kx ® F @ O(D)) the set of
holomorphic section of Kx ® F'® O(D) in the neighborhoods of X; in X5. According
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to the above isomorphism, we have A™°(Yy, Fp, hs) = H*(X1, Kx ® F®O(D)). Our
key step is to show that the restriction map

An7O(Y27 FD7 hé) — Anp(?la FD7 hé)
has the dense image with respect to the L? norms.
Construction 4.4 (Smooth increasing convex function). We take a C* increasing
convex function 7(t) such that:
(1) 7(t) : (o0, +00) = (—00, +00),
(2) 7(t) =0if t < —2— and 7(t) > 0 when ¢t > —1

cop—cC1 cp—cy?
+oo
(3) [ /7' (t)dt = +o0.
0

We set ¥ = T(ﬁ), it is a psh exhaustion function on X3 and ¥ = 0 on X; by the
construction.

Construction 4.5. For each non-negative integers m > 0, we define new metric on
FD =F® O(D) by

hs, = h(;e_\p,

hs = h(;e_mqj.

m

We define a complete Kahler metric @w on Y5 by
W= Wey p + V—1000.

Here we, p is the Poincaré type metric along D, recall that
1 —
Weo,p = KeoWey — 3 Z V=109 loglog? ||o;||?
i

just like there in Definition 3.1. We choose the big positive constant k., in order to
ensure Wwe, p is positive on Y. By Proposition 2.9 and the above Construction 4.4,
one knows that w is complete on Y5.

Remark 4.6. We define a new curvature form /—160,,, := /—10p, , ++/—100m 7.
We want to compare it with @. One obtains

1 _ _
(4.1) @ = keywe, — 5 > V=10dloglog® |los||? + V=100,

and
(42) V=10, = V=105 ,r — kV/—1801og(log? ||o;||7) + V—1600¢1 + V—109m .

We know +/—10p,r is positive with respect to we,. So we can arrange £, small
enough such that the eigenvalues of v/—160,, with respect to @ are all positive on the
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whole Y5. More specifically, at each point z € Y5, we may choose a coordinate system
which diagonalize simultaneously the forms @ and v/—10,,, in such a way that

w(x)=+v-1 Z dzj Ndzj, 10, (x) = V-1 Z vidz; N dZ;.
1<j<n 1<j<n
We want there exists a positive constant € such that v; > € hold on Y5 for each ;.

Definition 4.7 (Inner product). For any non-negative integer m and any ¢, €
L™0(Yy, Fp, hs,, ), we define the inner product

(@, V)m 3:/Y <(p,¢>wh5mdvz/y <‘P7¢>wh5€_mqjdv.

and [|¢||2, = (¢,¢)m. We denote the adjoint operator of d in L™%(Ys, Fp, hs, ) by
5*

-
The next lemma is very important for our proof.

Lemma 4.8 (Uniform estimate). There exist a positive constant M which is inde-
pendent to m such that for any m > 0 and 0 < g < n, we have the estimate

il < M0l + 18mellm)

provided ¢ € D2 Dg;q C L™(Ys, Fp, hs,,). Here D3 is the domain of definition

m

of 0 in L™(Ys, Fp, hs, ), and Dgiq s similar.

m

Proof. Since @ is a complete Kéahler metric on Y5, the classical Bochner—-Kodaira—
Nakano identity shows

A" = A+ [iO, Ag].

If o € C§°(Ya, A™IT*Y ® Fp) be a smooth compact supported Fp-valued (n, ¢)-form.
We have

(4.3) 1Bell2, + [Tall2, > / (Om: Aslp, o) hse ™V dV.

Yo

By the above Remark 4.6, we have
1 — _
(4.4) 0 = keyte, — 5 > V=190loglog? |loi|l} + vV—1007,

and
V=16, = V=105,r — kv/—1001log(log?||o;||7) + V—1600¢1 + v/ —100m V.

We can diagonalize simultaneously the Hermitian forms @ and /—10,,. We know
V=10 is positive with respect to we,, i.e., there exists a constant €; such that
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all eigenvalues of /=10, r with respect to w, are bigger than €; on Y. If we let

K= 42102, then
V=10, = V=10 e — 4;1 V=109 1og(log? ||oi]|2) + vV=1600¢1 + vV—100mT
c2

> €1we, — ﬁ\/—laglog(logf 05]|2) + V—1600¢1 + /—100m W
c2

1 — _ _

— %(@2% =) > V=10dloglog? [lo|?) + (%%2 +V/=1600¢1) + V/—100mV.
c2 i

Compare this with formula (4.4), we can arrange ¢ small enough such that the eigen-

values of v/—10,, with respect to @ are all positive on the whole Y5. Hence there

exist a positive constant My on Y, independent to m, so that

([iOm, Aalp, ) = Molol*.
So if we plug this back into formula (4.3) above, as a consequence, we get the desired
uniform estimate
lell7, < M9z, + 10mell7,)
for ¢ € C3°(Yo, \™T*Y ® Fp). Since the metric @ is complete, the above estimate
still holds provided ¢ € Dg’q N Dg;q C L™(Yy, Fp, hs,,). O

m

Lemma 4.9 (Approximation lemma). If ¢ € A9(Y 1, Fp,hs), then for any e > 0,
there exist a p € A™0(Ya, Fp, hs) such that |Ply, — ¢|3 < e.

Proof. Tt suffices to show that if u € A™0(Y 1, Fp, hs) C L™(Y1, Fp, hs) and

(45) (wFv = [ Pl hady =0
1

for any f € A™°(Ys, Fp, hs). Then we have

(46) (wavs = [ . fahsaV =0
1

provided g € An’o(?l, Fp, h(;)

We change the definition of u by setting v = 0 on Y2\Y; and remain unchanged
on Y7, we denote it by u/. Since ¥ = 0 on X; and therefore the above equality (4.5)
implies

u' L {L™%(Yy, Fp, hs,,) Nker 9}
for each m. Then we obtain «’ € Imd,, ¢ L™°(Ya, Fp, hs,,). According to the uniform
estimate Lemma 4.8, we know

Imgjn = Imgjn.
According to [Horm65], we acquire v’ = E;vm for some vy, € L™ (Yy, Fp, hs,,) with
estimate

lom |7, < Cull[I7, < Callu’[3-
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m¥y,  which yields g*wm = ginvm = /. Thus one obtain

We set w,, = e~
lwmll§ < lwmllZ = llomllz, < Cille[I5.

Hence {w,,} has a subsequence which is weakly convergent in L™'(Ya, Fp, hs), we
denote the weak limit by w. On the other hand, for every ¢ > 0, by the inequality
w2, < C1]|w||3, we have the inequality

/ ™ (W, W)y AV < Colul .
{zeYs:U>e}

Thus we have

eme / (s ) AV < 1 |2
{z€Yo: U >e}

for each m. It follows that f (zeYa: U=} (Wi, W)z dV tends to zero and hence wy, — 0
almost everywhere in {z € Y5 : U > €}. As a consequence, the weak limit w = 0 on
{zx €Yy: W > e} for every € > 0. In summary, we have

suppw C Yy and w =1

For any open neighborhood Hi of X7 in X5. We can take a C*° function ¢ on Xs
satisfying 0 < ¢ < 1, supp ¢ € H; and ¢ = 1 on X;. For these g € A™(Yy, Fp, hs),
we still have d(Cg) = 0 on Y;. And we arrange H; very close to X such that g is
defined on Hy\D. Hence (g is defined on Y5 and obviously belong in L”’O(Yg, Fp, hs).
So

(u,9)y; = /Y1 (u, g dV = /Y2 (. Cg)dV

= /Y2 <5*w,Cg>de

Yo
= 0

This confirms the equality (4.6) and therefore completes the proof of Lemma 4.9. [

Definition 4.10 (Semi-norms). Let A be any smooth metric of Fp = F ® O(D) on
the whole X. For a fixed real number ¢, the sublevel set X, is relatively compact in
X. Let K be a compact subset of X, we set

|| = supy/(p, @), h(x)
rxeK

for ¢ € HY(X.,Kx ® Fp), where (p,)_ h(x) be the pointwise norms and it is
independent to w because ¢ is a (n,0)-form.
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We can find two positive constants M7 and M, such that My < h < Mshs on Yy,
here M and My are constants depend on Y.. So using Cauchy’s integral formula in
each local coordinate U; with U; N K # (), we have

o2 < M / o2hdV

U,NK
s%%/ (o2hsdV
U;,NK
< My Ms||g|2.

This shows we can find a positive constant M depends on X, such that

lolx < Mllello-

In summary, we get the desired approximation.

Lemma 4.11. Let X7 C Xy be the pair of sublevel set. Then for any holomorphic
section ¢ € H(X1,Kx ® F ® O(D)) and for any € > 0, there exists a section
¢ € H'( X9, Kx ® F ® O(D)) such that | — ¢|x, <.

Now we can proof the vanishing of H'(X, Kx ® Ox (D) ® F).

Theorem 4.12. Let X be a weakly pseudoconvex Kdahler manifold and F' is a positive
line bundle on X. Let D be a simple normal crossing divisor on X. We have

HY(X,Kx ® Ox(D)® F) = 0.

Proof. Recall we have proved that for any real number ¢, the local vanishing of
HYX,Kx ® Ox(D) ® F), ie., H (X, Kx @ F ® O(D)) = 0. Let X = {X,}v>0
and X, = { X} }x<, be the covering of X and X, respectively. Moreover X and X, are
the Leray covering for the sheaf Kx ® F® O(D) on X and X, respectively. We have

HYX,Kx ® Fo O(D)) = H' (X, Kx ® F @ O(D)),

and
H' (X,,Kx ® F® O(D)) = H'(%X,,Kx ® F ® O(D)) =0,
for each v.

For any l-cocycle 0 € Z'(X,Kx ® O(D) ® F), let o, be the restriction of ¢ to
X,. Then it is obviously that o, € Z1(X,, Kx ® O(D) @ F). According to the local
vanishing, there is a 0-cochain o, € C%(X,, Kx ® O(D) ® F) such that do, = 0,,. As
an element of C%(X,_1, Kx ® O(D)®F), we have da, = dov,_1, and hence ay, — a1 €
79Xy 1, Kx @0(D)® F), ie., ay —ay_1 € (X, 1, Kx ® O(D) ® F). Now by the
approximation Lemma 4.11, for any € > 0 we can find a vy € I'(X,, Kx ® O(D) ® F)
So as to

lay — a1 — 7‘7%2 < €.
Therefore, inductively we have a sequence {\, },>1 such that
(1) Ay € C%X,, K ® O(D) ® F) and A\ = oy,
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(2) 0N, = oy,
(3) Avs1 — Aolx,_, < 5
As a consequence, for any v,

lm Ay = Ay + Y (o1 — M)

u>v
k>v

defines an element of C(X,, K ® O(D) ® F). And

ulzlglrl Au = Apt1 + Z (Ak+1 — k)
k>v+1

defines the same element as lim, >, A, when restrict to C%(X,, Kx ® O(D)® F). Thus
we can define an element \ of CY(X, Kx ® O(D) ® F) by A = lim,_ s \,. For any v,

O0(lim A\y) = lim 6\, = oy,
u>v uU>v
Hence we have dA = o and the proof is complete. O
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