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Abstract
In this paper, we study a Ciani curve C : 2* +y* + 24 + r22y? + sy?22 + t222? = 0 in positive
characteristic p > 3. We will show that if C' is superspecial, then its standard form is maximal
or minimal over IF,,> without taking its IF>-form.
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1 Introductrion

Throughout this paper, a curve always means a projective variety in positive characteristic p > 3 of
dimension one. It is well-known that all nonsingular genus-g curves C' defined over F, with ¢ = p"
satisfy the Hasse-Weil inequality

1+q—29q <#C([F,) <14 q+ 294,

where C'(F,) denotes the set of Fy-rational points of C'. Now, a nonsingular curve C is called mazimal
(resp. minimal) when the number of F,-rational points of C attains the upper (resp. lower) bound.
Maximal curves have been investigated for their applications to coding theory. On the other hand,
we call a curve C' superspecial if Jac(C') is isomorphic to the product of supersingular elliptic curves.
This is equivalent to saying that the a-number of C is equal to g. The a-number of C' is defined to
be the dimension of Hom(a,, Jac(C)[p]) where a, is the kernel of the Frobenius map on the additive
group G,. And then, it is also known that any maximal or minimal curve over F 2 is superspecial,
though a superspecial curve over [ is not necessarily maximal nor minimal.

In this paper, we study the maximality of genus-3 nonhyperelliptic curves of Ciani type, and we
will call them Ciani curves briefly. A Ciani curve C' is a plane quartic defined by the equation

C:at +yt + 24 +ra®y? + sy?2? + t2%2? =0,

which was studied by Ciani [3]. Brock [2, Theorem 3.15] studied the superspeciality of Ciani curves
and their enumerations, using the result by Hashimoto [5] on the computations of the class numbers
of quaternion unitary groups. Our main result is as below:

Theorem 1.1. Assume that a nonsingular curve
C:at +yt + 24 +ra?y? + sy?2? + 12227 =0
is superspecial, then 7, s and t belong to [F,,2. Moreover C' is maximal or minimal over F ..
See Corollary 4.6 for a condition determining whether C' is maximal or minimal.
The remainder of this paper is structured as follows. In Section 2, we review several properties
of Ciani curves. Proposition 2.5 gives us the classification of automorphism groups of a Ciani curve.

In Section 3, we look into the structure of a Ciani curve C. In particular, we describe explicitly the
elliptic curves appearing as quotients of C' by involutions. In Section 4, we prove Theorem 1.1.
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2 Ciani curve

Let K be a perfect field of characteristic p > 3. In this section, we consider a nonhyperelliptic curve
of genus 3 defined over K

C:at+ oyt + 2+ ra?y? + sy?2? + 222 = 0, (2.1)
which is called a Ciani curve. First of all, we discuss the singularity of a Ciani curve.

Lemma 2.1. The curve C is nonsingular if and only if r,s,t # £2 and 72 + s + 2 — rst — 4 # 0.

Proof. Put F := z* + y* + 2* + ra?y® + sy?2? + tz222. Then, we have

88—1; = 22(22% 4 ry?® + t2?), 88—1; = 2y(2y° + ra? + 52?), 68—1: = 22(22% + sy? + ta?).
To show the “if”-part, assume that (z :y : z) € P? is a singular point of C.

Firstly, we note that there is no point (z : y : z) on C such that two among z,y and z are zero;
e.g., if x =y =0, it follows from F' = 0 that z = 0, which is a contradiction.

Secondly, consider a singular point (z : y : z) on C such that only one among x,y and z is zero,
e.g.; the case x = 0, y # 0 and z # 0. It follows from 232 + 522 = 222 + sy? = 0 that (4 — s%)22 =0,
whence s = +2. One can check the case of y =0 or z = 0 in the same way.

Lastly, consider a singular point (x : y : z) on C such that all of x,y and z are non-zero. Using
the Jacobian criterion, we obtain

2 r x? 0
r 2 s y? =10
t s 2 22 0
Here, we can calculate
2 r t
det [ r 2 s | =20+ %+ 1> —rst —4),
t s 2

and thus 72 + s2 + 2 — rst — 4 = 0 since (22,92, 22) # (0,0,0).

Conversely, we show the “only if”-part. If r = £2, we can find singular points (z : y : 0) on C
such that 22 4+ »? = 0. One can check the case of s = £2 or ¢t = 42 in the same way. Moreover, by
a tedious calculation, we can find singular points (z : y : z) on C such that

(4 —r?)(rt — 2s8)2% = (4 — 1) (rs — 2t)y% = (rt — 25)(rs — 2t)22
if 72 + s+t — rst —4 = 0. The proof is completed. O

Definition 2.2. We say that a nonsingular Ciani curve of the form (2.1) is of [a, b, ¢]-type when
the triple (r,s,t) is a permutation of

(a,b,c),(a,—b,—c),(—a,b, —c), (—a, —b,c).

If both C' and C’ are two Ciani curves of [a, b, c]-type, it is obvious that C is isomorphic to C’.



Remark 2.3. Suppose that C and C’ are two Ciani curves, then the type of C' is not necessarily
same as that of C’ even if C' and C’ are isomorphic. For example, the Fermat curve 24 4+ y* +2* =0
is isomorphic to the curve z* 4+ y* + 6y?22 + 2* = 0. We find a necessary and sufficient condition for
two Ciani curves C' and C’ to be isomorphic in [6, Proposition 2.2], but do not use it in this paper.

Example 2.4. Consider a nonsingular curve
C:zt+y* + 24+ ratyz + sy?22 = 0. (2.2)

Note that the automorphism group of C' contains Dg as shown in [9, Theorem 3.1]. Let us confirm

that this curve C is of [a, b, a]-type with a = \/;72 and b =2 — 51+—62.

By replacing u = (y+2)/2 and z = (y — z)/(2¢/—1), we obtain y = u++/—1v and z = u++/—1v
thus

yz = (u+vV—1v)(u + vV—1v) = u? + v,
2422 = (u+V—-10)? + (u+ vV—1v)% = 2(u? — v?).
The left side of (3.2) can be transformed into
ot oyt + 2 4 ralyz 4 sy?2? = 2t 4 (P 4+ 222 oty + (s — 2)yPR?
=zt + (s + 2)ut + (s + 2)v* 4+ rau® + 2(s — 6)u’v? + rva?,

and the map
u v

s UV
s+ 2 s+ 2

U —

transforms the curve C into

6 T
>u2v2 + v2x2.

:134+u4—|—v4—|—$:1:2u2+<2—
s+ 2

vVs+2

Hence, the curve C' is a Ciani curve of [a, b, a]-type.

Next result tells us the classification of automorphism groups of Ciani curves. Let C,, (resp. Dy,)
be the cyclic (resp. dihedral) group of order n and S,, the symmetric group of degree n.

Proposition 2.5. The automorphism group of a Ciani curve C' is either of the following 7 groups:
Dy. In case C can be written as [a, b, ¢|-type for some a, b, c € K.
Dg. In case C can be written as [a, b, a]-type for some a,b € K.

Gi6. In case C can be written as [0, b, 0]-type for some b € K.

Gys. In case C can be written as [0,2y/—3, 0]-type.

Gogg. In case C can be written as [0, 0, 0]-type.

)
)
)
4) S4. In case C can be written as [a, a, a]-type for some a € K.
)
)
)

Gigs- In case C can be written as [_3+2V =63 _3+2V =63 _3+2 _63]—type.

Proof. Tt follows from [9, Theorem 3.1] about (1), (3), (4) and (6). It is well-known [10, Section 6-8]
about (5) and (7). It is clear about (2) by Example 2.4. O



3 Elliptic curves associated to a Ciani curve
Let 01, 09,03 be automorphisms on a nonsingular Ciani curve C' as below:

o1:(x:y:2)—=(—x:y:2),
or:(ziy:z)—=(x:—y:2),
os:(x:y:z)—=(x:y:—2).

Put E; := C/{o;) for i € {1,2,3}, then we obtain the equations
Er: X2+ + 2 +r Xy + 51222 + 122X =0,
Ey:at + Y2+ 24 +r2?Y + sY22 + 2222 =0,
Ey:a* +y* + 22 +ra®y’ + sy®’Z +tZ22° =0

with X = 22, Y = y? and Z = 22. One can easily check each E; is a genus-1 curve, and the next
lemma gives the Legendre forms of F;. We choose «, 8 and  such that

a?=r?—4, p=st-4 P =t"-4 (3.1)
once and fix them throughout this paper.

Lemma 3.1. We can transform E; into the Legendre forms y? = z(z — 1)(z — )\;) with

N = (rt — 2s) — vy
= (rt — 2s) +ya’
_(sr—2t)—ap
Az = (sr—2t) + ozﬁ (32)
e (ts —2r) —
5 (ts—27‘)+57

Proof. In this proof, we will show about F;. Firstly, we get the equation

t 5\2 T 9\2
<X + gyz + 522) = <gy2 + 57:2) —yt = syt
2

t t2
- (ot (Gt ()
By replacing u =y and v = X + 2y + z and multiplying (r? — 4)/4 of both sides, we obtain

2rt — 4
v? :u4+uu222+

2
r2 —4 '

r2—4

Here, the right side is transformed into

u- + u“z® +



with b2 = 2. 22=(1=25) pyy

r2—4

bt fb2—d.2 b\ f02—4.2
dlz 9 d2: )

then we have the factorization
(u2 + buz + 522) (u2 —buz + gz2> = (u+di12)(u+ doz)(u — di2)(u — d22).
The map
u—diz do+dp
U+ dlZ d2 — d1

transforms this elliptic curve into the Legendre form:

U —

v? :u(u—1)<u— %) :u(u—1)<u— ﬁ) =wu(u —1)(u— A1).
This is the desired conclusion. 0
Here, we can regard the curve
P:X*4+Y?+ 22 +rXY +sYZ+tZX =0

as the quotient C'/(01,02). One can confirm that P is nonsingular since C' is nonsingular and the
genus of P is 0. Hence, the curve P is isomorphic to the projective line P'. For the above discussion,
we obtain the following diagram: C

SN

Ey Es Eo (3-3)
%

The diagram (3.3) induces an isogeny Jac(C') — Ey x Ey x E3 by [8, Section 3] of degree 23. Since
the degree of the isogeny is not divided by p, then we obtain Jac(C)[p] = (E1 x Ea x E3)[p]. Hence,
a Ciani curve C is superspecial if and only if Fy, F» and Fj3 are supersingular.

Proposition 3.2. The reverse transformation of that in Lemma 3.1 is given by

. AMA2 — A3 — A3\ + 1
VA1 (1 — A3) ’

o A3 — A3A] — Ao+ 1
ora(l—N)

_ A3AT — A1 Ao — Ao A3+ 1
VAsAL(1 = A2)

Proof. In this proof, we will show the case of A1, A2, A3 # —1. By linear fractional transformations,
one can check that

T+ A rt—2s L+ X sr—2t L+ A3  ts—2r

I-X ya ' 1=X  af 7 1-=X3 B

5



Hence we obtain the equation

(1= M) = X)(1+Ag) (72 —4)(ts — 2r)

T4+ X)X+ X)) —A3)  (rt —2s)(sr —2t)°
Since (12 — 4)(ts — 2r) + (rt — 2s)(sr — 2t) = —2r(r? + s? + 2 — rst — 4), then we have

(T=A)1=A)(1+A3) o 24+ 82 412 —rst—4
(T4+ A1+ X)) (1 = A3) (rt —2s)(sr —2t)
On the other hand, note that

1+

(rt —28)2 —4(r? + 5% + 12 —rst —4) = (r* — 4)(t* — 4),
(57— 2t)% —4(r2 + 2+t —rst —4) = (s> — 4)(r* — 4), (3.5)
(ts — 2r)2 —4(r? + 2 + 12 —rst — 4) = (12 — 4)(s*> — 4),

thus one can check that

M 24+ 52+t —rst—4
T+A)2 (rt — 2s)2 ’
Ao 24+ 52+t —rst—4
A+ x)2 (s — 2t)2 '
A3 242+ t2 —rst—4
1+x)2 (ts — 2r)2
Therefore, we have
NI :T2+32+t2—rst—4 (3.6)
(1T 4+ A1) (1 + A2) (rt — 2s)(sr —2t) '
Using the equations (3.4) and (3.6), then
(A0 2)(1 =) + (1= A)1 = M)+ N) VA
(1+ A1)+ A2)(1 = A3) (L+A)(L+A2)
We may solve this with respect to r. The other two formulas can be shown in the same way. O

4 Proof of the main theorem

In this section, we will show the theorem stated in Introduction.
Theorem 1.1. Assume that a nonsingular curve
C:at 4yt + 24 +ra®y® + 5222 + 12222 = 0
is superspecial, then r, s and ¢ belong to F,2. Moreover C' is maximal or minimal over F ..

A key to the proof is the following proposition by Auer and Top [Il, Proposition 2.2].
Proposition 4.1. Let E : y* = z(z — 1)(z — ) be a supersingular elliptic curve, then X € (F2)*.
Moreover, the followings are true:

e If p =3 (mod 4), then an elliptic curve E is maximal over Fpe.
e If p=1 (mod 4), then an elliptic curve E is minimal over F 2.

In particular, the curve C' is maximal or minimal over F ..



Recall the discussions in Section 3. Let E7, F» and Fj5 be the following three elliptic curves:
By X2yt 42 e Xy? + sy222 + 122X =0,
Ey: ot + Y24+ 24 +r2?Y + sY 22 + 2222 =0,
FEs: zt 4 y4 + 77 + rm2y2 + sy2Z +tZ2? = 0.
Then, there exist surjectives C' — E; defined over .
Proof of the first half of Theorem 1.1. The elliptic curves E; are supersingular by the assumption,
since the quotient of supersingular curve is supersingular. By Lemma 3.1, each elliptic curve F; is

isomorphic to y* = z(z — 1)(z — ;). By using Proposition 4.1, each J; is a fourth power in (F,2)*
and thus v/\; € [F,2. Hence, it follows from Proposition 3.2 that r,s,t € I 2. O

Therefore, the question of whether a Ciani curve C' is maximal or minimal over > makes sense.
To prove the second assertion of Theorem 1.1, we need the following four lemmas:

Lemma 4.2. We choose A such that A% = 72 + s2 + t? — rst — 4, then the followings are true:
(1) If C is superspecial, then a3, fy and ya belong to 2 where a, 3,7 are chosen in (3.1).
(2) If C is superspecial, then A belongs to F ..

Proof. The elliptic curve F; is supersingular by assumption, and so A; € (Fp2)4 by Proposition 4.1.
(1) This claim holds from (3.2) and the first assertion of Theorem 1.1.
(2) We obtain —A; € F 2 clearly, and so whether ya + (rt — 2s) is a square in 2 is in accord
with whether yo — (rt — 2s) is a square in 2. This means that
{ya+ (rt —28)}{ya — (rt — 2s)} = —4(r® + s> + > — rst — 4)
is a square in [F. [l

2 2 2
re—4 s°—4 t-—4
7 e and o=

Lemma 4.3. If a Ciani curve C' is superspecial, then are fourth powers in [F..

Proof. One can check that
D D D
2 2
= = = = f=—
" Mol — g2 ° Mos(1— A2 M (L — Ag)?

with D = (A2 + A3 + A3\ — 1)2 — 4)\1)\2)\3()\1 + A2 + A3 — 2). Hence, we have

7"2—4 o )\3(1—)\2)2 82—4 o /\1(1—)\3)2 t2—4 o )\2(1—)\1)2

152—4_)\2(1—)\3)27 7"2—4_/\3(1—)\1)2’ 82—4_)\1(1—)\2)2.

2 —

Here, we have \;,1 — \; € (Fp2)4 by Proposition 4.1, thus t;:ﬁ, %, g:i are fourth powers in I .

Indeed, the elliptic curve y? = z(z — 1)(x — );) is isomorphic to y? = x(x — 1)(z — (1 — );)) by the
proof of [IT, Proposition IT1.1.7]. Therefore y? = z(z — 1)(z — (1 — );)) is supersingular. O

Next, we construct other elliptic curves E’; which are 2-isogenous to E;. We define

w1 = (rt —2s) + 24, vy = (rt —2s) — 2A,
wo = (sr—2t) + 24, wvg = (sr—2t) —2A,
w3 = (ts — 2r) + 24, wvg:=(ts —2r) — 2A,

then we obtain u;,v; € F2 by Lemma 4.2 (2) if a Ciani curve C' is nonsingular and superspecial.
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Lemma 4.4. Suppose that a Ciani curve C is superspecial. Let E’; be the elliptic curve defined by
Fs:pwiy? = x(x — 1) (x — v/ ).
Then, there exists an isogeny F; — E’; defined over [F,2 of degree 2.
Proof. In this proof, we will show only about E’. Firstly, the elliptic curve
Er: X2+t + 2+ r Xy + 59222 + 122X =0

is isomorphic to
v? = (r% — 4)ut + 2(rt — 2s)u® + (t* — 4) (4.1)

by replacing u = y and v = 2X + ru? + t. The elliptic curve of the form (4.1) is 2-isogenous to
v? = (1% — 4)ud + 2(rt — 28)u® + (2 — 4)u (4.2)

with the morphism (u,v) — (u?, uv) defined over F,2. The right hand side of (4.2) can be factorized

as (r? — 4du(u — p})(u — 1), where

, (rt—2s)4+2A ,  (rt—2s) —2A
B

Here, the elliptic curve v? = (12 — 4)u(u — p})(u — v}) is isomorphic to

EY oy = a(z — 1)z — vy /py) = x(x — 1) (z — 1 /m).
This is the desired conclusion. O

There exists an isogeny Jac(C') — E' x E'y x E's defined over F 2, whose degree is a power of 2.
In particular, a curve C' is maximal (resp. minimal) if and only if E; are maximal (resp. minimal).

Lemma 4.5. If C is superspecial, then all y; are squares in Fp2 or none of y; is a square in I

Proof. 1t suffices to show that products ju1po, 23, p3pe1 are squares in F 2. Recall from (3.5) that

vy = (rt — 25)% —4(r2 + 2+ 12 —rst — 4) = (2 — 4)(12 — 4),
pavy = (51— 20)% — 4(r% + 8% + 12 —rst — 4) = (s> — 4)(r* — 4),
psvs = (ts — 2r)2 — A(r? + §% + 12 —rst — 4) = (£ — 4)(s* — 4).

Since E'; is supersingular by assumption, thus v;/p; is a fourth power in (F,2)* for all 7 € {1,2,3}
by Proposition 4.1. Hence, the product

v V2 pmanipelz (7’2 - 4)2(32 - 4)(’52 —4)

p1 p2 (pipe)? (1p2)2

is a fourth power. On the other hand,

43—47524
—4 24

(r2 —4)2(s> —4)(t* —4) = (1 — 4)

is a fourth power by Lemma 4.3, so thus (uyp0)? € (Fp2)4. This means that uipus is a square in [
In the same way, the products papus and pspy are also squares in Fq. O



Now, we show that a nonsingular superspecial Ciani curve C' is maximal or minimal over .

Proof of second half of Theorem 1.1. Suppose that a Ciani curve C' is superspecial, then the elliptic
curves E'1, E'5 and E’3 are all supersingular.

o If p =3 (mod 4), then the elliptic curve E’; is maximal if and only if y; is a square in F,
and moreover E; is minimal if and only if y; is not a square in F 2 by using Proposition 4.1.
It follows from Proposition 4.5 that all E’; are maximal or minimal, so the proof is done.

o If p =1 (mod 4), then the elliptic curve E’; is minimal if and only if 4; is a square in F,
and moreover E'; is maximal if and only if y; is not a square in )2 by using Proposition 4.1.
It follows from Proposition 4.5 that all E’; are minimal or maximal, so the proof is done. U

Corollary 4.6. Suppose that a Ciani curve C' is superspecial, then the followings are true:
e If p=3 (mod 4), then C' is maximal if and only if p; for an (equivalently, every) i € {1,2,3}
is a square in [ 2.
e If p=1 (mod 4), then C is maximal if and only if u; for an (equivalently, every) i € {1,2,3}

is not a square in .

Example 4.7. Consider the Ciani curve C defined by the equation

9
:172y2 — —y2z2 + 222% =0.

3 3
V=2 4 V=2
A simple computation says Ay = —1 and A2 = A3 = 2 by using Lemma 3.1. Hence, the three elliptic
curves associated to the Ciani curve C are given as below:

Byt =x(z—1)(z+1),
Byt =x(z—1)(z —2),
By :y?=x(x—1)(z —2).

C:at4+y*+ 24+

It follows from [11, Example V.4.5] that these elliptic curves with j(E;) = 1728 are supersingular if
and only if p = 3 (mod 4). Therefore C' is superspecial if and only if p = 3 (mod 4). Moreover, the

Ciani curve C' is maximal over F . if and only if p = 3 (mod 4) since p; = @ € (Fp2)*

Lastly, let us discuss the maximality of a Ciani curve C over F ..

Corollary 4.8. Assume that a curve C : 2% + y? + 2% + ra?y? + sy?22 + t222? = 0 is superspecial.
(1) When e is odd, then the followings are true:

e If p=3 (mod 4), then C' is maximal over [, if and only if 1; for an (equivalently, every)
i€ {1,2,3} is a square in F ..

e If p=1 (mod 4), then C is maximal over [z if and only if ; for an (equivalently, every)
i €{1,2,3} is not a square in F.

(2) When e is even, then C' is not maximal (i.e. minimal) over .

Proof. Let I' be a maximal (resp. minimal) curve over 2, then I" over F 2 is also maximal (resp.
minimal) if e is odd, and is minimal if e is even. This follows immediately from the Weil conjecture
(cf. [4, Appendix C, Exercise 5.7]) and the fact that I" over [, is maximal (resp. minimal) if and
only if all the eigenvalues of the Frobenius on the first étale cohomology group are —p (resp. p). O
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