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UNIQUENESS OF HAHN-BANACH EXTENSIONS AND
SOME OF ITS VARIANTS

SOUMITRA DAPTARI AND TANMOY PAUL

ABSTRACT. In this study, we analyze the various strengthening and
weakening of the uniqueness of the Hahn—Banach extension. In addition,
we consider the case in which Y is an ideal of X. In this context, we
study the property-(U)/(SU)/(H B) and property-(k—U) for a subspace
Y of a Banach space X. We obtain various new characterizations of
these properties. We discuss various examples in the classical Banach
spaces, where the aforementioned properties are satisfied and where they
fail. It is observed that a hyperplane in c¢o has property-(H B) if and
only if it is an M-summand. Considering X, Z as Banach spaces and
Y as a subspace of Z, by identifying (X®,Y)* = L(X,Y™), we observe
that an isometry in £(X,Y™) has a unique norm-preserving extension
over (X&yZ) if Y has property-(SU) in Z. It is observed that a finite
dimensional subspace Y of ¢o has property-(k — U) in co, and if Y is an

ideal, then Y™ is a k-strictly convex subspace of ¢; for some natural k.

dedicated to the memory of Professor Ashoke K. Roy

1. INTRODUCTION

The Hahn—Banach extension theorem is one of the most long-standing
topics in functional analysis. Many illustrious mathematicians including
Lawrence Narici, Edward Beckenstein, A. R. Halbrook, Mart Poldvere,
Dirk Werner, and Eve Oja have contributed to the understanding of this
continuously-discussed theorem. The reader can follow the link in [MO] to
obtain an overview of the importance of this theorem. This paper follows
the roadmap of the unique existence of norm-preserving extensions. For a
subspace Y of X, if the norm-preserving extension over X is unique for ev-
ery y* € Y*, the subspace is said to have property-(U) (see [P]). A slightly
weaker property than that stated above is given as follows.
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We say Y has property-(wU) whenever y* € Y* satistying [|y*| = v*(vo)
for some yy € Sy has a unique norm-preserving extension to X. The
property-(wU) is known as the weak Hahn—-Banach extension property (see
[LA]) in the literature; we maintain similarities with this property while
referring to the other properties along with it. We continue to study the
uniqueness of the Hahn—Banach extension. In a recent paper ([DPR]), the
property-(SU) was extensively studied. A potpourri presentation of the said
property led us to further strengthen this property. In this paper, we focus
on property-(wU), property-(H B), and property-(k — U).

We now list a few notations and definitions that are used throughout this

manuscript.

1.1. Notations and Definitions. X denotes a Banach space over real
scalars. We consider Y to be a closed subspace of X. Bx and Sx represent
the closed unit ball and the unit sphere of X, respectively.

(1) Y# = {z* € X"t [|l2*| = [la*|y|I}-
2) HB(y") ={z" € X" : |lz*|| = |ly*[| & 2|y = y*}, for y* € Y™
3) For A C X, dim A = dim(span{A4 — a}), where a € A.
4) For z € X \ {0}, S(X*,z) = {z* € Sx» : 2*(z) = ||z| }
5) Y+ = {2* € X*: 2%y =0}
6) d(z,Y) = infyey [z —yl| and Py(z) ={y € Y : [lx —y[| = d(z,Y)}.
7) For Banach spaces X, Z, X = Z means that X is isometrically iso-

(
(
(
(
(
(

morphic to Z.

We now provide a few important definitions that are relevant to the central
theme of this investigation.

A projection P : X — X is a linear map with ||P|| < oo, unless otherwise
stated, such that P2 = P. By a contractive projection P on X, we mean
P: X — X such that |P]| = 1. A bi-contractive projection P: X — X is a
projection where ||P|| =1=||I — P|.

Definition 1.1.1. A subspace Y is called an ideal in X if there exists a
contractive projection P on X* with ker(P) = Y+,

A few stronger versions of property-(U) are the following.

Definition 1.1.2. Let Y be a subspace of X, and suppose there exists a
projection P : X* — Y+ with ||P|| = 1. Let G = (I — P)(X*).
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(a) [O] Y is said to have property-(SU) in X if for each x* € X*,
Iz > lly™ |l

whenever z* = y# + y with y# € G,y (#0) € Y+,
(b) [H] Y is said to have property-(HB) in X if for each z* € X*,

lz* [ > lly™ | & ll=*]| = [y,
whenever z* =y + y- with y* € G,y (£ 0) e Y.

Definition 1.1.3. [HWW]| A subspace J is called an M -ideal in X if there
exists a subspace Z of X* such that X* = J+ @, Z.

Every M-ideal has property-(HB). A subspace J is said to be semi M -
ideal if X* = J+ @, Z for some closed set Z in X*. The obvious choice
for Z for the (semi) M-ideal is J#. A semi M-ideal with a linear J# is
an M-ideal. J is a (semi) M-ideal if and only if it satisfies the (2)3-ball
property in X (see |L, Theorem 6.9, 6.10]).

From [LH] and [HWW], we recall that a Banach space X is called L-
predual if X* is isometrically isomorphic to Lq(u) for some measure space
(2,3, 1), and X is called M-embedded if its canonical image in X** is an
M-ideal in X**,

By a hyperplane in X, we mean a subspace of type {z € X : 2*(x) = 0}
for some x* € X*. A finite co-dimensional subspace is a finite intersection

of the hyperplanes in X.

Definition 1.1.4. [X] A subspace Y is said to have property-(k —U) in X,
for some k € N if dim HB(y*) < k — 1 for all y* € Sy~.

Let us recall that Y is said to be a proziminal subspace of X if Py (z) # ()
for all . Subspace Y is said to be a Chebyshev subspace if Py(zx) is a
singleton for all z € X. In general, the map Py : X — 2 is closed convex
valued and not necessarily linear if Y is Chebyshev. We call Py the metric
projection of Y.

Definition 1.1.5. [S] Let k € N.
(a) A proximinal subspace Y of X is said to be a k-Chebyshev sub-
space if 0 < dim(Py(z)) <k —1 for all z € X.
(b) X is said to be k-strictly convex if for any k + 1 linearly indepen-

dent elements x1,z,...,2x11 € Sx, we have || Zfill xi|| < k+ 1.
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For a closed and bounded set B of a normed space X, by ext(B), we

denote the set of all extreme points of B.

1.2. A short background of this work. The smoothness of a (non-zero)
vector x in a Banach space is related to the uniqueness of the functional
in its state space S(X*, z). Property-(U) (and property-(wU)) extends this
notion to subspaces. If there exists a linear Hahn—Banach extension operator
S:Y* — X* (ie, Y is an ideal in X), property-(U) ensures the uniqueness
of the existence of such an S and also establishes an embedding of Y* into
X*; in this case, X* = Y# ) Y1, a vector space decomposition. Note that
property-(H B) ensures that the corresponding projection is bi-contractive.
It is relevant that property-(U) is not invariant under isometry.

We also extend our study to cases in which a subspace Y fails to have
property-(U), but the dimension of the set HB(y*) has a finite upper bound
for y* € Y*, known as property-(k — U), as defined in Definition [[.T.4] If Y
is a subspace of X, then

Y has property-(U) in X <= Y is a Chebyshev subspace of X* [P].

X* is a strictly convex <= every subspace of X has property-(U) [T}, [EJ.

The k-valued analogues of these cases are as follows.

Theorem 1.2.1. [X| Let k € N and Y be a subspace of X.
(a) Y has property-(k — U) in X if and only if Y+ is a k-Chebyshev
subspace of X*.
(b) X* is k-strictly convez if and only if every subspace of X has
property-(k —U) in X.

In this case, (property-(k — U)), the corresponding notion of smoothness
is multismooth, as discussed in [LR]. It is clear from the definition that an
n co-dimensional subspace Y has property-((n + 1) — U); consequently, the
James space has property-(k — U) in its bi-dual. By contrast, no subspace
of /¢y (and similarly for B(¢3)/K (¢2)) has property-(k — U) in their re-
spective superspaces; a fortiori, if w is unitary in a C*-algebra A, then

span(S(A*,u)) = A*.

1.3. Major outcomes of this work. We organize this work in the follow-
ing manner.
In Section 2, we discuss property-(wU) in Banach spaces. In Theo-

rem [ZT.J] we provide new characterizations of property-(wU) in Banach
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space. The 3-space problem for property-(wU) is partially proven in this
section.

Section 3 discusses the stability properties of various types of uniqueness
of the Hahn—-Banach extensions stated earlier, namely property-(SU), (HB).
Some new characterizations are given for these properties along with
property-(U) in Banach spaces in Theorems BT, B.1.3, and BT.4l We
partially solve the 3-space problem for property-(H B). Some examples are
given at the end, establishing that property-(wU)((SU)) is strictly weaker
than property-(U)((HB)).

In Section 4, we discuss property-(k — U) in Banach spaces. In The-
orem [ TH] it is characterized when a reflexive subspace Y has property-
(k — U) in a Banach space X. In Theorem 2.1 we discuss a class of
finite-dimensional subspaces of L;(p) that does not have property-(k — U)

for any k. Some examples are also given with this property.

2. ON WEAKLY HAHN-BANACH SMOOTHNESS

In this section, we study property-(wU). We begin with some charac-
terizations of property-(wU). Let us recall that for z* € X*, a hyperplane
(z*)71(0) is proximinal if and only if 2* attains its norm in the unit sphere
of X.

2.1. Characterizations.

Theorem 2.1.1. Let Y be a subspace of the Banach space X. Then, the
following are equivalent.
(a) Y has property-(wU) in X.
(b) Every proximinal subspace Z C 'Y, Y/Z has property-(wU) in
X/Z.
(¢) Pyi(z*) = {0} for x* € X* satisfying z*(y) = |z*|, for some
y € Sy.

Proof. (a) = (b). Suppose Y has property-(wU) in X, and Z is proximinal
inY. Let F € (Y/Z)* be a norm attaining functional. That is, there exists
y+Z eY/Z |ly+ Z|| =1 such that F(y+ Z) = ||F||. Considering F' as an
element in Zi%*, y*, say, is clearly norm-attaining at some y + z € Sx, for
some z € Z. Now, y* has a unique norm-preserving extension to X; let us
call it z*. Since z* € Zx., we may identify z* to some F e (X/Z)* with

IF|| = |ly*|| = ||l=*]| = ||F||. To prove the uniqueness of F, let us assume
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G € (X/Z)* such that G|y, = F. Clearly, G € Zx+, which we call w*.
Then, w*|y = y* and |w*|| = ||y*||. Hence, we have w* = z*, which proves
the necessity of the condition.

(b) = (a). Let us assume that Y does not have property-(wU) in X.
Then, there exists y* € Sy« such that y* attains its norm on By and distinct
x},x5 € HB(y*). Let Z = ker(y*); then, Z is proximinal in Y. Suppose
Yo € By is such that y*(yo) = [|y*[|, then |[yo+ Z|| = d(yo, Z) = |y*(yo)| = 1.
We can now identify y*, %, ¥4 in the corresponding quotient spaces, i.e., Zs.
and Z )l(*, respectively. If we define F' = y* and G, G as x7, 3, respectively,
then clearly it is a contradiction to the assumption that Y/Z has property-
(wU) in X/Z.

(a) = (c). Let 0 # y+ € Py.(z*) for some z* € X* as stated in
(¢). Then, 2*,2* — y* € HB(z*|y). This contradicts the fact that Y
has property-(wU) in X.

(¢) = (a). If y* € Sy~ such that |y*(y)| = 1, for some y € Sy, then, any
x* € HB(y*), we have that z*(y) = 1. Hence, for distinct z7, x5 € HB(y"),

we obtain x] — 25 € Py-1 (x7), which contradicts our assumption on (¢). O

2.2. A variant of the 3-space problem. We now focus on the main
result of this section. Let us recall the characterization [LAl Theorem 2.2]

for property-(wU) of a subspace Y in X.

Theorem 2.2.1. Let Y, Z be the subspaces of X such that Z CY C X. If
Z is a semi-M-ideal in X and Y/Z has property-(wU) in X/Z, then' Y has
property-(wU) in X.

Proof. Let us choose zg € Sx, yo € Sy and € > 0.
CrAam: 3 R > 1such that YNB(x¢+ Ryo, R+¢)NB(xo— Ryo, R+¢) # 0.
Now, if g € Z, then the aforementioned intersection holds true for any
R > 0 and clearly contains xy. Moreover, if yg € Z, then the aforementioned
intersection is non-empty for R = 1 (see [LAl Pg.98]). Hence, without loss
of generality, we assume that zg,yo ¢ Z.

and choose 7 > 0 such that n < =L

Define p = pEOTE

1 1
To+Z1> 4 = Tlyo+ 2T
From [LAl Theorem 2.2], there exists r > 1 such that,

Y/Z N B(pro+ Z +1rqyo+ Z,r +n) N B(pro + Z —rqyo + Z,7 +n) # ¢
That is,

Y/Z 0 B(pxo + rqyo + Z,7 +n) N B(pxo — rqyo + Z,7 +n) # ¢.
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Let ' > max{L,r}. Since ' > r, we have
Y/Z N B(pxo + 7'qyo + Z,v' + 1) N B(pxo — 'qyo + Z, v’ +n) # ¢.

Hence, Y/Z N B(xo + Sy + 2,% + 1) N B(ao — Zlyo + 2,5 + 1) # ¢.

Asqg>1, we have

Y/Z N B(wo+ Loy + 2,4 + ) N Blwo — Doy + Z, % + 1) # ¢.

Let y+ZeY/ZmB(xo+—yo+Z L4 90 Bwg — Slyo+ Z, L+ 40),
o llwo = Slyo —y + Z|) < qr + Il Let z; € Z, i = 1,2, such that

oniTyo—erz,H < q; +‘m+n

Consider the balls By —B(xo—l— yo —y, L p L qn +n) and

By = B(xg — Zlyo — y, & +qn+77)

Because B1 N By # ¢ and B;NZ # ¢ (i = 1,2), from the 2-ball property

of Z, we obtain
T/ T/ T/

Jz e ZNB <:Eo+—qyo—y,q—+@+2n>ﬂB (xo——qyo—y,—+@+2n>
p p p p p p

Thus y+z€ YmB(:co+—y0, m L L +2n) N B(xo — - —yo, - ‘o L1+ 2m).
As °% > 1 and ‘m + 21 < ¢, the cLAIM follows for R > = q
Th1s completes the proof. O

We now discuss the cases of vector-valued functions. A contra-positive
argument leads to the following hypothesis. Let (2,3, u) be a probability
space and Y be a subspace of X such that X* has the Radon—Nikodgm
property (see [DUl pg. 61] for the definition). We denote this property by
RNP in the remainder of this paper.

Theorem 2.2.2. If L,(1,Y) has property-(wU) in Ly(u, X), then Y has
property-(wU) in X, where 1 < p < co.

Furthermore, we have the following.

Theorem 2.2.3. Let Y be a subspace of X, and let X* has the RNP. If
C(K,Y) has property-(wU) in C(K,X), then'Y has property-(wU) in X.

We do not know the validity of the converse of Theorem 2.2.2] 2.2.3]

3. ON PROPERTY-(SU) AND PROPERTY-(H B)

3.1. Characterizations. We begin this section with the following charac-
terizations of property-(U), (SU), and (HB).
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Theorem 3.1.1. Let Y be a subspace of X; then, the following are equiva-
lent:
(a) Y has property-(U) in X.
(b) For every subspace Z(#0) of Y, Y/Z has property-(U) in X/Z.
(¢) For every hyperplane Z in'Y, Y/Z has property-(U) in X/Z.

Proof. From [DPR] Theorem 4.1(a)], we have that (a) = (b) and (b) = (c)
are obvious. We only need to show that (¢) = (a).

Let us assume that Y does not have property-(U) in X. Hence, there
exists y* € Y* and distinct z7, 25 € HB(y*). Then, there exists z € X such
that z7(z) # x3(z). Define Z = ker(y*), then Z C Y is a hyperplane in
Y and (Y/Z)* = span{y*}. The spanning vector y* possesses two distinct

norm-preserving extensions over (X/Z). Hence, the result follows. O

Remark 3.1.2. (a) Note that the condition (¢) in Theorem[3 1.1 can
be restated as follows: for a hyperplane Z inY andy € Y\Z, y+Z
is a smooth point of X/Z.
(b) From the previous remark and Theorem [F11] it follows that if
co CY C Uy where dim(Y/cy) = 1 then Y can not have property-
(U) in lo.

Our next theorem characterizes property-(SU) in Banach spaces.

Theorem 3.1.3. Let Y be a subspace of X : then, the following are equiva-
lent:

(a) Y has property-(SU) in X.

(b) Y has property-(U) in X andY is an ideal in X.

(c) Yt is Chebyshev in X*, and the metric projection Py1 : X* —

Yt is a linear projection.

Proof. (a) <= (b) follows from [O].

(a) = (c). Let us recall from [O] that, (a) holds if and only if Y# is a
linear subspace. Let z7,z5 € X*. It is sufficient to show that Py . (x] +
1) = Pyi(x}) + Pyo(xh). Let yi,y3 € Y+ such that Pyi(z}) = yi
and Py1(z3) = ya. Consequently, for i = 1,2 ||z} — yi|| = d(z}, Y1) =
lathll = (@ — gl Thus, 2% — b, 25 — g € Y# and hence by (o),
ai+as—yi —ys € Y# and ||lz] +at —yi —yo || < |2+ 25—yt —yz |
for all y~ € Y. Hence, ||z} + 25 —yi —yy || <d(@f + 25 —yf —y3, Y1) =
d(x% + 3, Y1), Therefore, Py (2} + %) = yi +vya = Pyo(a}) + Py (x3).
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To prove (c¢) = (b), we show that Y is the kernel of a contraction. The
proof of ||[I — Py1|| = 1 remains. Let 2* € X* and z* = y* + z*. Then,
|lz*]| = [|z* — y*|| = d(z*,Y ) < ||z*||, and hence, the result follows. O

Focusing on property-(H B), we have the following.

Theorem 3.1.4. Let Y be a subspace of X. Then, the following are equiv-
alent.
(a) Y has property-(HB) in X.
(b) Y has property-(U) in X, and there exists a projection P : X* —
Y+ such that |P||=1=|I — P|.
(c) Yt is Chebyshev in X*, and the metric projection Py1 : X* —

Y+ is a linear projection of norm-1.

Proof. (a) <= (b). Clearly, we have (a) = (b). By contrast, it is sufficient
to show that ||(I — P)(z*)|| < ||z*|| whenever (I — P)(z*) # z*. Suppose
that is not the case, then there exists z§ € X* such that (I — P)(z) # x§
and ||(I = P)(a3)| = lz3]l. Clearly, llegly || = (I = P)agly | < (I - P)ajl.
Let z§ be a norm-preserving extension of zj|y. Then xf — xj € Y+; hence,
(I—-P)xf=(I- P);;g. Consequently, ||(I — P)z§|| = ||(I — P)%H < H;UEH =
llz§ly || Thus (I — P)(xf), xf € HB(x§|y ), which is a contradiction.

(c) = (b). If (c) holds, then for any z* € X*, there exists y~ € Y+ and
y* € X* such that z* = y* + y*. Now, we have ||y*|| = |lz* — y*|| =
d(z*, Y1) < ||2*||. Hence, both Py1 and I — Py. are of norm-1 and (b)
follows.

(a) = (c). Clearly, Y has property-(U) in X. Now, if (a) holds, then
X* =Y+ @Y?#. Now for every x* € X*, there exists a unique y*~ € Y+ and
y? € Y# such that o* = y= + y* where ||y*| < ||2*|. Hence, ||2* —y*| =
Iyl = ly*Ivll = llz*|y | = d(«*,Y"). Therefore, y* = Py (a*), which
completes the proof. O

Our next observation serves a sufficient condition for property-(H B).

Proposition 3.1.5. Let Y be a subspace of X. If Y has property-(HB)
in X**, then'Y has property-(HB) in X.

Proof. Clearly, Y has property-(U) in X if Y1+ has property-(U) in
X*. In fact, if y* € Y* and distinct x7,25 € HB(y"), then distinct
JIx=(x}), Jx=(x3) € HB(Jy+(y*)), where Jx- : X* < X** is the canon-
ical embedding. It has been shown in [DPR] pg. 11] that Y is ideal in X if
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and only if Y+ is ideal in X**. Hence, Y has property-(SU) in X if Y-+
has property-(H B) in X**, and we have the decomposition X* = Y+ @Y.

Owing to the property-(HB) of Y+ in X**, there exists Q : X*** —
X*** which is a bi-contractive projection with ker(Q) = Y++t. As Y
has property-(SU) in X, there exists a projection P : X* — Y# with
|P|| = 1. Clearly, P** : X*™** — Y™ is a contractive projection with
ker(P**) = Y+ which leads to Q = P**.

Now, if there exists z* € X* such that |[(I — P)z*|| > |/z*| then
(I —Q)z*|| = |(I — P*)a*|| > ||z*||. Property-(HB) of Y+ in X** is
contradicted. O

3.2. On subspaces of tensor product spaces. We now identify a few
cases mainly in the spaces of vector valued functions and tensor product
spaces, where property-(H B) remains stable. By (€, X, 1) we mean a prob-
ability space, and let L,(u, X) be the Banach space consisting of all pth
Bochner integrable functions (see [DU] for details) as defined in Section 2.
It is well known that L,(u, X)* = Ly(p, X*), 1—1) + % = 1 if and only if X*
has the RNP.

A routine verification of the property-(H B) in the proofs of [DPR] The-
orem 3.4, 3.6] allows us to prove the following Theorems B.2.1] and

Theorem 3.2.1. Let Y be a subspace of X, and let X* has the RNP. Then,
Ly(11,Y) has property-(HB) in Ly(p, X) if and only if Y has property-(HB)
in X, forl <p< oo.

We denote the injective (projective) tensor product for Banach spaces
X and Z by X®.Z (X®:Z) (see [R] for details). We denote the injective
(projective) norm of ¢ € X®.Z (¢ € X®:Z) by e(p) (m(p)). It is well
known that if one of the spaces X*, Z* has the RNP and one of them has
the approximation property, (X@eZ)* ~ X*®,Z* (see R, Pg. 114]). In
the case of the projective tensor product, we have (X®,2)* = L(X, Z*):
the space of all bounded linear operators from X to Z* (see [Rl Pg.24]).
Let us also recall that if Y is a subspace of Z, then X®.Y is a subspace
of X®.Z; by contrast, X®,Y is not necessarily a subspace of X®,Z in
general. X®,Y is a subspace of X®,Z if YV is an ideal in Z (see [RA
Theorem 1.(i)]).

A routine generalization for property-(H B) of [DPR] Theorem 3.6] leads
to the following.
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Theorem 3.2.2. Let X be a Banach space such that X* has the RNP. Let
E be an Li-predual space and let Y be a subspace of X. Then, E®.Y has
property-(HB) in EQ.X if and only if Y has property-(HB) in X.

It is well known that C(K, X) = C(K)®.X for any Banach space X.

Corollary 3.2.3. Let Y be a subspace of X, and let X* has the RNP.
Then, Y has property-(HB) in X if and only if C(K,Y') has property-(HB)
in C(K,X).

Remark 3.2.4. As stated earlier, if Y is an ideal of a Banach space Z, then
the projective tensor project Y @.X is a subspace of Z&-X. In addition, if
X is a Banach space, then L1 ()& X = Ly(u, X) (see [R, Example 2.19]).
Along with [BR), Example 2.3], one can conclude that property-(U) may not

be stable under a projective tensor product.

However, we can identify a class of functionals in (X®,Y)* that still have

unique norm-preserving extensions over X ®, 2.

Theorem 3.2.5. Let X and Z be Banach spaces, and Y be a subspace of Z.
If Y has property-(SU) in Z, then every isometry in L(X,Y*) = (X®,Y)*

has a unique norm-preserving extension to (X@FZ).

Proof. Let S € L(X,Y™) be an isometry and 717,75 be two distinct norm-
preserving extensions of S to (X@WZ). Let xg € Sx such that Thxg # Toxg.
AsTi|xg, y) =95 =Til(xa,y)> we have Ti(z0®y) = S(z0®y) = Ta(z0®y),
that is, Thxo(y) = Sxo(y) = Tazo(y) for all y € Y. Hence, Tizy and
Thxg are two linear extensions of Szg. Because S is an isometry, we have
[1Szoll = l|woll = 1. Now, [|S]| = |Til| = [[Tiwoll = [|Szoll = llzwoll = 1 = [IS],
i = 1,2. Consequently, ||[Tizo|| = ||T2xo|| = ||Sxol|. Hence, Tixg and Trxg

are two distinct norm-preserving extensions of Sxg. (]

We have an affirmative answer to the converse of Theorem [3.2.5]

Theorem 3.2.6. Let X and Z be Banach spaces, and Y be a subspace of Z
such that (X®,Y) is a subspace of (X®,Z). If (X®:Y) has property-(U)
in (X®rZ), then Y has property-(U) in Z.

Proof. Let y* € Sy~ and distinct 27,25 € HB(y*). Choose z* € Sy« and

define the following maps:

S(z) = z*(z)y* for z € X and
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Ti(x) = x*(2)2], Ta(z) = z*(x)z; for x € X.
One can check that S € L(X,Y™*),T1,T> € L(X,Z*) and ||S|| = [|T1] =
| T3||. We consider S € (X®,Y)* and T1,Ts € (X®-Z)*. For any x ® y €
X ®- Y, we have S(z ®y) = Sz(y) = 2" (2)y"(y) = =" (x)2] (y) = Tr1z(y) =
T (z ® y), and we obtain S(x ® y) = Te(x ® y). If D is the linear span of
all simple tensors in X ®, Y, then T1|p = Ta|p = S. Based on the density
of D in (X®,Y), we have Tilixz,v) = T2l(xa,y) = S- Hence, distinct
Ty, Ty € HB(S). 0

3.3. On quotient spaces and higher duals of Banach spaces. Let
W,Y be subspaces of X such that W CY C X, where Y has property-(SU)
in X; then, it is shown in [DPR] that Y/W has property-(SU) in X/W.
One can check (Y/W)# = {wt € Wi, : |wt|y| = [|[wt]}.

Theorem 3.3.1. Let W, Y be subspaces of X where W CY C X. IfY has
property-(HB) in X, then Y/W has property-(HB) in X/W.

Proof. We have that Y/W has property-(SU) in X/W. Let 2* € Wi.(=
(X/W)*) and z* = y¥ + y*, where y* € (Y/W)# and y* € YML,L(:
(Y/W)+). It remains to show |z*|| > |ly*|. Since (Y/W)# = {w' ¢
Wi, : [wtly| = [wt]]} and y# € (Y/W)#, we have y# € Y#. More-
over, y- € YWL/L C Y)%*; we can view z* = y# 4 y*, where y# and y* are
obtained from Y# and Y, respectively. Hence, ||z*|| > |ly*|| as Y has
property-(HB) in X. O

The converse of Theorem B3] is true under the assumption that W is
an M-ideal in X.

Theorem 3.3.2. Let J and Y be subspaces of X with J CY C X, and
let J be an M-ideal in X. If Y/J has property-(HB) in X/J, then Y has
property-(HB) in X.

Proof. First, we have that Y has property-(SU) in X (see [DPR) Theo-
rem 4.5)). Consider * € X* and z* = y* + y*, where y” € Y7,y c Y.
Our aim is to show that ||z*|| > ||y*||. Let * € X* be the unique norm-
preserving extension of z*|;. Clearly, z* — E;, y# — 5:\;, y*+ € J+. Moreover,
as z* € J#, we have T € Y#: hence, y#* — € Y#. Thus, z* — e
y# — ¥ + yt, where 2* — z* € JL (= (X/J)), y* —z* € (Y/J)#(= Yﬁ)
and y+ € Yﬁ(: (Y/J)1). Consequently, ||* — z*|| > ||ly*| as Y/J has
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property-(HB) in X/J. By contrast, z* = x* — 2* +2*, where 2* —z* € JL,
z* € J# and J is an M-ideal in X, implying that ||z*| > ||z* — 2*|| and
finally [l2*|| > [|y*]. -

Combining the cases for an Lj-predual or an M-embedded space, the

following can be obtained:

Theorem 3.3.3. Let X be an Lq-predual (or an M-embedded) space, and let
Y be a finite co-dimensional subspace of X. Then, Y+ has property-(HB)
in X** if Y has property-(HB) in X.

Proof. Let Y have property-(HB) in X and P be the corresponding bi-
contractive projection on X* with ker(P) = Y<+. Thus P** is a bi-
contractive projection with ker(P**) = Y+t+. By Theorem BIZ, it is
sufficient to prove that Y+ has property-(U) in X**.

In both cases, X* is the L-summand in X***. Since Y1 (= span{z}: 1 <
i <n}) is Chebyshev in X*, Y+ = span{g : 1 <4 < n} is Chebyshev in
X** where ;Z\’-“s are the canonical images of z}’s in X***. Hence Y1+ has
property-(U) in X**. O

Our next observation follows from the definition of property-(U) ((SU)).

Proposition 3.3.4. Let Z and Y be the subspaces of X with Z CY C X.
(a) If Z has property-(SU) in X, then Z has property-(SU) in'Y .
(b) If Z (and Y') has property-(SU) in Y (and X ), then Z has
property-(SU) in X.

Theorem 3.3.5. Let Z and Y be subspaces of X with Z CY C X. If Z
has property-(HB) in X, then Z has property-(HB) in Y.

Proof. Suppose that Z has property-(HB) in X. From Proposition B.3.4]
Z has property-(SU) in Y. Let y* € Y* and z* € HB(y*). Let y* =
y# + yt, where y € Z#* and y*(# 0) € Z;+.. It remains to be shown that
ly*|l > lly*|l. Because Z has property-(HB) in X, we have |z*|| > |lz7||
and ||z*|| > ||z, where 2* = o# + 2, 27 € Z}ﬁ*, zt(#0) € Zx.. Now,
y* = 2%y = 27|y +at|y. Since 2t|y € Zi. and 27|y € Z;i, because of the
uniqueness of the decomposition of y*, we have y” = 27|y and y*+ = 2t |y.
Hence, [ly*|| = [la*|| > [lz*]| = [la* |y ]| = lly* |- O

Remark 3.3.6. Ezample [3.4.5 shows that even if Y has property-(SU) in
X, the converse of Theorem [3.3.0 may not be true.
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Suppose that X has property-(U) in X**. Our next theorem provides
a sufficient condition for subspaces to have property-(HB) in their bidu-
als. Note that Y has property-(HB) in X if Y has property-(HB) in X™**,
following from Theorem

Theorem 3.3.7. Let Y be a subspace of X, and let X have property-(U) in
X**. IfY has property-(HB) in X, then'Y has property-(HB) in Y**.

Proof. Clearly, Y has property-(SU) in Y**. Let y*** € Y*** and suppose
y*** = y# 4+ y* where y¥ € Y}# and y- € Yik... It remains to be shown
that |ly**| > |ly*||. Let P : X* — Y# be a bi-contractive projection with
ker(P) = Y*. Hence, P*™ : X** — Y#1L is a bi-contractive projection
with ker(P**) = Y144, As Y has property-(HB) in X, Y* and Y*** are
subspaces of X* and X***, respectively. Thus, y*** € X**, y# ¢ Yﬁ** o
v* = vy C v#ih and ¢t € Vih.. C YRS Hence, [lyt| = ||(I —
P**)y***H < Hy***| O

3.4. Examples. We begin with the following example, which ensures that

the property-(wU) is strictly weaker than the property-(U).

Example 3.4.1. Let X be a non-reflerive Banach space such that X* is
separable. Let N'(X) be the set of all equivalent norms on X , equipped with
the topology of uniform convergence on bounded subsets of X . Suppose M
be a Polish space and A and B be two analytic subsets of M with A C B. By
[GYK| Theorem 3|, there exists a continuous map ® : M — N (X) such that
(X, ®(t)) is smooth Banach space but it dual is not a strictly convex Banach
space, for t € B\ A, where (X, ®(t)) denotes the Banach X endowed with
the norm ®(t).

Since the dual space (X*, ®(t)*) is not strictly convex there exists x* € X*
such that {tz* : t € R} is not a Chebyshev subspace. Hence ker(z*) can
not have property-(U) in (X, ®(t)) but any subspace has property-(wU) in
(X,®(t)) (see [LAL Theorem 2.4]).

We now give a few examples that have property-(SU) but not (HB).

Theorem 3.4.2. Let (a,) € Sp, such that 1 > sup,ey|an| > 3. Then,
ker((an)) C co has property-(SU) but does not have property-(HB) in cy.

Proof. Let X = ¢y, Y = ker((ay)). Because sup,cy |an| > 3, there exists
a unique N € N such that |ay| > 3. By [DPR| Theorem 6.6], the metric
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projection Py1 : X* — Y is defined as
x
Pyi((zn)) = {%(al,ag,ag, )} for (z,) € £y

Clearly, Py is linear and || — Py-1|| = 1. If we choose (z,,) € Sy, such that
[zn| > lan|, then [|[Pyo(zn)l > 1 = [[(zn)ll1, L., [Pyo]] > 1. Hence, by
Theorem B.1.4l(c), Y does not have property-(H B) in cy. O

From Theorem [B.4.2] it is clear that if ker((a,)) has property-(H B) in ¢
then sup,,cy |an| = 1 which in turn (a,) = e, for some m. Hence we have

the following.

Corollary 3.4.3. Let Y be a hyperplane in co. Y has property-(HB) in cg

if and only if Y is an M -summand in cg.

Example 3.4.4. Let myn € N, and m < n. Then, the subspace
span {e1,...,em} has property-(SU) but does not have property-(HB) in
(R, |1]l.), where |[(2:)iy [l = max{|za], ..., |wn1 |, DY for (w)n, €
R™,

Proof. Let Y = span {eq,...,ey,} and X = (R™,||.||«). It is easy to observe
that X* = (R™, |[.[[*), where |[(a;)f_; || = S0, |as— an| +nan| for (a;)}; €
R™,

Let G = span {ej,...,e,} be a subspace of X*. It is evident that X* =
G @Yt In fact, (a;)y = (a1, am,0,...,0) 4+ (0,...,0,ami1,---,0n)

for an element (a)l~; € X* where (ai,...,am,0,...,0) € G and
0,...,0,aGmy1,...,a,) € Y. Using the triangle inequality, we have
l(a1,...,am,0,...,0)|I* < |[(a1,...,an)||* and obtain a strict inequality if
a;’s are not all zeros for m < j <n. Thus, Y has property-(SU) in X.
Consider the decomposition (b)), = (b1,...,bm,0,...,0) +
0,...,0,bm41,-..,by), where b; = 1, 1 < i < n, but ||[(b),|* =
n < n+m = [[(0,...,0,bp41,...,b,)|*. Hence, Y does not have
property-(H B). O

We conclude this section by showing that property-(H B) cannot be trans-
ferred via property-(SU) in general.

Example 3.4.5. Let X = (R?,|.|lo0) and Y = {(z,y,2) ER3 : 2+ y+62 =
0}, then Y# = {(x,y,0) : 2,y € R} C (R3,].||1). Because Y7 is linear, Y
has property-(SU) in X. Let Z = ker((1,0,0)) C Y, i.e., Z = {(0,y,2) :
y+62z = 0}. Clearly, Z;+. = span{(1,0,0)} is an L-summand in Y*. Hence,
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Z is an M-ideal in'Y', and Y has property-(SU) in X. It is clear that plane
Z does not intersect the upper and bottom surfaces of the unit ball Bgs j ||..)-
Thus, ext(Bz) = {£(0,1,—¢%)}, and we can show that Z# = {(0,y,0) : y €
R}. An easy calculation indicates that Zx. = span{(1,0,0),(0,1,6)}. Let
(0,0,1) € X*. Then, the unique decomposition of (0,0,1) is

1 1

(0,0,1) = (0’_6’0) + (0, 5’ 1),

and (0, %,1)H1 = % > 1= 1(0,0,1)||1. Hence, Z does not have property-
(HB) in X.

4. ON PROPERTY-(k — U) IN BANACH SPACES

4.1. Characterization. We derive a characterization for reflexive sub-
spaces with property-(k — U) in Theorem Let x € X \ {0} and
x* € X*\ {0}. Let us recall from Section 1 that S(X*,z) = {2* € Sx~ :
x*(z) = ||z||}; we also define S(X,z*) = {z € Sx : z*(x) = ||z*||}.

Proposition 4.1.1. Let Y be a subspace of X. If Y is a k-Chebyshev
subspace of X, then dim({S(X,y*) —x}NY) < k for all x € S(X,y"), for
all y* € Sy1.

Proof. If possible, let y~ € Sy. such that dim({S(X,y*) —2}NY) >k for
some x € S(X,y"). Let y1,v2,...,ur € {S(X,y*) — 2} NY be k linearly
independent elements. Since z,y; + 2 € S(X,y*), 1 < i < k, we have
lyi+=|| =1 = ||z||. Hence, fory € Y, [lz—y[| > y*(z—y) = y*"(2) = [ly"[| =
1 = ||z||, which is true for all y € Y. Consequently, d(z,Y) = ||z|| = [[z+v],
that is, 0, —y; € Py (z) for 1 < i < k. Therefore, Y is not a k-Chebyshev

subspace of X. O

The converse of the aforementioned theorem is true for the proximal sub-

space of X. We first prove a similar result for the hyperplanes in X.

Proposition 4.1.2. Let Y = ker(z*) be a proximinal hyperplane of X
for some x* € Sx«. IfY is not a k-Chebyshev subspace of X, then
dim({S(X,z*) =z} NY) > k for some x € S(X,z*).

Proof. Let Y not be a k-Chebyshev subspace of X. Let x € X be such that
d(z,Y)=1=|z|]| = 2*(z) and dim(Py (z)) > k.
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Let y1,...,yx € Y be k linearly independent elements such that |ly; —
z| =d(z,Y)=1,i=1,...,k. Then, we have —y; € S(X,z*) — z, where
x € S(X,z*). Hence, the result follows. O

We now generalize the aforementioned proposition for proximinal sub-

spaces of X.

Proposition 4.1.3. Let Y be a proximinal subspace of X. IfY is not a
k-Chebyshev subspace of X, then dim({S(X,y*) —z} NY) > k for some
r € S(X,yt) and for some y- € Sy1.

Proof. 'Y is not a k-Chebyshev subspace of X, then there exists g € X \Y
such that Y is not a k-Chebyshev subspace of Z = span{Y Uxy}. Clearly, Y’
is proximinal in Z, and there exists z* € Sz+ such that Y = ker(z*). From
Proposition 1.2, we have dim({S(Z, z*)—z}NY") > k for some z € S(Z, z*).
If z* is a Hahn—Banach extension of z* over X, then dim({S(X,z*) — z} N
Y) > k, and the result follows. O

Hence, we have the following.

Theorem 4.1.4. Let Y be a proximinal subspace of X. Y is a k-Chebyshev
subspace of X if and only if iim({S(X,y)—z}NY) < k for allz € S(X,y" )
and for all y* € Sy 1.

We now state Theorem [[.2.1]in terms of the characterization derived in

Theorem A T.41

Theorem 4.1.5. Let Y be a subspace of X. Consider the following state-
ments:
(a) Y has property-(k —U) in X.
(b) Y1 is a k-Chebyshev subspace of X*.
(¢) dim({S(X*,z) —z*}NY"L) <k for all z* € S(X*,z) and for all
r € Sy.
Then, (a) <= (b) and (b) = (¢). If Y 1is reflexive, then (c¢) = (b).

Proof. (a) <= (b) follows from [X].

For (b) = (c), assume that there exists x € Sy such that dim({S(X™*, z)—
r*} N YY) > k for some x* € S(X* x). Identifying x in Y** with its
canonical image, say 7, the aforementioned inequality can be stated as
dim({S(X*,2Z)—2*}NY ") > k. By TheoremdT.T] Y= is not a k-Chebyshev

subspace.
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(c) = (b) follows from Theorem @I Alas Y = Y+ when Y is reflexive. [

4.2. Applications to subspaces of Bochner Integrable functions. We

assume (€2, %, 1) to be a measure space.

Theorem 4.2.1. Let p1 be non-atomic and Y = span{yxa, : 1 <i < n} be
an n-dimensional subspace of L1(u), where Ay, Ag, ..., A, € ¥ are disjoint,
and p(2\ UP_1A;) > 0. Then, Y does not have property-(k — U) for any
ke N.

Proof. Let B = Q \ U ;A;. Because u(B) > 0 and p is a non-atomic
measure, there exists By C B such that u(B1) < u(B). Hence, u(B\By) > 0,
and we find By C B\ B; such that 0 < p(B2) < u(B\ Bp). Continuing
this process, we obtain k-disjoint sets (Bj)g?:l of the positive measure. Let
[ € Y; it is clear that f = 0 a.e. on B. Now, g; := xp, are k linearly
independent members of Lo (). Setting g = sgn(f) on U], A4;, g =0 a.e.
on B. One can verify that g; + 9,9 € S(L1(p)*, f) for 1 < j < k. Hence,
gj € S(Li(n)*, f) —g and g; € Y+ as Bjn(UA;) = ¢,1 < j < k. From
Theorem [L1.5] it is clear that Y does not have property-(k — U). O

Proposition 4.2.2. Let y be non-atomic and Y be an n-dimensional sub-
space of Li(p). Then, Y is an (n + 1)-Chebyshev subspace, but not a k-
Chebyshev subspace, for 1 < k <n.

Proof. An extreme point g € Bp_(,) exists such that gly = 0 (see [P
Theorem 2.5]). Hence, we have |g| =1 a.e. and [, gfdu =0 for all f €Y.
Let {fi,..., fn} be a basis for Y and h = g > ;" | |fi|. One can check that
d(h,Y) = ||h]|. It is evident that sgn(g Y ;- |fil = fi) = sgn(g) = g, as |g| =
1. Thus, |h— fill = [9(¢> 7 |fil = fi)du = ||h]|. Hence, 0, fi,..., fn €
Py (h). Therefore, Y is not a k-Chebyshev subspace for 1 < k < n.

Being an n-dimensional subspace, Y is always an (n + 1)-Chebyshev sub-

space. U

Theorem 4.2.3. Let Z CY C X be subspaces of X. If Y has property-
(k—=U) in X, then Y/Z has property-(k —U) in X/Z.

Proof. Let Y/Z does not have property-(k — U) in X/Z. Let y* € Z3.
and z] € Z)l(*, and 1 < ¢ < k+ 1 be an affinely independent norm, pre-

serving the extensions of y*. As x|y = y* and z}, i = 1,2,...,k+ 1 are
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affinely independent norm-preserving extensions of y* € Y™*; Y does not
have property-(k — U) in X. O

The converse part of this result is true under the assumption that Z is an
M-ideal in X.

Theorem 4.2.4. Let Y, Z be the subspace of X such that Z CY C X.
Suppose Z is an M-ideal in X and Y/Z has property-(k — U) in X/Z.
Then, Y has property-(k — U) in X.

Proof. If possible, let Y not have property-(k — U) in X, that is, Y= is
not a k-Chebyshev subspace of X*. Let z* € X* and yi,y5 € Pyo(z%),
i =1,2,...,k, such that the vectors in {yi- —yg : 1 < i < k} are linearly
independent. As Z is a M-ideal in X, there exists a subspace G of X* such
that X* = Z+ @, G. Suppose z* = z+ + 2%, where 2+ € Z+, 2% € G.

Now d(z*, Y1) = inf [z* -yt

yJ_ cy L

: 1 1
= it (= = o+ )

= d(z"Y) + 7]

< lzt =il + 127

= |lz* —yi | = d@*, Y ).
Hence, d(z+,Y+) = ||zt — ||, i = 0,1,...,k.  Therefore, yi,yg €
Pyi(zh), i = 1,2,...,k. As 2zt € (X/2)* = Z+ and yi- € (Y/2)+ =
YZﬂ =Y+, (Y/Z) does not have property-(k — U) in (X/Z). O

Theorem 4.2.5. Let X be an Li-predual (or an M-embedded) space, and
letY be a finite co-dimensional subspace of X. Then, Y has property-(k—U)
in X if and only if Y+ has property-(k — U) in X**.

Proof. Let Y not have property-(k — U) in X. Let y* € Sy and
ry,..., x5, € HB(y*) be affinely independent. Then, the canonical im-
ages ;:f, . ,x/}zz € HB(y/;‘) It is known that Y+* =2 Y** YL does not
have property-(k — U) in X**.

Suppose that Y- does not have property-(k — U) in X**, that is, Y-+
is not a k-Chebyshev subspace of X***. Because Y is a finite co-dimensional
subspace, we have Y+ = Y114+ Tt is known that X* is an L-summand in
X** when X is an Li-predual or an M-embedded space. Thus, Y is not
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a k-Chebyshev subspace of X***, and X* is an L-summand in X***. Using
similar arguments in the proof of Theorem @24l we find that Y* is not a
k-Chebyshev subspace of X*. O

The next theorem establishes that property-(k — U) remains hereditary
for the class of subspaces that are ideals in a Banach space. Let us recall
that if Y is an ideal in X and P : X* — X* is a corresponding norm-1
projection, then R(P) = Y™ (see [OPl Pg.297]).

Theorem 4.2.6. LetY be an ideal in X. If X has property-(k—U) in X**,
then Y has property-(k —U) in Y**.

Proof. Let Y not have property-(k — U) in Y**. Let y* € Sy« and
Yty € HB(y") be affinely independent. Now, Y™ and Y*** are
subspaces (up to isometric) of X* and X***, respectively. Thus, X does not
have property-(k — U) in X**. O

4.3. Property-(k — U) and multismoothness in Banach spaces.

Definition 4.3.1. [LR] Let X be a Banach space and = € Sx.
(a) z is said to be a k-smooth point if dim(S(X*,z)) < k — 1.
(b) A Banach space X is said to be k-smooth if dim(S(X*,z)) < k—1
for all x € Sx.

Theorem 4.3.2. Let Y be a subspace of X. Suppose every y € Sy is a k-
smooth point in X. Then, any reflezive subspace Z of Y has property-(k—U)
m X.

Proof. Suppose every y € Sy is a k-smooth point. Let Z be a reflexive
subspace of X that does not have property-(k — U) in X. Let 2" € Sz«
and z7,...,z5 ., € HB(y") be affinely independent. Because Z is reflexive,
there exists z9 € Sz such that 2*(2p) = 1 and z}(20) =1, 1 <i < k+ 1.
Hence, dim(S(X™, 29)) > k, that is, zp is not a k-smooth point. O

In particular, we have the following.

Proposition 4.3.3. Let F' be a finite-dimensional subspace of X. Suppose
that every x € ext(Br) is a k-smooth point in X. Then, any subspace Z of
F has property-(k — U) in X.

Proof. Let « € Sp, then (z;)!_; C ext(Bp) such that z = > ' | \ja; for
some (A\;)P; with A\; > 0 and >, \; = 1. Clearly, we have S(X*,z) C
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? 1 S(X*,x;). Hence, every x € Sp is a k-smooth point in X. The result
follows from Theorem (4.3.2] O

We now identify some subspaces of ¢y that have property-(k — U).

Theorem 4.3.4. Let I be a finite-dimensional subspace of cy. Then, F' has
property-(k — U) in ¢y for some k € N.

Proof. Because F' is a finite-dimensional subspace of ¢y, we have that
ext(Bp) is finite set and Bp = conv(ext(Br)). Let ext(Br) = {x1,...,Zn}-
As z; € ¢y and ||zi]|co = 1, there exists k; € N such that |z;(j)| = 1, where
j€{ni,...,ng}. It follows that there exists a large k such that all z}s are
k-smooth. Proposition 3.3 leads to the conclusion. O

Theorem 4.3.5. Let F' be a finite dimensional subspace of ¢y, which is also

an ideal in cg, then F* is a k-strictly convex subspace of €1 for some natural

k.

Proof. First, F* is a subspace of ¢;. We have already observed that F has
property-(k — U) for some k. It is proven that any point in Sg is a k-smooth
point. Hence, F is actually a k-smooth subspace of ¢y. Because F' = (F*)*,

we have that F™* is k-strictly convex. O
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