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The aim of this paper is to address two related estimation problems arising in the setup of hidden state linear time
invariant (LTI) state space systems when the dimension of the hidden state is unknown. Namely, the estimation of
any finite number of the system’s Markov parameters and the estimation of a minimal realization for the system,
both from the partial observation of a single trajectory. For both problems, we provide statistical guarantees in the
form of various estimation error upper bounds, rank recovery conditions, and sample complexity estimates.

Specifically, we first show that the low rank solution of the Hankel penalized least square estimator satisfies
an estimation error in Sp-norms for p € [1, 2] that captures the effect of the system order better than the existing
operator norm upper bound for the simple least square. We then provide a stability analysis for an estimation
procedure based on a variant of the Ho-Kalman algorithm that improves both the dependence on the dimension
and the least singular value of the Hankel matrix of the Markov parameters. Finally, we propose an estimation
algorithm for the minimal realization that uses both the Hankel penalized least square estimator and the Ho-
Kalman based estimation procedure and guarantees with high probability that we recover the correct order of
the system and satisfies a new fast rate in the So-norm with a polynomial reduction in the dependence on the
dimension and other parameters of the problem.
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1. Introduction

Many control design and synthesis techniques rely on an accurate description of the system as a state
space model. Deriving such accurate description is an important problem in system identification with
far-reaching applications in many areas including time series analysis [24], economics [42], robotics
[22] and aeronautics [3], to name a few. While in some cases it is possible to derive such models due to
the simple structure of the underlying phenomena involved in the dynamical evolution [28, 12], there
are many instances where such an approach is intractable because the system is too complex or some
of the involved phenomena are not well understood. In those cases, one adopts a so-called black-box
approach and learns the system from the input/output data generated in an experimental setting with
little to no assumptions on the real system.

In recent years, there has been an increased interest in providing non-asymptotic statistical guar-
antees in the form of estimation error upper bounds and sample complexity estimates for data-driven
estimation procedures for state space models [53, 10, 52, 18, 40, 38]. While there is a plethora of
estimation procedures for learning state space models most of which are well understood in the asymp-
tomatic regime derived e.g. in [28, 11, 4, 49], modern estimation setups present additional challenges
that are not taken into account in an asymptomatic study. For example, in estimation based solution
to the linear reinforcement learning problem [27] one would aim to obtain a highly accurate estimate
of the dynamical system as fast as possible before moving to the control part or alternate between es-
timation and control in such a way to strike a trade-off between the exploration and the exploitation
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part. In these cases, asymptotic results are of limited use; the more accurate measure of estimation per-
formance would be through the non-asymptotic estimation error and the sample complexity. Beyond
the reinforcement learning use, non-asymptotic statistical guarantees are also used in conjunction with
robust control techniques [6, 46], in control design using the Markov parameters [41, 19], and as theo-
retical guidelines for practical heuristics such as bootstrapping to establish high-probability confidence
intervals [13]. Several authors provided such estimates for observed LTI state space models, and the re-
sults are essentially optimal in the sense that upper and lower bounds for both the estimation error and
sample complexity match up to logarithmic terms and unknown multiplicative constants [40]. How-
ever, the situation is not as clear-cut for Hidden state LTT state space models. In a realistic setup, these
systems present the additional challenge of not knowing the dimension of the state. In the absence of
precise estimation lower bounds, the estimation upper bounds presented in the literature so far do not
capture well the effect of the system dimension and dynamic on the non-asymptotic estimation error
and sample complexity incurred by the studied estimation algorithms.

1.1. Problem statement and preliminaries

The present study aims to provide computationally effective estimation procedures satisfying sharp
non-asymptotic estimation error bounds and sample complexity estimates when used for learning the
parameters of hidden state LTI state space models of unknown order from the partial observation of a
single trajectory of the system. We then have to deal with two ambiguities:

* The hidden dimension of the parameters is not well defined from an input/output standpoint.
* The hidden state LTI state space model parameters’ are defined only up to a similarity transform.

In this section, we make these two claims more precise, introduce some necessary preliminaries from
realization theory and provide a precise statement for the aim of the study.
To this end, we consider the following formulation for LTI state space models.

zit1 = Aoz + Bou; + wi, (1.1
y; = Cox; + vj,

where x; € R% is the hidden state variable of unknown dimension dp and u; € R" are iid multivariate
normal sequences A (0, ailr). They excite the system to generate the output sequence y; € RP. w;
respectively v; are the iid multivariate normal state noise sequence A (0, 0'3]] d,) and the output noise
sequence N (0, aglp), respectively. These centred Gaussian random vectors can be replaced by centred
subGausian centred random vectors of appropriate 12 norm upper bounds and all the results remain the
same. The linear dynamic is then described by the parameters (A, Bg, Cp) with Ag € My xdy (R),
By € Mgy xr(R), and Cp € M, 4, (R). If we eliminate the state variable x;, we obtain the so-called
input/output (I/0) description of the system:

n—1 n—1
Yn = Z C()Ag_l_ZBoui + Z CQAg_l_Zu}Z‘ + vp
=0 =10
t—1 t—=2T t—1
= Z C()Ag_l_lBul + Z O(]Ag_l_lBgul + Z O(]Ag_l_lwl + vt
I=t—2T+1 1=0 1=0

= go Xt + goXt + hWe + vy, (1.2)



Learning LTI state space models of unknown order 3
where, N:= N — 2T + 1,

Xpi=[ufuf_gseeosuf_gpyy ] €RETZDT
Xpo=[u)_opsuf_op_15---,up,0,...,0" € RNT (1.3)
W= [wy_q,w_o,...,w5,0,...,00* e RNdo,

and
90 :=[CoBo, CoAgBy, ..., CoAJT 2Byl € My (o1 (R)
go = [COAgT_lBQ, C()A%TBO, ey COAéV_lBO] S Mprr(R) (1.4)
h:= [C(), CoAyg,. .., CQAéV_l] e MpXNdo (R)
Since we want to estimate the parameter g, the part go Xt +hW; +wv; will play the role of a disturbance
that we will refer to as the noise part. To obtain a successful estimator of gg, this part should not grow

arbitrarily large. To this end, we impose an assumption on the growth of the powers of the estimated
matrix in terms of its spectral radius that we recall in the next definition.

Definition 1.1. The spectral radius of a matrix A is defined as p(A) := minyggp(4)|Al, where

SP(A) is the spectrum (the set of all eigenvalues) of A.

Assumption 1.1.  We assume that the system (1.1) is stable in the sense that the spectral radius p(Agp)
is strictly less than 1.

By applying the Jordan decomposition to the matrix A, we readily see that there exists a positive
constant 1) 4 depending only on A such that for all k£ € N we have

|A¥| g < dap(AF). (1.5)

The system identification problem in this setup would be to estimate the parameters (Ag, By, Cp) given
that we observe a single realization of (X, yl)f\; o7 While we do not have access to the sequence (z;);
and in particular we do not know the dimension dg. From (1.2) we notice that the sequence (y;); is
related to (u;); in a causal fashion only through the factors (C'A*B);, commonly referred to as the
Markov parameters associated with the system (Ag, By, Cp).

We note that for any similarity transform S, the parameters (Ag, By, Cp) and their transforms
(SApS —1 $By,CoS _1) give the same values for the Markov parameter vector gg. This makes the
problem of learning the parameters (Ao, By, Cg) from observations up to time N of a single trajectory
(u;,y;); not well defined. One can only learn a representative of the equivalence class defined by the
parameters (S AgS 1 8By, CyS _1) for all similarity transforms S. This also makes the dimension dg
not well defined as one can always replace the system (1.1) by the larger system

, A .
Li+1 _ 0 Ly + w; + w;,
Zit1 Z By
T
Y; = [Co} ZZ + v;.
(A

Nonetheless, from the Realization Theory of linear systems, we know a representative of the equiva-
lence class for (Ag, By, Cg) of minimal dimension exists.



4

Definition 1.2. We refer to a representative of the equivalence class of minimal dimension as a mini-
mal realization, and we refer to the dimension of the minimal realization as the system order.

The system order coincides with the McMillan degree [30, 31] defined as
d(Ag, By, Cp) :=rank(Hgg),

where H: M, o7_1)r(R) — Mrpyrr(R) is the T order Hankel operator on go defined, for any
9=1[91,--,927-1] € My (27—1)(R), by

91 92 93 9T
g2 g3 gr+1
Hg*=| g3 gr+2 |

9T 9741 9T+2 927-1

and where T is greater than the dimension of the matrix A; of some particular realization (A1, B1,C1)
which is not necessarily minimal. For more on Hankel operators, their properties and the role of the
McMillan degree as a complexity measure for LTI models, we refer to [7, 34, 30, 31]. We also note that
the McMillan degree is independent of the realization since it is defined with respect to the Markov
parameters.

Hence, we deal with the ambiguity in the definition of the system dimension by adopting the follow-
ing

Assumption 1.2. We assume that the realization (Ao, By, Cp) is minimal in the sense that dy =
6(Ao, Bo, Co).

This assumption can be made without loss of generality since any hidden state LTI state space
system has a minimal realization. We also define the T-order controllabilty matrix C and the T'-order
observability matrix O for the realization (Ag, By, Cg) by

Co

CoAg

c= [BO AgBy-- AT 'By| and 0= (1.6)
CoAl ™1

and recall that the system (Ao, By, Cp) is a minimal realization if and only if rank(C) = rank(O) = dy
and in that case, for all T' > d, we have rank(H g;) = do. When this occurs we say that the pair (A, B)
is controllable and the pair (C, A) is observable. Therefore, we impose the following

Assumption 1.3. We assume that T > dj.

As mentioned above, this assumption is necessary and sufficient for the Hankel matrix of the Markov
parameters to capture the dimension of the minimal realization. Moreover, this assumption is even
more relevant when we estimate a Hidden state LTI state space model of unknown order while given a
pessimistic upper bound 7" on dp, which is the high dimension estimation set up in this context.

Since a minimal realization is again defined up to a similarity transform, we introduce here the con-
cept of a balanced minimal realization which is a particular minimal realization that one can compute,
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given the Markov parameters. The procedure of deriving a minimal realization from the description of
the Markov parameters is known as the Ho-Kalman algorithm. Suppose that we are given the Markov
parameter vector go and noting that H g; = OC, the Ho-Kalman algorithm starts from the SVD de-
composition of the Hankel matrix of the Markov parameters and constructs the particular minimal
realization given in the following

Definition 1.3. Assume that rank(H gg) = do and T' > do + 1. Then a minimal balanced minimal
realization (A, B, C') is defined through the following Ho-Kalman algorithm:

* Define the SVD decomposition of the Hankel matrix of the Markov parameters by
Hgg =UpXo V-

» Take
0 =Uosy/? and C =351V

* Define the minimal balanced realization as
_ _ + L L
A= (Ol;r(T—l),l;do) Or41:0T,1:dy> B = O1:dy,1:0» and C = O1. 1.4, -

In this definition, M refers to the left pseudo inverse of a full column rank matrix M and M. c.q
refers to the sub-matrix of M composed of rows a to b and columns c to d.

We note that there are multiple variants of the Ho-Kalman algorithm described in the previous defi-
nition, but the main idea for the construction is the same for all of them.

We note as well that Ol:r(T—l),l:do has full rank since it is equal to the observability matrix up to a
similarity transform. Hence, we have

Sdo (OI:T(T—I),I:do) >0,

where s, (M) refers to the k™ singular value of the matrix M and the singular values are taken in
a decreasing order. Starting from the observation that Hg; = OC one can check that there exists a
similarity transform S such that A = SAgS™!, B =SBy, and C' = CpS~!. Thus (4, B, C) is indeed
a minimal realization and belongs to the equivalence class of M = (Ag, Bo, Cp).

Thus, our aim is two folds:

* to provide an estimation procedure that given the data generated from the observation of
a single trajectory (Xz,%),]i o7 Up to time N outputs estimates of the Markov parameters
d=101, ", Gor—_2] such that the following loss function

£ll(g.90)=Hg* — Hgjls,

is small with high probability.

* to provide an estimate M = (/1, B, C) for the system Mg = (Ag, By, Cp) of the same dimension
dp as some minimal realization such that the following loss function with respect to the minimal
balanced realisation M = (A, B, O)

LMM M):=  inf |STTAS—A ST1B-B és—-C
2 ( ) s;détn(s#o' s, + | s, + | ls,

is also small with high probability. Up to a multiplicative constant, this is the same as saying that
the loss function £(M, M) is small.
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Here, M|, = (tr(M*M)P/2)1/P 1< p < oo, [M|g, = max | M| and |z[3 = Y27 |2,
T2x

Frequently used notation

Before we review the literature related to our problem and the main contributions of the present paper,
we recall some frequently used notations.

We denote by (2, F,P) the underlying probability space and by E the corresponding expectation
operator.

Here and throughout the paper c denote a positive constant whose exact value is not important for the
derivation and might change from one step to another. x < y is a shorthand for ‘there exists a positive
constant ¢ such that z < cy’, and & ~ y means that x < y and y < z. The minimum (maximum) of two
real numbers z and y is denoted as min(x,y) =z Ay (max(z,y) =z V y).

Whenever possible, our results are provided with explicit constants to give an idea of their order.
The numerical values of these constants are useful in practice but are not optimal and can be improved.

1.2. Related literature

A common estimation approach in the Hidden state LTI state space setup is the two-step approach
commonly referred to as a subspace method [49, 50, 21]. In the first step of this approach, one learns
the Markov parameters with a good enough precision, since unlike the true parameters (Ag, Bg, Cp) the
Markov parameters are well defined, and in the second step, one uses the learned Markov parameters
to provide an estimate close to a representative of the equivalence class of the true parameters. The
first step is usually carried out with a regression-type estimator and the second step is carried out via
some variant of the celebrated Ho-Kalman algorithm, which relies on identifying a possible realization
from the output of an SVD decomposition. The popularity of the subspace approach is because it is
computationally tractable, unlike the maximum likelihood approach or the predictive error method,
which both results in a non-convex optimization problem [28]. Several results appeared recently in the
machine learning community studying non-asymptotic properties of variants of the subspace method
under various assumptions on the estimation setup. The literature on the estimation of the parameters
of LTI state space models is very rich; early works in the topic date back to the nineties where [14, 35,
51, 25] provided asymptotic results. A complete overview of this vast literature falls beyond the format
and the scope of the present paper. Therefore, we only mention and discuss here some recent results
[33, 39, 9, 43] that provide non-asymptotic statistical guarantees for variants of the subspace method
and thus are close in spirit to our work.

Remark 1.1. We rook some freedom to omit the contribution of lower order terms for some of these
results. Instead, we refer to the original work for the exact statement.
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For ease of notation, we set

* * VoK
32T )ng _)ng
Yor41 Xorpi| - Xorq1
y=1 . [ X= oL L XE=
* * VoK
YN }([V }va (1 7)
W* ,U* .
W*2T hevs
2T+1 Uar+1
W = . ) - .
Wy vy

Thus, we can write the input/output representation (1.2) for the y vector more succinctly as follows:
y=Xgs+Xg5+Wh* +e.

* The context of known dimension dg. While this context is simpler, results in this setup are infor-
mative about what can be expected if dg is unknown. Oymak and Ozay [33] consider a subspace
approach in this context and show that the least square estimator defined as g5 := (X Ty)* can
effectively learn the first 7" Hankel parameters in the sense that with high probability and for
values of N such that

N > Ny = cTqolog?(Tqo) log?(TN)  with qo =1+ p+dy,
it holds that [33, Theorem 3.1]

T'q0log?(Tqo)

|Q1s—90|soo < (Uv+06+|h|?-too 1og(TN)) N )

where o, accounts for the variance of x;_7. Under the same condition it was shown that a
version of the Ho-Kalman algorithm successfully learns, up to a similarity transform, a repre-
sentation of the true parameter on the same event for N > —QL with the guarantee of [33,

Sdo(}{go)
Theorem 5.3]

NN < (00 + 0e + [hl3, log(TN)) [ Hgols., 401/ T log? (T'q0)
2 MM)S > Hoo) VN
Sdo( 90)

* The context of unknown dimension dy. Sarkar et al. [39] adopt a model selection approach to
choose a realization of order d that is good enough. Their learning algorithm proceed in three
stages:

1. Hankel matrix estimation: the algorithm starts by solving, for all d € D(N) ={T | N >
Tr? 1og3(NA r/d)}, a least square problem to get an estimated Hankel matrix of 27" + 1
parameter Hp.

2. Order selection: the algorithm chooses a model of size d according to the rule

d=dAlog(N/é),



with a(h) =/ RRERErHI0EN/Y) e
d:=inf{d € D(N); |Hy — Hj|s., <c(a(d)+a(l))VI>d, | € D(N)}.

3. Parameter estimation: the algorithm uses a variant of the Ho-Kalman algorithm to get a
realization (A, B, C) of dimension d from H 5

Their results [39, Theorem 5.1 and Proposition 5.1] imply that, for all T' € D(N) and
N = ¢(r?Tlog?(T)log?(r/8) + Tlog?(T)),

the estimation step outputs an estimate for the Hankel matrix of the parameters satisfying

. T2 + T + Tlog(1/6
|HT—HQS|SOO§C\/p = g(1/0) (1.8)

They also show [39, Theorem 5.3] that a variant of the Ho-Kalman applied to the selected model
d successfully learns the best d approximation to the minimal realization after observing NV > N,
sample and we have with probability at least 1 — ¢ the following

ﬁg(/\?l,/\?ld) < el(He) + LA A Ved + ; A Ve, (1.9)
sj(H) s4(H)

, Ny < o0, and I'(H,¢) < co.

- o s
with E_C\/rd—i-pd —|—Ndlog(N/6)

Here M j 1s the model resulting from the use of the Ho-Kalman algorithm on the truncated SVD

of Hgj to the first d singular values.
The context of unknown dimension dg while allowing the partial observation of N paths

N
(( Y )?Tl 1) - of length 2T — 1 without process noise: This setup is different from ours as
‘7:

it allows multiple independent realizations and assumes that w; = 0 which is the main source of
difficulty in our setup, nonetheless the approaches used in this context in [9, 43] are closer to our
approach as they relay on restricted or penalized least square estimators to estimate the Markov
parameters. Indeed, [9] analyzes the performance of the following estimator gy in the problem
of robust recovery of a superposition of distinct complex exponential functions from few random
Gaussian projections.

Gus € argming |Hg*|g,
st | XKg* —yla <6,

with K = diag(v/1,--- ,v/T,v/T —1,---,+/1). This problem is indeed equivalent to the esti-
mation problem of single input single output LTI state space models from multiple trajectories
with weighting K for the input without process noise. They show that, with probability at least
1—e=N for N > dglog?(T) + ¢, the following holds

|K93 - K§:15|2 <c
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Inspired by this result, Sun et al. [43] use the following nuclear norm penalized least square
estimator gp|s for the multiple input single output case

Gpis € argmin XK lg* —ylo + NHEK 1g*|g,, (1.10)

and show that with high probability, for a choice of A = 1;_? Vv log(T),

% [T 1og(T), N>d3AT

N » N g( )7 = 0/\ 3

2 (Gpisr90) <4 7 e . (1.11)
2z [ 1og(T), do <N <dJAT.

1.3. Main contributions

As mentioned in Section 1.1, we consider the parametric estimation task in the setup of LTT state
space model (1.1) from the observation of a single trajectory when neither the state is observed nor the
system’s order is known. In what follows, we present our contributions.

Remark 1.2. While some of the results presented above are provided in terms of the norm | - |g__,
ours are derived for the norm | - |5, with p € [1,2]. Whenever it is the case, we use the norm domination

relation relation | - |g, < ri/p|. |5, for the sake of comparison, where r is the appropriate dimension.

From the related literature we see that up to logarithmic terms all the upper bounds are of the
Sform P(do, T, 8201 (OT), 8201 (Hgg), N1 where P is some polynomial function of these variable. All
throughout, we compare different results in the asymptotic regime where N — oo, d — oo, T — o0,
sdo (Hgi) — 0, and s4,(OT) — 0 while the upper bound still converge to 0.

In Section 2.3, we provide non-asymptotic estimation error upper-bounds and sample complexity for
the Hankel penalized regression estimator given by any particular solution of the convex optimization
problem

~ . 1 2 *
g € arg min =y —Xg*lg, + A Hg"|s,- (1.12)
9EMpy o1—1)r(R) N ? '

For this estimator we provide in Theorem 2.3 estimation guarantees and sample complexity for differ-
ent dimension sensitive loss functions. In particular, we show with probability at least 1 — ¢ and for N
large enough, that the p-loss function L?{{ (g, 90), for p € (0, 1), satisfies

. 1 +r+log(T/é
Ef(g,go)Sdo/pT\/pTg(/)-

The available upper bounds for these loss functions are derived in the case p = oo for the least square
estimator when the dimension dy is known; see for instance [39, Theorem 5.1]. Since the solution of
the least square estimator is not low rank, the estimate (1.8) implies

pT? 4+ rT +Tlog(1/6)
N

R Hasls, STV

with a suboptimal factor T’ 1/ which is the best one would hope for from a non-low rank estimation
procedure. In the same fashion, our result is an improvement of the result (1.11) with unknown order,



10

while observing multiple trajectories. We finally show in Proposition 2.1 how we can recover the
system order efficiently using a truncated SVD procedure if a lower bound on s, (Olzr(T—l),lzdo) is
known. We refer to the discussion after Theorem 2.3 for more on this issue.

In Section 2.4 we provide a robustness analysis in the norm | - |g, of an estimation procedure for the
parameters based on a variant of the Ho-Kalman algorithm. In Theorem 2.4 we show that under some
stability conditions, it is possible to recover the parameters if we reduce the error term |’7’:[ de ~ Hggls,

since
Alg H; —Hgils
M ~ — ‘ Soo d§ 0 2
LM § 2
Sdo(O )Sdo (Hgo)
This is an improvement of [45, Theorem 4] which gives
1/2 1] "
. do|Hgyld 1My — Hglse
LM, M) < e 1/52 - .
SdO(O )Sdo (Hgo)

and of [43, Theorem 5.2] which yields

1/2 * p *
dy’" |Hggls |Hy — Hgjls
0 015, 17td 0!8
LM M) S T .
do\ 1190

We refer to the discussions after Theorem 2.4 for more on this.

In Section 2.5 we provide non-asymptotic estimation guarantees for Algorithm 1 introduced in Sec-
tion 2.1. The algorithm yields the estimates M= (A,E, C‘) for the minimal balanced realisation
M = (A, B,C) with probability 1 — & of the same dimension as a minimal realization dq after ob-
serving

i 1. ¢2dT? 1\ ody/*Tylog(Ty 1
N}chTNO\/Tglogg\/(b fg 0 <N0\/log5> \/¢0+Og(0) (No\/logg)

such that

T3/ 1 1
My o < @lAlsedo [No , log(do)No ., [logs log(do)log s
Ly (M,M) S S?zo(@ﬂ vV w YNV N

As mentioned in Section 1.2, to the best of our knowledge, the only available result in our setup is
(1.9) obtained by Sarkar et al. [39, Theorem 5.3]. If we disregard the spectral properties of Hg* and
multiply by d'/2 to account for the difference of norms, the dominant term in that expression is

rd* + pd® + d4log(N/9)

Hence, our result improves the bound (1.9) since it provides an upper bound in terms of the actual
dimension dy and not the estimated dimension d. Also, it reduces the dependence on the dimension by
as much as d.
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Algorithm 1 Truncated Hankel Penalized Regression with Ho-Kalman State-Space Realization.
: Compute:A, B, C
: Input: (X, yi),f\;QTO’ Ao €
: Procedure: Hankel penalized regression
) 1 2
g€arg (R)le—Xg*|52+/\o|Hg*\sl

AW -

min
9EMx (2T —1)r
: Return: Hg*
y<+1
Compute: A, B, C
: Input: (Xi7 yi)iJ\LQTOs A0- €
: Procedure: Hankel penalized regression
~ : 1 *2 *
g€ arg min ~Nly—Xg*lg, +XolHg"|s
GEMy,x (215 —1)r (R) 52 !

S \© QW

—

11: Return: Hg*
12: Procedure: Order estimation
_ rank(Hg")
13: de= > 1s;(Hg")>2¢}
=1
14: Return: dg
15: Procedure: Reduced order Hankel penalized regression
16: g € arg min Fly— Xg* % +M|Hg*|s,
geMpx(2d§+1)r(R) 2
17: Return: Hgg
18: Procedure: Reduced order Ho-Kalman Algorithm

o R N d5+1
19: eX¢ 5* = SVD(HJ{) and Hdé = 1';1 si(ng)l{si(Hgg) > 28}, 0%
20: O=0e5)/? and € =5 %vy
< ; <

21: A=
22: Return: A, é, C

2. Main results

2.1. Algorithmic details

We start first by describing our Learning Algorithm 1. The algorithm starts with the *Hankel penalized
regression’ step. In this step, it computes a penalized least square estimate for the first 27 — 1 Markov
parameters by solving the optimization problem

1

min — Xg*% + Mo|Hg g, . 2.1
ggeM(pX(zTo_l)r)(R)NW 9715, + MolHg s, 2.1)

geEar
The least square part is the fitting term that ensures fidelity to the data; the penalty part ensures the
simplicity of the chosen model. As described in the introduction, a good measure of the model’s com-
plexity for hidden state LTT state space models is the rank of the corresponding Hankel operator since
it agrees with the system order as given in Definition 1.2. The penalty term using the nuclear norm of
the Hankel operator ensures that the solution to the optimization problem described in (2.1) has a low
Hankel rank as it is the convex relaxation of the rank function. Thus, we would expect that via a good
choice of the free parameter A we obtain a good enough, yet simple, model in the sense that it is close
to Hg with |[Hg* — Hg(j|s, being small and has rank(/ ¢*) small enough.
The second step of our learning algorithm is *Order estimation’ in which we compute an estimate
d. of the true dimension. If in the last step we have made the error |H§* — Hgg|s, small compared
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to sq, (Hgp), the smallest singular value of H g, on the one hand, for 1 < i < dy the singular values
s;(H g*) will be close to the singular values s;(H g;;) and on the other hand the singular values s; (H §*)
for 7 > dg will be small so that they are well separated from the others. Thus, via an appropriate choice
of £, we can successfully ensure that Jg = dg with high probability.

The third step, ’Reduced order Hankel penalized regression’, is similar to the first step except that it
aims at estimating the first 2J§ + 1 Markov parameters instead of the 27" — 1 parameters. For this, it
solves the following Hankel penalized regression problem:

~ . 1 *|2 *
J¢ € arg min =ly—Xg*[5, + M[Hg"|s, . 22
geMpX(2J§+1)r(R) 2 1

This is done to obtain a more accurate estimate on these first 2625 + 1 Markov parameters, since they
are the only parameters needed for our estimation procedure based on the Ho-Kalman algorithm to get
an accurate estimate for the minimal balanced minimal realization (4, B, C).

The last part of our learning algorithm, ’Reduced order Ho-Kalman Algorithm’, uses the previous
estimate ge. It starts with a truncated SVD of the Hankel matrix of the estimated 2d. + 1 Markov

parameters from the previous part. Doing this ensures that the rank of the truncation result 7:Ld€ is

the same as the order of the minimal realization with high probability and that the truncation is close

enough to the true model in the sense that |H i — Hgg |5, is small. This means that the eigenvalues
€

and eigenvectors of both H 4. and H g are close to each other. Then, it proceeds with getting estimates
€

/1, B , C using the Ho-Kalman Algorithm steps described in Definition 1.3.

Crucial to the success of our algorithm 1 are the three choices of the free parameters: T and A\ in
the step "Hankel penalized regression’ and £ in the step *Order estimation’. In section 2.5 we provide
values for these free parameters to ensure the high probability of success of Algorithm 1 in both the
order recovery task and the estimation task. We also discuss how reasonable the assumption of knowing
each of these parameters is and provide the value for the internal variable A1 necessary for the ’Reduced
order Hankel penalized regression’ step. In the next section, we provide the probabilistic estimates
instrumental to those choices.

2.2. Probabilistic results

We first show that the covariance matrix of the covariates

Xpi= [ uf g, ui_gp ]t € RETDT

generated along the path of the input of the LTI state space model (1.1) concentrate around the identity
matrix. This is the main content of the following theorem, which is an extension of [17, Thoerem 3.4]
to the multidimensional case. Its proof is given in Appendix A.

Theorem 2.1. [f X1,..., Xy are the time shifted covariates of an LTI hidden state space model (1.1)
where the components (u;); are independent centred standardized multivariate Gaussian N (0, 0'5]7«)
or subGaussian centred random vectors of subGaussian components having the same 19 norm upper
bound of o, X is given by (1.7). Then, with probability at least 1 — exp (—t) for t > 1, it holds that

TN, TN, T T
<col [\ —+—+\/=+—=]. 2.3
Seo CUu( NOR T N+N> =

1 2
N X X —oulery
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with N1 = log(T) + r. Under the same conditions, for § € (0,e™ 1), with probability 1 — & and for
values of N such that

- 1
N>c (TNl V T log 5) ,
we have, for all g € MPX(QT_I)T(R),

2 2
Ou 2 1 *|2 30u 2
7|9|s2 < ﬁ|X9 I3, < <5 l9ls,-

Concentration results for matrices with independent covariates are obtained in [2] where it is shown
that with high probability the following holds

T T d d
<o? <N+\/N+Nt+1/ﬁtl/2>.

Our result, as a multidimensional extension of [17, Theorem 3.4], shows that a similar result holds
for block Toplitz matrices up to the N1 = log(7T") 4 r factor appearing in (2.3). Comparing with the
matrix of the covariates of the hidden dynamical system (1.1), it is shown in [16, Proposition 2.1] that
are-scaled version of it does concentrate around the identity if the eigenvalues of the matrix Ay are not
on the unit circle, but would fail otherwise.

N-1
Z vt — o2 lp
=1

Soo

Before stating the second important probabilistic estimate, we introduce the operator H M (27-1) (R) —

Mrpxrr(R) defined, for any i = [h7, ..., hip_{]" € M(QT_l)TXp(R), by

rXp

h1 1hy 193 Thr
1y In 1 g
. 2112 3743 T—1"T+1
Hh=| Lhg Teshria| - (2.4)

1 1 1
ThT T—19T+1 th+2 har—1

It is easy to check that (h, g*) = (HT"h, Hg*) so that the operator H'" is the adjoint of the pseudo-
inverse of H.
We also introduce the Hoo norm for an infinite sequence of matrices ¢ = [¢q, 1, - . .| given by

o
|l = sup | D ;e

This norm relates to the notion of system norm used in control theory and turns out to be the right mea-
sure of how the hidden dynamic impacts the estimation error through the variance. The next theorem
supports this claim by providing a control over the noise level induced by the term goX; + hW; + vy
given in (1.2).

Theorem 2.2. Assume the random matrices X, X, W, and € as defined in (1.7) are generated by
running the LTI hidden state space model (1.1) under either Gaussian or subGaussian noise condition.
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Define g, g, h as in (1.2). Then, with probability at least 1 — exp (—t) for t > 1, the following bounds
for different parts of the noise term hold:

o _ No = Nolog(T) t  log(T)t
HX*Xglg_ <02 o0 fJooste) L L A 5
| 9lsee S ouldlra < vt VR TN 2.5

with Nog =1log(T) +p +r.

(2.6)

Ny | Nalog(T) t  log(T)t

|HT*X*Wh/|Soo 50u0w|h|7{oo < =+ T =T N

with No =log(T) +p

[Ny Nolog(T) t  log(T)t
it x* < g2 2 2Roe ) L 24 5 . 2.7
| €|S°° ~ v < N N N N 27

2.3. Estimation guarantees for the Hankel penalized regression

This section is devoted to the analysis of the performance of the Hankel penalized regression estimator
given by (1.12). This estimator plays a central role in Algorithm 1 since it is used twice. The first time
it uses covariates of length 27p — 1 in (2.1) to provide a sparse estimate for estimating the true order
of the system, and the second time in (2.2) where it uses 2(Z§ + 1 covariates to provide a more accurate
estimator. To analyze the performance of this estimator, we first state a corollary to Theorem 2.2.

Corollary 2.1. Under the same condition of Theorem 2.2, for § € (0 e_l), there exist an absolute
positive constant ¢ > 0 such that for \ taken as

1
Ny log(T)N, log log(T) log
Ni=epo? (/R0 8o, V2R3, Jos) w5

N JN N ’

(2.8)

with ¢ = |gly,, + 3% |hl3,, + 1 we have, with probability at least 1 — 6, the following upper bound:

3 _
A< (|HT*X*X§|SOO +HT X Whlg_ + |HT*X*5|SOO) . 2.9)

The following theorem provides various estimation bounds and the sample complexity for the Han-
kel penalized regression estimator of the Markov parameters for the | - |5,-norms with p € (0 1).

Theorem 2.3. Let (Xop,yor),---, (XnN,yN) be the input and output values of the LTI hidden state
space model (1.1) under Gaussian or subGaussian assumption for the different noise vectors. Assume
that (X,y) is given by (1.7) and the estimator § given by (1.12). Define Ag = § — go, where gq is the
sequence of Markov parameters defined in (1.4). Under Assumptions 1.1 and 1.3, for the values of N
such that

N>ec <TN1 Vv Tlog %) (2.10)

and the values of \ given by (2.8), with probability at least 1 — 26, for § € (0 e~1/2), the estimator §
satisfies the following error bounds:
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* Slow and fast rates for the prediction error of the Markov parameters:

1/201/2
1 . 5v3dy ‘T2
\/ﬁlXAg |Sz < A

* Slow and fast rates for the estimation error of the Markov parameters:

1/4 1/2
do/ N2 | Hgg 4. @2.11)

60y

1/21/2 1/4y1/2
5vV3dy “TYEN  V2dy A i1/2
|Agls, < 602 A - |Hggld, - (2.12)
* Fast rate for the Hankel estimation spectral loss:
5v2
£ (,90) < \gdé/ AT (2.13)
304
* Fust rate for the Hankel estimation p-loss, p € [1,2]:
1/p
R 20d,/“A\T
£5/(3.90) < . (2.14)
u

» Sample complexity for the spectral loss: for all e > 0 to obtain Ef (9,90) < € we need

N> (2.15)

$2dgT?Ny  ¢dy/*TNolog(T)  ¢2doT?log +  ¢d)/*Tlog(T)log L
sV v 5 v :
€

€ € €

Remark 2.1. Upon inspection of the proof we notice that the result would still hold without neither
Assumptions 1.1 nor 1.3. However, while all the rates hold without assumption 1.1, this assumption is
necessary for these rate to converge to 0 when we observe more samples. Similarly, in the absence of
Assumption 1.3 all the rates given in the theorem hold after replacing do by T. Still, having dy < T
means that we are estimating less Markov parameter than necessary to be able to recover a minimal
realization as was explained in Section 1.1.

The proof of Theorem 2.3 relies on the analysis of the first-order optimality condition. This ap-
proach appeared first in [23] and in the case of matrix regression in [26] to provide oracle inequalities
in the context of low-rank matrix completion. The same argument can be combined with alternative
approaches, including the analysis of the zero-order optimality condition suggested in [5]. These are
some of the approaches used for high dimension estimation problems. Indeed, we can cast the problem
of estimating the Hankel matrix of a hidden state LTT state space model of unknown order as a high
dimension matrix regression problem where we want to estimate a low rank Hankel matrix since the
rank of the 7" Hankel matrix of the Markov parameters is the dimension of the minimal realization dg
as longas T > dj.

Existing results in the literature such as [33, Theorem 3.1] are provided for the least square estimator
in terms of the | - |5, -norm while the dimension is known. They do not extend to the case of | - |g, -
norm with p € (0 1) since, while | - |g__-norm is dimension free, the least square estimator is oblivious
to the rank of the estimate. Indeed, the solution of the least square estimator is not expected to be low
rank and thus by simple norm domination [33, Theorem 3.1] implies,

T3q0 log?(Tqo)

\Hii,— Hajls, S >
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This bound misses the correct dimension scaling by a polynomial factor of T1/2 for the | - |g,-norm.
On the other hand, Theorem 5.1 in [39] implies that

pT3 +rT? +T?log(1/6)
N

|7:[d_HgE]k|S2 5\/

which also misses the correct dimension scaling by a factor of (T'/ do)l/ 2. For a non-low rank estimator
this is the expected order as it estimates pr7'? unknowns with a variance that scales like 7" times the
variance of go X+ h Wy +v¢. We also note that the estimator 7:[,d does not preserve the Hankel structure
of the matrix H g;j. A low rank estimate reduces the number of the unknowns to (p + r)doT’, which is
consistent with our result which, after keeping only the main dimension terms, reads

CH (G a0) < \/ (p+r+ 10%T/5))d0T2 .
In [43, Theorem 1] the authors study the problem of recovering the Markov parameter, while the
dimension dg is unknown, but from the partial observation of multiple trajectories of the system and
assuming that w; = 0 in (1.1). To this end, they propose a penalized least square estimator for the
Markov parameters as given in (1.10). While they successfully manage to control the error in the
| - |5, -norm, since they penalize with the transformation of the Hankel matrix |H K ~1g*|g, , there is
no reason to believe that the solution will give a low rank Hankel matrix. Their result (1.11) in the
| - |s,-norm implies that with high probability and after observing enough data we have

2 T3 2
gz {FVE @ N>
2z [T og(T) dg < N<d3AT,

which again does not capture well the effect of the dimension. Moreover, in this case, it also misses the
effect of the dynamic captured in our case by the term ¢ = |gl3;, + Z%|h|3,, + 1. This is due to the
fact that in their setup, we stop every realization after 27" — 1 observation and suppose all trajectories

are independent.

Proof. Set
= |H X*Xg*|s. + |[H X*Wh*|g +|H X*e|g...

We start by using Corollary 2.1 and Theorem 2.1 to define an event of probability 1 — 2§ where we
have both

3r
A> = 2.16
N (2.16)
and, for all g € M, (o7 _1)r
2 2
Ouy 12 1 %12 304, 2
7|g|s2 < ﬁ|X9 s, < — l9ls, (2.17)

for values of N such that

- 1
N>c<TN1\/Tlogg) .



Learning LTI state space models of unknown order 17

Since ¢ solves the optimization problem (1.12), by Fermat’s rule 0 € 9 Crity(g), the subdifferential
set of the criterion function. Also, by Fenchel-Rockafellar theorem (see e.g. [36]), there exists v €
0|H §*|s, such that,

2
—X*(Xg* — Av=0.
X (X —y)+ v
Using the fact that y = X g + ng + Wh{ + € and multiplying by Ag = G — go gives

* AN * * /v =% *
XAG*[3, = - (—Ag™,0) + (X*(Xg5 + Wh§ +e), Ag) .

By the definition of the sub-gradient we have, for all g € Mpx(2T—1)7"’
|Hg"|s, = [Hg"[s, + (—Ag",v).

Holder’s inequality yields

_ AN .
I XAg*[%, <(X*(Xg"+Wh* +¢),Ag*) + —-([Hgbls, — 1Hg"|s,)
* /\N * A%
STIHAG s, + =~ (1Hgols, —1HG)Is, (2.18)
AN AN
<(T+ 7)|H95|S1 +(I' - 7)|H9*)|S1-

Since by (2.16) we have \ > %, then it holds that

L
X0 = Xg5l5, <AHg5|s, < Ay/rank(Hg8) [ Hgils,

which proves the slow rate in (2.11). The slow rate in (2.12) is implied by inequality (2.11), since we
are in an event where the inequality (2.17) holds.

For a matrix M with a singular value decomposition M = UX.V* define the projection operators
P :=1-UU* P} :=1—-V*V, P3;(N):=PF NPy, and Py, := I — Py;. Since we have a
decomposable penalty [8], we have

|Hg"|s, = [Hgy + HAgG"|s,,
= |Hg§ + Prige (HAGY) + Prgs (HAGS) s,
> [Hgl + Phige(HAG )|s, — | Prgs (HAG s,
= |Hgils, + | Prrgs (HAG s, — | Prgs (HAG s,

from which, together with (2.18), we obtain
*|2 * )‘N * 1 *
| XAg*ls, <T[HAg"|s; + T(lPHgO(HAg sy = [Prgs (HAG)ls,)

. . AN .
=T(1Prgo (HAG )|, + | Prge (HAg Ns1) + == (1Prgs (HAG)ls,
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| Phigs (HAG")s,)

AN AN
=(- 7)| Pﬁgg (HAgs)|s, + T+ 7)| Prg;(HAGY)]s, -
Again, by the particular choice of A > %, we have
P
0<IXAg"[3, < SNGI Pagy (HAG)|s, — | Pigs (HAG)s,): (2.19)

Now, by the following rank inequality
rank(P prgx (HAgg)) = rank(P g« (Hg") + Hgg) < 2rank(Hgp).
and the fact that we are on an event such that
2 2
g, 2 1 2 30' 2
we have

ﬁumg*ﬁ <"—12L|Ag*|2 < Lixag
2T 52372 25N 52

5A - \
< F\/rank(PHga«(HAg )|7’H93(HA9 s,

< —5\? do/|HAG* |5, < —5\?

< 5\/3)‘ (dOT)1/2 i: | XAg |Sz )
6 V N

Oy

(doT) 2| Ag*|s,

This implies the fast rates in (2.11), (2.12), and (2.13). Also, since g satisfies (2.19), we have
5| Prgs(HAG )]s, <| Pﬁgé (HAg")|s, - (2.20)
This gives

[HAG |5, <|Prgs (HAG )5, + | Prigs (HAGY)|s,

1/2
1/2 20d, AT
< 6| Prrgs (HAGY)|s, < 6v2dy*| HAG s, < =

u

. 7
i=1

1/p

d

But, |[HAggls, = ( S s ) = |s|p where s is the vector of singular values. Therefore, by the norm
interpolation identity |s|, < (Is]1)2/P=1(|s]2)2~2/? for p € [0, 1], we finally obtain

1/p

2
Ou

|HAg*|s, < ([HAG |5,)*/P~ Y (|HAG |s,)
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Remark 2.2. The condition (2.10) on the sample size is likely to be sub-optimal. One expects that
the factor T should be replaced by dy. The factor T' comes from the use of the concentration result
of Theorem 2.1. While this Theorem gives the right rate for the input covariates’ concentration, the
result is stronger than needed. Indeed, Theorem 2.1 provides us with an event in which for all g €

My 27-1)r(R) we have

2 2
Ou, 12 1 %2 30y, 12
7|9|5‘2 < ﬁng |52 < N |9|527 (2.21)

while the proof needs such a control only on the set defined by the cone condition (2.20).

Open Problem 2.1.  Show that for all g € My (o7 1), (R) such that |g|s, <1 and (2.20) hold then

<02/ B

U N’

Ly x2 2| 2
ﬁ|XQ |s2 —oylg |s2
up to logarithmic terms and lower order terms.

While the condition (2.10) on N is likely to be suboptimal, we note that it is still less restrictive than
the sample complexity (2.15) which will play a major role in the analysis of Algorithm 1. As we shall
see below, for this reason, the condition (2.10) will not affect the upcoming results on the estimation
of the parameters (A4, B, C).

In the following proposition we show that the SVD decomposition of the Hankel matrix obtained
from the Makov parameters estimate ¢ given in (1.12) can be used to recover the system’s order d,
if given a lower bound on the smallest singular value of the true Hankel matrix of Markov parameters
H gi5. We also show that the fast rate for the spectral loss in (2.13) implies a fast rate for the truncation
of the SVD decomposition.

To this end, we consider the SVD decomposition of the Hankel matrix of the estimated parameter
rank(Hg*) .
g givenby Hg* = »°  5;0;0] and define the truncation dimension d¢ and the truncated SVD
1=1
matrix H de of the estimated Hankel matrix as:

rank(Hg*) rank(Hg*)
de:= > 1{3;>2¢} and Hi, = > {8 > 26 007 (2.22)
i=1 i=1
Proposition 2.1. Assume the same conditions on (Xor,yor), .-, (XN, ynN) as in Theorem 2.3 and

suppose that

Sdp (Hggj) =3¢
for some & > 0. Then, there exists an absolute positive constant ¢ such that for the values of N given
by
1/2

N 1 ¢?dyT? 1 a2 *Tlog(T
N > cdgT Ng V Tlog = \/(bgig <N0\/10g_> \/%fog()

0 )
the dimension dg and then estimate 7:[635 defined in (2.22), satisfy with probability at least 1 — 20 the
following.

(NO Vlog %) . (2.23)
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* Exact rank recovery:
dg = do. (2.24)
* Lower bound over the least singular value of the truncated estimate:

s, (Hg) = 2¢. (2.25)

* Lower bound over the singular values after the truncated threshold:

rank(Hg*) 1/2
forall d € [dg + 1,vank(Hg*)], 3 < d>ooo§ <E. (2.26)
i=do+1
e Fast rate for the truncated estimate on the 2-loss:
; 10v2 172

Proof. By the obtained sample complexity (2.15) it follows that the condition on N in (2.23) implies
that, for a large enough absolute constant c,

5v2
302

1/2
AT < ¢

on the same event defined in Theorem 2.3. Therefore, in view the same Theorem and Wey!’s inequality,
with the same probability of at least 1 — 29, we also have

5\/§d1/2

I5a(Hg") = sa(Hgo)l < |[HAG" |5 SIHAG |5, < 5oy
u

AT <E.

Now, if we assume that rank(H g*) < do, then syin(Hg*) = s4,(Hgg) and sg,(Hg*) = 0. Thus,
again by Weyl’s inequality, we have

Smin(H90) = 54, (H90) — 54, (H§")| < |s1(HAg")|

5\/§d1/2

< |HA9*|S2 < ﬂ 0

AT <&,

which contradicts the assumption

Smin(Hg) > 3¢
Therefore, dg > rank(H §). This also means that

|sdo (Hg) — 54y (Hg)| <& and 540 (Hg) > 2¢. (2.28)

Since we now know that d > dg, we consider the following decomposition for the SVD representation

A A A Ak o.4 . Nk E V*
H=Hay +Hg=D_ %@} + Y 81;0f =[UsUg [ ‘ EJ [V}] '
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Now, as the truncated SVD decomposition to rank dp solves the optimization problem:

’H*Earg min H—H
d H: rank(H)<d| |52’

we obtain
7:[* = min 7:[—H <|HA * . 2.29
| d|52 H: rank(H)<d| |52 | g |Sz ( )

In particular,

rank(Hg*) 1/2
forall d € [do + 1,rank(H§*)] 4 < >oo& <€

1
i=do+1

This inequality together with (2.28) yield the following result on rank recovery:

rank(Hg*)
de= > 1{§>2=d
=1
It also yields (2.26) as well.
Now, since we have

Ha— Holls, = [Hg— Hgl — Hyls, < |HAgls, +Hgls,

10\/§d1/2

*
<2|HAg s, <ﬂ 0

T,

in view of (2.29), we also have the fast rate for the SVD estimate in (2.27). [l

2.4. Error control for the Ho-Kalman algorithm estimates

This section provides stability results in the Hilbert-Schmidt norm for a version of an estimation pro-
cedure based on a variant of the Ho-Kalman algorithm. The variant of the Ho-Kalman algorithm in
question is the one that obtains a minimal balanced realization starting from the SVD decomposition
of the Hankel matrix of 7" Markov parameters, for T' > dg + 1. Indeed, the Ho-Kalman algorithm
computes, up to a similarity transform, the observability and controllability matrices are respectively

O=Uysy? and C=x?vy, (2.30)

and the minimal balanced realization (see Definition 1.3) defined by

A= (@1;T(T—1),1:dO)T ?

Or—i—l:rT,l:dou B:= Ol:do,l:rv C:= Ol:p,l:do'

Assuming that we have obtained an estimate 7:[,T of the Hankel matrix of order 7" with a rank
that is higher than the dimension dg and of the dimension dg such that the Hilbert-Schmidt error
|Hp — Hgj|s, is small.

The Ho-Kalman based estimation algorithm we introduce here yields an estimate of the minimal
balanced realization by mimicking the Ho-Kalman algorithm described above. It starts from a truncated
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SVD decomposition H de = Ugf)gffg* of the matrix 7:[T to the smaller estimated dimension Jg and
constructs estimates of both the observability and controllablity matrices

A A A 1 2 ~
0= Ug f/ y :
Thereafter, it provides an estimated minimal balanced realization as

u R Toa . N A N
A= (Olzr(T—l),lsz) OT’+1:T’T,1:d§a B = Ol:d57l:7’7 C:= Ol:p,l:dg-

The next theorem provides error bounds for these estimates under the assumption that we have Jf =dp,
Theorem 2.4. Suppose that dg =dp. Set

Ol (1-1),1:d0 = O (23D
If the following stability assumption holds

(VZ—1)"% 54, (0T (Hg5)
2v/2 ’

then, there exists an orthonormal matrix R such that the following holds.

[Hr — Hgjls., N Hr — Hghls, < (2.32)

* The error on the observability and controllability matrices is controlled by the error on the
truncation:

\/5_1 Sdo(HgE)k)

*» The error on the C and B matrices is controlled by the error on the truncation:

0~ OR%, +1Cq— R*C1%, <

\/§ -1 Sdo (Hgg)
 The error on the A matrix is controlled by the error on the truncation:
232 (1+]4],_)

(V2 —1)"% 54, (OF)sy/* (Hg5)

C—CRIE, +1B - R'BJ3, <

|A— R*AR|g, < |7:lcz5 — Hgpls,-

This result provides a robustness analysis of the variant of a Ho-Kalman algorithm based estimation
procedure described at the start of this section. The result is described in term of the | - |g,-norm and
shows that, under the stability condition (2.32), it is possible to recover up to an orthonormal matrix R
the minimal balanced realization defined in 1.3 since we can bound the loss function Eé"( (M, M) in

term of |7:£d§ — Hgjls, as follows.

ﬁéw(M,M) 23/2 (1—"—‘;1‘500)

(VZ—1)""% 54 (0F)s* (H g5)

N

", — Hgols,-



Learning LTI state space models of unknown order 23

In the next section we will use a slightly weaker version of this result to provide ﬁé\/l guarantees

for Algorithm 1, namely we replace sq,(OT) with s(lié 2(H gy) both in the robustness condition
(2.32) and in the error control of various estimates. This can be done since as argued in the proof

$d,(O1) < 1/2(Hgo) and it is done so to only assume the knowledge of a lower bound s /2(@+).
Otherwise we ‘could work with the original statement by assuming the knowledge of a lower bound

on 54, (O)sy/* (Hg3). The condition (2.32) is stated with [#y — Hgils. A [Hr — Hgjls, which
is always equal to |7:[T — Hggls,. . it is done this way simply since sometimes it is easier to have a

control over |7:LT — Hgj|s, as it is the case for the Hankel penalized regression estimator in Theorem
23.

The version of the Ho-Kalman based estimator studied here is the one studied in [45, Theorem 4].
Their guarantees suggested that

1/2
do |Hgg| g Mg, — Hgls,
A 1/2 ’
s2.(0)si 2 (Hgp)

LM M) <e

Our result improves it by replacing the factor s ((’)+) _1/ 2 (H g§) with the smaller factor s ; ((’)+) 1/ 2 (Hgg)
in the regime s4, (Hgg) — 0 and s4,(O1) — 0 which was introduced in remark 1.2 and removing the

dp factor. Another estimator based on the Ho-Kalman algorithm is considered in [43, Theorem 5.2]

where it is shown that

1/2 ’H
a 90‘5 |Hd Hgo|SoO
LYAYAM M) < e £ .
Sdo (Hgp)
dy/?|H "4, —Hgjls _
Here, we improve the factor —%H{g* — Hggls,, by |S |S%+)ZEQZ(HZS)2 since s4,(OT) and

sil(/) 2 (Hgg) are usually comparable, as we shall see later in (2.41) where we have that s d/ (Hgg) >

5o (0F) = 52 (Hgp).

Proof. We start by noting that
> * 9y 9y > *
Hi, = Hgolswe < [Hr —Hj 5. + |Hr = Hgols.. -
Since, by assumption, we have CZS = dp and the truncated SVD also minimizes the operator norm cost,
we have

|7:lT—7:lCz§|soo= min  [Hy — Hl|s,, <|Hr — Hgjls...
rank(H)<dg

Since O7 is a sub-matrix of O, we have

54, (07) < 54, (0) < sclléz (Hgr), (2.33)

where the second inequality follows from the construction in (2.30). Therefore, the condition (2.32)
implies

sdo(Hgg)

. (2.34)

|7'Alczé — Hgjls.. <2[Hr —Hgjls., <2[Hr— Hgls, <
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The result for the error on both the observability and controllability matrices will be derived as a direct
consequence of the following lemma taken from [48]. A similar approach was used by [43] to analyze
the performance of another variant of the Ho-Kalman algorithm.

Lemma 2.1 (Lemma 5.14 in [48]). Let My, My € My, xny(R) be two rank r matrices with SVD

decompositions My = U1X1V]* and Mo = UaXo V. If |Ma — Mi|g, < w then there is an
orthonormal matrix R such that:

2|My — M3,
(V2 —1)sp(Mp)"

1/2 1/2 1/2 1/2
1Sy — U5y RE, + Vis)? — RV ?)E, <

Since both A de and H g are of rank dp, we can use this lemma together with (2.34) to guarantee
on the same event that there exist a matrix R such that RR* = I; and

N ~ 2 5 Y 1/2 1/2 N l/2 1/2
|0~ ORI, +|C— R*C%, = |U§E§/ — U=y *RI%, + |V§*E§/ - RV 3,
. *12
2 4, — Hapls,
V2-1  sqy(Hgp)

Since, C and B are submatrices of O and C respectively, the last inequality implies

\/5_1 Sdo(HgE)k)

To derive the estimation error bound for the matrix A, we recall the following notation (introduced in
(2.31)),

|C—CRI%, +|B - R*B|%, <

A — D= O — Ot M —
OT’—I—l:T’T,l:do =07, Ol:r(T—l),l:do =07, Or—i—l:rT,l:do =0".

We note that

|A— R*AR|g, = K@JF)T O~ —R*AR

Sa

t s gy((&)f

. '(o+) o - (@J’)T@J’R*AR

’@— _OTR*AR

Y

S Soo S2

O~ —OYRR*AR

N

n ‘@+RR*AR _OTR*AR

Sa

O -0"R

N

rlotr-0t|_ |4 )
52 SZ o

< < : )1/2 (1+ ‘A‘Sw) Mg, — Hails,
V2-1 sa0(OF) sy (Hgp)

(2.35)

where in the last inequality we used the fact that both O~ —O~Rand O — O R are submatrices of
O — OR. By Weyl’s inequality we have

154y (OT) = 54 (OT)| =54y (OT) = 54y (OTR)| < |OF — O" Rl
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1/2

<|0-OR|s, <|0-ORJg, < (
Sdo (Hgbk)

V2-1
Again, noting that
md& — Hgjls, <|Hr - }ng s, + [Hr — Hgjls,

and since the truncated SVD minimizes the Hilbert-Schmidt norm cost, we obtain

Hr —Hgls,= min [Hy— Hlg, <[Hr — Hgls,-
€ ank(H)<de
Therefore,
|7:lcz€ — Hgpls, <2Hr — Hgpls,
and

2 )1/2 [#y, ~ Habls,

_ 1/2
V2-1 Sd(/) (Hgak)

150y (OF) — 84 (07)] < (
Fr—Hggls, _ (V2=1)""%54y (0%

172 X
Sdé (Hgg) 2V2

In view of the condition

) in (2.32), we have

. _ 9 \12[H; — Hgjls,
Sdo<0+>>Sdo<0+>—( ) 5

_ 1/2
v2-1 Sd(/) (Hgp)
Aty 8d(OF)  54,(O7)
>Sd0(o+)_ 0 92 = 2 2 ’
which together with (2.35) yields
A ) 93/2 (1+\A\Sw) A
|A— R*AR|g, < ", = Hols,-

(V2 1) 54 (0)sy* (H g5)

2.5. Non-asymptotic guarantees for Algorithm 1

2 >1/2 |7:[d§_HgE)k|52
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(2.36)

Now we are ready to derive non-asymptotic results for the complete estimation procedure described
in Algorithm 1. The algorithm starts with the data obtained from the partial observation of a single
trajectory (X, ;)Y o of the system and aims to obtain a possible realization (A, B, C). To this end,

we require the inputs T, Ag, and ¢ to satisfy the following conditions:

1. Ty = do+1, aknown strict upper bound for the system order which can be taken reasonably large
at the expense of an additional cost in terms of the sample complexity (2.15), as it directly relates
to the dimension of the unknowns in the Hankel penalized regression part of the algorithm.



26

2. Mg =~ A as defined in (2.1). This choice requires the additional knowledge of an upper bound
for gba% as defined in Corollary 2.1. An upper bound on ¢ is obtained from an upper bound on
the system’s Ho-norm and an upper bound on the variances of the involved random variables.
As argued in [39], the knowledge of an upper bound on the system -norm is a plausible
assumption. It was also shown in [47] that such upper bound could be efficiently estimated.

3. S?lo (O) > 5¢. This choice is made to establish a detection threshold. The assumption on the
knowledge of such a threshold is also common in the literature when studying threshold based
estimator for high dimension regression problems, see [32, Corollary 2], [54, Equation (8)] or
[29, Assumption 3].

Remark 2.3. Since we want to provide an estimate up to a similarity transform of a minimal real-
ization, as explained in Section 1.1, the fact that a realisation is minimal is equivalent to the order
T Observability (resp Controllability) matrix being full column (resp row) rank. This implies that the
two requirements, T' > dg and sq, (O) > 0 should be satisfied. Hence, the conditions Ty > dy + 1 and
S?lo (O) > 5¢ strengthen those requirements to a level that permits the estimation and rank detection.

The condition Ao ~ X relates to how the system’s dynamic affects the estimation error, through the
variance term ¢ in (2.13). Assuming the knowledge of an upper bound on it is again strengthening this
requirement to a level that permits the estimation and rank detection.

Obtaining an adaptive, entirely data-driven estimation procedure without those three additional
inputs falls beyond the scope of the current paper and is left as an interesting extension for future
work.

Denote go 7 = [CB,CAB,--- ,CAT=1B] so that HgaT € Myrxpr- Since s:lf(
Sdy (O) = s4,(OT), then our choice of S?lo (OT) > 5¢ also implies

*
Hy§ go11) =

(\/5_ 1)1/2 Sdo(@+)s:cllé2(Hgs) >¢ (2.37)
22 o |

According to Theorem 2.3 with the choices of inputs above and for

78 1 2 *
Sdy ((’)+)sdé (HgQT) > 3¢ and

N>c¢ (TNl \/Tlog%)

when g is taken as

~ 1 1
1V 1 1 IN log 1 T 1 <

the Hankel penalized estimator § defined in (2.1) satisfies on an event 3 of probability P(B) > 1 — 26
a fast rate for the Hankel estimation spectral loss

. 5V2 172
£5(50,90) < 22 do/

u

AoTo,

for some absolute fixed positive constant ¢ and ¢ as defined in Corollary 2.1. By equation (2.37) the
above choice of ¢ implies Sdy (H gg To) > 3¢, Thus Proposition 2.1 means that on the same event, once
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we have

_ _ 2d T2

N > No=cdgTNoV Tplog 1 v & 2 (NoVlog )

o/ To log (T,
v 2o To1os0) (g v 1og 1)
. B rank(Hg*)
we can ensure exact rank recovery for Algorithm 1 in the sense that d¢ definedby de = 37 1{35; >
i=1

2¢} satisfies clg = dp. Hence, the event B is included in the event {clg =dp}.
In a similar fashion, using the Hankel penalized regression estimator in (2.2) with 77 =dg + 1 to

get an estimate for the Hankel matrix of the Markov parameters, then on a event A of probability
P(A) > 1 — 26 and for

_ 1
N 2 c¢(dg+1)Ny V (do + 1)10gg,
we have a fast rate for the new Hankel estimation spectral loss:

5V2 172
< d do+1
303 0 /\1( 0+ )

L5 (g1,90) <

with

1
Ny . log(dg+1)No _ /1085 log(do+1)log$
)\1 = Cgb W Vv Vv V

N JN N

This estimated matrix is then used in the Ho-Kalman based estimation procedure to obtain estimates
for the system parameters (A, B, C). As long as d¢ = dp, Theorem 2.4 guarantees that for values of N
such that

1/2 2 1/2 *
’ ¥ (V2=1) """ 54, (0)s /" (Hgp)
Hao+1 = Hgo,dy+1182 < ) 2‘)\/5 do 0 (2.38)

there exists an orthonormal matrix R satisfying

* up to the same orthonormal transformation, a fast estimation rate for C' and B given as

21/2 |Hd§ - Hgs,d0+1|52
(V2 —1)1/2 84y (OT) ’

C—CRE, +1B-RBl, <

+ afast estimation rate for A given as
3/2 A
232 (144l )
1/2 =
(V2-1)"%s3 (0%)
From Proposition 2.1 equation (2.27) we have the following fast rate

10?@0 +1)32\,.
304

|A— R*AR|g, < g, = H90,dy+1152-

|HCZ§ - Hgad()—i-l |S2 g
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From (2.37), the condition (2.38) is satisfied as long as |7:[d0+1 — Hg; do+1|52 < &. In view of the
sample complexity given in (2.15) in Theorem 2.3, this is the case if

3/2

R 1\  ¢dy “log(do) 1
>Ny = v =7 Z ).
N>Ni=c & N0V10g5 \% € N0V10g5

_ For Algorithm 1 to succeed we should have both the events {7} = dgp + 1} and A occurring. For
N > Ng V N1 = Ng we obtain

P{Ty =do+1}NA) >P{Ty =d¢ + 1} N {dg =do} N A)
P({d¢ = do} N A) >P(ANB)
>1—46,

where in the equality we used the fact that Algorithm 1 always chooses {77 = dg + 1}. In the second

inequality we use the fact that our choice N > N ensures B C {Jg = dp}, and in the third inequality
we use the fact that both P(A) > 1 — 2§ and P(B) > 1 — 26 and a union bound.
We summarize the results of this discussion in the following

Theorem 2.5. Algorithm 1 succeeds with probability at least 1 — 46 for all 6 € (0 e~ 1/4) after
observing N = Nq samples from a single trajectory of the system (1.1) with the particular choices Ty,
Ao, A1, and & as described above and Ty = d¢ + 1. On the event of success we have

* Exact order recovery dg =dp;
* There exist an orthonormal matrix R for which the estimates for C' and B satisfies fast estimation
rates given as

20(dp + 1)3/2/\1
3(V2—1)/254,(OF)a2

|C —CRls, +|B — R*Blg, <

* For the same matrix R the estimate for A also satisfies fast estimation rate given as:

10 (14 |Als.,) (do +1)3/2 )
(VZ-1)"%s2 (0F)o2

|A—R*AR|g, <

In particular, we have the following

Corollary 2.2.  Under the same condition as Theorem 2.5, the same inputs for Algorithm land for
N > Ny, with the same probability on the even of success, the output satisfies the following.

e Fast rate for the Hankel estimation spectral loss:

10 (14|45, ) (do+ 1)3/2\
(vV2—1)"2s3 (002

LM M) <

» Sample complexity for the spectral loss: for any € > 0, to obtain 55{ (g, 90) < € we need



Learning LTI state space models of unknown order 29

by n 3/2
5> P+ Als 2d3No (1 +|Als, )dy*6No log(7)
~ sfl()((9+)e2 830(0"‘)6
n 1 3/2
(Lt |Als, )?dlog}  (1+]Als.. )y “6log(T) log §
54 (0F)e? 52 (OF)e '
0 0

(2.39)

It is clear from the condition (2.32) in Theorem 2.4 that the condition N > Ny could be improved
by using the control in term of |7:£T — Hggls,, instead of |7:£T — Hggls,. This can be done using the
least square estimator for which it is easier to derive estimation bounds in term of |7:LT — Hyggls,, such
as in [33, Theorem 3.1], which would have the effect of reducing Ny by a factor of dj so that it scales
like Tg. In the high dimension regime, TO2 is still a big price to pay in comparison with the sample
complexity necessary for the second stage. This suggest the following open problem where we only
change the condition on N in Theorem 2.3,

Open Problem 2.2. Is there an algorithm that successfully learns a minimal realization of a Hidden
state LTI state space system with high probability after observing

o ¢*d3 1

and satisfies the fast rate for the Hankel estimation spectral loss of Theorem 2.5 given as
n 3/2
(1+|Als..) d* M
55, (OF)od

LM M) <

up to logarithmic terms and lower order terms.

In [39, Theorem 5.3] the authors study the parameter estimation problem of a hidden state LTT state
space system of unknown order where the derived results are in | - |0 norm. We have summarized their
results in the Related Literature section in the introduction. The dominant term for the error bound
(1.9) for their algorithm, after multiplying by d'/2 to get a bound in the | - |2 norm, is

LML M) < rd4 4 pdd +Aci410g(N/6)'
s:(H)N

d

~

Our result improves this in a few ways. First, our result is provided in terms of the actual dimension dy
and not the estimated dimension d. Moreover, it reduces this dependence by a factor of dj.

Regarding the burn in time Ny, we have an explicit number of samples required for the result to
hold N > Ny, unlike in [39, Theorem 5.3] where the result hold for N > N, with N, < oo (1.9).
Moreover, upon inspection, a combination of [39, Proposition 13.4 and Proposition 13.7] shows that
N, depends exponentially in d.

Finally, the presence of I‘(ﬁ ,€) < 0o in (1.9) makes the result sensitive to all the singular values
gapes of the matrix H and not just on the location of the smallest one. Our result, on the other hand,
does not exhibit such behavior.
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For the "Reduced order Hankel penalized regression” part of Algorithm 1, let us consider a value
T1 = do + 1 where we take

tog (¥41C13,. /540 (Hgo,d0))
2log (1/p(A)) ’

which on the even of success becomes do = do \V 7). Applying 2.4 we obtain the same guarantees of 2.5
except that we replace dg with d. In this case,

do=dgVvij with §>n= (2.40)

C
ot =
O Ad—1
which is of rank dg, since kg > 1. Moreover,

5,01 = int {|0uy, —1CAT, } > 55, (0) - IO AT,

|ul2=
=54y (Hgo g) — |CI5_ |AYS > say(Hgo,a,) — ¢4IC[5 p(A)*.

In view of the choice made in (2.40), we have
~ 1
510(OF) = 550y (Hg0,45). (241)
Thus, we have the following

Corollary 2.3.  Under the same condition as Theorem 2.5, for the same inputs, except for the addi-
tional 1}, by taking Th = do + 1 and s4, (H 90,dy) = 10& with dg defined in (2.40), Algorithm 1 succeeds
for N > No V Ny with

O 1Y, ¢n*/?log(n) 1
N77>C§—2 N(]\/logg Vf NO\/lOgS .
Furthermore, the output M satisfies with probability at least 1 — 40 the following.
* Fast rate for the Hankel estimation spectral loss:
20 (1+ |Als,) (do +n+1)%2)\
1/2 ’
(V1) 54y (Hg0,40)02

L5 (M, M) <
o Sample complexity for the spectral loss: for any € > 0, to obtain Lg (,90) <€ we need

O*(1+ |4 5..)*(do +1)°No |, (1+|Als..)(do +1)**¢No log(T)
S?lo (H907d0)62 Sdo (Hg(),d())e
(1Al )*(do + ) log 5
530 (Hgo,do)€2

NZ
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1+ |Als)(do +1)%/2¢log(T)log }

y (
Sdg (Hgo,do)e

(2.42)
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Appendix A: Proofs of the main probabilistic results

In this appendix we gather the proofs of the main results stated in Section 2.2 namely the proofs of
Theorem 2.1 and of (2.5) of Theorem 2.2. The proofs of the other parts of Theorem 2.2 are similar
to those of (2.5) and are given in Appendix C for completeness. Their proofs use extensively generic
chaining estimates. Thus, we start by recalling few concepts from the generic chaining literature to fix
some notation and refer to [44, 20] for more on the topic. Let (A, d) be a metric space. The distance of
apointt € A to a subset A C A is defined as

d(t,A) = shele%d(t’s)'

The diameter of the set A is

AA)= swp d(t,s).
(s,t)EA2

and the covering number N (A, d, ) is the smallest number of balls in (A, d) of radius less than u
needed to cover A (i.e., whose union includes A). A ball of center ¢ € A and radius r > 0 with respect
to a distance d or a metric ||-[| will be denoted By(c,r) or By (c,7), respectively.

The gamma-« functional v, (A, d) for the metric space (A, d) and its corresponding upper bound
by the Dudley chaining integral are defined as follows.

s A(A)
Ya(A,d) := inf sup Z 2T/O‘d(t, A< / (log N(A,d, u))l/o‘du, (A.1)
0

where the infimum is taken over all sequences of sets (A,),cn in A with |Ag| =1 and |A,| < 22"
([44]). If d(x,y) = ||z — y|| for some norm ||-|| as it is usually the case, we also use the notation

’YOZ('Aa ||H) for ’YOZ('Aa d)

A.l. Isometric Property for the covariates of the input

Proof of Theorem 2.1. The result is an extension of [17, Thoerem 3.4] to the multidimensional case,
and in the same spirit, we start the proof with a decomposition of the operator norm |X*X —
E(X*X)|g,, into the sum of 3 terms. To that end, we start by defining, for k € [1,27 — 1], the
following shifted matrices:

Ly = [0...()”2T_1U2T...UJN()...()]*,
where zop_1 is at the position r(k — 1) + 1. Then we define the matrices
L= [L1L2...L2T_1] and S:X—L,

to get a decomposition X = L + .S where L and S are independent of each other and have a shifted
diagonal structure. Thus, we have

X*X=L"L+S*S+S*L+L"S.
Using this decomposition the operator norm of deviation of X * X is upper bounded by
XX —E(X*X)|s,, <IL*L = on(N —4T +3) (o7 _1), |50

+02(2T —2) +2|S*L|s.. +5*S|s.. - (A2)
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We thus need to derive high probability bounds for the last three terms. Below, we give the derivation
for the first term. The others are treated similarly, and the contribution of the first term dominates their
contribution.

We start by relating the operator norm of L*L — 02(N — 4T + 3)I (27—1)r to the supremum of a
multiplication process. Since the columns of L are shifted versions of each others, we have

LiLy LiLo LiLop_y
LA — L5Lq LiLy  LiLop_9
Loyp L1 Lyp pla Lila
Define the block Toeplitz operator 7 : Igr(Z) — Igrr(Z) by the infinite diagonals of block matrices
given

To=LiL1 — 02(N —4T +3)I,, T, = L{Li41, and T_; = T;* for l € [1,2T — 2].
The corresponding multiplication polynomial defined for « € [0, 1] is given by

2T -2

p(x) _ Z 7262i7rlx'

1=—2T+2

Since L*L — 02(N — 4T + 3)I(27—1), is a submatrix of 7', we have

|L*L — 03 (N = AT + 3) Lo _1), |50 <|Tl2s2 = b p(%)] S0 (A3)
z€|0,

where | - |2—,2 stands for the operator norm. The last supremum can also be expressed as

N
sup  sup ‘ Z ((uj,v)<uj,w)—og<v,w>)
[wla=1

N
+ > (g v) g, w)e 2]

Consider the block Toeplitz matrix H € M n_473),x (N—47+3), (R) with block constant diagonals
made of matrices H; € M,x,(R) with (7, k) entries

Hy(z,v,w) = 2™ pw*1{l € [0,2T — 2]} and H;(z, v, w) = H_;(x,v,w)* forl < 0.
Taking u = [ugp_y,- - ,uN_gp_;]* We obtain

|L*L = 03 (N = AT +3) (a7 _1)r|s., < sup [p(2)]s,,
z€[0,1]
— sup sup |(u, (w0, w)u)].
z€[0 1] |v|2=1
lwla=1
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This defines a second order chaos process &z v,w = (u, H(x,v,w)u). We control its deviation using
the Hanson-Wright inequality [37] to get, for all ¢ > 0 with probability at least 1 — 2=,

|Xx1,v1,w1 - sz,vz,wz| < \/Zd2(($lvvlvw1)v (‘T27U27w2))
+td00((x17/u17w1)7 ((EQ,’UQ,’LUQ)),

where
doo((z1,v1,w1), (2,02, w2)) 1= [H(z1,v1,w1) — H(x2,v2,w2)|5.,
and
da((w1,v1,w1), (22,02, w2)) == [H(21,v1,w1) — H(z2, V2, w2)] g, -
The generic chaining result in [44, Theorem 2.2.23] and [15, Theorem 3.5] provides us with the
following bound for the supremum of such mixed tail process for ¢ > 1:
P ( sup |p(z)| > col (E +VEV + tU)) < 2exp(—u), (A4)
z€0,1]
where
E=7([0,1] x S5 x S5  do) +71((0,1] x S5 x S5 doo),
V=20([0,1] x Sy x SET  do), U= Aco([0,1] x S5 x S5 doo).

To conclude the proof, it suffices to estimate these three terms. We start with few inequalities to simplify
the involved the norm distances

doo((z1,v1,w1), (T2,v2,w2)) == [H(x1,v1,w1) — H(w2,v2,w2)|5,,

272
<2 sup @Yy of — 2 @Y o0k | ugol — ugv3lg
y€[0 1] =1 Soo
272
<2 sup eZiml(zity) _ 2iml(@2ty)| (4T — 3) |ujvf — ugv3 g
yel01]] 1=

ST? oy — wo| + T |uy — uly + T [v1 — valy,

where we used Proposition B.1 and the Liptchitz property of the complex exponential in the last step.
Similarly, we have

da((z1,v1,w1), (22,02, w2)) := [H(x1,v1,w1) — H(x2,v2,w2)]5,

272 1/2
2imlxy * 2imlxo * 2 * *
<VN-—-4T+3 |2 Z e ujv] —e UVy S +|u1v1—u2v2|s2
1=1 2
272 1/2

< VN —4T+3| 2 Z (e2i7rl:c1 _e2i7rl:c2)2

=1

+@VT —1+1) [ugv] — ugvilg,
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5\/N—4T+3(T3/2|$1 —$2|+T1/2|U1 —u2|2+T1/2|v1 —U2|2).

The radii U and V' become

U<TandV < /(N —4T + 3)T. (A.5)

The ~1 functional is evaluated as

7([0,1] x S5 x 8571 doo) Sy1([0, 1, T2 ) +31(S5™ 1 '] [y) (A.6)
T T
/ 1nN([O,1],T2|-|,u)du+/ InN(SE4, T |2, u)du (A7)
0 0
T T2 T T r
:/ 1n—du—|—/ In (—) du~T(n(T) +r). (A.8)
0 u 0 u

Similarly, we can evaluate the o functional to get

Y2([0,1] x S5 x S5 do) S /T (N — 4T + 3)(In(T) + 1), (A.9)

Putting this last result together with (A.5), (A.8), (A.9) and (A.4) gives with probability at least 1 — et
fort > 1:

IL*L = 03(N = 4T +3) o7 _1), |5, S o (T(0(T) +7)

+/T(N —4T +3)(In(T) + 1) + /T (N — 4T + 3)vi + Tt).

We can bound the second and third term in (A.2) by modifying the argument in [17, Thoerem 3.4] the
same way we did here for the first term. This give us with probability at least 1 — e %, forall ¢ > 1,

15%S) 5. < o2 (T(ln(T) )+ Tt) (A.10)

and
IL*S|s. <o? (T(ln(T) )+ Tt) :

A straightforward union bound implies that with probability at least 1 — e %, for all ¢ > 1, we have

X*X ~E(X*X)|s., S 0% (Tn(T) +7) + VTN — 4T+ 3)(n(T) + 1)
+ /(N —4T + 3)TtY/? + Tt)ag).

This last expression directly gives the claimed result in the theorem after normalization. |

Proof of (2.5) in Theorem 2.2. Define the permuted index

l_{l—2T ifT+1<1<2T — 1,

l otherwise.
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and
k% * * * Nr
x = [ug,ul,...,un_9uny_1)" €R
U = [uar—1,uary1-15- - un—1) € M.y 5 (R).
In view of the definition of H1" in (2.4) we have
X l%(UTXEIf)*
. (UsXg*)* ... 723 (Ur41Xg")"
HY X" Xg" = . S
F(UrXg*)* 725 (Ur1Xg*)* ... (Uar—1Xg*)*

So we want to find a high probability bound on the operator norm of the matrix H " X* X g. Define the
infinite block Hankel operator H : l2(N) — l3(N) by the My, (R) blocks

2 1/|I(U;Xg)* for (i,j) €N? and1< |i —j|=1<2T -1,
“77 10 otherwise.

Then
BT X*X5*|5.. < [H|a—2

oo

where | - |22 stands for the operator norm from l3(Z) to l3(Z). The corresponding multiplication
polynomial defined for u € [0, 1] is given by

2T—-1
1

p(u) = Z mUng* exp (i27lu).
=1

where we have used a permuted Fourier basis by the mapping [ — I. Thus, using Proposition B.2, we
obtain

. 2T1 iowlu
|H" X*Xg*|s,. < sup |p(u)|g,, = sup —UiXg"
u€l0 1] welo, 1]| = S
2T1 i2wlu
= sup sup Z — U Xg",vw*
welo 1] jolo=1 |\ = Il
lw|2=1
B 2T—1 ei27r[u
= sup sup [{ Xg", Z TUI*”U’* .
uel0 1] Jvla=1 =
|w|2=1

Define, for l € [0 N — 277, the vectors G; € M»,n(R) as

Gy = [Co AL =1 By, Co AT By, ..., CoA2T 1 By, 0,...,0],
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exp(i2mlu)

and for v € [0 1] the matrix valued functions wy, 4, 41 € Myxp(C) by wy 4 1 = i vw* for

I € [12T — 1] and the matrix valued functions Wy, ,, ., 1 € Mpx Ny (C) by

* * *
Wu,v,w,k = [ 0 Wy w,w,2T—1 Wy v,w,2T—2 """ Wy ww,l } )

with the Ist zero a the kth_pOSition' Define G as G = [Ga, L) G*N—2T]* and Wu,v,w as Wu,v,w =
W w1 Wi pw N—27—1]" satisfying

B 2T—1 ei27rl_u
Xg*, Z TUl*vw* =<Wu7v7wx,Gx>.
=1

This gives
HY X" Xgls, < sup sup (G W, o) |
u€l0 1] |v|2=1
lwl2=1

which is the supremum of a second order chaos process defined by

Xu,v,w = <G*Wu,v,w$a =T> .

To control the increment of the process we use Hanson Wright inequality [37] which yields

P (Ixuoaw — EQuow) > ¢ (VIG Wals, +HG Wapwls.. ) ) < 2exp(~ct).

Since E(Xu,0,w) = 0, we obtain a mixed tail process with probability 1 — e~

|Xu177)17w1 - Xu27vz7w2| < C(\/HG* (Wm,vhuﬁ - Wwwz#’z)) |Sg

+1|G* (Wm,vl,wl - Wu27v27w2)) |Soo) (A.11)

< C|G|Soo (\/Z|WU1,U1,w1 = Wz ,va,ws |S2
+t|Wu1,v17w1 - Wuz,v27w2|5m) .

Consider the pseudo-distances dy and d defined on [0, 1] x Sg_l X Sg_l by

da((u1,v1,w1), (u2,v2,w2)) = |Wuy w1 w1 — Was,va,ws| S,

dOO((ulvvlvwl)v (u2vv27w2)) = |Wu1,v1,w1 - Wu2,027w2|5'oo-

The generic chaining result proved independently in [44, Theorem 2.2.23] and [15, Theorem 3.5]
provides the following bound for the supremum of such mixed tail process for ¢ > 1:

P sup [Xu,v,w| = C’Ui|G|50o (E—i— \/EAS2 + tAgoo) < 2exp(—t), (A.12)

r—1 ><Sp71
(u,v,w)€[0,1] xS, 2
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where
E=9([0,1] x S5~ x S5 do) +71.((0,1] x S571 x S5 do),

Ag, = sup da((u1,v1,w1), (u2,v2,w2)),
(u1,01,w1),(uz,v2,w2)€[0,1]xS5 1 xs5 !

Ag, = sup doo ((u1,v1,w1), (u2,v2,w2)).
(ul,Ul,wl),(uz,vg,wz)e[o,l]XS;71 XSZQ,71

To conclude the proof, it suffices to estimate these four terms. We start with the terms which involves
the distance doo. An estimate of doo is obtained by seeing Wy, 4 4 as a sub-matrix of an infinite Toeplitz

matrix Wum’w defined by,

Wu,v,w = []llgj—k+1<2T—1(wz,v,w)j—k—l—l] (j,k)€z?

and the corresponding multiplication polynomial is

2T—-1 o T
exp (12nwl(u + z
el = 3 SR,
=1

The diameter Ag_ becomes

Ag, <2 sup sup |Wu,v,w|2_>2:2 sup sup |q(2)|s,

UE[O 1] ‘0‘2:1 UE[O 1} |v|2:1
|w|2=1 z€[0 1] Jw|2=1
27T—-1 o T T-1
27l 2
=2 sup exp (i wi(u +2) < Z = Slog(T).
z€[0 1]

Using the fact that the complex exponential is Lipschitz, we have

T-1

1
doo (1, v1,w2), (u1,v1,w2)) < Y mh’lwf — vawyls,

=1

T-1
+ i(eﬁﬂl(ul—z) . ei27rl(u2—z))
]

=1

Slog(T) v — vel2 +log(T) w1 — wale + Tlur — ugl.
The ~1 functional is evaluated as
y([0,1] x S5 x S5 s ) <91(10,1], T ) + 71(S5 7 Tog(T)] - |2)

+71(SE log(T)| - |2)

As, Aso. .
S [T g N Lwdut [ log NS log(T)] 2, u)du
0 0

Ag
[ g N log(T)] 2. u)d
0
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log(T) log(T) r log(T) p
< / log <Z> du +/ log <—10g(T)> du +/ log <—log(T)) du
0 u 0 u 0 u

logT logT
<log? (T) — /0 ¢ log(u)du+ (p+1) <1og(T) loglog(T') — /0 ¢ log(u)du)

<1og?(T) + (p+ 1) log(T).

We now turn to the terms involving the pseudo-distance |Wuy; v w1 — Was v,ws| S, Again the com-
plex exponential is -Lipschitz, we have

dSQ((ulvvlvwl)v ('LLQ,’UQ,’LUQ))

2T-1 1/2 271 1/2
<VN < Z i—2|v1wf — v2w§|?q2> + < Z i—2|exp(i2wlu1) — exp(i27rlu2)|2>

=1 =1
SVN (lvl — valo + lwi — wal2 + VT|uy — U2|) :
The radius Ag, satisfies

A52:2 sup |Wu|522\/N.
u€(0 1]

The 2 functional satisfies
72((10,1] x 8571 x S5, dg) < 72((0, 1], VNT| -|)
+72(S57 VN] - J2) +92(S5 L VN |

. A
5/ SZ (logN([O’l]’ﬁ|"’u))l/2d“+/ b (logN<S§‘1,ﬁ|-|2,u>)1/2du
’ 0
2 = 1/2
+/ So (IOgN(Sg_1, \/N| ) |2,u)) / du
0

VN ——\ 1/2 VN VN —\ p\ 1/2
:/ " <1og NT) du—i—/ " <log (3\/—> ) du+/ N <10g <@> ) du
0 u 0 u 0 U

=VN / 2 exp(—t2/2)dt + 6V N / 2 exp(—t2/2)dt
log 10g3
+6\/Np/ 2 exp(—t%/2)dt

vTog3 3

<\/_< log(T ) \/Np—l—r \/Nlog —I—\/N(p—l—r),

\/— \/_\/10g

where in the last step we did and integration by parts and used [1, Formula 7.1.13].
Putting these estimates together enables us to bound the supremum of the stochastic polynomial v, w
with high probability as expressed in A.12. This in turn implies that with probability at least 1 —
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exp (—t), fort > 1,

log(T)+p+r

1w
— Y Xx*Xgle <o2lG (
NI 9ls. SoulGls. 7

log?(T) + (p + ) log(T) t  log(T)t
N Wt TN )

+

Appendix B: Deterministic estimates

In this Appendix we provide the proofs of some deterministic inequalities that are needed especially in
Appendix A.

Proposition B.1. For (vy,w) and (vy,w2) in Sg_l X Sg_l the following norm inequality holds:
|v1wf — v2w§|3w < |v1 — v2|2 + |w1 — w2|2.
Proof. Take (v1,w) and (vg,ws) both in S;_l X Sg_l and note that

1w} —vewd|g_ = sup |vi (wi,a) —va (wa,a)|3
a€S§71

= sup_ v1[3 (w1, )% + [val3 (wa, a)? — 2 (v1, va) (w1, a) (wo, a)
acSh™

= sup ) (wl,a>2 + (wg,a)2 + (Jug — ’U2|% —2) (w1, a) {(wy,a)
aESQF

= sup (wp — wg,a>2 + v — v2|% (w1, a) (wa, a)
aESZQ’*l

< sup (wy —wy,a)? + v —v2f3
a€S§71

< Jo1 = v2l3 + w1 — w3,
Taking the square root we obtain
o1wi — vaw|s., < (Jor —val3 + w1 —wal3)% < Jur — valz + w1 — wala.
O

Proposition B.2. Let H be the infinite bloc Toeplitz matrix made of 2T — 1 diagolals blocs of the
matices hy € Mpx(R) with | € [1,2T — 1], then its operator norm |H|2—2 is upper bounded by

27T-1
|H|2—2 < sup Z exp(i27lt)hy
te[0,1] =1 S
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Proof. Define the linear operators ® : l9(Z) — Lo(RP) and ¥ : [3(Z) — Lo(R") such that ®(u)(t) =
2T—-1 400
> wuyexp (i2wlt) and U(v)(¢) = > wvyexp (12wlt). Both are isometries since

=1 l=—o00
1971 2\ /2
|® ()|, (rr) = / Z ugexp (i2wlt)| dt
0 =1 2
27—127-1 | 1/2
= Z Z /exp (i27lt) exp(—i2nl't)dt (uy, up)
=1 U'=1}
271 1/2
= ( > <umw>> = [uf3.
=1
U is the usual trigonometric isometry. Thus, for |u|2 =1 we have
2T—-1
[Hulz = |‘I>’H\I/_1\IJU|L2(R;)) = |((I)H\I’_1)( Z Uy exXp (i27Tlt))|L2(Rp)
=1
= / Z (DHY ™) (uy) exp (i27lt)| dt
=1 2
Lior—127—1 2\ /2
= sup / Z Z {(hjw,u;) exp (i2mlt) exp(i2nl't)| dt
lwla=1 \ ' | 1=1 v=1
Ly jer—1 271 2\ 2
= sup / < Z exp (127lt)uy, Z exp(i2ﬂ'l/t)h7,w> dt
lwla=1 \J |\ =1 r=1
Lior—1 21211 2\ /2
< sup / Z exp (127lt)y; Z exp(i2nl't)hjw| dt
lwl2=1 \ o | 1=1 gl =1 2
271 Ljer— 2\ /2
< sup Z exp(i27lt)hy / Z p (27lt)uy| dt
te(0,1] s \0 - 9
2T—-1
= sup Z exp(i2nlt)hy| | |ulo,
te[0,1] =1 9
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whence, the desired result

2T-1

Z exp(i2wit)h;

=1

|H|2—2 < sup
t€[0,1]

Soo

Appendix C: Proofs of the remaining results in Theorem 2.2

Proof of (2.6) Theorem 2.2. The proof is similar to the proof of (2.5). The difference is that X and W
are independent and involve different sets of random variables. Recall the definition of the permuted
index:

l_{l—2T ifT+1<1<2T — 1,

l otherwise.
Define
T=[ug, ..., un_o,un_1]" € RN
y=[wg,...,wh_,]* € RWN
z=[z%y*"]" € R(do+m)N
Up = lugp—i;ugri1—i;- - un—i] € My, g (R).
From the definition of H1" in 2.4 we have
(iWh*)*  S(UWh** . L (UpWh*)*
J— %(Uﬂh*)* %(%m)* 2 %(UTﬂWh*)*
FUWH) P U WHY .. Uy Wh*)*
Define the infinite block Hankel operator # : l3(N) — I2(N) by the M« (R) blocks

2y /I|(UWh*)* for (i,j)eN?and1<|i—j|=1<2T —1,
“J 10 otherwise.

Then,

2T-1 ei27rl_u
T UWh*

2T-1 ei27rl_u
* * *
Wh™, Z_El |i| U vw .

|HY X*Wh*|g_ < sup
u€el0, 1]

=1

= sup sup
u€l0 1] |v[2=1
[w|2=1
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Define, for [ € [0 N — 277, the vectors G; € M,y 4, n(R) as
Gy = [CoAZT 1 CouAZTH . Co,0,...,0],

exp(i2nlu)

and for v € [0 1] the matrix valued functions wy, 4, 41 € Myxp(C) by Wy, 4 1 = i vw* for

I € [12T — 1] and the matrix valued functions Wy, ,, ., ; € Mpx Ny (C) by
* * *
Wu,v,w,k = [ 0 Way w,0,2T—1 Wyw,w,2T—2 " Wy ww,1 } )

with the Ist zero a the k"-position. Define G as G = (GG - - G*N—2T]>i< and Wy v a8 Wy pw =
W vt Wi pw N—27—1]" satisfying

_ 2T igwlu
Xg*, Z TU;’UU}* = <Wu7v7wx, Gy> .

=1

This gives

|HT*X*Wh|SOO < sup  sup
u€l0, 1] yesh =+

which is the supremum of a second order chaos process defined as follows

Xu,v,w = < [H*Wu,v,w :| Z,,Z>.

To control the increment of the process we use Hanson Wright inequality which gives us for ¢ > 0.

P (s = Etuwan)| = ouow (VIH Wawuls, + 1H Wapls,, ) ) < 2exp(—ct).

Since E(xu,v,w) = 0 we obtain a mixed tail process with probability 1 — et

|Xu1,v1,w1 - Xuz,vz,w2| < UuUw|H|Soo (\/E|Wu1,v1,w1 - WUQ,vz,w2|Sz
+t|WU17v1,w1 - WU27vz,w2|Soo :

The rest of the proof is carried out similar to the proof of (2.5) to obtain the following bound that holds
with probability at least 1 — exp (—t), for ¢ > 1.

log(T) +p 1og2(T) + plog(T) t  log(T)t
N N N N '

|HT*X*Wh|SOO Souow|H|s,, ( + 44/ =+

O

Proof of (2.7) Theorem 2.2. Again we follow similar steps to the proof of (2.5). We take the following
definitions

N
z=[up,...,un_q9,uny_q1)  €R"

e=[vip,..., v  €eRPN
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y= [:17*,8*]* c RrN—I—pN

Uy = [ugr—1,uars1-1s- -, un—1] € My,y y(R).

From the definition of H1" in 2.4 we have

(Ure)* %(Uga)* %(UTE)*
iy | 22 5 (U
e= : .
7(Ure)* 71 (Urg1e)* ... (Uap—16)*

Define the infinite block Hankel operator 7 : I2(N) — l3(N) by the R? blocks

1/|I|(Ue)* for (i,5) €N?, and 1 < |i — j| =1< 2T — 1,
"72'7.7- = 3
0 otherwise.

Then
2T-1 ei27rl_u
||

2r—1 ei27rl_u

§ : * *
g, TUl vw

=1

|HT X*e|g,, < sup
u€e(0, 1]

=1

= sup sup
u€l0 1] |v|2=1
|wl2=

For u € [0 1] define the matrix valued functions wy, 4, 41 € Myxp(C) by Wy 41 =

for I € [1 2T — 1] and the matrix valued functions W, ;, ., ; € My Ny (C) by

* * *
Wu,v,w,k = [ 0 Way w,0,2T—1 Wyw,w,2T—2 """ Wy ww,1 } )
with the 1st zero a the k‘h-position. Put them together in Wy, 4, », since

_ * * *
Wu,v,w - [Wu,v,w,lv T Wu,v,w,N—2T—1]

which satisfy

2T-1 ei27r[u
g, Z —— U ow* =<Wu7v7wx,5>.

(=190

which is the supremum of a second order chaos process defined as follows

Xu,v,w = < [Wu,v,w } Y, y> .

This gives

|HY X*e|g. < sup  sup
uel0, 1] pesp!

exp(i2nlu)

li

vw

*
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To control the increment of the process we use Hanson Wright inequality which gives us for ¢ > 0.

P (|Xu,v,w - E(Xu,v,w)| P> Uv2 (\/E|Wu,v,w|32 + t|Wu,v,w|Soo)) < 2exp (_Ct)-

Since E(Xu,0,w) = 0 we obtain a mixed tail process with probability 1 — e™*

2
|Xu17v17w1 - Xu27v27w2| <oy, (\/E|Wu1,v1,w1 - WUQ,vz,w2|Sz + t|Wu1,v1,w1 - WUQ,vz,w2|Soo) .

The rest of the proof is carried out similarly to the proof of (2.5) to obtain the following bound that
holds with probability at least 1 — exp (—t) for ¢ > 1:

log(T) +p  log?(T) + plog(T) t  log(T)t
N N N N '

* 2
|HT X*slswscfv( + 4/ +
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