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ABSTRACT. We consider generalized time-fractional evolution equations of the
form .
u(t) = uo + fo k(t,s)Lu(s)ds

with a fairly general memory kernel k& and an operator L being the generator
of a strongly continuous semigroup. In particular, L may be the generator Lo
of a Markov process £ on some state space @, or L := Lo +bV +V for a suitable
potential V' and drift b. Moreover, L. may be the generator of a subordinate
semigroup or a Schrédinger type group. This class of evolution equations
includes in particular time- and space- fractional heat and Schrodinger type
equations. We show that a subordination principle holds for such evolution
equations and obtain Feynman-Kac formulae for solutions of these equations
with the use of different stochastic processes, such as subordinate Markov
processes and randomly scaled Gaussian processes. In particular, we obtain
some Feynman-Kac formulae with generalized grey Brownian motion and other
related self-similar processes with stationary increments.
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1. INTRODUCTION

Many natural phenomena exhibit a diffusive behaviour such that the displace-
ment distribution has a non-Gaussian form and / or its variance is not linear in
time. Such phenomena are usually called anomalous diffusion and are observed in
many complex systems, ranging from turbulence and plasma physics to soft mat-
ter and neuro-physiological systems (see, e.g., [40, 41l [52] and references therein).
Many different models have been proposed for the description of such phenomena.
One of the earliest approaches obtains different regimes of anomalous diffusion as
proper scaling limits of continuous time random walks. Stochastic processes which
arise as such scaling limits are Markov processes time-changed by so-called inverse
subordinators (see, e.g., [2, B0, 31 B8] [B9] and references therein). In the frame
of this approach, time- and / or space-fractional evolution equations emerge as
governing equations for the underlying stochastic processes. The basic evolution
equation in this context is the time- and / or space-fractional heat equation which
replaces the standard heat equation, the basic equation of the classical diffusion
models:

t
(1) u(t,2) = w(@) - [

(t-s)P1

INC)

(—%A)”U(s,x)ds, Be(0,1], ~e(0,1].
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Here —(—%A)V, ~v € (0,1), is the fractional Laplacian [32]. Equation (I]) serves
as a governing equation for the process (Ygs )0 which is a symmetric 2y-stable
t

Lévy process (Y} )is0 time-changed by an independent inverse S-stable subordinator
(&) )150-

Another direction in the theoretical description of anomalous diffusion emerges
by modelling the diffusion in complex media and interprets the anomalous character
of the diffusion as a consequence of a very heterogeneous character of the environ-
ment [7), [8 [15] 26 (2] 53]. Some of the models of diffusion in complex media are
based on randomly scaled Gaussian processes (RSGP), see, e.g., [46, 47, 54] and
references therein. In particular, processes of the form (v/AG})s0, where (Gy)iso
is a Gaussian process and A is a nonnegative random variable, which is indepen-
dend of (Gt)is0, are considered. The most well-known RSGP of this type is the
generalized grey Brownian motion (GGBM) (Xta’ﬁ)tgo, a€(0,2), Be(0,1]. The
GGBM (X' h )t>0 was introduced in works of Mainardi, Mura and their coauthors
[42] [43] [44], and can be realized as

(2) X0P = \[AsBy T,

where B;' /2 is a fractional Brownian motion (FBM) with Hurst parameter «/2
and Ag is a nonnegative random variable with E[e *4¢] = Eg(-\) (here Ej is
the Mittag-Leffler function with parameter §). Due to the properties of fractional
Brownian motion, the GGBM (and some further related RSGP) are self-similar
processes with stationary increments (SSSI), which makes such processes attractive
for modelling. Note however, that fractional Brownian motion (and hence GGBM)
is neither a Markov process, nor a semimartingale. The governing equation of
GGBM is the following time-stretched time-fractional heat equation

a "5 %—s%ﬁ_llusx ]
(3) u(t,x):uo(x)+ﬂr—(ﬂ)f0 s (t ) 2A (s,x)ds.

Equation (B]) reduces to the time-fractional heat equation (i.e. equation () with
v:=1)if a:= . For v € (0,1), the time- and space-fractional heat equation () is
shown to be the governing equation for another SSSI RSGP (see [47]). Therefore,
both classes of stochastic processes discussed above can be used to solve the same
time- (and space-) fractional evolution equations. These classes of processes have
however very different nature and properties (see, e.g., [I0]). Let us finally mention
another type of RSGP considered in the literature. It is represented by the scaled
Brownian motion with random diffusivity (see, e.g., [I2] and references therein)
which can be thought of as a solution (X;);s0 of a heuristic stochastic equation
X, = fot B, As7(s)ds, where (Bt)tzo is a white noise, (A¢)i0 is a suitable non-
negative stochastic process which is independent of Brownian motion (B;)s0 and
7 : [0,00) = [0,00) is a deterministic function (usually a power function). The
processes (B )0 and (V/ABys )0 may be considered as special cases of scaled
Brownian motion with random diffusivity (cf. [12]).
In this paper, we study a general class of evolution equations of the form

(4) u(t) :u0+f0tk(t,s)Lu(s)ds, t>0,

where k is a fairly general memory kernel and L is the infinitesimal generator of a
strongly continuous semigroup (7})s0 acting on some Banach space X. We identify
conditions on the memory kernel k£ which admit to write the solution operator of
this equation in the form

Dom(L) - X, wug+~ fo (Tauo) Pa(ry(da)
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for a family (Pa))e=0 of probability measures on the positive real line, which
depends on k only. We, thus, consider this representation as a subordination prin-
ciple associated to the memory kernel k. We state the subordination principle in
Section 2, and in particular discuss how to obtain stochastic representations of the
solution, if the L is (a Bernstein function of) the infinitesimal generator of a Markov
process (plus a potential). The most natural stochastic reprensentations of such
an approach are given in terms of time-changed Markov processes. In Section [
we explain, however, how to arrive at representations in terms of non-Markovian
processes such as generalized grey Brownian motion or even in terms of stochastic
differential equations driven by more general randomly scaled fractional Brownian
motions. In Section Bl we discuss also evolution equations (@) in the special case
of kernels k£ of convolution type; we present some examples of such kernels and
discuss an equivalent form of equation ) in the setting of generalized Caputo type
fractional derivatives. Finally, the proofs are provided in Section[dl While the main
results can be considered as generalizations of our previous results in [5] beyond
the case of pseudo-differential operators L associated to Lévy processes, the proofs
are completely different, relating (an approximate version of) the subordination
principle to a family of Volterra equations via the Hille-Phillips functional calculus.

2. MAIN RESULTS

In this section, we state our main results. We start from a general abstract
setting and extract some Feynman-Kac formulae as special cases afterwards.

Assumption 2.1. Let X be a Banach space with a norm | - |x. Let (T%)0 be a
strongly continuous semigroup on X with generator (L, Dom(L)).

We consider the evolution equation (@) with operator L as in Assumption 2]
with up € Dom(L), u : [0,00) - X and k satisfying the following Assumptions Z2}-
2.5

Assumption 2.2. We consider a Borel-measurable kernel k : (0,00) x (0,00) - R
satisfying the condition: 3a* €[0,1) and F& > 0 such that for each T'> 0
KT = sup ta TTye Hk(ty')”LHE((O,t)) < 00.
0<t<T

In order to identify the family of probability measures (P ()0 for the subor-
dination, we specify their Laplace transform in terms of the memory kernel k. To
this end we define the function @ : [0,00) x C — C via

(5) (I)(t,)\) = iocn(t))\”’
co(t)=1 Vt20 and
(6) en(t) = { go k(t,s)cn-1(s)ds, :j(i 0, neN,

It has been shown in [5] that, under Assumption 22 the function ® is well-defined
(i.e., the integrals in the recursion formula exist) and, for fixed ¢, entire in .

Assumption 2.3. Let the function ® be constructed from the kernel k via for-
mulas (@), ([@). We assume that the restriction of the function ®(t,—) on (0, 00)
is completely monotone for all ¢ > 0, i.e., for each t > 0, there exists a nonnegative
random variable A(t) whose distribution P 4(;) has the Laplace transform given by
D(t,—):

(7) f P (da) = ®(t,-\),  YAeC, Rel30.
0
Note that Py = do and A(0) = 0 a.s. since ®(0,-A) = 1.
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Typical examples of kernels £ satisfying Assumptions2Z.2H2.3 are kernels of convo-
lution type and homogeneous kernels related to operators of generalized fractional
calculus (see Section Bl below, cf. [5]). Recall that a kernel k is homogeneous of
degree 6 — 1 for some 6 > 0 if

(8) k(t,ts) =77 k(1 s), Vite(0,00), se(0,1).

Theorem 2.1. Let Assumption[21 hold. Let k satisfy Assumption[2Z.2 and assume
that the corresponding function ® satisfies Assumption[Z.3. Then:
(i) For each t >0, the operator ®(t,L) given by the Bochner integral

(9> (I)(tv L)‘P = ‘/(; TaSQPA(t)(da)v 25 Xﬂ

is well defined and it is a bounded linear operator on X.
(i) For each t >0 and each ug € Dom(L), the function

(10) u(t) :== ®(t, L)ug

solves equation @) and it holds limgo u(t) = uop.

(iii) Suppose additionally that k is homogeneous of order -1 for some 6 >0. Then
one can choose A(t) = At? in @), where A is a nonnegative random variable such
that

(11) f e 2P, (da) = d(1,-))  VYAeC, ReA>0.
0

Remark 2.1. Theorem 2.1l provides a subordination principle for evolution equa-
tions of the form [@): Solution () of equation (@) is obtained from the solution
9

Tyug of the corresponding standard evolution equation ¢ = Lu, u(0) = ug, via a

“subordination” with respect to the “subordinator” (A(t))sso-

If the semigroup (7%):s0 has a stochastic representation, then, due to subordi-
nation formula (@), the family (®(¢, L))o has a stochastic representation as well.
We present some examples of such stochastic representations below.

Corollary 2.1. (i) Let Q be a Polisil space endowed with a Borel o-field A(Q) and
(, F,P%, (& )120)zeq be a (universal) Markov process with state space (Q,B(Q)).
Assume that the corresponding transition semigroup (T )is0, T uo(x) = E* [ug(&)],
is a strongly continuous semigroup on some Banach space X c By(Q) (where By(Q)
is the space of all bounded Borel measurable functions on Q). Let (Lo, Dom(Lg)) be
the generator of (T} )s0. Let Assumption[Z2 and Assumption[Z3 hold. Let further
(A(t))ts0 be taken to be independent from (& )iso. Then, for each ug € Dom(Lg),
the function

(12) u(ta x) =K [UO(§A(t))] ) 120, we Qa

solves the evolution equation

(13) u(t,z) = uo(x) + /: k(t,s)Lou(s,x)ds, t>0, ze€Q,

li = .
tl{‘%u(t,x) uo(x), r€eQ

(ii) Let additionally V' : Q — R be a Borel measurable function with sup,.q V(x) <c
for some c € R such that the (closure of the) operator (Lo+V,Dom(Ly+V')) generates

1A Polish space is a separable completely metrizable topological space.
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a strongly continuous semigroup (T})i0 on X with stochastic representatioﬂa

Tiup(x) :=E” [uo(ft)exp(fot‘/(és)ds)], t20, €@, wugeX.

Then, for each initial condition ug € Dom(Lg + V'), the following Feynman-Kac
formula

A(t)
(14) u(t,x) =E" [uo(fA(t)) exp (f V(«Es)ds)] , t>0, zeq@,
0
provides a solution to the evolution equation

(15)  u(t,z) = ug(x) + /: k(t,s)(Lou(s,z) +V(z)u(s,z))ds, t>0, xeq@,

li = .

tl\fj%u(tax) Uo(fﬂ), :EGQ

(iii) Suppose additionally that k is homogeneous of order 8 —1 for some 0 >0, then
one can choose A(t) = At? in (@) and in (), where A is a nonnegative random
variable which is independent from (&:)0 and satisfies ().

Remark 2.2. If we choose (& )50 to be an Révalued Lévy process, & = z + Y;
under P, and X := Cw(R?), then Corollary B (i) implies Theorem 1 (ii) in
[5], where the initial condition ug is even required to be a member of the Schwartz
space of rapdily decreasing smooth functions. If we take now a bounded continuous
potential V : R? — R, all assumptions of Corollary 211 (ii) are fullfilled and hence
the Feynman-Kac formula (I4]) holds. Note that, if V' = 0, only one-dimensional
marginal distributions of the process (§4(+))¢z0 are relevant for the Feynman-Kac
formula (I4]) and the process ({4(:))¢=0 can be replaced by any other process with
the same one-dimensional marginal distributions. If V' is a nonzero constant, some
particular changings of the process (§4(4))¢=0 are possible. For example, if (&¢)s0

is a 0-stable Lévy process, one may replace {4+) by (A(t))lﬁs ¢, where a random
variable ¢ has the same distribution as & and is independent from (A(¢)):0. In
the case of nonconstant potential V' it is not possible to change the structure of the
process (§4(¢))=0 since the whole process (&s)ss0 is needed in ([I4).

We next wish to apply the semigroup (7%)¢s0 associated to an infinitesimal gen-
erator L in order to represent the solution of the evolution equation with memory
kernel k& and the (space-)fractional operator —(—L)7. In order to cover this and
related situations, we use subordination in the sense of Bochner [6] [50]. Recall that
subordination in the sense of Bochner is a random time change of a given process
(&)ts0 by an independent 1-dimensional increasing Lévy process (subordinator)
(ntf )ts0. Any subordinator can be characterized in terms of its Laplace exponent f:
E[e ] = et/ (M) any such f is a Bernstein function and is determined uniquely

by its Lévy-Khintchine representation

f()\):a+b)\+f (1—6_’\s)u(d5),

(0,00)

where a, b > 0 and v is a measure on (0, 00) satisfying [(0 w)min(s, 1)v(ds) < oo.
Let (T3)+s0 be a strongly continuous contraction semigroup on some Banach space

2This is the classical Feynman-Kac formula which holds under very mild assumptions on pro-
cesses and potentials, cf. [9] Chapter 3.3.2, [11l 28]. For example, this Feynman-Kac formula
holds in the case X := Coo(R?) = the space of continuous functions from R? to R vanishing at
infinity, (& )¢s0 is a Feller diffusion on R, V : R? - R is a bounded continuous function.

In this case, V is a bounded perturbation of L; the semigroup generated by L + V exists, is
again strongly continuous and has the required Feynman-Kac representation.
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(X, |- |x) with generator (L,Dom(L)). The family of operators (th)tzo defined
by the Bochner integral

thW:/o TPy (ds),  geX,

is said to be subordinate to (7}):s0 with respect to the convolution semigroup of
measures (Pnf)t>0, where Pnf is the distribution of ntf . The family (th )is0 is
t /) t> t

again a strongly continuous contraction semigroup on the space X whose generator
(L, Dom(L')) is the closure of the operator (-f(-L),Dom(L)), where

-f(-L)p:=—ap+bLp+ .[0 - (Tsp — ) v(ds), v € Dom(L).

If (T})¢s0 is the transition semigroup of a Feller process (&;):s0 and (77{)1530 is an in-
dependent subordinator, then (th )is0 is the transition semigroup of the (again
Feller) process (5775),5;0. Further information on subordination in the sense of
Bochner and all related objects can be found e.g. in [51].

Consider now the function ®/(t,~) := ®(t,~f(-)). If the function ®(t,~) is
completely monotone, so i the function ®f (t,—). Hence there exists a family of
nonnegative random variables whose Laplace transform is given by ®f (¢, ), t > 0.
Using distributions of these random variables and a strongly continuous contraction
semigroup (T} )0 with generator (L, Dom(L)), one can define the operator ®/ (¢, L)
analogously to ().

Corollary 2.2. Let Assumption [Z1] hold. Let k satisfy Assumption and the
corresponding function ® satisfy Assumption 23 Let (A(t))ws0 be a family of
nonnegative random variables satisfying ([{). Let (ntf)t;() be a subordinator corre-
sponding to a Bernstein function [ which is independent from (A(t))0-

(i) It holds:
CIDf(t,L)cp:f TP, (ds)=@(t,L)p,  peX.
0 A(t)

Moreover, for each t >0 and each ug € Dom(L7), the function u(t) := ® (t, L)ug
solves the evolution equation

t
(16) u(t) = uo + f k(t, )L u(s)ds, >0
0
}51{1(} u(t) = ug.
(i) Let all assumptions of Corollary[Z1] be fulfilled and L in part (i) above be given
by L:=Lo+V, where Ly and V are as in Corollary[21l Let additionally V < 0. Let

(&)ts0 be a Markov process with generator Lo which is independent from (77{)190
and (A(t)) 0. Then for ug e Dom((Lo + V)') the function

T’Q(t)
) oo O V(eas

A(t)

(an) u(t,z) = E° [u (6.
solves the evolution equation
t
(18) u(t,x) = uo(x) +f k(t,5) (Lo + V) u(s,z)ds.
0

(iii) Suppose additionally that k is homogeneous of order 0 — 1 for some 6 > 0. Let
A be a nonnegative random variable which satisfies (I1)) and is independent from

(U{)t;o and (&)¢0. Then we can take A(t) := At? in (7).

4As a composition of a Bernstein function f and a completely monotone function ®(t,—-).



SUBORDINATION PRINCIPLE AND FEYNMAN-KAC FORMULAE 7

Remark 2.3. When L is a pseudo-differential operator associated to a Lévy process
and V =0, then we obtain Theorem 1 (iii) in [5] as a special case.

Remark 2.4. Theorem 2] can be applied also to generalized time-fractional
Schrodinger type equations. Note, that different types of fractional analogues
of the standard Schrédinger equation have been discussed in the literature, see,
e.g., [3, 16 20, 33 [45]. Such equations seem to be physically relevant; in particular,
some of them arise from the standard quantum dynamics under special geometric
constraints |25, 49]. So, let X := L?(R%) be the Hilbert space of complex-valued
square integrable functions; X plays the role of the state space of a quantum sys-
tem. Let (H,Dom(#)) be a (bounded from below) self-adjoint operator in X
playing the role of the Hamiltonian (energy operator) of this quantum system.
Then (L,Dom(L)) := (=iH,Dom(#)) does generate a strongly continuous contrac-
tion semigroup (7%)s0 on X by the Stone theorem. Let k, ®, (A(t))ss0 be as in
Theorem 2.J1 Then, by Theorem 2.1

(19) u(t,z) =K [Tji-[(t)UO(‘r)]
solved] the generalized time-fractional Schrodinger type equation
t
(20) u(t,x) = up(x) —1i f k(t,s)Hu(s,x)ds,
0

where the equality above is understood as the equality of two elements of the space
X. For a few particular choices of the Hamiltonian, some stochastic representations
of the corresponding semigroup (77!);s0 are known in the literature (see, e.g., [24]
[T4, 13]). Inserting these stochastic representations into (I9), one obtains Feynman-
Kac formulae (which may be local in the space variables) for the corresponding
generalized time-fractional Schrodinger type equation (20).

Remark 2.5. Under assumptions of Theorem [ZTl1et u(¢) be the solution of equa-
tion (@) given by formula ([I0). Consider now the following class of time-stretchings
G := {g : [0,00) — [0,00) such that g(7) / o0 as 7 7 oo, g(7) = [, §(o)do for
some ge L} ([0,00)), g(7) >0 and g(7) >0 for all 7 > 0}. The change of variables

loc

t=g(7), g €G, shows that

U(T) = u(g(T)) = (I)(g(T)v L)UO = ‘/; Tauo PA(g(T))(da)
solves the time-stretched equation
(21) v(T) =ug + f Kg(T,0)Lv(0o)do, 7>0,
0

where the kernel k4 is defined via

kg(T,0) = k(g(7),9(0))g(0).
In particular, any stochastic representation of a solution u(t) of equation () induces

the corresponding stochastic representation for a solution v(t) of the time-stretched
equation(2]]) for the whole class G of time-stretchings.

3. FEYNMAN-KAC FORMULAE BASED ON RANDOMELY SCALED (GAUSSIAN
PROCESSES AND FURTHER REMARKS

Due to Corollary 21l and Corollary 2221 the most natural stochastic reprensen-
tations for evolution equations of the form ([]) with L being (a Bernstein function
of) the generator of a Markov process (plus a potential term) are given in terms
of time-changed Markov processes. In the special case when the memory kernel k
is homogeneous, one may sometimes use randomly scaled Gaussian processes (or

5Similar results can be found in [29] for the equation (20 with a particular memory kernel k.
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other randomly scaled processes which are self-similar and have stationary incre-
ments) in the obtained stochastic representations. Let us discuss this case. For this
recall first a class of memory kernels k from [5] which satisfy Assumptions
and are homogeneous.

Example 3.1. Let b >0, a > b, u > g -1, v > max{a-b,—au}. Consider the
Marichev-Saigo-Maeda kernel (cf. Sec. 4 in [5])
(22)

k(t,s) := ﬁ(t“ - s“)g_lt“_”s”_ng (Z -1, Z, 1, 1, Z, 1- (%) ,1- (é) ) ,
where 0 < s <t and F3 is Appell’s third generalization of the Gauss hypergeometric
function: a,a’, 3,5 ,7€C, v ¢ -N,

Fy (o, 8,8, v,2,y) = ), (a)m(ﬁ)m(a’)n(ﬁl)nxmyn,

m,n20 (’}/)ernTL'm'

(6)y = 1, v =0, 6eC
YUl (0 -1)-...-(6+n-1), v=neN, 6eC.

The kernel k is homogeneous of degree b— 1 and satisfies Assumption 2] (cf. The-
orem 4 in [5]). The corresponding function ® has the following form:

_ : b

(23) (I)(ta)‘) - F(QQ)ng,qg()‘t )a
where

b v v-a
(24) qri=—, Gi=—+p, gzi=1l+ ;

a a b
and £ is the three parameter Mittag-LefHler (or Prabhakar) functionld EE L (A) =
o (@) \n {Upder our assumptions on the parameters, the function ®(¢,--)

n=0 T'(qin+qz)n!
is completely monotone and hence Assumption is fulfilled. As corresponding
random variables (A(t))s0 one may take A(t) = Apq,nt’, where Ay, . is a
non-negative random variable with Laplace transform I'(g2) E® ,, (=)).

Let now « € (0,2), 8 € (0,1]. In the special case b := «, a := %, vi=a, =0,
the Marichev-Saigo-Maeda kernel ([22)) reduces to the kernel which appears in the
governing equation for generalized grey Brownian motion:

!
The corresponding function ® in ([23)) reduces to the classical Mittag-Leffler func-
tion: ®(t,\) = Eg(At*). And, as the corresponding random variables (A(%))sso0,
one may take A(t) := Agt®, where Ag is a non-negative random variable with
Laplace transform Eg(—). For 8 € (0,1), such random variable Ag has probability

(=2)"

density function Mgl[g o), Where Mp(2) = X7, A=) s the Mainardi-

s5L(tF —s%)ﬂ_l, Be(0,1], ae(0,2).

Wright function. Generally, probability density function of Ay, ., (When exists)
is given in terms of Fox H-functions (cf. Remark 10 of [5]).

Let us now present some Feynman-Kac formulae for evolution equations of
type @) with homogeneous kernel k on the base of randomely scaled Gaussian
processes.

Example 3.2. (i) Under the assumptions of Corollary 2:2] consider the Bernstein
function f(\):= X7, v€(0,1]. Then the operator L7 is the fractional power of the
operator L, i.e. L¥ = —(=L)" (cf. [55, [51]), and (U{)t;o is a ~y-stable subordinator.
Let k be homogeneous of degree § —1 for some 6 > 0 and take A(t) = At? according

6The function E%

a1,q2 18 well-defined on the whole C for Req; > 0 and is an entire function.
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to Corollary (iii). Then the random variable 771];( 4y has the same distribution
as Al/"’n{te/V. We may replace the “subordinator” (77,];(15)) in (I7) by a new

>0
“subordinator” (Ate/”)po with

(26) A= Al/'yn{.

This allows to split randomness and time-dependence in the random time-change.
Thus, we obtain the following Feynman-Kac formula

At
(27) u(t, ) : = E° [uo (¢ Ate/w)exp( fo V(&S)ds)]

=E* [Uo (Earorn ) exp (A% fot S%ilv(fAse/w)dS):I

for the evolution equation
t
u(t,z) = uo() - f k(t,8) (Lo~ V)" u(s,z)ds.
0

(ii) Let k, A, (UZ)t?O and A be as in part (i) of this example. Let V := ¢ for
some ¢ € 0, & = x + By + wt under P*, where (B;)s0 is a standard d-dimensional
Brownian motion, which is independent from A and (77{)190’ and w € R? is some
fixed vector. Let XtA"Y’G = B 404 O XtA"V’e = V/AByo-, or, if H := % € (0,1),

XtAmH = VABH | where (BtH ) 150 18 a d-dimensional fractional Brownian motior]

with Hurst parameter H which is independent from A and (ntf )ts0- Note that all
three options of the process (XtA"Y’e)t;O have the same one-dimensional marginal

distributions. Then, due to Feynman-Kac formula (21),
(28) u(t, :C) =K I:UO (.T + X;41’779 + Awte/’y) eCAte/’Y:I ,

solves the evolution equation

(29) u(t,z) =up(x) - '/: k(t,s) (—%A —wV - c)V u(s,z)ds.

Therefore, we have obtained a Feynman-Kac formula (28)) for the evolution equa-
tion ([29) in terms of two different classes of randomly scaled Gaussian processes:
randomly scaled slowed-down / speeded-up Brownian motion (\/./TlBte/7 ) 50 and (if

H:= % € (0,1)) randomly scaled fractional Brownian motion (\/ZBtH ) 150 ALK s
a Marichev-Saigo-Maeda kernel (22)) then 6 = b, A = Ay 4, in distribution. In the
special case of the GGBM-kernel ([25]), we have 0 = o, A = Ag in distribution, and
hence we may use generalized grey Brownian motion in formula (28] as the process

(XtAme)tzo-

The result of Example (ii) can be generalized beyond the case of a constant
diffusion coeflicient, as detailed in the case of dimension d = 1 in space in the
following proposition. As can be seen from the proof, this generalization requires
to move from a Brownian motion to a stochastic differential driven by a Brownian
motion in the Stratonovich sense in order to apply Corollary 2.2

Proposition 3.1. Let v € (0,1] and suppose the kernel k is homogeneous of order
0 -1 for some 6 >0 and Assumption[2.2, Assumption are satisfied. Let A be
a non-negative random variable constructed by 26) in Example [TZ (i). Assume

"Recall that a 1-dimensional fractional Brownian motion (BH) 50 with Hurst parameter H e
(0,1) is a centered Gaussian process with covariance structure E[BF B = %(tQH +52H _|t—s]2H),
A d-dimensional fractional Brownian motion with Hurst parameter H is a vector of d independent
1-dimensional ones.
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weR, c<0, and 0 € C*(R) is a bounded function with bounded first and second
derivatives. Consider the linear operator (L(q ), Dom(L(s.))) in Coo (R) which is
defined by

o(z) d? 1, d
Loan#(@) = (@) 4 (wr 20/ (@) o@)mo@), o Dom(Liguy),
Dom(L(a,w)) = {90 € 02(R) e, L(a,w)‘p € Coo (R)} .

Let ug € Dom(L(,.)) and denote by g, : [0,00) x R — R the solution to the
parametrized family of ODEs

(30) (%ga(y,x) (0o 0)).  go(0,7) =2

Let (Byt)iso0 be a standard Brownian motion independent from A. Let XtA"Y’G =

B g0~ o1 XtA”Y’G = \/AByo, or, if H := % e (0,1), XtA"Y’e = VABE, where
(BtH)t>o is a 1-dimensional fractional Brownian motion with Hurst parameter H

which is independent from A. Then
(31) u(t,r) =E [uo (gg (XtA"V’e +w At z)) ecAtg/"]

(32) =E [uo (gg (XtA*'Vv‘), z)) eAte/W(C,wTZ)+wX;4,7,9:| .

solves the evolution equation

¢
(33) u(t,r) = up(x) - f k(t,8) (~Lo.w) - c)vu(s, x)ds.
0
The proof of Proposition B.1] will be given in Section (]

Remark 3.1. Let H := % € (0,1) and XtA"Y’e = VABH | where (BtH)t>0 is a
1-dimensional fractional Brownian motion with Hurst parameter H as in Propo-
sition B.J] We now interpret the Feynman-Kac formula (32) from the point of

view of stochastic differential equations with respect to (XtA"Y’e)t 0 in the rough

2

path sense. Assume H > 1/3. Then almost every path of (XtA’V’e)t 0 is Holder

2

2
continuous with some index larger than 1/3. Let X := %(XtA"Y’G—X;“”Y*G) .
Then X := (X479 X) is a lift to a geometric rough path (see [I8]). Consider
Z7 =gy (XtA"Y’e, z) Then, by the It6 formula for geometric rough paths, see again

],
t

(34) Zi=w+ [ o(ZD)dxA,
0

since g, € C*(R). Hence, the stochastic representation for the solution of (B3] in
B2) can be rewritten in the form

(oo w2 s
ult,x) = E[uo(Zf)eAte/ (e-27) vt ]

This form resembles the classical Feynman-Kac formula for parabolic Cauchy prob-
lems in terms of stochastic differential equations driven by a Brownian motion.
However, the stochastic differential equation (34]) is driven by a randomly scaled
fractional Brownian motion, which is neither a semimartingale nor a Markov pro-
cess (unless H =1/2), to account for the memory kernel and the space fractionality
in [33), while maintaining the stationary increment property of the driving process.
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Let us now discuss evolution equations of the form (@) in the special case, when
the kernel k is of convolution type.

Remark 3.2. Suppose the kernel k has the form k(¢,s) := R(¢t — s), where R :
(0,00) — R is continuous and satisfies |R(¢)| < Mt?~ et >0, for some constants
M,v>0and B € (0,1]. Let (LR)(-) be the Laplace transform of 8 By Theorem 3
in [5], if there exists a nonnegative stochastic process (A(t))ss0 such that almost
all its paths are right-continuous with left limits and such that

® otp [AAMT] gy L 1

(35) Jy RO = NLR) (o)

for every A > 0 and sufficiently large o > o¢()), then the function ®(¢,—) con-
structed from k(t,s) = R(t — s) by (@), (@) is completely monotone for every ¢ > 0
and the above process (A(t))ss0 satisfies ([@). In particular, consider the case when
LA =1/h for some Bernstein function h. Then h is the Laplace exponent of some
Lévy subordinator (n")s0. The corresponding inverse subordinator (£/*)ss0 is de-
fined via & = inf{s >0:nh> t}. It has been shown in [39] (formula (3.14)) that
(in the case when the Lévy measure v of (n!")ss0 satisfies v(0,00) = 00) the double
Laplace transform of the distribution Pen (da) with respect to both time and space
variables is equal to

< —ot - Zl _ h(J) _l 1
/0 e B[ Jdt - (@) + A) o 1+ MLR) (o)

Hence, one may take A(t) := £, t > 0, in this case. Note that the assumption
v(0,00) = oo guarantees that the sample paths of (77?)1530 are a.s. strictly increasing,
i.e. almost all paths ¢ = &} are continuous (cf. [36]).

Example 3.3. Let us mention the following functions &; and Ky providing ad-
missible kernels & of convolution type and having Laplace transform 1/h for some
Bernstein function h (cf. [4]): for 1> 8>p51>...>8,>0,0;>0,5=1,....,m

ol Bl
8O =5G) T L0 TE)
with the corresponding Bernstein function k(o) = (077 + Y bjohi )_1 and
Ro(t) =" Bppy.....5-p,0. (~brt” o bt

with the multinomial Mittag-Leffler function [I9, 23] (for z; € C, § € R, a; > 0,
j=1,...,m)

"
s n! H;'lejj
E(O‘17~~~10¢m)7ﬂ('zl7""Zm) = Z Z nll...n 'F(/8+Zm an)
[ S S ) o g=1 %97
nleNO,...,nmeNo

The kernel Ky corresponds to the Bernstein function ho(o) := of + Z;-n:l bjaﬁj. The
corresponding functions ®1(t,-\) and ®o(t,—-A) are found in [4] in terms of the
multinomial Mittag-Leffler function:

(I)l(t, —)\) = E(ﬁﬁl _____ Bn),1 (—Atﬁ, AP ey —At’ﬁm) ,
(I)Q(t, —>\) =1- )\tﬁE(ﬂ,B—ﬂl,---7ﬂ—5m,)7ﬂ+1 (—Atﬁ, —)\tﬁl, cey —)\tﬁm) .

Remark 3.3. Note that, in the case k(t,s) = R(t — s) with LR = 1/h for some
Bernstein function h, evolution equation (@) is equivalent (what can be shown
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by applying the Laplace transform w.r.t. time-variable to both equations) to the
Cauchy problem

(36) Dhu(t,z) = Lu(t, z), u(0,2) = uo(x), reRY >0,

where D' is a generalized time-fractional derivative of Caputo type, which is defined
(for sufficiently good functions v : (0,00) — R of time variable t) via the Laplace
transform (cf. [I]) by
(c [’va]) (o) =h(o)(Lv)(o) - @UHO).

Therefore, the results of Theorem R.I] and Corollaries 2.1 provide solutions for
evolution equations of the form (B@) with generalized time-fractional derivatives
of Caputo type DI'. In the case h(c) := ¢”, B € (0,1), the generalized time-
fractional derivative D! coincides with the Caputo derivative of order 8. The
kernel R; corresponds to a mixture of Caputo time-fractional derivatives of orders
B, B1,...,Bm. In the case of Bernstein function h(c) := [01 oPu(dp) with a finite
Borel measure p concentrated on the interval (0,1), the corresponding derivative
DI is known as distributed order fractional derivative.

4. PROOFS

Proof of Theorem [2]. (i) Let Assumptions 211 and hold. Since the func-
tion ®(¢,-), t > 0, is entire by Theorem 1 in [5], the function ®(t,i(-)) is also entire
and is the characteristic function of the distribution P4, which is concentrated
on [0,00). Therefore, we have by the Raikov theorem (cf. Theorem 3.2.1 in [34])

(37) fR 1P 4 1y (da) = fo T Pay(da) <o V>0,

Further, for any strongly continuous semigroup (7% )¢so there exist constants M > 1,
¢ > 0 such that |Ti| < Me, Vt >0, and the mapping t — Ty is continuous for any
¢ € X. Thus, we have [~ |Tu9|xPa(da) < oo and the Bochner integral in the
r.h.s. of ([@) is well defined for any ¢ € X. Moreover, the operator ®(¢, L) defined
by (@) is a bounded linear operator on X and ®(0, L) = Id.

(ii) Recall that the following statement was proved in [B] (cf. Corollary 1 of [B]):

Lemma 4.1. Let Assumption[2.2 hold. Then, for each X € C, there exists a unique
solution ®(-,-\) € By([0,T],C), ¥V T >0, of the following Volterra equation of the
second kind

(38) O(t,~\) = 1—Af0tk(t,s)<1>(s,—x)ds, t>0.

Moreover, limgo ®(t,-A\) = 1 locally uniformly with respect to A € C, ®(t,-) is an
entire function for all t > 0 and equalities [B) and [@) hold.

Our aim is to lift the equality (B8] to the level of operators ®(t,L). To this aim
we use the so-called Hille-Phillips functional calculus. Let us recall the main facts
about this functional calculus (cf. 211, 22]).

Let (T:)ts0 be as in Assumption BTl Consider first the case when (7})0 is
uniformly bounded (i.e. ||| < M for some M > 1 and all ¢ > 0). Denote by
LS(C,) the space of functions that are Laplace transforms of complex measures
on ([0,00),%([0,00))). Let g e LS(C.) and my be the (unique) complex measure
whose Laplace transform .#[m,] is given by g. One defines the operator g(-L) as
follows:

(39) g(=L)p:= '/(;oo Topmg(da), peX.
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The right hand side of ([B9) is a well-defined Bochner integral and g(-L) is a
bounded linear operator on X, i.e. g(-L) € £L(X). The mapping é1 : LS(C,) —
L(X), g~ g(=L), is called the Hille-Phillips calculus for —L. Note that €7 is an
algebra homomorphism and hence €7 (g192) = g1(-L) 0 g2(=L) = g2(=L) 0 g1(-L)
and €r(agr +bga) = agi1(—L) + bga(-L) for any ¢1, g2 € LS(C,), a,beR.

Consider now the case when (T})¢s0 is of type ¢ > 0 (i.e., [T < Me for some
M >1,c>0 and all t >0). Then the rescaled semigroup (7)o, T := Tre™, is
uniformly bounded, strongly continuous and has generator (L — ¢,Dom(L)). Then
one may use the Hille-Phillips calculus €7 for —(L — ¢). Consider now the space
LS(Cy~c):={g:g(--c)e LS(C,)}. Let ge LS(C, —¢) and m; be the (unique)
complex measure with Z[m{] = g(-~c). One defines the operator g(-L) as follows:

g(-L)¢:= Cch 9( —C) f Typmg(da), peX.

Let now m be a complex measure such that e“*m(da) is again a complex measure.
Let g* :=.Z[m]. Then it holds

Ll “m(da)](\) = f e e (da) = g* (A - c).
0
Hence g* € LS(C, - ¢) and m{.(da) = e“*m(da). Therefore,

(-Lyg= [ Teom(da)= [ Tupm(da),  peX.
0 0
Thus, the operator ®(¢, L) defined in (@) can be interpreted in terms of Hille-Phillips
calculus as %Tc(q)(t, ~(-=¢))) due to @7).

Now we are ready to transfer equality ([B8]) to the level of operators by means of
Hille-Phillips calculus. Let (T})¢s0 be of type ¢ > 0 and p(L) be the resolvent set of
operator L, i.e. the resolvent operator Ry(L) = (A-L)™! is a well defined bounded
operator on X for each A € p(L). Let v > ¢. Hence v € p(L). And equality ([BS)
implies the equality
(40)

P(t,-N) -1 t
et -1 S f k(t,s)®(s,—N)ds, Vt>0, YAeC:Rel> -c.
Y+ A y+A Jo

Let us present each component of ([@0) as the Laplace transform of some complex
measure on ([0, 00), B([0,00))). As we have already discussed

Cre
B(t,-X) = L(Pa)(\) <5 0(t, L) f Ty Page (da).

Furthermore, we have with Dirac delta-measure §; and with exponential distribu-
tion Exp(y):
1= Z(00)(N) €5 Z(0)(-L) = [ Tedo(da) = Id,
0
Cre < c., _—va_ca
3 LB () T L (Bap() (L) = [ e e da

= f Toye da=~-(y-L)" =~-Ry(L).
0
Note that R, (L) is a bounded operator since 7y € (¢,o0) c p(L) (cf. [I7, 4]]) and
|[vRy(L)p - ¢|x = 0 as v — oo for any ¢ € X. Further,

) Cre
Ty T 2 £ 2 (Ep() () 5
Y+ A YHA

~7 - L(80)(~L) +~ - L (Bap(7))(-L) = 7 - Id+7*R,(L) = L

Note that L. is the so-called Yosida-Approzimation of L (cf. [I7, 48]); L, is a
bounded operator and |Ly - Lyp| x = 0 as v - +oo for each ¢ e Dom(L).
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Without loss of generality we now assume k(t,s) >0 (else divide into negative and
nonnegative part) and define a family of measures on ([0, 00),B([0,00))) via

(B = fotk(t,s)PA(s)(B)ds, B e B([0,0)).

The right hand side in the above formula is well-defined since the mapping s ~
Pa(s)(B) is a bounded Borel-measurable function on [0, co) for any B € B([0, 00)).
Indeed, the mapping s — ®(s,—\) is Borel measurable for any A € C due to As-
sumption and representation formulas (@), [@). And for any s,z > 0 holds (cf.
Lemma 1.1 and the proof of Prop. 1.2 in [51])

, OF D (s, ~\) Ak
Paco([0.2]) = Jim 3 (-1 LD A
k<\x :

Further, it holds for measurable g : [0, 00) — [0, 00)

(41) /Owg(a)yt(da) :/Otk(t,s)fooog(a)PA(s)(da)ds,

which can be seen via approximation of g by step functions from below and the use
of Beppo Levi’s Theorem. By choosing g(a) := e™* we see that

fowe-%t(da):fotk(t,s)fowe-MPA(s)(da)ds:fotk(t,sm(s,-mds L W(E-)).

Thereby W(t,-)) is the Laplace transform of an appropriate measure and we get
the correspondence

(t,-N) w1y = [ Tevi(da)
0

where v§ (da) := e““v¢(da). Note that vf is a bounded measure on ([0, 00), ([0, 00)))
due to 7). Furthermore, similar to property (@I, it holds for any Bochner-
integrable function g : [0,00) > X

fowg(a)l/f(da) - fotk(t,s) fowg(a)ecllpA(s)(da)d&

and therefore, for any ¢ € X,
o t oo
Ut Lp= [ Tiovi(da)= [ k(ts) [ TioePag(da)ds
0 0 0
t

. fo k(t, ) (s, L)pds.

Thereby, all components of ([@0) have been transferred. Taking everything together
and using that for ug € Dom(L) holds (cf. [22])

LW (t, LYug = yLR (L)W (t, LYuo = U(t, L)yLR(L)ug = U (t, L) L-uo,
we get
(42) YR (L) (®(t, L) — Id)uo=¥(t,L)Lyug Y ug € Dom(L).
Taking the limit 7 - +oo we obtain (with ®(s,L)Lug = LP®(s, L)ug for all ug €
Dom(L))
(®(t, L) - Id)uo = W(t, L) Lug = fotk(t,s)d)(s,L)Luods: fotk(t,s)Ld)(s,L)uods

¢
< O(t,L)ug =ug + f k(t,s)LP(s, L)uods.
0

Therefore, the function u(t) := ®(¢, L)ug solves evolution equation [H]) for any ug €
Dom(L).
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For continuity at zero we evaluate equality () at A = —c—ip, p € R, resulting in

f €7Dy (da) = B(tip+c) V(L p)e[0,00) xR.
0
According to Lemma [£1]

. * ipa ca _1; ; —
}51{‘13 |, ee 'PA(t)(da)—ll\I‘%q)(t,Zp-FC)—l VpeR,

and by Lévy’s Continuity Theorem it follows that

weakly

e““Pay(da) — do(da), t 0.

We now write

Ju(t) = uolx = | [~ (Tutto - uo) Pagoy(da)

< f | Touo - uone_caecaPA(t)(da)
X 0

- /R F(@)e“ P ary (da),

where
0, a<0

[Touwo —uol|xe ™, a>0

fTR->R, a - {
is a bounded and continuous function. Now
: _ <li ca = =
lim fu(t) = wo|x <lim [ f(@)ePagy(da) = £(0) =0
by weak convergence and thus continuity at zero is shown.

(iii) Let & be homogeneous of order §—1 for some 6 > 0. By the recursion formula (G
forall t>0,neN

1 1
en(t) = 9 f k(1,8)en1(ts)ds = £ f k(1,5)en1(s)ds = "¢, (1).
0 0
And, thus, we have for all £ >0, A € C (cf. Theorem 2 in [5]):

®(1,-t'N) = iocnu) (-t'2)" = iot"ecn(t)(—t(’)\)” = iocn(t)(—)\)" = ®(t,-N\).

Let A(t) := At?, where A is a nonnegative random variable satisfying (I[I)). Then
L(Pay) (V) =E[e ] = 2(Pa) (M) = 0(1,-X") = 0(t,-)).
Therefore, A(t) := At has the required distribution. Theorem 21]is proved. O

Proof of Corollary 21} (i) By construction (T})o is a strongly continuous semi-
group of type 0 on X. It follows from Theorem [Z]ii) and Fubini’s theorem that

u(t,) = ©(t Lo)uo(@) = [ B [uo(€)) Page)(da) = E” [uo(€ace))]

solves the evolution equation (3.
(ii) (Ti)sz0 is a strongly continuous semigroup of type max{c,0} on X. It follows
from Theorem 2.1]ii) and Fubini’s theorem that

u(t,z) = ®(t, Lo+ V)up(z) = fooo E* [uo(ga)ezp (/;1 V(&S)ds)] Pa)(da)
-5 wleaoyean [ viesns)|

solves the evolution equation (IH]).
(iii) Follows immediately from Theorem 2.1] (iii). O
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Proof of Corollary 22 (i) (th )t=0 is a strongly continuous contraction semigroup
on the Banach space X. Therefore, (th )ts0, k and @ fulfill all assumptions of
Theorem 2] and thus

O(t, L7 )p = fo TPy (ds), peX,

is well-defined. Let now (A(t)):s0 and (UZ)t?O be as in the statement of Corol-

lary Consider the family of random variables (nf1 ( t))t o Then
>

Bl o | = [TE[e ] Pa(da) = [T e OPa(da) = Bt -F (V).

Starting with the strongly continuous contraction semigroup (7% ):s0 and the com-
pletely monotone function ®7(t,—) := ®(t,~f(-)), one may define

@f(t,L)ap::f TP, (ds), peX.
0 Tact)
Due to Fubini’s theorem

(I)(t,Lf)(p:fO TsfgoPA(t)(ds):/O /O TupP, s (da)Pags) (ds)

- [ TapPy (da)=0'(tL)p,  peX.
0 Ta(t)

Therefore, for ug € Dom(L7), equation (@) is solved by ®(t, L )ug = &7 (¢, L)uo
according to Theorem [2] (ii).
(i) Since V <0, (T})ts0 is a strongly continuous contraction semigroup and so is

(T )is0. Tt follows from Theorem I (i) that u(t,z) := ®(¢, (L + V) ug solves
evolution equation ([I8) and due to Fubini’s theorem

O(t, (L+ V) ug = /O T uoP gy (da)

= fowfosz [uo(§s)exp(f05V(,gv)dv)]Png(ds)pA(t)(da)
- /OooEr [uo(éng)ezp(foﬂi V(gv)dv)]PA(t)(da)

=E”* [uo(fnf‘(t))exp('/(;mx(t) V(gs)ds)] .

(iii) Follows immediately from Theorem 2] (iii).
O

Proof of Proposition[3]l First, note that, under our assumptions on o, the opera-
tor (L(y,w), Dom(L(q,.))) does generate a strongly continuous semigroup on Ceo (R)
(cf. [35], Sec. 3.1.2). Second, consider the pair ((&¢)¢0, (P?)zer) where (& )50 solves
the Stratonovich SDE with respect to a standard 1-dimensional Brownian motion
(Bt)tz0

d§t = 0 (&s) o dBy + wo (& )dt

with { = « under P*. By Remark 5.2.22 in [27], the pair ((&)es0, (P?)ger) is a
Markov process with generator L, ). We apply the Doss-Sussmann technique to
find an explicit expression for (& )0 So, let (Bi)is0 be a standard 1-dimensional
Brownian motion with respect to some some probability measure P. We write E[:]
for the expectation under P and E*[] for the one under P*. Let g, be as in the
statement of Proposition[3.1l Then, by the Ito6 formula for the Stratonovich integral

t t
9o (Bt + wt, x) :z+f U(gg(BS-kws,z))Ost-kf wa(gg(Bs-rws,:c))ds.
0 0
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Hence, for every = € R,

Law((go (Bt + wt, ) )150,P) = Law((& )20, 7).

In view of Corollary and Example B2 there is a nonnegative random variable
A (constructed from k and « as in ([28])) which is independent of (By):0 and such
that

u(t,) =B [uo (95 (Bagr +wAt,2)) e

solves the evolution equation (33]). Note that (B avory + WAL 150 conditionally

on A, is a Gaussian process with mean wAt?/7 and variance At?/7. The process
(\/.leBte/W +wAt‘9/7)t>0 and, if H == £ € (0,1), the process (\/ZB,{{ +wAt‘9/7)

2y 20
have the same conditional law, where (B}?)0 is a 1-dimensional fractional Brown-

ian motion independent of A. Hence Feynman-Kac formula (31]) is shown. Further,
we have

u(t,z) =E [UO (ga (\/ZBte/w + wAtG/V, z)) eCAte/w]

) 2
:f /uo(gg(\/az-kwate/'y,z))ecateh(Qﬂte/'y)1/26Xp(— - )dzPA(da)
0o Jr

20/

o o 2
- [T vl e A oy ey (U dyPatan)

20/~
=E [uo (ga (\/ZBte/w ) :c)) eAtGM(C*wTQ)W\/ZBt"” ] .

Hence Feynman-Kac formula (32)) is shown.

ACKNOWLWDGEMENTS

Yana Kinderknecht (Butko) thanks René Schilling for a fruitful discussion and
interesting references.

REFERENCES

[1] G. Ascione, Y. Mishura, and E. Pirozzi. Time-changed fractional Ornstein-Uhlenbeck process.
Fract. Calc. Appl. Anal., 23(2):450-483, 2020.

(2] B. Baeumer and M. M. Meerschaert. Stochastic solutions for fractional Cauchy problems.
Fract. Calc. Appl. Anal., 4(4):481-500, 2001.

[3] S. S. Bayin. Time fractional Schrodinger equation: Fox’s H-functions and the effective po-
tential. J. Math. Phys., 54(1):012103, 18, 2013.

[4] E. Bazhlekova. Completely monotone multinomial Mittag-Leffler type functions and diffusion
equations with multiple time-derivatives. Fract. Calc. Appl. Anal., 24(1):88-111, 2021.

[5] Bender, Christian, and Yana A. Butko. Stochastic Solutions of Generalized time-fractional
Evolution Equations. Frac. Calc. Appl. Anal., 25(2), 2022. DOI: 10.1007/s13540-022-00025-3.

[6] S. Bochner. Diffusion equation and stochastic processes. Proc. Nat. Acad. Sci. U.S.A., 35:368—
370, 1949.

[7] A. G. Cherstvy, A. V. Chechkin, and R. Metzler. Ageing and confinement in non-ergodic
heterogeneous diffusion processes. J. Phys. A, 47(48):485002, 18, 2014.

[8] M. V. Chubynsky and G. W. Slater. Diffusing diffusivity: A model for anomalous, yet Brow-
nian, diffusion. Phys. Rev. Lett., 113:098302, Aug 2014.

[9] K. L. Chung and Z. X. Zhao. From Brownian motion to Schrodinger’s equation, volume 312 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences]. Springer-Verlag, Berlin, 1995.

[10] J. L. da Silva and M. Erraoui. Singularity of generalized grey Brownian motion and time-
changed Brownian motion. AIP Conference Proceedings, 2286(1):020002, 2020.

[11] M. Demuth and J. A. van Casteren. Stochastic spectral theory for selfadjoint Feller operators.
A functional integration approach. Probability and its Applications. Birkhduser Verlag, Basel,
2000.



18

(12]
13]
14]

[15]

[16]
(17]
(18]
19]
20]
(21]

(22]

[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]

[40]

CHRISTIAN BENDER, MARIE BORMANN, AND YANA A. BUTKO

M. A. dos Santos and L. Menon Junior. Random diffusivity models for scaled Brownian
motion. Chaos, Solitons and Fractals, 144:110634, 2021.

H. Doss. Sur une résolution stochastique de ’équation de Schrédinger & coefficients analy-
tiques. Comm. Math. Phys., 73(3):247-264, 1980.

H. Doss. On a probabilistic approach to the Schrédinger equation with a time-dependent
potential. J. Funct. Anal., 260(6):1824-1835, 2011.

M. D’Ovidio, S. Vitali, V. Sposini, O. Sliusarenko, P. Paradisi, G. Castellani, and G. Pagnini.
Centre-of-mass like superposition of Ornstein-Uhlenbeck processes: a pathway to non-
autonomous stochastic differential equations and to fractional diffusion. Fract. Calc. Appl.
Anal., 21(5):1420-1435, 2018.

J. L. A. Dubbeldam, Z. Tomovski, and T. Sandev. Space-time fractional Schrédinger equation
with composite time fractional derivative. Fract. Calc. Appl. Anal., 18(5):1179-1200, 2015.
K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations, volume
194 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

P. K. Friz and M. Hairer. A course on rough paths. With an introduction to regularity struc-
tures. Universitext. Springer, Cham, 2020.

R. Gorenflo and Y. Luchko. Operational method for solving generalized Abel integral equation
of second kind. Integral Transform. Spec. Funct., 5(1-2):47-58, 1997.

P. a. Gérka, H. Prado, and J. Trujillo. The time fractional Schréodinger equation on Hilbert
space. Integral Equations Operator Theory, 87(1):1-14, 2017.

M. Haase. The functional calculus for sectorial operators, volume 169 of Operator Theory:
Advances and Applications. Birkhduser Verlag, Basel, 2006.

M. Haase. Lectures on Functional Calculus - 21st International Internet Semi-
nar. https://www.math.uni-kiel.de/isem21/en/course/phasel /isem21-lectures-on-functional-
calculus, 2018.

S. B. Hadid and Y. F. Luchko. An operational method for solving fractional differential
equations of an arbitrary real order. PanAmer. Math. J., 6(1):57-73, 1996.

Y. Hu and G. Kallianpur. Schrédinger equations with fractional Laplacians. Appl. Math.
Optim., 42(3):281-290, 2000.

A. Tomin. Fractional time quantum mechanics. In Handbook of fractional calculus with ap-
plications. Vol. 5, pages 299-315. De Gruyter, Berlin, 2019.

R. Jain and K. L. Sebastian. Diffusing diffusivity: a new derivation and comparison with
simulations. Journal of Chemical Sciences, 129(7):929-937, Jul 2017.

I. Karatzas and S. E. Shreve. Brownian motion and stochastic calculus, volume 113 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York, second edition, 1991.

V. Knopova. On the Feynman-Kac semigroup for some Markov processes. Mod. Stoch. Theory
Appl., 2(2):107-129, 2015.

V. Kolokoltsov. Chronological operator-valued Feynman-Kac formulae for generalized frac-
tional evolutions, 2017.

V. N. Kolokoltsov. Generalized continuous-time random walks, subordination by hitting
times, and fractional dynamics. Teor. Veroyatn. Primen., 53(4):684-703, 2008.

V. N. Kolokoltsov. The probabilistic point of view on the generalized fractional partial dif-
ferential equations. Fract. Calc. Appl. Anal., 22(3):543-600, 2019.

M. Kwasnicki. Ten equivalent definitions of the fractional Laplace operator. Fract. Calc. Appl.
Anal., 20(1):7-51, 2017.

N. Laskin. Fractional quantum mechanics. World Scientific Publishing Co. Pte. Ltd., Hack-
ensack, NJ, 2018.

J. V. Linnik. Razlozheniya veroyatnostnykh zakonov. Izdat. Leningrad. Univ., Leningrad,
1960.

A. Lunardi. Analytic semigroups and optimal regularity in parabolic problems. Modern
Birkhauser Classics. Birkhduser/Springer Basel AG, Basel, 1995.

M. Magdziarz and R. L. Schilling. Asymptotic properties of Brownian motion delayed by
inverse subordinators. Proc. Amer. Math. Soc., 143(10):4485-4501, 2015.

F. Mainardi, A. Mura, and G. Pagnini. The M-Wright function in time-fractional diffusion
processes: a tutorial survey, Art. ID 104505, 29 pages. Int. J. Differ. Equ., 2010.

M. M. Meerschaert and H.-P. Scheffler. Limit theorems for continuous-time random walks
with infinite mean waiting times. J. Appl. Probab., 41(3):623-638, 2004.

M. M. Meerschaert and H.-P. Scheffler. Triangular array limits for continuous time random
walks. Stochastic Process. Appl., 118(9):1606-1633, 2008.

R. Metzler, J.-H. Jeon, A. G. Cherstvy, and E. Barkai. Anomalous diffusion models and their
properties: non-stationarity, non-ergodicity, and ageing at the centenary of single particle
tracking. Phys. Chem. Chem. Phys., 16:24128-24164, 2014.



[41]

42]

(43]
44]
(45]
[46]

(47]

(48]

[49]

(50]

[51]

(52]

53]

[54]

[55]

SUBORDINATION PRINCIPLE AND FEYNMAN-KAC FORMULAE 19

R. Metzler and J. Klafter. The random walk’s guide to anomalous diffusion: a fractional
dynamics approach. Phys. Rep., 339(1):77, 2000.

A. Mura and F. Mainardi. A class of self-similar stochastic processes with stationary in-
crements to model anomalous diffusion in physics. Integral Transforms Spec. Funct., 20(3-
4):185-198, 2009.

A. Mura and G. Pagnini. Characterizations and simulations of a class of stochastic processes
to model anomalous diffusion. J. Phys. A, 41(28):285003, 22, 2008.

A. Mura, M. S. Taqqu, and F. Mainardi. Non-Markovian diffusion equations and processes:
analysis and simulations. Phys. A, 387(21):5033-5064, 2008.

B. N. Narahari Achar, B. T. Yale, and J. W. Hanneken. Time fractional Schrodinger equation
revisited. Adv. Math. Phys., Art. ID 290216, 11 pages, 2013.

G. Pagnini. Fractional kinetics in random/complex media. In Handbook of fractional calculus
with applications. Vol. 5, pages 183-205. De Gruyter, Berlin, 2019.

G. Pagnini and P. Paradisi. A stochastic solution with Gaussian stationary increments of the
symmetric space-time fractional diffusion equation. Fract. Cale. Appl. Anal., 19(2):408-440,
2016.

A. Pazy. Semigroups of linear operators and applications to partial differential equations,
volume 44 of Applied Mathematical Sciences. Springer-Verlag, New York, 1983.

I. Petreska, A. S. M. de Castro, T. Sandev, and E. K. Lenzi. The time-dependent Schrédinger
equation in three dimensions under geometric constraints. J. Math. Phys., 60(3):032101, 8,
2019.

R. S. Phillips. On the generation of semigroups of linear operators. Pacific J. Math., 2:343—
369, 1952.

R. L. Schilling, R. Song, and Z. Vondracek. Bernstein functions. Theory and applications,
volume 37 of De Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin, second
edition, 2012.

O. Y. Sliusarenko, S. Vitali, V. Sposini, P. Paradisi, A. Chechkin, G. Castellani, and
G. Pagnini. Finite-energy Lévy-type motion through heterogeneous ensemble of Brownian
particles. J. Phys. A, 52(9):095601, 27, 2019.

V. Sposini, A. V. Chechkin, F. Seno, G. Pagnini, and R. Metzler. Random diffusivity from
stochastic equations: comparison of two models for Brownian yet non-Gaussian diffusion.
New Journal of Physics, 20(4):043044, apr 2018.

W. Wang, A. G. Cherstvy, A. V. Chechkin, S. Thapa, F. Seno, X. Liu, and R. Metzler.
Fractional brownian motion with random diffusivity: emerging residual nonergodicity below
the correlation time. Journal of Physics A: Mathematical and Theoretical, 53(47):474001,
nov 2020.

U. Westphal. Gebrochene Potenzen abgeschlossener Operatoren, definiert mit Hilfe gebroch-
ener Differenzen. In Linear operators and approzimation, II (Proc. Conf., Oberwolfach Marh.
Res. Inst., Oberwolfach, 1974), pages 23-27. Internat. Ser. Numer. Math., Vol. 25, 1974.

UNIVERSITAT DES SAARLANDES, FACHRICHTUNG MATHEMATIK, POsSTFACH 15 11 50, 66041

SAARBRUCKEN.

Email address: bender@math.uni-sb.de

TECHNISCHE UNIVERSITAT BRAUNSCHWEIG, INSTITUT FUR MATHEMATISCHE STOCHASTIK, UNI-

VERSITATSPLATZ 2, 38106 BRAUNSCHWEIG.

Email address: m.bormann@tu-bs.de, marie-christin.bormann@math.uni-leipzig.de

TECHNISCHE UNIVERSITAT BRAUNSCHWEIG, INSTITUT FUR MATHEMATISCHE STOCHASTIK, UNI-

VERSITATSPLATZ 2, 38106 BRAUNSCHWEIG.

Email address: y.kinderknecht@tu-bs.de, yanabutko@yandex.ru



	1. Introduction
	2. Main results
	3. Feynman-Kac formulae based on randomely scaled Gaussian processes and further remarks
	4. Proofs
	Acknowlwdgements
	References

