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p-ADIC INTERPOLATION OF ORBITS UNDER RATIONAL
MAPS

JASON P. BELL AND XIAO ZHONG

ABSTRACT. Let L be a field of characteristic zero, let h : P! — P! be a
rational map defined over L, and let ¢ € P'(L). We show that there exists
a finitely generated subfield K of L over which both ¢ and h are defined
along with an infinite set of inequivalent non-archimedean completions
K, for which there exists a positive integer a = a(p) with the property
that for ¢ € {0,...,a — 1} there exists a power series g;(t) € Kp[[t]] that
converges on the closed unit disc of K, such that h*"*(c) = g;(n) for
all sufficiently large n. As a consequence we show that the dynamical
Mordell-Lang conjecture holds for split self-maps (h, g) of P* x X with
g étale.

1. INTRODUCTION

The study of dynamics of rational functions in one complex variable en-
joys a long and celebrated history, which stretches back to classical work of
Fatou, Julia and others [13, 14, 19]. In this setting, one has a field K and
a rational function f € K(z), which one regards as a regular self-map from
the projective line over K to itself, and one then asks questions about the
orbits of points under iteration of the map f.

A key tool in understanding the dynamics of rational maps on P! is by
studying their periodic points (i.e., fixed points of given iterates) and their
respective basins of attraction. Given a fixed point of a map, an important
method when analyzing the behaviour of nearby points comes from analytic
uniformization techniques. In the case of p-adic maps there is an appealing
trichotomy due to Rivera-Letelier [23], which builds upon earlier work of
Herman and Yoccoz [18], which says that if p is prime, C,, is the completion
of an algebraic closure of Qp, and f(2) = Az + X ,5,a:2" € Cy[[2]] is a
nonzero power series with |A|,, [a;|, < 1 for all 4, then f has three possible
types of analytic uniformization, which are dictated by whether the map
f is indifferent, attracting, or superattracting near the fixed point z = 0.
More precisely, Rivera-Letelier [23] shows the following trichotomy holds.

(a) (Indifferent case) If |A|, = 1, then for ¢ € C,, sufficiently close to zero
there exist an integer a > 0 and power series ug(2), ..., us—1(2) that
converge on the unit disc such that f*"*'(c) = u;(n).
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(b) (Attracting case) If 0 < |\|, < 1, then there is r € (0,1) and a power

series u(z) € C,[[2]] that maps the closed disc B(0,r) bijectively to
itself such that f™(z) = u(\"u~1(2));

(¢) (Superattracting case) If A = 0 and then there is some m > 2
and some u(z) that bijectively maps a disc B(0,71) to another disc
B(0,79) for some 71,79 > 0 such that f(z) = u((u=1(2))™").

Rivera-Letelier’s characterization of possible analytic uniformizations of
p-adic analytic maps has played an important role within arithmetic dy-
namics over the past fifteen years. It should be noted, however, that for
many number theoretic questions concerning orbits of self-maps, it is much
more desirable to work with maps that fall into case (a) of Rivera-Leterlier’s
trichotomy. The reason for this is that in these cases one obtains a natu-
ral p-adic interpolation of orbits of points near the fixed point and so one
can use tools from p-adic analysis to answer questions about points in the
orbit. On the other hand, case (c) only really says something about the
rate of convergence of points in the orbit to the fixed point and it can be
more difficult to glean number theoretic information from this information
in practice.

If one restricts one’s focus to a fixed prime p and looks at p-adic dynamics
then cases (b) and (c) are at times unavoidable, but if one is only interested
in the orbit of a point ¢ in a characteristic zero field K under a rational map
f € K(z), then in practice one can work instead with a finitely generated
extension Ky of QQ inside K over which f and c are both defined and one can
then try to find a favourable prime p and an embedding of Ky into C, so
that case (a) of Rivera-Letelier’s trichotomy applies to the orbit of the image
of the point c¢. In fact, we are able to show that there are infinitely many
such primes for which one can embed K into C, such that after replacing
f by a suitable iterate we can p-adically interpolate the orbit of the image
of ¢ with a p-adic analytic map.

Theorem 1.1. Let L be a field of characteristic zero and let h : P* — P!
be a rational map defined over L and let ¢ € PY(L). Then there exists a
finitely generated extension K of Q over which both ¢ and h are defined
along with an infinite set of inequivalent non-archimedean completions K,
such that there exists a positive integer a = a(p) with the property that for
i €{0,...,a — 1} there exists a power series hi(t) € Ky[[t]] that converges
on the closed unit disc of K, such that h®(c) = h;(n) for all sufficiently
large n.

We in fact prove a stronger result than the one given in the statement of
Theorem [[T] (see Remark B.3]). We also mention that related interpolation
results appear in [7, §4], which deals with the case of split self-maps of
(P1)™. Due to the more general setting considered by the authors in [7],
stronger conditions on the maps involving critical points being preperiodic
are necessarily imposed and it does not seem possible to obtain Theorem
[[Ilin its full generality from these related results.

In general, we cannot expect to do better than interpolating tails of orbits
along progressions, since there are points whose orbits are preperiodic under
certain rational maps and an analytic map that is constant on an infinite set
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of the closed p-adic ball is necessarily identically constant by Strassman’s
theorem. The progressions arise in the proof of Theorem [[.T] since in order
to apply interpolation results we must first replace h by a suitable iterate h®
and replace the starting point ¢ with A" (c) for some m > 0. For this reason,
one cannot eliminate the dependence of the integer a on p in the statement
of Theorem [T11

Once one can interpolate the orbit {h"(¢;,)}n>0 with an analytic map as
in the statement of Theorem [T} one obtains an interpolation for A% *%(c,,)
for b € {0,...,a — 1} by applying the rational map h® to the analytic map
interpolating {h"(¢y) }nso0-

While Rivera-Letelier’s results give a strong and very useful trichotomy
for studying the dynamics of rational maps over a p-adic field, for many
arithmetical applications it is often more desirable to have a map in which
the dynamics fall into the first two cases of Rivera-Letelier’s trichotomy,
since one can use parametrization of the orbit by an analytic map to draw
conclusions about the map (this idea was apparently first applied by Skolem
[25], and has since been use in many other works [1, 2] 3 [4} 6], [7, [8], 91 16, 20]).
If one works over a fixed p-adic field, however, then one cannot guarantee
that the orbit is covered under the third case of Rivera-Letelier’s trichotomy.
We show that after working over a suitable finitely generated extension
K of Q, over which our point and self-map are both defined, we can find
many non-archimedean completions of K for which we obtain an analytic
interpolation of our orbit as in the statement of Theorem [[.11

In recent years, one of the most important applications of p-adic interpo-
lation techniques has been to settle cases of the so-called dynamical Mordell-
Lang conjecture, which can be viewed as a natural dynamical analogue of
the cyclic case of the classical Mordell-Lang conjecture and was first formu-
lated in [I5]. The classical Mordell-Lang conjecture was settled in a series
of works by Faltings [12], Vojta [26], and McQuillan [21].

Conjecture 1.2. (The dynamical Mordell-Lang Conjecture) Let X be a
complex quasiprojective variety and let ® be a rational self-map of X. Given
¢ € X with the property that the forward orbit of ¢ under ® avoids the
indeterminacy locus of ® and a Zariski closed subset Y < X, the set of
n € N such that ®"(c) € Y is a union of finitely many infinite arithmetic
progressions augmented by a finite set.

We note that it is possible to have an empty union of infinite arithmetic
progressions in Conjecture [[L.2] in which case the orbit of ¢ has finite inter-
section with Y’; it is also possible for the finite set to be empty.

Conjecture is known in several cases, including when & is étale, when
X = A? and @ is respectively an endomorphism [28] and a birational self-
map [27], and in several other cases [§, [16]. In the case when ® is étale, the
orbit of a point has many p-adic parametrizations along progressions, and
this fact, combined with Theorem [[LT], allows us to deduce that Conjecture
holds for split maps (h, g) of P! x X with g étale.

Corollary 1.3. Let X be a complex quasiprojective variety and let g : X —
X be an étale self-map of X and let h € C(x). If ® = (h,g) : P! x X —
Pl x X, ceP' xX, and Y < P' x X is a Zariski closed subset, then
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{n: ®"(c) € Y} is a finite union of infinite arithmetic progressions along
with a finite set.

The outline of this paper is as follows. In §2] we give general interpolation
results, which apply to rational maps having at least four distinct non-
superattracting fixed points. In §3l we prove Theorem [[.1] by reducing to
the case considered in §21 In §4] we prove Corollary [[L3] and in §5 we make
some concluding remarks, which show the difficulties with trying to extend
our interpolation results to higher dimensions.

2. p-ADIC INTERPOLATION

In this section we prove a special case of Theorem [T We let L be a field
of characteristic zero and we let h(z) € L(z), and we let ¢ € L. We wish to
understand the orbit of ¢ under the self-map h.

As it turns out, the difficult case is when h(z) has degree at least two.
Then by a result of Fatou [13| 14}, [19] we know that h has at most 2deg(h)—2
periodic superattracting cycles (i.e., orbits of points a € L with the property
that A (a) = a and (h™)'(a) = 0) and since h has a Zariski dense set of
periodic points, some iterate of h will have at least four non-superattracting
fixed points. Then by the remarks after the statement of Theorem [L.T] show,
we may replace h by an iterate and assume that it has at least four non-
superattracting fixed points. Moreover, we can conjugate h by a suitable
fractional linear transformation and assume that oo is fixed by A and is not
superattracting, which means that the degree of the numerator of h is one
greater than the degree of the denominator.

Throughout this section, we will thus assume that the above remarks
apply to h(z) and we write

(2.1) h(z) = p(z)/q(), ged(p(z), q(z)) = 1, deg(p) = 1 + deg(q).

By factoring over the algebraic closure of K we then have

(2.2) p(x) =C(z —a)™ - (x — ay),

(2.3) g(x) = (@ = B)" - (z = B)",

(2.4) p(z) —2q(z) = C'(z —y1)™ - (2 — )™,

(2:5) P (@)g(z) = ¢ (2)p(x) = C"(x = 61)" - (z — 5,)™,

where

(26) T = {(Xl,...7045751,...,Bt,’yl,...,’yu,(sl,... ,(51)} e F,

and aq,...,as, B1, ..., B are pairwise distinct, C, C’, C” are nonzero, v1, . . . , Yu
are pairwise distinct, and d1,...,d, are pairwise distinct.

Since h(z) has at least three non-superattracting fixed points in P\{oo},
the number of distinct roots of p(z) —xzq(x), is at least 3, and we may assume
that 1,72, vs are disjoint from {d1,...,d,}. Since h(z) is non-constant we
also have v > 0.

Consider the ring

(2.7) R:=Z[c,67L,C* (CH*, (¢, T[S,
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where S is the union of the nonzero elements of 7 along with the set of
elements that can be expressed as a difference of two distinct elements from
T. Inverting 6 is not technically necessary, but we do this for convenience as
the p-adic arguments that we will use are slightly cleaner for primes larger
than 3.

We now give a description of the orbit of the point ¢ under the map h as
a fraction of elements of R. We let

(28) AO = C, BO =1.

Then for each n we will give coprime elements A,,, B,, of R with the property
that A, /B, = h"™(c). To do this, for n > 0, we define

(2.9) Ap41=C(A, — a1 Bp)™ -+ (A, — asBy)* = p(4,/By) .Bseg(p(r))
and
(2.10) Bpi1 = Bn(An — BiBn)" -+ (A — BBy = q(A,/B,) - Blee®@)),
Observe that

= BpAni1 — ApBnia

= Bp,Bn+1(h(A,/By) — An/By)

= Ban+1(p(An/Bn) - Q(An/Bn)An/Bn)q(An/Bn)_l

= C’/Ban+1(An — ’VIBn)Cl ce (An _ ,yuBn)cuBgclf...fcuB;ilBSeg(p)

Since deg(p(z) — zq(x)) = c1 + -+ + ¢, < deg(p(z)), there is some ¢, > 1
such that

(2.11)  BpApy1 — ApByy1 = C'Bi (A, — y1Bp) - (A — vuBp)

Lemma 2.1. Adopt the notation from Equations (2.1)-(210). Then for
each n = 0, the elements A,, and B,, generate the unit ideal in R.

Proof. We prove this by induction on n. When n = 0 it is immediate,
since By = 1. Now suppose that the result holds whenever n < m with
m > 1 and consider the case whenn =m + 1. If A,,.1R+ Bhi1R # R,
there is a maximal ideal p that contains both A,, 1 and B, 1. Then since
C is a unit in R, we must have A,, — a;B;, € p for some i and either
B, € p or A,, — BjBp, € p for some j. If B, € p then we see A,, =
(A — ;i Bp,) + By, € p, which is impossible by our induction hypothesis.
Thus we may assume that B, ¢ p and A,, — 8;B,, € p for some j. Since
p(z) and ¢g(x) are coprime, {aq,...,as} N {B1,...,B:} is empty, and so if
Ay — ;B € p and A, — 3B, € p, then (o — B;)B; € p, which is again
impossible since ; —3; is a unit in R. Thus we obtain the desired result. []

We now prove a useful lemma, in which we make use of the S-unit theorem
(see [II, Theorem 6.1.3]). We recall that if K is a field of characteristic
zero and G < K™ is a finitely generated subgroup of the multiplicative
group, then the S-unit theorem concerns solutions (X1, ..., X,) € G" to the
equation
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with p1,..., p, fixed nonzero elements of K. We say that (X,...,X,,) is a
non-degenerate solution if no proper non-trivial subsum of >’ p; X; vanishes.
Then the S-unit theorem says that up to scaling by elements of G there are
only finitely many non-degenerate solutions (X7i,...,X,) € G" to the above
equation. We recall that a subset P of the prime spectrum of a commutative
ring is Zariski dense if the intersection of the prime ideals in P is contained
in the nil radical of the ring.

Lemma 2.2. Adopt the notation from Equations (21))-(2.10), and suppose
that w = 3 and that v1,72,7v3 ¢ {01,...,0u}. If the sequence {A,/By} is not
eventually periodic then there is a Zariski dense set of mazximal ideals P of
R such that for each p € P there is some natural number n such that the

following hold:
(1) ApBpy1 — BrAny1 € p;
(2) Bn : Bn+1 ¢p; and
3 "(A /B A /B — d'(A. /B A /B Bdeg(p(:v))ereg(q(m))fl is

not in p.

Proof. We may assume that the sequence {4, /B,} is not eventually peri-
odic. Let P denote the set of maximal ideals p for which conditions (1)—(3)
hold. If P is not Zariski dense, then there is some nonzero f € R such that
f is in every prime in P. Then after replacing R by R[1/f], we may assume
that P is empty. Let U denote the group of units of R, which is a finitely
generated abelian group by Roquette’s theorem [24].

By assumption v1,72,7v3 ¢ {01,...,0y}. Suppose that A, —v1B,, A, —
YoByp, An — v3B, are all in U for every n. Then we pick p1, p2, p3 € R, not
all zero, such that p; + p2 + p3 = y1p1 + Y2p2 + 3p3 = 0. Since 1,72, 73 are
pairwise distinct, we in fact have p1, p2, p3 are all nonzero.

Then by construction

P1 (An - 'Yan) + pZ(An - 'YZBn) + p3(An - 73Bn) =0

for every n = 0. Since every solution to pixy + poxo + p3xrs = 0 with
x1x0x3 # 0 is necessarily non-degenerate, by the S-unit theorem there are
only finitely many solutions (1, z2,x3) in U2 up to scaling.

It follows that there must exist n and m with n < m such that (4, —
Y1 Bn)/(An—y2Byn) = (Am—71Bm)/(Am—"2By,). Inother words, ¢(A,/B,) =
¢(Apm/Bn,), where ¢(x) = (x —y1)/(x — 72). Since ¢ is an automorphism of
P!, we then conclude that A,/B, = A,,/B,, and so the sequence {A;/B;} is
eventually periodic, which is a contradiction.

It follows that there is some n such that A, — v;B, ¢ U for some i €
{1,2,3}. Then A,, —~;B,, # 0 since otherwise, we would have A,,,1/Bp+1 =
A, /B, and so we conclude that there is some maximal ideal p of R such
that A, —~; B, € p. In particular, B,A,11 — Ay, Bpy1 €.

If B, € p then A, € p since A, — v; B, € p, and this is impossible by
Lemma 211

Now if By,t1 € p then since

BnAn-i-l - Aan+1 EPp

and B, ¢ p, we see that A,,1 € p, which contradicts the conclusion of

Lemma 2.1



Finally, if
P (An/Ba)a(An/Ba) — o (An/ Bu)p(An/ By)) Bt estate) 1

is in p then since B, is not in p and since C” is a unit, by Equation (Z.1T])
we must have A,, —0;B,, € p for some j, and so (6; —;) By, is in p. But since
Vi # 0, we have that 7; — d; is a unit in R by construction and since B, is
not in p, we then see that this cannot hold. The result follows. O

We will now obtain our interpolation of the orbit of ¢ under h by applying
a result of Poonen [22]. We need a simple lemma, which will give us the
hypotheses needed to apply Poonen’s result. We recall that if K is a field
with a non-archimedean absolute value | | and R is a subring of K then
the Tate algebra R{xy,...,xq) is the subset of R[[z1,...,z4]] consisting of
power series that converge on the unit polydisc of K.

Lemma 2.3. Let o be a complete discrete valuation ring, suppose that there
is a prime ™ € Z with m = 5 such that || < 1 in o, and suppose that
h(z) = p(z)/q(z) with p(z),q(x) € o|z]. Suppose further that c € o is such
that:

(1) lg()f =1,

(2) h(c) = ¢ (modn?0); and

(3) K(c) =1 (mod mo).
Then the map f(x) := 7 Y(h(c + mx) — ¢) is in olx) and satisfies f(x) =
x (mod 7o) for all x € 0.

Proof. We have ¢(c + mx) = q(c¢) (mod =) and so |¢(c + 7x)| = 1 for all
x € 0. Tt follows that h(")(c + wz) € o for all » > 0 and all x € 0. Then

flx) = a! (h(c+ mz) —¢)

-1 (Z R (e)x"a” ! — c>

r=0

= (h(c) =)t + K ()z + > h")(e)——a"

r=2

Since 7 # 2,3 and since \r'\,r > 777/("=1  we see that 7rr L/rl e mo for all
r > 2, and that |h(")(c )= (x) € o{z). Next,

for x € o,
a1
fletmaz)—z = (h(c)—c)m ' + x—l—z A =0 (mod 7o),
r=2
by our assumptions and the remarks above. The result follows. O

Proposition 2.4. Adopt the notation of Equations (21)-(211]). Then there
is a Zariski dense set of mazimal ideals P of R with the following properties:

(i) each p € P induces a non-archimedean absolute value | |, on the field
of fractions, Ky, of the completion of the local ring Ry;
(ii) for each p € P, there is a natural number a and elements

90(2), -+, ga—1(2) € 0{2)



8 JASON P. BELL AND XIAO ZHONG

such that for each i € {0,...,a — 1}, h®™%i(c) = g;(n) for all n
sufficiently large, where o is the valuation subring of K, consisting
of elements r with |r|, < 1.

Proof. By Lemma 2.2 there is a Zariski dense set P of maximal ideals p such
that items (1)—(3) from the statement of Lemma 221 hold. Since the regular
locus of Spec(R) is a dense open set, we can replace P by a dense subset
with the additional property that R, is a regular local noetherian ring for
peP.

Since Ry is regular, its associated graded ring

D P Ry /"R,

n=0
is a polynomial ring over the residue field F := R,/pR,; moreover, I is a
finite field by the Nullstellensatz [10, Theorem 4.19].

Since the associated graded ring of the local ring R, is an integral domain,
we have an absolute value | | = | |, on R, given by |0] = 0 and for a nonzero,
la|] = |F|7"(®), where v(a) is the largest nonnegative integer r such that
a € p"Ry. Such an r necessarily exists by the Krull intersection theorem.

Then this absolute value extends to an absolute value on K, where K,
is the field of fractions of the completion of R,. We now let o denote the
valuation subring of K, consisting of elements of absolute value at most 1.
Then o is a discrete valuation ring and there is a unique prime 7 € Z such
that |r| < 1, since F is finite.

Let ¢; = A;/B; € Ry, for i > 0. Then by assumption

h(cm) = ¢m (mod pRy) and B (cm) # 0 (mod pRy).

Moreover, by our choice of p we have that |B,| = 1 for all n > m and so
Cn = ¢y, (mod pRy) for n = m.

It follows that there exist m/,m” > m with m’ > m” such that ¢, =
cmr (mod 720) and A (c,y) =1 (mod 7o). Thus we see that after replacing
h by h™ ™" we may assume that the conditions in Lemma 23 are satisfied
and so the map

f(.%') = 7"'71(h(cm” + 7'('1') - Cm”)
satisfies f(z) = x (mod mo). Hence by a result of Poonen [22] we have
there is a map g(x,n) € o{x,ny such that f"(x) = g(z,n). In particular,
K (epr) = wf™0) + ¢ = wg(0,n) + ¢y, and so we have obtained an
interpolation of the orbit of ¢,,» under h. Since we did this at the expense of
replacing h by an iterate and replacing our starting point ¢y with a different
point in the orbit, we see that this gives the desired result, as explained in
the remarks following the statement of Theorem [Tl (|

3. PrROOF OF THEOREM [I.1]

We now use the results of the preceding section to prove our main inter-
polation result.

Proof of Theorem[I 1. If h is of degree one, then h is étale and the result
follows from BGT. Similarly, if the orbit of ¢ under of iteration of h is
preperiodic then the result holds trivially. Thus we may assume that the
orbit is infinite and that h has degree at least two. By a result of Fatou
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13l [14], 19], there are at most 2deg(h) — 2 attracting periodic cycles, and
since the set of periodic points of A is infinite, after replacing h be an iterate,
we may assume that h has at least four non-attracting fixed points and by
enlarging K and conjugating h by a fractional linear transformation, we may
assume that oo is fixed by h. (We note that if we can interpolate the orbit
of a point ¢(c) under a conjugate ¢ o h o ' of h, then we can interpolate
the orbit of ¢ under h, by applying ¢! to our interpolating power series.)
Then by Proposition 2:4] we obtain the desired result in this case. (]

We now make several remarks that are potentially useful for applications
of Theorem [T11

Remark 3.1. We observe that an analogous conclusion to that of Theorem
[L. I can be obtained for self-maps of curves. The reason for this is that after
replacing the map by a suitable iterate, it suffices to consider the case of a
geometrically irreducible curve. We can also pass to the normalization and
assume that our curve is smooth, and Theorem [L.I] then handles the genus
0 case. The genus one case follows from [3] and for curves of genus > 2,
every endomorphism is an automorphism by the Riemann-Hurwitz formula
and has finite order [I7, Ex. IV 2.5, IV 5.2, V 1.11], and so the result holds
trivially in this last case.

Remark 3.2. In some cases it is useful to keep track of additional geometric
data and thus to enlarge the ring R in Equation (Z7). We note that a finite
set of additional generators from the ambient field L can be added to the
ring R without affecting the arguments.

Remark 3.3. We in fact show something strictly stronger than merely
having an infinite set of pairwise distinct completions of K in Theorem [l
The proofs shows that there is a finitely generated subring R of K whose
field of fractions is K that is a subring of the valuation ring for each of our
absolute values | | and the set of elements r € R such that |r| < 1 for each
of the absolute values we construct is {0}.

4. AN INSTANCE OF THE DYNAMICAL MORDELL-LANG CONJECTURE

In this section, we apply Theorem [[.T] to obtain an instance of the dy-
namical Mordell-Lang conjecture for split endomorphisms of a certain form.
We make use of the results of [3], which is a precursor to the work of Poo-
nen, and uses results about embedding finitely generated rings into p-adic
rings rather than completions. Nevertheless it is straightforward to translate
these results to the framework we work with.

Proof of Corollary [L3. We write ¢ = (¢, ") e P! x X.

As in the proof of Theorem [L[I] if h has degree one, then h is étale
and we can infer the result directly from [3]. Thus we may assume that h
has degree at least 2 and by replacing ® (and hence h) by an iterate and
possibly conjugating h by an automorphism of P! (i.e., making a change of
variables), we may assume that h satisfies the hypotheses from §2 and in
particular we now adopt the notation from Equations [ZI)—(2ZI1)). As the
remarks following the statement of Theorem [[.T] show, we can replace ® by
a suitable iterate and still obtain the desired result for the original map ®.
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It is sufficient to consider the case when X is smooth and geometrically
irreducible by the argument given in [3, Theorem 1.3]. Thus we assume that
X is a irreducible and smooth quasiprojective variety. Let p : X — PM(C)
be an embedding of X into projective space. Then [3, Theorem 4.1] shows
there is a finitely generated Z-subalgebra S of C for which we obtain a model
X c ]P’gi cc(S) of X over Spec(S). By adding a finite set of additional elements
to S, we may assume that S is a finitely generated R-algebra, where R is as
in Equation 2.7

Then [3, Proposition 4.3] shows that there is a dense open subset U of
Spec(S) such that there is a scheme Xy that is smooth and quasiprojective
over U whose generic fibre is X such that the endomorphism g of X extends
to an unramified endomorphism gy of Ay. Since U is a dense open subset
of Spec(S), by Proposition 2:4] combined with Remark we have some
maximal ideal p that is in U, where (i) and (ii) from Proposition 2.4] hold
for the maximal ideal p.

In particular, if we let K be the field of fractions of the completion of
the local ring S, and let F denote the residue field S,/pSy, then there is a
natural number a and elements

ho(2),...,ha—1(2) € 0{z)

such that for each i € {0,...,a — 1}, h"*i(¢') = hy(n) for all n sufficiently
large, where o is the valuation subring of K.

Since K, is the field of fractions of the completion of a finitely generated
Z-algebra with respect to a maximal ideal p, there is a unique prime ¢ such
that it is isomorphic to a topological subfield of C;,. Then the arguments
of [3]@ show that if we regard X (Cy) as a d-dimensional Cy-manifold, then
after replacing ¢’ by ¢™(c¢”) for some m, there is some integer b > 1 and
analytic open neighbourhood V' of ¢ (c”) inside X (K,) that is invariant
under ¢® and an analytic bijection ¢ : V' — o such that ¢ o g?"(¢™ (")) =
(91(1), - ga(n)), where g1(2), .., ga(2) € o(2).

In particular, the arguments of [3] Theorem 4.1] show that if we take
e to be the least common multiple of a and b then the set of sufficiently
large positive integers in {n: ®"*i(c) € Y} can be realized as the set of
common positive integer zeros of a finite set of maps in 0{z). In particular,
by Strassman’s theorem we get that

{n: ®"*(c) e Y}

either contains all sufficiently large natural numbers n or it is a finite set.
The result follows. O

Occasionally one can use data from canonical heights or other methods
to prove the dynamical Mordell-Lang for certain classes of endomorphisms.
Such methods do not seem to be generally applicable to the general case we
consider. As an example, consider P! x E, where E is an elliptic curve, and
let ® = (g,[2]), where [2] is multiplication by 2 and g is a rational map of
degree four. Then the heights of ¢"(a) and [2"]-b for a point (a,b) € P! x E
with @ not preperiodic under g and b not a torsion point of F, are both

1While the arguments are done over Z, they work with any complete rank one discrete
valuation ring of mixed characteristic with finite residue field.
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asymptotic to a nonzero constant times 4" as n — o0 and so there are non-
periodic curves C € P! x E where one cannot naively use information from
heights to rule out the orbit having infinite intersection with C.

5. CONCLUDING REMARKS

We have shown that one can interpolate self-maps of curves, and it is
natural to ask whether one can obtain similar interpolation results for en-
domorphisms of higher dimensional varieties. Unfortunately, this fails even
for surfaces. As a simple example, consider the map f : A?> — A2 given by
f(z,y) = (x + 1,y(x + 1)). Then f™(0,1) = (n,n!) and so for each prime p
we have |n!|, — 0 and so there is no way to interpolate the orbit of (0, 1)
under f.

A more reasonable goal is to consider simultaneous interpolation for sev-
eral rational maps hq,...,h, € C(z) to obtain the case of split rational
maps from (Pl)m to itself. In this case, we do not know whether this can
be done even when m = 2. Heuristics (see [7, §5]) suggest, however, that
one should be able to obtain the split case for rational maps under general
conditions [5, Conjecture 8.4.0.19].
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