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Local Minimum Principle for an Optimal Control Problem
with a Nonregular Mixed Constraint

A.V. Dmitruk* N.P. Osmolovskii

Abstract

We consider the simplest optimal control problem with one nonregular mixed
constraint G(z,u) < 0, i.e. when the gradient G, (x,u) can vanish on the surface
G = 0. Using the Dubovitskii-Milyutin theorem on the approximate separation
of convex cones, we prove a first order necessary condition for a weak minimum
in the form of the so-called “local minimum principle”, which is formulated in
terms of functions of bounded variation, integrable functions, and Lebesgue-
Stieltjes measures, and does not use functionals from (L*)*. Two illustrative
examples are given. The work is based on the book by Milyutin [3].

Keywords: normed space, convex cone, dual cone, approximate separation
theorem, mixed constraint, phase point, Pontryagin function, Lebesgue-Stieltjes
measure, singular measure, costate equation.

1 Introduction

Consider the optimal control problem on a fixed interval of time [to,#1]:

J(z,u) = J(x(ty), z(t;)) — min, (1)
T = f(z,u), (2)
G(z,u) <0, (3)

where the functions J : R — R, f : R*™™ — R” and G : R*™ — R are
continuously differentiable. This problem will be called Problem P.

Condition (3)) is called mized state-control constraint or simply mized constraint.
The presence of this constraint determines the main difficulties in obtaining necessary
optimality condition for this problem. These difficulties largely disappear if one as-
sumes that the gradient G, (z,u) does not vanish at the points (z,u) € R"* where
G(z,u) = 0. In this case we say that the mixed constraint (3] is reqular. Traditionally,
the regularity assumption (properly modified for more general problems) is present in
the works on necessary optimality conditions for problems with mixed constraints (see
e.g. [7]-]16]). One of the few exceptions is the recent work [17], which will be discussed
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later. Note that the regularity assumption for mixed constraint does not allow one to
consider the pure state constraint g(x) < 0 as a special case of the mixed constraint.
In this paper, we do not impose any assumptions on the mixed constraint (3)), except
for the smoothness condition for the function G.

A pair (z,u) € R"™ is called phase point (of the mixed constraint) if G(x,u) =0
and also G,(x,u) = 0. As mentioned above, it is the presence of such points, which
creates the main difficulties in studying the problem and, in addition, gives rise to the
main changes even in the formulation of the necessary optimality conditions compared
to the regular case.

We consider Problem P for z € AC([tg,t1],R") and w € L*®([ty,t:],R™), using
the notation

w = ([L’,U) eWw = AC([to,tl],Rn) X Lm([to,tl],Rm)

and & = (zg, 1) = (z(tp), z(t1)). The norm of a pair w = (z,u) is

t1
[wll = llzllac + llulle = [2(to)] +/ | #(t)[ dt + esssup [u(t)].
to tefto,t1]
Obviously, the local minimum in this norm is equivalent to the standard weak mini-
munll. The goal of this paper is to obtain first-order necessary conditions for a weak
minimum in problem ()-8 in the form of the so-called local minimum principle
(LMP).

As is known, an efficient method for obtaining LMP in constrained problems was
proposed by Dubovitskii and Milyutin in [I]. The idea was simple (and therefore
became very popular): at the minimum point, one should consider the convex cones
of first order approximation for the cost and constraints, that should not intersect.
Then the separation theorem is applied and the resulting Euler-Lagrange (stationarity)
equation is analyzed. This leads to a LMP with multipliers from the spaces dual to
the image spaces of the constraints.

However, a difficulty arises in this method: since the image space of the mixed con-
straints is L, the separating functionals should belong to the conjugate space (L>)*,
which has an essentially complex structure. In problems with reqular mixed constraints,
one can prove that the corresponding multipliers are represented by functions from L!
(see [9 15]). Unfortunately, this is not possible for problems with nonregular mixed
constraints.

To overcome this difficulty, Dubovitskii and Milyutin [2] proposed the idea of not
exact but approximate separation of the cones. For the case of two cones, it looks
as follows. Let Y and X be normed spaces with Y* = X, let Hy, H; C Y and
0o, Q1 C X be nonempty convex cones, §2; open, such that Hi = Qy and H} = Q,
where the bar denotes the closure in the strong topology of X and the star denotes
the dual (conjugate) cone.

Let ¥ € Q) be a given point. Then the following is true: if QyNQ; = @, then for
any € > 0 there exist hy € Hy and hy € H; such that (z{,h;) =1 and || ho+hi|| < e.
The converse is also true.

!By definition, the latter is the minimum in the norm ||z||c + ||u|s -
2Dubovitskii and Milyutin used the term local mazimum principle [2]. Both these terms are not
completely adequate; nevertheless, following the authors’, we use the above term.



A similar result for a finite number of cones allowed Dubovitskii and Milyutin to
obtain in [2] the LMP in a problem with a finite number of mixed constraints, given
as inclusions to closed sets in R"*™. However, the book [2] is published in Russian in
a small number of copies and is very difficult to read.

Many years later, Milyutin presented the same result in the book [3], where he
considered a general problem with nonregular mixed constraints. This time these
constraints are given by smooth functions, in the form of a finite number of inequal-
ities like (1.3) and equalities g(z,u) = 0, assuming that the latter satisfy the full
rank condition: rank g,(z,u) = dim g on the surface g(z,u) = 0, but without any
assumptions on the joint independency of the derivatives G, (z,u), g,(x,u). The prob-
lem admits also a finite number of endpoint constraints of the form F'(x(tg), z(¢1)) < 0
and K (z(to), z(t1)) = 0. Moreover, the smoothness assumption for the inequality con-
straints, both the endpoint and mixed ones, were essentially weakened to just the
convexity of their directional derivatives at the reference point, while the equality con-
straints were always assumed to be smooth. The problem can also admit a pure control
constraint of the inclusion type wuy(t) € U(t) on a part of control components, where
the full control vector is split into two parts: u = (uy, us), and U(t) is a measurable
set-valued mapping. In this case, the full rank condition should be considered w.r.t.
the first group only: rank g, (z,u;,u) = dim g, as well as the (non)regularity of
all the collection of mixed constraints. For this general problem, Milyutin obtained
a necessary condition for a weak minimum (the local maximum principle), and fur-
ther developed it to a necessary condition for a strong minimum (the global maximum
principle). A brief account of these results can be found in [I§].

Compared to the book [2], the presentation of LMP in [3] is much clearer, with
shorter proofs, but still difficult even for Russian-speaking readers. Moreover, these
results have never been published in English. All this has led to the fact that the
Dubovitskii-Milyutin’s general theory of the maximum principle for nonregular mixed
constraints, which in our opinion is an outstanding achievement in optimal control,
still remains unknown even to specialists.

Because of the difficulties in the study, mentioned above, the nonregular mixed
constraints until recently remained outside the scope of specialists’ interests in the
West. However, now this interest has arisen, as evidenced by the paper [17]. Without
analyzing this publication, we will only say that the authors did not achieve the goal
that could be set: to get rid of the functionals from (L*)* in the final result, which
are still present in [I7], though in integral form. At the same time, the Dubovitskii—
Milyutin’s LMP is devoid of this drawback.

All this prompted us to write this article. To be as clear as possible in presentation of
the specificity caused by the mixed constraints, we chose the simplest possible problem
for the first study: it includes the Mayer cost functional, the control system, and
just one mixed constraint. (A more general problem will be considered in our future
paper.) In many ways, we follow the ideas of the book [3], and yet our presentation
differs markedly from that book. We hope that this publication will draw attention of
specialists to the ideas and results contained in [3].

The paper is organized as follows. In Section Pl we give definitions of the closure
of a measurable set and a measurable function with respect to the measure, proposed
by Dubovitskii and Milyutin, and recall some facts about equiintegrable sequences of



functions in L', which are used in the proof of LMP. Section B is devoted to the
approximate separation theorem for a finite number of convex cones, which plays a
key role in the proof of LMP. We formulate LMP in Section [ and give two illustrative
examples in Section Al The proof of LMP is given in Section [Gl

2 Preliminaries

2.1 The closure with respect to a measure

We start with an important concept introduced by Dubovitskii and Milyutin in [2].
Let M C R be a (Lebesgue) measurable set. The set

cmM = {teR: mes(wNM)>0 forany open set w > t}

is called closure of M with respect to (the Lebesque) measure.

Obviously, clm M is a closed set. Moreover, clm M C M, but not the reverse.
However, mes M < mes (clm M) (since almost all ¢ € M are points of its density),
but not the reverse.

In fact, clm M is the topological support of the measure dp that has density
dp/ dt = xp(t), where x s is the characteristic function of the set M .

Now, let u : [to,t1] — R™ be a measurable function. Consider its graph I' =
{(t,a(t)) : t € [to,t;]} and the projector m: R"*™ — R, (t,v) —t. The set

cm (@) = {(t,v) € R™™: mes 7(ONT) >0 for any open set O > (t,v)}

is called the closure of the function U with respect to (the Lebesgue) measure, or in
short, the closure in measure of 4. (Note that this definition can be applied in fact to
any measurable set I' C R!™™  and hence, to any measurable set-valued function.)

The following simple properties of clm (@) should be noted. By B,.(u) we denote
the closed ball in R™ of radius r centered at w, and by O.(t,u) the open set {(t',u') :
[t —t| <e, |u—u|<e}.

Lemma 1 If 4 € L*¥([ty,t1],R™), then a) clm (4) is a compact set in [to, 1] x R™,
which does not depend on the choice of a particular representative of the function 4,
and b) the projector m is surjective on clm (@), i.e. mclm (a) = [to, t1].

Proof. Obviously, the set clm (%) is closed and bounded, which proves the first
assertion. To prove the second one, suppose the contrary, i.e. that 3¢, ¢ wclm (a). Set
7 = ||i]| . Then, for any u € B,(0) thereis an € > 0 such that mes 7(O(t,,u)NI") =
0. Since B,(0) is compact, there exists a finite number of &, > 0 and u; € B,(0),
i =1,...,k such that the union C := |, O, (ts,u;) gives mes 7(CNI') = 0. Define
g, =mineg; and w = (t, — &, t. +&,). Obviously, the set Z = w x B,.(0) is contained
in C, whence mes 7(Z NI') = 0. But the latter means that |u(t)| > r for a.a. t € w,
and then ||d|l > 7, a contradiction. O

In fact, passing from @ to clm (@), we obtain a set-valued mapping

clm (a)(-) : t— {v: (t,v) € clm(a) }
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such that 4(t) € clm (a)(¢) for almost all ¢ € [ty,t;]. Clearly, this mapping is upper
semicontinuous.

Another way to define the closure in measure is clm (@) :=(),_, Graph (u), where
the equivalence u ~ @ means that u(t) = a(t) for almost all ¢ € [ty,t;]. One can

easily show that oI (1) = ﬂ m’
mes E=t]—tg
where this time the intersection is taken over all measurable subsets E C [t,t;] of full
measure, and by definition Graph (a|g) = {(t,u) e R"™™: t € E, u=1a(t)}.
Note also that, if Z(¢) is a continuous function, then

clm (z,a)(t) = (2(t),clm (a)(t)) for all t € [ty,t1]. (4)

2.2 Uniformly integrable families of functions

A family F of functions from L'([tg,t;], R™) is called uniformly integrable (or equi-
integrable) if for any € > 0 thereisa ¢ > 0 such that for any measurable set E C [to, 1]
of mes £ < ¢ we have [, |A(t)[dt <e, VAeF.

Obviously, this is equivalent to the fact that the functions of F possess a common
modulus of integrability, i.e. a function v : R, — R, such that v(d) = 0 as 0 — 0+,
and for any measurable set E C [y, t1] we have

/|)\(t)|dt < v(mes F), VAeF.
B

Since the functions of L!([tg,t;],R™) generate absolutely continuous vector-valued
measures on |[tg,t1], a uniformly integrable family of functions generates a uniformly
absolutely continuous family of vector-valued measures.

We will use these concepts in the case when F is a sequence of functions \* €
L'([to,t1],R™), k = 1,2,.... By the Dunford-Pettis theorem [4, 5], any uniformly
integrable sequence A € L' contains an L™ -weakly convergent subsequence M.
The latter means that there exists a function A € L' such that, for any u € L™ we

have
/( u) dt —>/ Nuydt (s — 00).
to

We write in this case A 5 X (s — o0)

In general, it is impossible to extract a Weakly convergent sequence from an arbitrary
bounded set of functions in L', since this set can be not uniformly integrable. Never-
theless, the following important fact holds true (see, e.g. [6] and references therein)ﬁ.

Lemma 2 (The biting lemma.) Let a sequence N\* € L'([tg,t,],R) be bounded, i.e.
Akl < const for all k = 1,2,.... Then there exists a sequence of measurable sets
AF C [to, t1] such that mes A* — (t; —ty) and the sequence N := Ny ax is uniformly
integrable, hence it contains a weakly convergent subsequence.

3 Dubovitskii and Milyutin, being not aware of these works, proved this fact independently in [2 [3].



2.3 Functions of bounded variation and charges

Denote by R™ the space of row vectors of the dimension n, and by BV ([to, t1], R™)
the space of functions p : [tg,t;] — R™ of bounded variation for which the values
p(to — 0) and p(t; + 0) are also defined. By definition, the jump of p at a point
t € [to,t1] is [p](t) := p(t + 0) — p(t — 0). We define the Radon measure (or charge)
dp, which corresponds to the function p, by the following condition: if [a,b] C [to, 1],
then f[a,b] dp = p(b+0) — p(a—0). Note that we always prefer to denote Radon
measures on |[to,t1] by dp, rather than p or p(dt), as is customary. This makes it
possible to distinguish measures from the functions of bounded variation that define
them, without introducing new notation.

If I : C(to,t1],R") — R is a linear continuous functional, then by the Riesz
theorem, there exists a function p € BV ([to, t1], R™) such that

0.z :/1x(t) dp Ve Cfto, 1], RY), (5)

to

but this function is not uniqueH. It is unique under the additional requirement that the
function p vanishes at ¢y (or at ¢; ) and is one-way continuous, for example continuous
from the left. For the definiteness, we will assume that the functions p € BV are left-
continuous, i.e., p(t —0) = p(t) for all t € [to, 1], and p(ty) = 0. If p belongs to BV,
we write dp € C*, keeping in mind the relations ().

If the function p € BV ([to, t1], R™) is absolutely continuous, then the measure dp
and the functional | defined by (Bl) are also called absolutely continuous.

We say that t. € [to,t1] is a point of continuity of a measure dp if [p|(t.) = 0,
i.e., if the measure dp has no atom at this point. Recall that the measure dp can
have atoms in at most countably many points. Therefore, the set of continuity points
of dp is dense in [tg,t;]. A point t* € [ty,t1] where the measure dp has an atom,
i.e., [p](ts) >0, is often called a jump point of the measure.

As usual, we say that a sequence of measures dp® weakly* converges to a measure
dp € C* (i.e. C—convergesin C*) if

t1 t1
/ x(t)dp® — / z(t)dp as k— o0
to to

for all = € C([ty,t1],R"), and we write in this case dp* = dp.

Let A\* be a sequence of functions in L'. Consider the corresponding sequence of
absolutely continuous measures dp* := \Fd¢. Assume that dp* is weakly™ convergent
to some measure dp € C*, that is \*dt = dp. Denote by © C [to, ;] the set of all
continuity points of the measure dp. Then for any 79,77 € © with 75 < 71, we have

/ Ne(t)ydt — dp (k — o0).
[10,71] [10,71]

4 Strictly speaking, we should write dpx, but it is more convenient to write xdp.



3 An approximate separation theorem

Let X and Y be normed spaces, such that X = Y*. Let 2 C X be a nonempty
convex cone and  its closure. We say that a cone H CY is thick on the cone Q (or
is predual to Q) if H* = Q. Here H* denotes the conjugate cone of H, consisting
of all linear continuous functionals that are nonnegative on H (in other words, H* is
the polar cone of (—H)). We will need the following properties of these cones.

Lemma 3 Let 2° € int Q. Then the set Sec H = {h : (2°,h) = 1} is bounded, and
its conical hull is H \ {0}.

Proof. Suppose Jhy, € SecH with ||hy|| = r, — oo. Setting hy = hy/rx
we have |[ly]| = 1 and (2% k) — 0. Let 2° + By C Q for some & > 0, where
Bjs is the closed ball in X of radius §, centered at zero. Then (z° + B5,7zk) > 0,
whence (Bjs, hi) > —o(1). But here the infimum of the left hand side equals —6, a
contradiction.

Thus, Sec H is bounded. To prove the second assertion, take any nonzero h € H.
Since H* = €, we have (€, h) > 0, and since 2° € intQ, we have o := (z°,h) > 0,
whence h/a € Sec H, q.e.d. d

Now, let be given two convex cones Hy, H; C Y and two convex cones g, €2y C
X, such that H; = Qg and H; = Q;, where again X = Y*. The following theorem
is an approximate analog of the Hahn—Banach separation theorem for the case of two
convex cones, in which the separating functionals are taken not from the dual but from
the predual space.

Theorem 1 Let Q; be open and 29 € Q. Then QN Q) = 0 < Ve > 0
3 (ho, h1) € Hy x Hy such that (29, hy) =1 and ||ho + I < e.

Proof. (<=) Suppose, on the contrary, that 3z € Qy N Q. Without loss of
generality assume that ||z9| = ||Z|| = 1 and B.(2) C Q; for some r > 0, where
B, () is the closed ball in X of radius r centered at #. Set ¢ = /2 and take any
pair (hg, hy) with the above properties. They imply ||hq]| > 1. Set y = hg+h;. Then
lyl| <e and ho+ hy —y =0, whence

The first summand here is nonnegative. Now, the inequality (& — B, hi) > 0 implies
that (&, hy) > sup(B,, hy) > r, and since [(Z,y)| < €, the second summand in (@) can
be estimated as (&, hy —y) > r —e =1r/2 > 0, so the sum in (@) cannot be zero, a
contradiction.

(=) We have to show that inf ||Hy + Sec Hy|| = 0. Suppose the contrary: this
inf > r > 0, i.e. the distance from the set Sec H; to the cone —H is greater than r.
Therefore, (—Hy) N (Sec Hy + B,) = . Then, by the classical separation theorem,
dz € X, ||z]| = 1, such that (2, —Hp) < 0 and (&, Sec Hy + B,) > 0. The first
relation implies # € Hy = Qq, and the second one (&, Sec H,) > sup(z, B,) = r, i.e.
YV hy € Sec H; we have (z,h;) > r. By Lemmaf3 ||Sec Hy|| < d for some d > 0. Take
any positive € < r/d. Then it follows that for any hy € Sec H;

<:i'+BE>h'l> 2 r—= Sup<B€7h1> 2 T_Ed>09
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and since the conical hull of Sec Hy is Hy\{0}, we get #+B. C Hf = Q;, so & € Oy,
Thus, = € QyNQ;, and since €; is open, there exists an element 2’ € Qy Ny, a
contradiction. O

Note that in the proof of implication =, instead of separating the cones {2}y and
Q1 by an element of X*, we use the classical theorem to separate the cone Hy and
an extension of the cone H; by an element of X.

The general case. Now, let be given a finite number of convex cones (), €1y,
...y, Q,, in X, among which the last m are open, and convex cones Hy, Hy, ..., H,,
in Y such that Hf = Q; for all i = 0,1, ..., m (i.e. each H; is thick on ;). As
before, X = Y*. Let be also given elements x? € €;, i = 1, ..., m, of the open
cones. The following theorem is an approximate analog of the Dubovitskii-Milyutin
“multi-separation” theorem for convex coned (see [I, Theorem 2.1]).

Theorem 2 QoN QN ...NQ, =0 < Ve>0 Ih; € H;, i =0,1,...,m,
such that m

Z<l’?,hl> =1 and || hO_I’thH < €. (7)
i=1

i=1

The first of these conditions can be regarded as a mnormalization condition, while
the second one is an approximate Euler—Lagrange equation. Note that the cone
does not appear in the first condition, it appears only in the second one.

Proof. (<) Without loss of generality assume that Y )" [[z?]| = 1. We have to
show that all €; do not intersect. Suppose, on the contrary, 3z € (_, ;. Without
loss of generality assume that ||z]| =1, and let > 0 be such that B,(z) C Q; for all
1> 1.

Set ¢ = r/2 and take any collection (hg, hy, ..., hy,) of elementsin Hy, Hy, ..., H,, ,
respectively, satisfying (). The first of these conditions together with the relation
ST 2? =1 imply that max |hil]] = 1. Let, for definiteness, |hy,| > 1.

Set y = 30" h;. Then |ly| <e and 30" h; + by —y = 0, whence

m—1

> (ah) + (@, by —y) = 0. (8)

1=0

The first m summands here are nonnegative. Now, the inequality (¥ — B, hy,) = 0
implies that (z, h,,) = sup(B,, h,,) = r, and since |(Z,y)| < €, the last summand in
[®) can be estimated as (&, hy, —y) = r —e =1r/2 > 0, so the left hand side in (&)
cannot be zero, a contradiction.

(=) We prove by induction. Suppose the theorem holds for all m’ < m open
cones and consider the case of m open cones.

If Qqn Q,, =0, then by Theorem [ Ve >0 Jhy € Hy and h,, € H,, such that
(29 hy) =1 and ||ho+hy,|| < . Choosing all h; for i =1, ..., m—1 to be arbitrary
sufficiently small elements of H;, we get > /(2 h;) > 1 and ||ho 4+ D7 hill < 2e.
Obviously, this implies the statement of Theorem.

°In [1], the condition for separating the cones was called the Euler-Lagrange equation.



Now, suppose that Wy := QoM Q,, # O. Set Ky = Hy+ H,, and notice that in this
case Kj = QoN Q= Qo N Q,, = Wy, thatis K, is thick on W. (The second equality
holds because both Qg and €, are convex and the last one is open.) Consider the
cones Ko,Hy,..., H, 1 CY and the corresponding cones Wy,Qq,..., Q1 C X,
where the last collection does not intersect. The dual cones to the first ones are equal
to the closure of the last ones, so we have the situation of Theorem [ for m — 1

open cones. By the premise of induction, Ve >0 dko,hy,..., hy_1 from the cones
Ko,Hy,..., H,_1, respectively, such that
m—1

— m—1
Z(:c?, h;y =1 and | ko+ Z hil| < e.
1 1

Setting here ko = ho+h,, withsome hy € Hy and h,, € H,, , we obtain 7" (20, h;)+
(29, hy) =1 and still [|hg + 327" hy + by || < €. Multiplying the obtained collection
by some A <1 we get the required. O

4 Local minimum principle

Consider the set
N(G) = {(z,u) e R"™™: G(x,u) =0, G,(x,u)=0}.

Clearly, N(G) is closed. It is called the set of phase points. We assume that this set
is nonempty (otherwise the mixed constraint is regular).

Define the following set-valued mapping (z,u) € R*™™ = S(x,u) C R™ :

(i) if (z,u) € N(G), then S(z,u) = {G(z,u)},
(ii) if (z,u) ¢ N(G), then S(z,u) = O.

Thus, S(z,u) is a singleton {G.(x,u)} or an emptyset.

For any nonempty set M C R™™™ we define S(M) = U, yen S, w).

Let @ = (%,4) € W be a given admissible process in Problem P investigated for
optimality. Denote for short & = (#(to), Z(t1)). Let us formulate the conditions of local
minimum principle for the process w.

Recall that for the function @ we introduced (in Sec. [B)) the set-valued mapping
cm (a)(¢t) = {u € R™: (t,u) € clm (@)}, and recall also that (&(t),clm (a)(t)) =
clm (w)(t) for all t € [to,t1]. Define a set

D= {telto,tr]: cm(@)t) N N(G)#0O}. 9)

Since the set clm (w) is compact and N (G) is closed, D is a closed (possibly empty)
subset in [tg,t;]. Denote by xp its characteristic function.

For any ¢t € D consider the set convS(clm (@)(t)) = conv S(&(t), clm (a)(t)),
where conv stands for the convex hull. We call it the set of possible directions of
jJumps of the adjoint variable at the point t.

9



For any nonempty set M C R™™™ we define G.(M) = U, en Go(2, u).
It follows from the definitions that for any ¢ € D we have

S(elm ()(£)) = G, (clm ()(t) NN (G)) £ O.

Now, define the Pontryagin function H(x,u,p) = p f(z,u), where p € R™ is a
costate (adjoint) row-vector.

The conditions of local minimum principle (LMP) at the point w are as follows:
there exist multipliers

Go €R, pe BV([te,t],R™), Xe L'(to,t1],R), dij € C*([to, t1],R),

(10)
such that
G020, A>0, AGw) =0, dj=0, dij-xp = dn, (11)
ao + |\l +/ dn > 0, (12)
[to,t1]
and a dn-measurable essentially bounded function §: [tg, t;] — R™ such that
$(t) € conv S(2(t),clm (a)(t)) for almost all ¢ in di) — measure, (13)
moreover, the following adjoint equation in terms of measures:
— dp = H,(w,p)dt + NG, () dt + §d, (14)

and the transversality conditions:

~ ~

_ﬁ(t0_> = OA‘O']xo(g)v ﬁ(tl_'_) = OA‘OJM(£> (15>

are fulfilled, and finally, the stationarity condition with respect to the control is satis-
fied:

H,(i,p) + AGy () = 0. (16)

The last equation means that H,(w(t), p(t)) + A(t) Gu(w(t)) = 0, ae. in [ty ],
where "a.e.” means ”almost everywhere with respect to the Lebesgue measure”.

Condition (I3) means that there exists a set R C D of full d7n-measure (i.e.,
Jr 41 = [, 4, d71) such that the inclusion in (I3) holds for all t € R.

The values §(t) for ¢t ¢ D are of no importance.

Note that conditions (I0)—(I6) differ from that for problems with regular mixed
constraints only by the presence of the term §dn in the adjoint equation (I4]). If
D = (), this term vanishes.

The adjoint equation can be understood in the integral form: for almost all ¢

) = plta=0) + [ (Hlo )+ AGul@)) dr + [ (7) di(r),

(The last integral is taken over the interval [to,t] including its endpoints.)

_ Remark. It is convenient to introduce the so-called augmented Pontryagin function
H(z,u,p,\) = pf(x,u) + NG(x,u), whence the costate equation (I4)) and the
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stationarity condition in the control () take the following shorter form, respectively:

Theorem 3 If w is a weak local minimum in Problem P, then it satisfies the local
minimum principle (I0)-(I18).

Some particular cases.

1. Let t, be an isolated point in D and the function @ be continuous at ¢, .
Then clm (4)(t,) = a(t.) and s(t.) = G.(w(t,)), so the measure d7 can have an
atom at this point: dn({t.}) > 0, and the costate variable have the jump [p|(t.) =
—Ga(w(t.)) di({t.}).

If the control @ has a discontinuity of the first kind at ¢, , then (clm@)(t,) consists
of two points: u(t, —0) and a(t. +0). If both the corresponding points (Z(t.), u(t. —
0)) and (Z(t.),u(t. + 0)) belong to N(G), then s(t.) = soGu(Z(ts), u(t. — 0)) +
51 G (Z(ty),u(ty +0)), where sog > 0, s; >0, so+ s; = 1, and the costate variable
has the jump [p](t.) = —s(t.) dn({t.}).

2. Consider the case when the function G does not depend on u, i.e. G(x,u) =
g(x). Then the mixed constraint (B]) reduces to a pure state constraint g(z) < 0. In
this case N (g) = {(z,u) : g(x) = 0}, i.e., each point on the boundary of the state
constraint is a phase point, the set D = {t: g(z(t)) = 0} consists of contact points,
and by setting R =D, we get s(t) = ¢'(2(t)) at any point ¢t € D.

Consequently, the formulation of LMP in this case is as follows: there exist multi-
pliers dg € R, p € BV ([to,t1], R™), A € L'([to, 1], R), and dij € C*([to, t1],R) such

that “ R
° G0=0, A>0, Ag(#)=0, di>0, g(&)dij=0,

do + [l + [0y 40 > 0,
—dp = H,(,p)dt + ¢'(2)(Adt + dy),

~ ~

—p(to—) = GoJao(§),  Dltit) = e, (§),
H,(w,p) = 0,
where H(x,u,p) = pf(x,u). Setting At + di =: dj, we get
650 Z 07 d/l < C*([t07 t1]7R>7 d,& 2 07 g(j) d:& = 07 OA[O + f[to,tﬂ dﬂ > 07
—dp = H,(w,p)dt + ¢'(2)dju.

The transversality conditions and the condition H,(w,p) = 0 do not change. Thus we
obtain the well-known conditions of LMP for the problem with a state constraint.

6 To be precise, this is indeed the boundary if ¢'(x) # 0 on it.
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5 Examples

Example 1: the measure dn has atoms

Let [to,t1] be a fixed interval, ¢ty < t;, x € R, u € R. Consider the problem

1
J = x(ty) z(t1) — min, = u, G := §u2—x+1 < 0.

Conditions G = 0, G, = 0 select here the only phase point (z,u) = (1,0). Since
(x —1) = u?, we always have z > 1, hence inf J > 1. Then, the process Z(t) = 1,
u(t) = 0 is a solution to the problem. Therefore, D = [to, t1].

Further, we have (removing the hats over the multipliers): H = pu, H =
ANG, H, = p+Xu, H, = =\, s = G, = —1. The condition H, = 0 gives
p+ A =0, whence p(t) =0 for all t € (tp,t1), and therefore p(tp+) = p(t;—) = 0.
The transversality conditions give p(to—) = —agpz(t;) = —ap, p(ti+) = apx(ty) =
ap, so the jumps of p at the endpoints are: [p|(ty) := p(to+) — p(to—) = ap and
pl(t1) == p(t1+) — p(ti—) = ao.

The adjoint equation —dp = H,dt + sdn reduces to dp = Adt + dn, A > 0,
dn > 0. Since p(t) =0 for t € (to,t1), we have A =0 and dp = dn.

If ag =0, then dp = dn = 0, which contradicts the nontriviality condition (I2).
Therefore, we can set oy = 1. Then the measure dp is the sum of J-functions at ¢,
and t, respectively, and the same is true for dn.

Example 2: the measure d7 is absolutely continuous

Fix any 7' > 0 and consider the problem on the interval [T, 7T]:

Y=z, Tr = u, G(y,flf,U) %U2—$<O’
" (19
J =yT)—y(-T) — E(x(—T) —l—:E(T)) — min

where m € (0,7') is a given number.

Here y(T) — y(-T) = f_TT:cdt, so the variable y is in fact inessential. The set
N(@G) = {(z,u) : G =0, G, = 0} consists of the only point (z,u) = (0,0),
and since (G,,G,) = (0,—1), the direction of possible jumps of the costate vector
p = (py,pz) is s = (8y,5,) = (0,—1), where the subscripts indicate coordinates, not
partial derivatives.

Set b =T — m, and consider the following process:
z(t) = u(t) =0 on the interval [—b,b],
Z(t) =3 (t—0)?* and a(t) =t —0b on [b,T],
i(t) =35 (t+0b)?* and a(t) =t+0b on [T, -b].
Obviously, this process is admissible. Let us show that it is globally optimal in the

problem. To do this, choose any value h € [0,7], fix the endpoints x(—71) = z(T) =
% h?, and find the minimum of f_TT x dt under the given mixed constraint G < 0, i.e.

12



|u| < v/2z. Clearly, this minimum is attained at the lowest possible curve, i.e. the one
satisfying @ =+v2x on [0,7], 2(T) = h, and symmetrically on [—T,0]. Therefore,
x(t) = 0 on the interval [T + h, T — hj,
x(t) = %(t—T+h)2 on [T —h, TY, (20)
x(t) = % (=t+T —h)*> on [T, =T +h).

Then J(h) = 3h* —2h? and we have to find the minimum of this function over
h € [0,T]. The equation J'(h) = h?> —mh =0 has the only positive solution h = m,
and since J'(h) < 0 for h < m, and J'(h) > 0 for h > m, we conclude that J(h)
has a global minimum over h € [0,7] at h = m. Clearly, no h > T can give a smaller
cost value, so h = m provides the global minimum of J(h), and the corresponding
curve (20), coinciding with Z(¢), provides the global minimum in problem (9.

Let us check the LMP for this curve. According to Theorem [3], there exist ay > 0,
Ae L', At) =0 ae. on [-T,T], a measure dn € C* supported on D = [—b, ],
the function s = (s,,s,) = (0,—1) a.e. in [=b,b] w.r.t. dn, and the function p =
(py, pz) € BV, such that this collection is nontrivial:

ao + [Nl + / dy >0, (21)
[to,t1]

generates the augmented Pontryagin function H = p,x + pyu + A (%u2 — ), and
satisfies the conditions (I4])—(I6l).

The condition H, = 0 gives p, + Au = 0. Since Fy =0 and s, = G, =0,
the adjoint equation —dp, = H,dt + s,dn reduces to dp, =0, whence p, = const.
The transversality conditions for p, are: p,(=T) = —agJy—1) = ap and py(T) =
aoJyry = ap. Consequently, p, = ay.

Since H, =p, = ap and s, = G, = —1 (a.e. in [—b,b] w.r.t. dn), the adjoint
equation —dp, = H,dt + s, dn has the form

— dp, = apdt — Adt — dn. (22)
The transversality conditions for p, are:
px(_T) = _QOJx(—T) = Qo m/27 px(T> = aOJx(T) = Qg m/2 : (23>

If ap =0, then p, =0, and 22) with 23) reduce to p, = Adt + dn > 0 and
pe(=T) = p.(T) =0, whence A =0 and dn = 0, which contradicts the nontriviality
(21). Thus, we can set ap = 1, and also p, = 1. Then

Since w = 0 on D = [-b,b] and p, = —Au, we get p, = 0 and Adt + dn = dt
there. So, dn is absolutely continuous on D and is not unique: both A and 7 are
just nonnegative and bounded by the relation A(t) + 7(t) = 1.

Consider the interval (b, T]. We have there dn =0,
r=(t—0?2/2, u=i=t—-b p.=-Au= -ANt—0b), p.=A—1,
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whence A(t —b) = 1 —2\. Setting 0 = A —1/2 and 7 =t — b, we get 67 = —20,
which easily gives 0 = ¢/72, and so, \ = % + ¢/7% with some constant ¢. Then ¢ =0
and A\ =1/2 (otherwise A ¢ L'), whence p, = —% (t —b) <0 and p,(b+0) =0, so
the jumps [p,](b) = [1](b) = 0.

The symmetric picture is on the interval [-7,—b). Here A =1/2, p, = —% (t+
b) >0 and p,(—b—0) =0, so the jumps [p,](—b) = [n](—b) = 0.

6 Proof of LMP

In this section we prove Theorem Bl We will assume that

esssup G(w(t)) = 0, (24)

tE[to,tl]

otherwise the mixed constraint is redundant for the weak minimality of the process w.
For any ¢ > 0, define a set

My = {t€lto,tr]: GliH) > —d}.

In view of 24), mes Ms > 0 for all § > 0.

6.1 Application of approximate separation theorem

Let us consider as independent variables in Problem P the pair (zg,u) € R™ x L™,
while the state z(t) is determined by the latter as the solution to equation (2)) with the
initial condition z(tg) = xo, so that x = x(zg,u) is a nonlinear operator of (zg,u),
which maps R"™ x L*> to the space C. The Problem P has then the form

I (0, (x0,u)(t1)) — min,  G(x(xo,uw)(t), ut)) < 0. (25)

Note that the weak minimality of the pair @ = (Z,4) in Problem P is equivalent to
the local minimality of the pair (Z(ty), ) in Problem (25]).

1. Let w = (Z,u) be a reference process. Consider the equation in variations for
the control system (2]):

and define the corresponding linear operator
A (i’o,ﬂ) e R" XLm([to,tl],Rm) — ZZ’EC([to,tl],Rn),

where T is the solution to (26]) for the given pair (Zo, @).

Recall the following well-known fact, which relates to the nonlinear operator (xg,u) —
x defined by the original equation (2) with z(ty) = x¢. This operator maps a neigh-
borhood of the point (Z(ty), @) € R™ x L>([to,t1],R™) to the space C([to,t:],R™)
endowed with its standard norm ||x||c = max; |x(t)].
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Lemma 4 The operator A is the Frechet derivative at (&(to),u) of the nonlinear
operator (xg,u) — x. Hence, for any solution w = (z,u) to (24), there is a correction
Te parametrized by € > 0 with T.(tg) = 0 and ||z:||c = o(e) as € — 0+, such that
the pair w. = (& + T + T, U+ ) satisfies (2) with the initial condition Ty + €T .

2. Introduce a Banach space ) = R™ x L!([to,t;],R™) x R with elements y =
(co,v,7), and its dual space X = Y* = R" x L>®([ty,t1],R™) x R with elements
% = (xo,u,q). The pairing between these spaces is given by

t1

(y, ) = como +/ v(t)u(t) dt + rq.

to

To prove Theorem [B], we follow the Dubovitskii-Milyutin approach. First of all, we
define, in the space X', the following cones of first order approximations of the cost
and constraint. For any ¢ > 0 we set

~ ~

Qy = {secX: J,(&) o + Jpy (&) x(ty) +q <0, where z = A(xp,u) },
Qs = {xeX: esssup (Gx(w)ij Gu(w) u) +q <0, where z = A(zg,u) },

teMs

Q = {xecX: ¢>0}
Obviously, all these cones are convex, open, and nonempty (since the first two
contain the triple (0,0, —1), and the last one contains (0,0,1)).

Remark. In what follows, our aim will be to separate these cones by elements of the
predual space ). The variable ¢ and the third cone {2 are introduced because without ¢
the second cone 25 can be empty, which prevents application of the separation theorem. To
avoid the analysis of this case that can be tedious, we, following [3], introduce the additional
variable ¢ > 0. The price for this trick is negligible in the case of present simplest problem P.
In a more general problem, it would be a bit more essential, but still acceptable.

The first step in the Dubovitskii-Milyutin approach is to show that the cones of
first order approximations do not intersect.

Lemma 5 If w is a weak minimum in problem P, then for any 0 > 0
Proof. Suppose, on the contrary, there exist a 6 > 0 and a
7z = (Zg,u,q) € QNN
Set T = A(Zg,u), w= (T,u), and take the curve w, = (T + ez + 7., u+cu) from
Lemma[l Since G(w) < 0 a.e. on [tg, t1], and G'(w)w = G () Z4+G! (w)u < —G < 0
on Mjs, we have for sufficiently small ¢ > 0:
G(w.) = G(w) 4+ eG'(w)w +o(e) < —eg+o(e) <0 a.e. on My.

Fora.a. t ¢ Ms, we have G(w) < —d, whence we obviously obtain G(w.) < —0/2 <0
for small € > 0, so the pair w,. satisfy the mixed constraint of problem (23]).
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Now, consider the reference endpoints { = (%o, 1) and set 7, = z(t1), £ =
(%o, T1). Since 3 € Qy and g > 0, we have J'(§)§ = J.,(&)To + Jo, (§)T1 < —7 < 0,
and then, for sufficiently small ¢ > 0

J(w.) = J(Zo + €Ty, &1 +eT1 + Te(t1)) =
= JO) +eJ()& + () Fe(tr) +o(e) < J(€) —eq+o(e) < J(),
which contradicts the weak minimality at @w. The lemma is proved. U

3. Next, we define cones Hy, Hs, H in ) that are thick on Q, (s, €2, respectively.
Let us start with the cone . Consider a functional [ : R" x L>* — R such that

A

l(xo,u) := Jp (&) z(t1), where z = A(xg,u).

As is known, one can give its explicit dependence of (xg, ). To this end, introduce the
usual adjoint function py € AC determined by the adjoint equation to (20]):

_pO = pOfx(w) with pO(tl) = Jml (é)

Then, obviously 4(pyx) = pofu(w)u, whence integrating we get

Jun(€) 2(t1) = polto) zo +/1p0 fu()udt V (xg,u) € R™ x L™,

Consequently,
Jmo(é)l’o + Jml (é) S(Z(tl) -+ q = (Jxo(é) —|—p0(t0))l’0 -+ / 1 pofu(w) udt + q (28)

for all » = (xg,u,q) € X. Define a triple

~

Yo = (Jzo(§) +polto), pofulw), 1) € V.

In view of (28], €2 is an open half-space: Q= {sx € X' : (7, ) < 0}, and its closure
is Qo ={>xe€X: (o) <0} Setting Hy = {—agfo: oo = 0}, we obtain
Hj = Q, thatis H is thick on Q.

4. Consider the cone ()s5. First, we claim that

Qs = {3x€X: esssup <Gx(zb):)s—|— Gu(w) u) +q <0, where z = A(xo,u) }.

teMs

Indeed, for any such s, taking a smaller ¢ < g we get a point s € Qs, q.e.d.

Define a cone Hy consisting of all functionals ys = (cp,v,r) € Y that for all
» = (xo,u,q) € X act as follows:

(ys, ») = — /tl A(t) (Gx(u?)x + Gu(w)u + q) dt, where 1z = A(xg,u),

to

and A € L' is an arbitrary nonnegative function concentrated on Ms, that is A > 0
and Ay, = A, where yyy, is the characteristic function of the set M.

Lemma 6 H;} = ;.
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Proof. If y; € H; and x € Qs , then obviously (y(g,_%> > 0, whence s € Hj.
Therefore, 25 C Hj . Let us prove the converse inclusion €25 D Hj .

Indeed, take any > € Hf, that is (ys,5) > 0 for all ys € Hs. This means that

(ys, 22) = —/tl >\(t)<Gx(1D)f + Gu(0) U +q) dt > 0

to

for all nonnegative functions A € L' concentrated on Ms. This obviously implies
G.(w)x + Gy(w)u + G <0 ae. on My, that is x € Q5. Thus, Hf C Qs, q.e.d.
O

5. Take any ys € Hs and the corresponding function A\ € L'. Represent it in the
canonical form ys; = (co,v,7). In fact, we only have to find a representation of the
term [ A(t) G(w) xdt. To this aim, define a function ps € AC' from the equation

_pé - péfx(w) + )\GI(@), pg(tl) =0.

Since & = f, () z + fu(w)u, we have %(pax) = —AG. (W) x + psfu()u, whence

t1

/ AGL(d)z dt = ps(te) wo + / pafulid) u dt.

to to

Then, for any s = (x,u,q) € X we have

(Ys, ) = —ps(to) o — / 1 ((p&fu(ﬁi) + AGy (W) u + Aq) dt, and so

to

w= = (mtto) moful@) +2Gu(a). | “Adt).

to

6. Finally, consider the cone €. Set y = (0,0,1) € Y and H = {agy : a« > 0}.
Then H* =, that is H is thick on €.

7. Set »" =(0,0,1) € X (here g =0, u=0, ¢=1). Obviously,
e QW N, e

Now, we apply Theorem [] to condition (27)). According to this theorem, for any
0 >0 and any € > 0 there exist functionals

Yo S H07 Ys S H57 Yy S H (29)

such that
<y07 _%0> + <y57 _%0> = 17 (30>
lvo + vs + yll <e. (31)

(Here we choose the cone  to be excluded from the normalization condition (30).)

Analysis of these conditions will lead to the local minimum principle.
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6.2 Analysis of conditions (29)—(31])
According to the definitions of Hy, Hs, and H, conditions (29) mean that

Yo = —Oéo(po(t(]) + ']wo(é)u pOfu(w>7 1)7 oy 2 07
ys = —(ps(to), psful)+ AGy(0), ftil Adt), A=0, Ays=A
y = «(0,0,1), «a=0.
Condition (B0) gives "
Qg —l—/ Adt = 1. (32)

to

In view of this relation, we get
—(yo+ys +y) =
= (Oéopo(to) + ps(to) + a0 (€), (aopo + ps) fulth) + MGy (), 1 — a)-

Set p = agpo + ps. Then

~

—-p = pfm(w) + )‘Gac(w)v p(tl) = aOJEl (f); (33>

and (g0 + v5 +9) = (p(to) + 0Tz (€), PL(®) +ACu(@). 1-a).
Condition (BI]) implies

| p(to) + a0 Jug (O] + || pful@) + AGu (@)1 + [1 —a] < e (34)

Recall that such «q, a, A\, p exist for all 6 >0 and ¢ > 0.

Thus, there exist two countable sequences {(ak, a® A\* p*)}2e, and {6*}2°,, where
ok — 0+,

ab €R, ofFeR, MNelL' preAC, (35)
ag 20, o >0, A>0, Mg, =", (36)
—" < G(w(t)) <0 ae on Mg (37)

(the latter follows from the definition of Mjs), such that

aF =1, af N =1, (38)
—p* = P (@) + N'G(w), (39)
PH(to) + b Jee(§) = 0, pF(ta) = af e, (§), (40)
1 P* fu(®) + NG (@)[ln — 0. (41)

Hereinafter, we do not write the condition k& — oo. Note also that superscript k
is always used to denote the number of a member in the sequence and never used to
denote the degree.

Without loss of generality we assume that of — dg > 0. Then
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Moreover, conditions (H0) imply

PE(to) = —doJuy(§),  PF(0) = a0y (€). (43)

It follows that the sequences p*(t,) and p*(t;) are bounded, and in view of ({@Z2)) the
norms ||[\¥||; are also bounded. Therefore, by [Bd) and the Gronwall’s inequality, the
norms ||p¥|le are uniformly bounded as well.

Now, we rewrite the adjoint equation ([B9]) in the form of measures:
— dp* = prf.(w)dt + NG (w)dt. (44)

Define a measure
dpk = NG, (w) dt. (45)

Equation (44]) then takes the form
— dp* = prf(@)dt + dut (46)

Clearly, the sequence | du*|| is bounded. Without loss of generality we assume that
dp® weakly* converges to some measure dj € C* (i.e. C— converges in C*), and

denote this as .
dpf = dj. (47)

Conditions (47), (46]), and (@3] imply that there is a function p € BV such that
at every point t € [tg, 1] of continuity of the limiting measure dji (hence almost
everywhere) we have p*(t) — p(t), and moreover,

—Blto=) = doley(),  Bllit) = o, (€). (49)
Since the sequence [|p*||« is bounded, we also have

Ip* =Bl — 0. (50)

Now, our aim is to find a more detailed representation of the measure dji.

6.3 Representation of the absolutely continuous part of dj

1. Since the sequence |[N\*||; is bounded, then, according to Lemma 2 there exists
a sequence of measurable sets A* C [t,t;] such that mes A* — (t; — t;), and the
sequence A\ := Ay 4« is uniformly integrable, hence it contains a weakly convergent
(with respect to L) subsequence. Without loss of generality we assume that the
sequences \% itself weakly converges to some function Ae Lt

V=D (51)
Since A5 >0 for all k, we have A(t) >0 a.e. in [ty,#;] and
INGT = 1AL (52)
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Further, conditions )\kxMék = A >0 (see @), and N5 = My, imply in view
of BT that |N(t) G(w(t))| < A5(t) 0% a.e. on [tg,t1], hence [N G(w)|| — 0. The
more so, A% G(w) — 0 weakly in L.

On the other hand, (BI) implies A% G(1) 2 AG(), whence

At)G((t) = 0 ae. in [t t1], (53)

i.e., the complementary slackness condition in (I]) holds true.

2. Consider more thoroughly condition (). Define a function p¥ := p*yr € L*°.
Since the set B := [tg,t;]\ A* has mes B¥ — 0, and the sequence ||p*||~ is bounded,
we get ||p% — p*|li = || p¥xsr |1 — 0, which in view of (B0) yields

I — Bl — 0. (54)

Condition (@I) means that p*f, () + \*G, () = 2*, where || 2*||; — 0. Multiplying
it by xar, we get pf fu() + M5 Gu(w) = 28 = 2Fxa, || 24)l1 — 0. This and
condition (54) imply || p fo() + M Gy ()|; — 0. Finally, since A5 2 X, we obtain
P fu(®) + AGy(@) = 0, i.e. condition (IB) of LMP holds true.

3. Now, introduce the sequence A% := Mype € L'. Obviously, A% > 0 and
M+ A5 = A Note that both A% and \§ are supported on Mgk, since they are
restrictions of A\* supported on Mj.. Therefore, if we narrow the set B* to the set
Mg N B* the function A% would not change. So, we will assume that B* C Mg,
that is B¥ = Mg \ A*. Setting

dpfy = My Gu(a)dt,  duly = Ny Go() dt,

we obtain two sequences of measures dp% and du% in C*. Since by {EH) du* =
MG () dt, we have dufy + duk = du”. Since A5 > )\, we have

dpk, = dfig = AGo(w)dt. (55)
Since du* = dj and duf = djia, there exists a measure djiz € C* such that
duy = diip,  dja + djip = dji.

Now we aim to specify the measure djig, and this is the main part of our study.
6.4 Representation of the singular part of dj

1°. We have A% := Mxpi, where B¥ = My \ A%, mes B* — 0, and
dpk, = Mo Gu(w)dt = dip. (56)

Since the sequence of norms |[A\*[|; is bounded, the sequence of measures A*y g dt
in C* is also bounded. Therefore, without loss of generality we assume that there is a
measure dn € C* such that df >0 and

MNodt = MWygedt = da. (57)
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Since [|A*[|; = |IM&]l1 + [[A%]]1, conditions @2) and (B2) imply
do + Al + [INBIL — 1. (58)
Moreover, since A% > 0, relation (57) yields [[M%]l; — || dn]|, whence
do + [[My + [l dnll = 1, (59)

which is equivalent to the nontriviality condition (I2I).

There are two possible cases: || dn|| =0 and || dn| > 0. In the first, trivial case,
[A%]; — 0, the more so || duf|| — 0, then djp = 0, i.e. the singular part of dj
does not appear in the LMP. Setting here § =0 and R = (), we obtain the costate
equation (I4) with properties (I3) that are trivially satisfied.

2°. Consider now the main case, where

ldnl = tim gl = 75 > 0. (60)

Here we will slightly narrow the sets B* in order to obtain more properties of A% . To
do this, we need the following

Lemma 7 Let be given two sequences of functions a,, = 0 and b, > 0 in L*([to, 1], R),
and a sequence of measurable sets B, C [to,t1] of mes B,, — 0 such that

/an(t)dt—>1, /bn(t)dt—>0.

n n

Then there is a sequence of measurable sets E, C B, such that

— 0.

by (t
a,(t) >0 a.e on E,, / a,(t)dt -1, and esssup (t)
tEEn a’n(t)

Proof. Narrowing if necessary the sets B,,, we assume that a,(t) > 0 a.e. on B, .
Take any sequence w, — 0+ such that b,(t)dt = o(w,), and define a sequence

By
of sets B, = {t € B, : b,(t) <wpa,(t)}. Then

/ () dt < ) dt < — [ batydt — 0,
Bn\En Wn J By\En, Wn J B,
which gives the required properties. 0
3°. Consider the L'— functions
oF = pPf. () + NG, (). (61)

According to [ ), ||o*||; — 0. Then also / (1+|o")dt — 0. By Lemma 7, there

Bk
exists a sequence of measurable sets E¥ C B such that A§(t) > 0 a.e. on EF,

+ |o*|

/ Medt — rp >0, and wF:= esssup — 0. (62)
Ek

k
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The first relation here means that / M dt — 0, therefore (56) and (B7) imply
Br\EF

Ny Go() xpredt = diip,  Apxpedt = di.
Set A% := Aovpr = Mxpe. Then N(t) = A& (¢) ae. on EF,
MNedt 5 odi,  MGu(w)dt > dag, (63)

so the "narrowed” sequence A}, has the same limit properties as the original A% does.

Since E* C Mg, relations (BT) imply
—o* <Gw() <0 ae on E* (64)
Moreover, in view of definition (GIJ), for all &

ob — pkfu(ﬁ))

G a.e. on EF.

Gu(w) =

The second condition in (62) and the boundedness of the sequence ||p*||o imply

k _ ok f (o7
eF = esssup | G, ()| = esssup ‘a P fu(@) — 0,
whence . N
|G (w(t)] < ¥ ae. on EY. (65)

4°. We will need the following constructions. Recall that we introduced the set
of phase points N (G) := {(z,u) € R"™™™ : G(x,u) =0, G,(x,u) =0} and assumed
that this set is nonempty.

Now, for any 6 > 0 and ¢ > 0, introduce its extension up to 9, ¢:

Nso(G) == {(z,u) e R"™™™ 1 -0 < G(z,u) <0, |Gu(z,u)|<e}l.

Obviously it is closed, and N(G) = (5o, .50 Ns:(G).
By analogy with the mapping S(z,u), for any § > 0 and € > 0, define a set-valued
mapping
(z,u) e R"™ = S5 (z,u) CR™:
(i) if (z,u) € Ns(G), then Ss.(z,u) = {G.(x,u)},
(i) if (z,u) ¢ N5o(G), then Ss.(z,u) = O.

Obviously, this mapping is compact-valued, upper semicontinuous, and

ﬂ Sse(x,u) = S(x,u) for all (x,u). (66)

6>0, >0
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For any nonempty set M C R™™™  define

555 U Sgexu

(z,u)eM

and S;5.(0) = O. Clearly, if M is compact, the set Ss.(M) is compact as well. Note
that for any M C R™™ we have Ss5.(M) = Ss.(M NN;.(G)).

Now, consider the reference process w(t) = (z(t),u(t)). We will assume that the
corresponding set D, defined in ([), is nonempty, i.e. there exists a point ¢, € [to, t1]

such that clm (0)(t.) N N(G) # O.

Since the set clm (@) is compact, the set Ss.(Z(t), clm (u)(t)) is also compact for
any t and upper semicontinuous in .

For any points 70 < 71 in [to, t1], define a set

Qs.e[m0, 1] = U Ss.e(2(t), clm (@)(2)). (67)

tE[T() 7’1]

By the above argument, the right hand side here is a compact set. Moreover, relation
(@) implies that

Qro,m] == [ Qselro,m] = U S(&(7), clm (a)(7)), (68)

§>0, e>0 r€[r0,m1]

and this set is also compact.
Finally, for any t,, if 9 > t, — 0 and 7 — t, + 0, then obviously

Qlro, 1] — S(Z(ts), clm () (ty)). (69)

in the Hausdorf sense.

5°. Now we can describe the relationship between the measures djip and d7.
Recall that || dn|| > 0 by (60).

Lemma 8  The measure djip admits a representation
dig = 5(t)di (70)

with some df) -measurable essentially bounded function §: [ty,t;] — R™, and there is
a set R C D of full dij-measure (i.e., [, dij= fto h] dn ) such that

5(t) € conv S(&(t), clm (a)(t)) for all teR. (71)

Proof. a) In view of (€3), |dap| < Mdn, where M = ||G,(0)|l. Hence,
the measure djip is absolutely continuous with respect to d7, and therefore, by the
Radon-Nikodym theorem it admits representation ([70]), where §(¢) isa d7-measurable
function taking values in R™ and satisfying [$(¢)| < M a.e. in d7.

b) Let us prove inclusion ([71]) with some R C D of full d7-measure. Fix a point
t. € [to,t1] with the following properties:
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(1) if t, € [7'0,7'1] C [to,tl], To < 71, then f

[70,71]

47 > 0,
(11) if ¢, € [7'0,7'1] C [to,tl], To < T1, To—>te, T1 — Ty, thenEI

~ \/‘[7’0,7'1] d'&B

B — = 5(t,), 72
Slro,71] f[TO’Tl] dT] S( ) ( )

As is known, the set of such points ¢, has a full drj-measure in [tg, ¢;] (since it includes
the Lebesgue points of the function § with respect to the measure d7). Denote this
set by R. We have [, dij = f[to,tl] dn.

Take any |7, 71| containing t.. Then f[m ] Ak dt > 0 for all sufficiently large k.

(Otherwise A% =0 a.e. in [ry, 7] for a subsequence k — oo, which implies that also
dn =0 in [, 7], a contradiction with the choice of t.).

Therefore, we can define a row-vector

k ~
sf ] = f[To,n} N G (W) dt
T0,T1] ° k
0 f[rom] A dt

Let © be the set of continuity of the measures djip and dn, i.e., the set of all
those t, which are not atoms neither of djiz nor of dn. Note that © is dense in
[to, t1]. If 70, 7 € ©, then

(73)

k
Slro,m1

| = S a8 k — oo, (74)

since both the numerator and denominator tend to the corresponding limits.

Notice that the right hand side of (73] is a “convex combination” of the vectors
G.(w(t)), in its continuous version.

¢) In view of ([64) and (GF), we have 0(t) € N+ (G) a.e. on E¥ and so
G.(w(t)) € Ssrer(2(t),0(t)) ae. on EF
Since (t) € clm (a)(t) a.e. on [to,t1], we get
G.(W(t)) € Ssrer(2(t), clm (4)(t)) a.e. on EF. (75)

Recall that t, € R. Take any |7, 71| containing t,. The last inclusion and defi-
nition (G7) imply that for almost all t € E¥ N 7y, 7]

G.(w(t)) € U Srer (Z(7), clm (@) (7)) = Qsrer[T0, 1],

TE[70,71]
and the more so, for almost all ¢t € E¥ N [r, 7]

Gm(w(t)) € conv Q5k€k[T0,T1].

"If 79 =t, we do not need to tend 79 — t., so only tend 7 — t,. The same concerns 7 .
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By the Caratheodory theorem, the right hand side here is a convex compact set. Then,
the definition (73)) gives (since A% is supported on E*) :

k

Sirym] € CONV Qgker[T0, T1] -

Now, assume that 7y, 71 € O, 79 < t, < 7. Taking the limit as £ — oo in view of

([4) and (@), we get

S[ro,m] € conv Q(x,u)|10, 1] .

Finally, taking the limit as 70 — t., 7 — t, along © in view of (72) and (69, we

obtain
5(t.) € conv S(Z(ty), clm () (t,)). (76)

Thus, the set S(z(t.), clm (u)(t,)) is nonempty, which by the definition (@) means that
t, € D. Since the point ¢, € R is arbitrary, it follows that R C D. Consequently,
inclusion ([71]) holds.

d) For t € [ty,t;] \ R we can redefine (if necessary) §(t) by zero, without violating
the conditions of LMP. The lemma is proved. U

Thus, in view of this lemma and (B3]), the adjoint equation ([48]) takes the form
— dp = pfo(®) + dita + ditp = pfo() + NG, () dt + §d7, (77)
i.e. condition (I4]) holds true.

Thus, all conditions (I0)—([I2]) of the local minimum principle are satisfied.
Theorem [3 is completely proved.
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