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ABSTRACT. A weave is the lift to the Euclidean thickened plane of a set of infinitely many
planar crossed geodesics, that can be characterized by a number of sets of threads describ-
ing the organization of the non-intersecting curves, together with a set of crossing sequences
representing the entanglements. In this paper, the classification of a specific class of doubly
periodic weaves, called untwisted (p,q)-weaves, is done by their crossing number, which
is the minimum number of crossings that can possibly be found in a unit cell of its infinite
weaving diagrams. Such a diagram can be considered as a particular type of quadrivalent
periodic planar graph with an over or under information at each vertex, whose unit cell cor-
responds to a link diagram in a thickened torus. Moreover, considering that a weave is not
uniquely defined by its sets of threads and its crossing sequences, we also specify the notion
of equivalence classes by introducing a new parameter, called crossing matrix.

1. INTRODUCTION

A weave is an embedding of infinite intertwined threads in a thickened Euclidean plane
which differs from general links mainly because it does not contain any closed components
[1]. Many well-known weaves are doubly periodic objects and it is therefore natural to ap-
proach these structures using knot theory, as done by S. Grishanov, H. Morton et al. in
[4, 5, 6, 16], as well as A. Kawauchi in [13]. Such periodic weaves can indeed be fully de-
scribed by a repeating unit cell, that we call a weaving motif, which can simply be seen as a
particular type of link diagram in a thickened torus, due to the factorization of its group of
translation symmetries. They attempted to describe and classify doubly periodic structures
with this strategy by extending for example the Kauffman bracket [4] or the multi-variable
Alexander polynomials [16], considering that two such structures are equivalent if they sat-
isfy the Reidemeister Theorem in the torus [4, 13]. However such topological invariants do
not necessarily distinguish a weave from other types of doubly periodic entangled structures
whose component are also sets homeomorphic to R, and which are often found and com-
pared in materials science for their different physical properties. Besides, some classical
knot invariants relevant for the classification of these structures cannot be computed, such as
the crossing number [1]. This invariant is defined as the minimum number of crossings that
can be possibly found in a weaving motif and is useful to characterize the complexity of a
weave, but the unit cells of a given doubly periodic structure can be chosen in many different
ways, possibly with a different number of crossings.
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In this paper, we introduce a formal topological definition of a class of weaves, generaliz-
ing existing physical structures in materials science, such as textiles [18]. First, we consider
a set of geodesics embedded in the Euclidean plane E2 belonging to N ≥ 2 disjoint color
groups. These lines are such that two geodesics in the same color group do not intersect
each other, namely they are parallel, or are in different color groups if they intersect once
(Fig. 1(A)). Then, each intersection is given an over or under information, called crossing
as in knot theory (Fig. 1(B)), according to a set of crossing sequences which consist in a
sequence of integers with minimal length describing the number of consecutive over or un-
dercrossings for each geodesic. Finally, we define an untwisted weave as the lift of these
crossed geodesics to the Euclidean thickened plane X3 = E2× I, where I = [−1,1], with
respect to the crossing information and such that the lifted geodesics, called threads, do not
intersect in X3 (Fig. 1(C)). We will see in our future work that we can define any weave as
an untwisted weave, possibly with twists, where a twist is created by cutting and gluing two
consecutive parallel threads to introduce new crossings.

(A) (B) (C)

FIGURE 1. (A) Sets of geodesics belonging to different color groups in
the Euclidean plane. (B) Crossing information to each intersection in the
Euclidean plane. (C) Untwisted weave in the thickened Euclidean plane.

Our approach makes it possible to distinguish a weave from other periodic complex entan-
gled structures made of one-dimensional objects, such as a knit [16], or a braid [14], which
consists of a single set of threads. We do not consider the case of entangled connected nets
either, described by S.T. Hyde et al. in [19], however their cases of weaving of filament
components match our weaves here. Next, we will study a particular class of doubly peri-
odic untwisted weaves, called (p,q)-weaves, and classify them according to their crossing
number using combinatorial arguments, which make the originality of our results. An exten-
sion to the case of weaves admitting twists is under study. Note that we will not consider the
theory of virtual knots [12], as done by Kawauchi [13], for our classification here.

Definition 1.1. Let i, j and k be strictly positive integers. A (p,q)-weave W is defined such
that all its crossing sequences, possibly distinct, can be described by two positive integers
pk and qk. This means that if Ci, j = (+pk,−qk) is the crossing sequence associated to the
disjoint sets of threads Ti and Tj of W, each thread of Ti is cyclically pk consecutive times
over the threads of Tj, followed by qk consecutive times under. Moreover, the complementary
crossing sequence of Ci, j is given by C j,i = (+qk,−pk).
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By definition of a doubly periodic untwisted (p,q)-weave W as a lift of planar geodesics,
any of its weaving motif is a set of essential simple closed curves in a torus that can be
characterized by a pair of coprime integers of type (a,b), representing the slopes of the
straight lines in E2. Recall that a closed curve is called essential if it is not homotopic to
a point, a puncture, or a boundary component [3]. Therefore, such a weave with N ≥ 2
sets of threads, defined by the respective color groups, can be (re)construct from a lift to
the universal cover and translational symmetries of a set Σ′ of such curves on a thickened
torus, by choosing N couples of distinct coprime integers, together with a set Σ of crossing
sequences to assign an over or under information to each crossing. Then, by combining
the crossing sequence Ci, j of each pair of curves (ai,bi) and (a j,b j), representing the sets
of threads Ti and Tj, with their associated geometric intersection number |vi, j| = |ai b j −
a j bi|, we can deduce the (i, j)-pairwise crossing number of each pair (Ti,Tj), defined as the
minimum number of crossings necessary to encode the periodicity of the infinite structure,
both on simple closed curves representing Ti and Tj. Finally, we will prove that the total
crossing number of W is given by our following main Theorem, proved in Section 3.2.

Theorem 1.2. (Total Crossing Number) Let i, j ∈ {1, · · · ,N} distinct and Ci, j be the (i, j)-
pairwise crossing numbers of a weaving diagram DW0 with N sets of threads, characterized
by the pair (Σ′,Σ). Let (Smin), be the system of geometric intersection number equations,
defined for integers ai and bi, either coprime or such that one of them equal zero, satisfying
for each equation that we can multiply both parts by a same even number kl if the two sets
of threads implied on the equation cross (kl = 1 otherwise), with l ∈ {1, · · · , N(N−1)

2 } being
the index of the equation in the system.

(Smin)



k1×|a1 b2−a2 b1| = k1×C1,2
.
.
.

kl×|ai b j−a j bi| = kl×Ci, j
.
.
.

Then, the total crossing number of W is given by,

C =
N

∑
i< j=1

C ′i, j,

such that C ′i, j = kl Ci, j, where kl are the smallest multipliers that give a solution to (Smin).

However the same pair (Σ′,Σ) can generate two weaving diagrams that do not belong to
the same equivalence class. This motivates the introduction of a new parameter Π which
encodes the organization of the crossings in a weaving motif, called a crossing matrix, and
we will prove our second main Theorem in Section 3.1.
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Theorem 1.3. (Equivalence Classes of doubly-periodic untwisted (p,q)-weaves) Let W1
and W2 be two doubly periodic untwisted (p,q)-weaves with N ≥ 2 sets of threads, such
that their corresponding regular projections are equivalent, up to isotopy of E2, and with
the same set of crossing sequences. Let DW1 and DW2 be two weaving motifs of same area
of W1 and W2, respectively. Then, DW1 and DW2 are equivalent if and only if their crossing
matrices are pairwise equivalent.

Therefore, it is possible to construct non-equivalent doubly periodic untwisted (p,q)-
weaves from a given one using a non-equivalent set of crossing matrices. However, to find
the crossing number of such a weave, one must find the next smallest multipliers kl compat-
ible with a solution of (Smin) in Theorem 1.2 and corresponding to a weaving diagram with
a set of crossing matrices equivalent to Π.

This paper begins by introducing the main definitions of untwisted weaves and weaving
diagrams in Section 2. Then, Section 3 discusses on the classification of doubly periodic
untwisted (p,q)-weaves, considering the characterization of the equivalence classes in Sec-
tion 3.1 and the computation of their crossing number in Section 3.2. Finally, we apply our
new results to the construction and classification of simple examples of square and kagome
doubly periodic untwisted (p,q)-weaving diagrams by hand in Section 3.3.

2. UNTWISTED WEAVES AND THEIR DIAGRAMS

In this section, we will define an untwisted weave (Fig. 1(C)) from a set of geodesics
embedded in E2 (Fig. 1(A)), with a crossing information to each intersection (Fig. 1(B)),
lifted to the topological ambient space X3 =E2× I, with I = [−1,1]. Considering the natural
projection map to the Euclidean plane π :X3→E2, (x,y,z) 7→ (x,y,0), we start by organizing
the components in different sets.

Definition 2.1. Let Γ = (Γ1, · · · ,ΓN) be a set of infinite colored geodesics embedded in E2,
which belong to N ≥ 2 disjoint color groups such that, two geodesics belong to the same
color group if they do not intersect, or belong to different color groups if they intersect once.

Then, these geodesics will be lifted in the three-dimensional ambient space such that the
infinite curve components do not intersect but cross over or under each other, as for general
knots and links. This can be represented by two intersecting arcs on E2, after projection by
the map π , as illustrated in Fig. 1(B). So, if Q is such a point of intersection in the plane, then
the inverse image π−1(Q) of Q in X3 has exactly two distinct points. We therefore mimic
knot theory by recording the extra information of which arc is over and which is under at each
such intersection point on the plane, and also call this region a crossing, as explained in [17].
Before lifting our geodesics to the thickened Euclidean plane, we describe the crossings in
E2 using a sequence of positive integers, as suggested by Yaghi et al. [?15], that will specify
the number of consecutive over and undercrossings for each geodesic.

Definition 2.2. Let i, j, k, l be strictly positive integers, and let Γi and Γ j be two disjoint sets
of colored geodesics in E2. Then by walking on an oriented geodesic γk

i ∈ Γi, the crossing
sequence Ck

i, j of γk
i with Γ j is defined either by,
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(1) a sequence (+1,0) (resp. (0,−1)) if γk
i is always over (resp. under) all the compo-

nents of Γ j.
(2) a sequence (· · · ,+pl,−pl+1,+pl+2, · · ·) of minimal length, where pl are strictly pos-

itive integers, such that there exists a crossing c between γk
i and γ

ki
j ∈Γ j whose closest

neighboring crossing in the opposite direction is an undercrossing, and from which
γk

i will have pl consecutive overcrossings with the geodesics of Γ j, followed by pl+1
consecutive undercrossings, followed by pl+2 consecutive overercrossings and so
forth.

Moreover, we denote by Σi, j = (Ck
i, j)k>0, with i, j ∈ (1, ...,N), i < j, the set of crossing se-

quences associated to the pair (Γi,Γ j), k being the index of the geodesics of Γi.

Remark 2.3. The set of crossing sequences Σ j,i = (Ck′
j,i)k′>0, with i, j ∈ (1, ...,N), i < j is

deduced from Σi, j for any pair (Γi,Γ j), and conversely.

We can now define an untwisted weave as the lift to the thickened Euclidean plane of these
crossed planar geodesics, with respect to a set of crossing sequences.

Definition 2.4. Let Γ = (Γ1, · · · ,ΓN) be a set of geodesics belonging to N ≥ 2 color groups
in E2 with a crossing information at each vertex according to a set of crossing sequences
Σ = (Σi, j)i> j with i, j ∈ (1, ...,N). Then, we call untwisted weave the lift to E3 by π−1 of
the pair (Γ,Σ), which is an embedding of non-intersecting infinite curves in the thickened
Euclidean plane. Each lifted geodesic is called a thread and two threads are said to be in
the same set of thread Ti if they are the lift of geodesics belonging to the same color group
Γi. Moreover, we call strand any compact non-degenerate subset s⊆ t of a thread t.

Remark 2.5. The crossing sequence Ck
i, j of a geodesic γk

i with the set of colored geodesic Γ j

is also the crossing sequence of its lift tk
i = π−1(γk

i ) with the set of threads Tj. We therefore
use the same notation for both spaces.

Now, consider that given an untwisted weave, we allow continuous deformations, or iso-
topy, of our threads in X3. We have to characterize the property of such a weave to be
entangled by defining any non-entangled weave as the trivial weave, also called unweave.
This means that the structure does not hang together, as defined in [11].

Definition 2.6. An untwisted weave is said to be the unweave if it is isotopic to a single set
of threads in X3.

Definition 2.7. An untwisted weave W is said to be entangled, if it is not isotopic to the
unweave.

Then, recall that a weave W in a general position in X3 can be projected onto the Eu-
clidean plane by the map π , as in knot theory [17]. By general position, we mean that the
projection of two threads by π in E2 are distinct, This projection leads to a planar quadriva-
lent connected graph W0, meaning that all the vertices have a degree four, which is isotopic
to the original set of geodesic Γ. In the particular case of a doubly periodic structure [4], that
will be study in the next section, any unit cell can be seen as a link in the thickened torus as
described in Fig. 2.
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Definition 2.8. The projection W0 of a weave W in general position onto X2 by the map
π : X3 → X2, (x,y,z) 7→ (x,y,0) is called a regular projection, and once an over or under
information is given at each vertex of W0, we say that this structure is an infinite weaving
diagram DW0 . Moreover, if DW0 is doubly periodic, then any unit cell contains essential
simple closed curve components and is called a weaving motif.

3D infinite weave

2D regular projection 
+

Crossing information 

Infinite periodic diagram Weaving motif

FIGURE 2. Weaving Diagram

We can discuss the entangled property of a weave by analyzing its planar diagram. First,
we introduce the concept of blocking crossings in terms of Reidemeister moves of type Ω3
(Fig. 7).

Definition 2.9. Let ti ∈ Ti, t j ∈ Tj and tk ∈ Tk be three threads of an untwisted weave W, with
N ≥ 2 sets of threads (T1, · · · ,TN), for all j,k ∈ (1, · · · ,N) distinct. Then, if there exists a
crossing c = π(t j)∩π(tk) on the weaving diagram DW0 of W, such that a Reidemeister move
Ω3 is not admissible for π(ti) at the neighborhood of c, we say that c is a blocking crossing.

FIGURE 3. Blocking crossing

Now, notice that any thread projected on E2 divides the plane in two disjoint regions,
namely its left and its right, arbitrary labelled. We can characterize the entangled property
of a weave W in terms of existence of blocking crossings in its diagram by the following
Proposition, whose proof follows directly.

6



Proposition 2.10. An untwisted weave with N ≥ 2 sets of threads T1, · · · ,TN is entangled if
and only if for all i∈ (1, ...,N), each thread ti ∈ Ti projected on E2 admits a blocking crossing
c = π(t j)∩π(tk) on its left, and a blocking crossing crossing c′ = π(t ′j)∩π(t ′k) on its right,
where t j, t ′j ∈ Tj and tk, t ′k ∈ Tk are disjoint threads, for all j,k ∈ (1, · · · ,N) distinct.

Finally, notice that the definition of an untwisted weave implies the existence of a twisted
version. We introduce the definition of a twisted weave below but restrict to the classification
of untwisted weaves in this paper. The case of twisted weaves is under study and will appear
in a future work.

First, we start with the same sets of colored geodesics and crossing sequences (Γ,Σ) in E2,
as in Definition 2.4. However, before lifting this fixed pair to the Euclidean thickened plane,
we need to introduce some local transformations in our sets of colored geodesics, which
consists in possibly many local cut and glue operations applied to two closest neighboring
geodesics γ and γ ′ of a same color group, in order to introduce new crossings, called twists,
as illustrated in Fig. 4.

(A) (B) (C)

FIGURE 4. (A) Set of colored geodesics with crossing information in the Eu-
clidean plane. (B) Introduction of twists in the Euclidean plane. (C) Twisted
weave in the thickened Euclidean plane.

These local twists can be characterized by the local linking number LD(γ,γ
′) of the two

twisted curves γ and γ ′, which is the sum of the signs of all the crossings between these two
curves in a given neighborhood D of E2, where each crossing is given a sign, as in Fig. 5.

+1 -1

FIGURE 5. Sign convention.
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Definition 2.11. Let Γ = (Γ1, · · · ,ΓN) be a set of geodesics belonging to N ≥ 2 color groups
in E2, and let Γi be a set of geodesics of the same color (· · · ,γk−1

i ,γk
i ,γ

k+1
i , · · ·), indexed by

a positive integer k in terms of closest neighboring components, for any i ∈ 1, · · · ,N. Let D
be a small disk containing only γk

i and γ
k+1
i , meaning that there exists no crossing or any

other geodesic in D. Then, we say that γk
i and γ

k+1
i twist if they are cut and glued such that

LD(γ
k
i ,γ

k+1
i ) 6= 0 in D, up to isotopy.

Considering that the total linking number of two curves that twist in n disjoint disks
D1, · · ·Dn is the sum of the local linking number for each of these disks, we can define a
weave from any pair (Γ,Σ) that can be lifted into an untwisted weave, to which twists can be
added such that the color groups associated to each set of threads is preserved.

Definition 2.12. A weave is the lift to X3 of a pair (Γ,Σ) satisfying Definition 2.4, possibly
transformed to admit twists such that if two threads twist, they cannot twist with any other
threads and their total linking number must be even.

3. CLASSIFICATION OF DOUBLY PERIODIC UNTWISTED WEAVES

Weaves are mainly characterized by a number N of disjoint sets of threads T1, . . . ,TN ,
as well as a set of crossing sequences Σ = {Σi, j | i, j ∈ (1, ...,N), i < j}. As seen in the
previous section, it is convenient to study their planar diagrams. Given a graph Γ satisfying
the definition of a regular projection, or equivalently Definition 2.1, and a set Σ, we have
seen that it is possible to build a weaving diagram by assigning an over or under information
to each vertex. However, this attribution is not unique, as illustrated by some examples
of existing woven materials showing that the weaving diagrams of two distinct weaves can
be reconstruct from the same pair (Γ,Σ). The simplest cases are the diagrams related to
the basket weave (2,2) and the twill weave (2,2), see Fig. 6. The two diagrams can be
reconstructed from the skeleton of a square topological tiling, which encodes the two sets
of threads of these weaves, and such that each thread of the two sets has periodically two
consecutive overcrossings followed by two consecutive undercrossings. Nevertheless, these
two woven materials have distinct physical properties, such as strength or stiffness, and
it is important to characterize these differences from a mathematical point of view. Note
that the notion of topological tiling considered here was defined by B. Grünbaum and G.C.
Shephard in Tilings and Patterns (Chapter 4) [10], such that from a topological point of view,
a tiling by irregular polygons is equivalent to a tiling by regular polygons if the application
of a homeomorphism to such a tiling preserves the degree of the vertices and the number
of adjacent and neighbors of each tile. This observation motivated the study of equivalence
classes of weaves and the development of a new parameter Π, such that any weaving diagram
constructed from the triple (Γ,Σ,Π) would be unique, up to equivalence. In this paper,
we will study the case of doubly periodic untwisted (p,q)-weaves and a generalization is
planned for future work.

3.1. Equivalence classes of doubly periodic untwisted (p,q)-weaves.

A doubly periodic untwisted (p,q)-weave W is an untwisted weave which admits transla-
tional symmetry in two non-parallel directions, and such that all the threads of the set Ti have
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FIGURE 6. Twill and Basket (2,2) square weaving diagram with their asso-
ciate design.

the same crossing sequence Ci, j with the set Tj, described by two positive integers only. More
precisely, recall from Definition 1.1 that considering the strictly positive integers i, j, p, and
q, the crossing sequence Ci, j = (+p,−q) associated with the disjoint sets of threads Ti and Tj
is defined as if one travels along any thread ti ∈ Ti, there exists a crossing ci, j = π(ti)∩π(t j)
having at least one of its two neighboring crossings c′i, j with a different over or under infor-
mation, where c′i, j is a crossing between ti and another thread of Tj. Then, walking on ti in
the opposite direction of c′i, j, there are cyclically p crossings for which ti is over the other
threads of Tj, followed by q crossings for which it is under. Moreover, if Ci, j = (+p,−q),
then C j,i = (+q,−p) is called the complementary crossing sequence of Ci, j, and only one
of these two crossing sequences is sufficient to describe the entanglement of the structure.
The case of non-crossing sets of threads with crossing sequences (+1,0) or (0,−1) is also
considered for an entangled weave with N > 2, sets of threads. Proposition 2.9 implies that
on a periodic weaving motif, if a set of threads crosses another set, then there must be at
least an overcrossing and an undercrossing between the threads of these two sets; otherwise,
a single crossing may suffice if it is a blocking crossing for another set.

The notion of equivalence adopted for this class of weaves has been defined by S. Gris-
hanov et al. by an extension of the classical Reidemeister Theorem for the general case of
doubly periodic entangled structures represented by a torus diagram [4], namely a weaving
motif in our case.

Theorem 3.1. (Reidemeister Theorem for Weaves [4]) Two doubly periodic weaves in X3

are ambient isotopic if and only if their torus diagrams can be obtained from each other by
a sequence of Reidemeister moves Ω1, Ω2, and Ω3, isotopies on the surface of the torus, and
torus twists.

Ω  1 Ω  1 Ω  2 Ω  3

FIGURE 7. Reidemeister moves

To construct our new parameter Π, we were inspired by the concept of design, also called
armor in the literature, used for the classification of weaves in the textile industry [18].
A design characterizes on a square grid the organization of crossings on a weaving motif,

9



according to the periodic crossing sequence of an untwisted weave with N = 2 sets of threads.
More information on designs from a mathematical viewpoint can be found in the works of
Grünbaum and Shephard in [7,8,9,11], which recall the results of E. Lucas [2] who studied a
particular class of doubly periodic untwisted weaves with two sets of threads, called regular
satins, using arithmetic arguments. An example is given in Fig. 6 for the basket and twill
weaves mentioned above. To read a design, consider that the rows represent the horizontal
strands on a unit cell, the columns the vertical strands, and each square represents a crossing.
Here, a gray square corresponds to a crossing where the horizontal strand is under the vertical
strand, and conversely for a black square. Notice in Fig. 6 that the gray and black squares
have a diagonal organization for the case of twill weave, while they have a bloc organization
for the case of basket weave. This illustrates the fact that there are different possibilities of
assigning the crossing information to a same graph Γ, given a (set of) crossing sequence(s).
These different types of organization of crossings on a weaving motif justify the different
physical properties of the corresponding woven materials.

Our purpose is to generalize this concept to doubly periodic untwisted (p,q)-weaving di-
agrams with N ≥ 2 sets of threads, so that it can describe the organization of crossings for
each pair of sets of threads on a unit cell. Grünbaum and Shephard made an attempt us-
ing tilings by polygons in [9], which satisfy our definition of regular projection, considering
geometric restrictions. They assigned a label to each vertex in order to indicate the cross-
ing information, but they mentioned that such an extended design can easily become very
complicated and unintelligible. Our approach consist in creating a set of crossing matrices
associated with a weaving motif which would make it possible to distinguish the structures
characterized by the same pair (Γ,Σ), and thus become a weaving invariant for the infinite
diagram DW0 . Our concept of crossing matrices is directly related to the crossing sequences
of a weaving diagram DW0 , which means that each matrix is associated with a pair of distinct
sets of threads of the diagrams. The elements of a crossing matrix are the symbols +1 rep-
resenting an overcrossing, or −1 representing an undercrossing. In particular, we will work
with square matrices associated with such a pair (Ti,Tj), having size m = p+q, and associ-
ated to the crossing sequence Ci, j = (+p,−q), as a natural generalization of Lucas’ results.
This implies that a weaving motif DW will contain m representative essential simple closed
curves for each set Ti and Tj. We will see that once again only one matrix for each pair will
suffice, so for a weaving diagram with N sets of threads, we can define N(N−1)

2 matrices for
DW , such that each matrix encodes the crossing configuration between two sets of threads,
from the point of view of one of them, see Fig. 8. This means that at an arbitrary crossing
between two strands si ∈ Ti and s j ∈ Tj, with Ti and Tj two disjoint sets of threads, si is over
(resp. under) s j, if we analyze the position of the strands of Ti with respect to the strands of
Tj. or conversely that s j is under (resp. over) si, if we analyze the position of the strands of
Tj with respect to the strands of Ti.

Definition 3.2. Let i, j ∈ {1, · · · ,N} and Ci, j = (+p,−q) be the crossing sequence of the
two disjoint sets of threads Ti and Tj of a doubly periodic untwisted (p,q)-weaving diagram
DW0 with N ≥ 2. Let Mi, j be a square m×m (−1,+1)-matrix, where m = p+q is called the
module of Mi, j. Then, Mi, j is called the crossing matrix of DW0 associated with Ci, j if each
row and each column of Mi, j simultaneously contains p consecutive symbol +1 followed by
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q consecutive symbols −1, considering cyclic and countercyclical permutations of the rows
and columns of the matrix.

Remark 3.3. To construct the crossing matrices associated to a fixed weaving motif DW
of DW0 with N ≥ 2 sets of threads, one must consider a flat torus cut from any preferred
meridian-longitude pair, or equivalently fix any square unit cell of DW0 containing m2 cross-
ings and m strands of each set. The strands sk,i of a set Ti are oriented and indexed by a
strictly positive integer k from left to right and top to bottom, starting from the top left cross-
ing. Then, for any crossing sequence Ci, j of DW0 , one must use the following convention to
fill the associated crossing matrix Mi, j = (mx,y)0≤x,y≤m−1,

(1) m1,1 = +1 (resp. m1,1 = −1) if the most top left crossing c1,1 = s1,i∩ s1, j of DW is
such that the strand s1,i of Ti is over (resp. under) the strand s1, j of Tj;

(2) fill the first row of the matrix by walking on s1,i such that the element m1,k gives the
information of the crossing c1,k = s1,i∩ sk, j, with k the index of the strand of Tj;

(3) fill the kth row of the matrix by walking on sk,i, starting with the element mk,1 = m1,k
given by the information of the crossing ck,1 = sk,i∩ s1, j. Note that the kth column of
the matrix is equal to its kth row.

Finally, note that a cyclic or countercyclical permutation of the rows (resp. the columns)
of such a crossing matrix, also called a translation of the design in [11], corresponds to a
vertical (resp. horizontal) translation of the unit cell on DW0 .

Twill Kagome Weave (3,2)3 : module m = 5 with  parameter a = 1

M1,2 = M2,3 = M3,1
=

+1 +1 –1 –1 +1
+1 –1 –1 +1 +1
–1 –1 +1 +1 +1
–1 +1 +1 +1 –1
+1 +1 +1 –1 –1

• Number of disjoint sets of threads: 3 (T1: hor., T2: diag., T3: vert.)
• Set of crossing sequences: 𝛴 = {(+3, – 2), (+3, – 2), (+3, – 2)}

FIGURE 8. Kagome Matrices

Remark 3.4. The information at the crossing between the threads si and s j must be oppo-
site on the two crossing matrices Mi, j and M j,i, describing the position of the two sets of
threads considered, since if si is over s j at a crossing, then the corresponding element of the
matrix from the viewpoint of Ti will be +1, while it will be −1 from the point of view of Tj,
which explains why only one of the two matrices associated to a pair of sets of threads is
enough to characterize our structures. The crossing matrix M j/i is in fact directly deduced
by transposing Mi/ j and changing the +1 values into −1 and conversely, M j/i =−(Mi/ j)

T .

As Lucas [2], we have attempted to define construction rules for crossing matrices of par-
ticular doubly periodic untwisted (p,q)-weaves, presented in the following examples. Note
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that the construction of a matrix describing a regular satin, reformulated with our notations,
is also considered as an example for the general case of N ≥ 2 sets of threads with at least
a crossing sequence (+p,−1). It would be interesting to enumerate all the possibilities to
construct a crossing matrix, given any crossing sequence of type (+p,−q) and to generalize
to more complex periodic cases.

Example 3.5. Consider the crossing matrix M = (mx,y)0≤x,y≤m−1 such that x represents the
column indices of the matrix and y its row indices. Then, if M is associated with a crossing
sequence (+p,−1) such that it satisfies Lucas’ condition on regular satin [2], the symbols
−1 can be positioned at the element mx,y satisfying the system,{

x = k, with k ∈ 0,1, · · · , p+q−1
y = ak mod(m), with a < m fixed and gcd(a,m) = 1.

In this case, the elements that do not satisfy this system are symbols +1.

Example 3.6. Consider the crossing matrix M = (mx,y)0≤x,y≤m−1 such that x represents the
column indices of the matrix and y its row indices. Then, if M is associated with a crossing
sequence (+p,−p) such that at least two rows or two columns are equal, the symbols +1
can be positioned at the element mx,y satisfying the system, xk = k, with k ∈ {0,1, ...,2p−1}

yk,l = yk,l−1±1, if k 6= p mod(m), or
yk, j = yk, j−1± p, otherwise, j ∈ {1, · · · , p−1}.

with the first column given by,{
x0 = 0

y0,0 = 0 and y0, j = y0, j−1±1, j ∈ {1, · · · , p−1}.

In this case, the elements that do not satisfy this system are symbols −1.

Example 3.7. Consider the crossing matrix M = (mx,y)0≤x,y≤m−1 such that x represents the
column indices of the matrix and y its row indices. Then, if M is associated with a crossing
sequence (+p,−q), with p,q 6= 1 and such that there are not two equal rows or columns, the
symbols +1 can be positioned at the element mx,y satisfying the system,{

x = k, with k ∈ 0,1, · · · , p+q−1
y = ak± i mod(m), with a =±1 fixed, i ∈ {1, · · · , p−1}.

In this case, the elements that do not satisfy this system are symbols −1.

Remark 3.8. Note that the basket weave of Fig. 6 has a crossing matrix of rank 1, while the
twill weave has a crossing matrix of rank 2, which confirms the non-equivalence of the two
structures. This result can be generalize for any crossing matrix corresponding to a crossing
sequence (+p,−p), whose rank would be equal to 1 if it is constructed as in Example 3.6,
or equal to p if it is constructed as in Example 3.7.

The introduction of crossing matrices makes it possible to distinguish two weaving dia-
grams characterized by the same pair (Γ,Σ), by assigning them a fixed sequence of crossing
matrices Π= {Mi, j \ i, j ∈ {1, · · · ,N}}, with Mi, j the crossing matrix defined above, and such
that the sets of threads are identically indexed in order to compare strands from a same set on
the two weaving motifs. Therefore, a triple (Γ,Σ,Π) allows to characterize the equivalence
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classes of doubly periodic untwisted (p,q)-weaving diagrams of E2, with respect to the gen-
eralized Reidemeister Theorem (Theorem 3.1). We can state and prove our main Theorem
of this subsection.

Theorem 3.9. (Equivalence Classes of doubly periodic untwisted (p,q)-weaves) Let W1
and W2 be two doubly periodic untwisted (p,q)-weaves with N ≥ 2 sets of threads, such
that their corresponding regular projections are equivalent, up to isotopy of E2, and with
the same set of crossing sequences. Let DW1 and DW2 be two weaving motifs of same area
of W1 and W2, respectively. Then, DW1 and DW2 are equivalent if and only if their crossing
matrices are pairwise equivalent, meaning that all the matrices of DW2 can simultaneously
be obtained from the respective matrices of DW1 from at least one of two conditions,

• a same cyclic or countercyclical permutations of the rows and the columns;
• a same clockwise or counterclockwise rotation of π , or of π

2 together with an inver-
sion of all its symbols.

Proof. First, we prove that the equivalence of the weaving motifs implies the equivalence
of the crossing matrices, using Theorem 3.1. We start by studying the invariance by the
Reidemeister moves. Without loss of generality, we assume that our weaving diagrams are
geodesic. Then, by definition, Reidemeister moves of types Ω1 and Ω2 do not occur. For a
Reidemeister move of type Ω3, we consider three threads from three different sets. However,
recall that each crossing matrix is obtained from the crossing information of a pair of sets
of threads only. This means that an Ω3 move does not change any of the crossing matrices.
Now, it suffice to show the invariance of the matrices of a weaving motif DW for the torus
twists. We fix a lattice Z2 in E2 where the infinite weaving diagrams are embedded. Let p
be the intersection point of preferred meridian-longitude pair (µ,λ ) on DW , such that a flat
weaving motif is obtained by cutting along this pair. Notice at this point that if we reverse
the meridian with the longitude, meaning that we replace the pair (µ,λ ) into (λ ,µ), then
the cut along this reversed pair is realized by rotating the original weaving motif in E2 by π

2 .
Let p′ 6= p be a point on the longitude λ and p′′ 6= p be a point on the meridian µ of DW .
Then, we obtain new preferred meridian-longitude pairs (µ,λ ′) and (µ ′,λ ) on DW . Cutting
DW along (µ ′,λ ) instead of (µ,λ ) corresponds to a cyclical or countercyclical permutations
of the rows of the crossing matrices of DW . Similarly, cutting DW along (µ,λ ′) instead of
(µ,λ ) corresponds to a cyclical or countercyclical permutations of the colums of the crossing
matrices of DW . In particular, these transformations correspond to a vertical and horizontal
translation of the unit cell in the infinite weaving diagram respectively. Besides, recall that a
torus twist represents a modular transformation which preserves the fixed lattice [3], and that
two unit cells of same area of an infinite weaving diagram have the same number of crossings
[4]. Therefore, two weaving motifs related by a sequence of torus twists would correspond
to two distinct parallelogram unit cells of the same infinite diagram. We can conclude using
Remark 3.3 and the definition of the crossing sequence of a (p,q)-weaves, that the crossing
matrices of two such diagrams are equivalent up to a sequence a cyclical or countercyclical
permutations of the rows and columns, which conclude the first part of our proof. Then, to
prove the reverse implication, we start from a set of crossing matrices to which we apply
a same transformation. If we apply a same cyclic or countercyclical permutation of the
rows and the columns applied simultaneously to all the crossing matrices associated to a
weaving motif, we have seen above that it corresponds to a translation of the periodic unit
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cell in the infinite diagram, which implies the equivalence of the corresponding weaving
motifs. Furthermore, if we apply to the given set of crossing matrices a same clockwise or
counterclockwise rotation of π , or of π

2 together with an inversion of all its symbols, then
we would obtain pairwise equivalent matrices, up to cyclic or countercyclical permutations
of the rows and the columns, from which we can construct once again equivalent weaving
motifs. 2

Remark 3.10. Note that if one of the crossing matrix of DW2 has a different permutation
or rotation than the others matrices, then DW1 and DW2 are not equivalent. Indeed, there
would exist a thread ti of DW2 for which the order of all its crossings will be different than its
representative in DW1 . This means that there would exist a crossing ci, j, in DW2 , with Ti and
Tj two sets of threads, such that by walking on the thread ti, one of the nearest neighboring
crossing ci,k, of ci, j,, with a different set of threads Tk will have a different type than the
corresponding one in DW1 . Thus, the two weaving diagrams cannot be superimposed and
are therefore not equivalent, as in Fig. 9.

M1,2 = M2,3 = M3,1
=

M1,2 = M2,3
=

M3,1
=

M2,3 = M3,1
=

M1,2
=

Twill Kagome Weave (3,2)3 : module m = 5

≠ ≠

FIGURE 9. Non Equivalent Kagome Matrices

One of the other great interests of these crossing matrices for the study of equivalence
classes of weaving diagrams is that by defining any arbitrary weaving diagram by a triple
(Γ,Σ,Π), we can find non equivalent structures with the same pair (Γ,Σ) just by doing a
permutation or rotation of one or two of the matrices of Π, with respect the related crossing
sequences, as described in Theorem 3.9. This is very useful for the construction an classifi-
cation of our diagrams.

3.2. Crossing number of doubly periodic untwisted (p,q)-weaves.

By definition of the projection W0 of a doubly periodic untwisted (p,q)-weave W and of
a crossing, we notice that W0 is isotopic to the skeleton Γ of a particular type of periodic
topological quadrivalent tiling by convex polygons, that we call a thread-tiling.

14



Definition 3.11. A periodic thread-tiling, composed of N ≥ 2 sets of threads, is a planar
edge-to-edge quadrivalent topological tiling by convex polygons, such that each edge of
these polygons belongs to a single thread and two adjacent edges belong to two threads of
different sets.

Now our objective is to characterize a doubly periodic thread-tiling using combinatorial
arguments, which would be useful for the classification of our weaves by their crossing num-
ber, meaning the minimal number of crossing that can be found on an associated weaving
motif. We call such a diagram a minimal diagram. As mentioned in [4], this is one of the
main challenges for the classification of doubly periodic entangled structures, due to the
many possibilities of choosing a unit cell. Our strategy consists in characterizing a doubly
periodic thread-tiling on a periodic unit cell by a set Σ′ of essential simple closed curves
embedded on a torus, each representing a set of threads, and generating the targeted graph
Γ. Recall that such a curve can be described by a pair of coprime integers (a,b) [3], which
embeds the slope of the geodesic thread in the Euclidean plane. Thus, considering that the
couples (a,b) and (−a,−b) represent threads belonging to a same set, and therefore equiv-
alent, as well as the pairs (−a,b) and (a,−b), we use the convention (a,b) and (−a,b) for
these two cases, respectively. Moreover, notice that the number of intersections |v| between
two of these curves (a,b) and (a′,b′) is given by the geometric intersection number [3], de-
fined by the equation |a b′−a′ b| = |v|, which encodes the periodicity of the structure after
translation in both directions. This number is defined for free homotopy classes of simple
closed curves and is the minimum number of intersections between a representative of each
set of threads. Note that a same thread-tiling can be characterized by non-equivalent sets
of curves, and the idea is to find a periodic unit cell with the fewest vertices. Moreover, a
weave can admit different thread-tilings for projection by isotopy, if it admits a Reidemeister
moves of type Ω3 for example. We believe that the classification of these doubly periodic
thread-tilings in terms of sets of essential simple closed curves on a unit cell is an interesting
problem, and we assume that for a given number of set of threads, a periodic unit cell of the
tiling containing curves given by pairs of coprimes minimized in absolute value will have
the fewest vertices.

To study the crossing number of doubly periodic untwisted (p,q)-weave, recall that each
element of the pair (Σ′,Σ) related to a given set of threads indicates the periodic behaviors of
every thread of this set. This means that for each pair of disjoint sets of threads, we can de-
duce from the associated geometric intersection number of the two representative curves and
the crossing sequence the minimum number of crossings required to ensure the periodicity
associated with these two sets.

Lemma 3.12. (Pairwise crossing number) Let DW0 be a weaving diagram with N sets of
threads characterizes by the pair (Σ′,Σ). Let i, j ∈ {1, · · · ,N} be distinct integers and Ti, Tj
be two sets of threads of DW0 . Then, to ensure the periodicity on a weaving motif of DW0 , the
minimum number of necessary crossings ci, j on a thread ti ∈ Ti and t j ∈ Tj is given by,

Ci, j = lcm(ζ i
i, j;ζ

j
i, j)

where ζ i
i, j = |vi, j| × lcm({|Ci,k| / k ∈ {1, · · · ,N}}), with |Ci,k| the sum of the two positive

integers of the crossing sequence Ci,k, for all k ∈ {1, · · · ,N}. We call Ci, j the (i, j)-pairwise
crossing number.
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Proof. Let si ∈ Ti and s j ∈ Tj be the two curves representative of a unit cell of the thread-
tiling corresponding to DW0 . Then, to ensure the periodicity of the crossing sequence Ci, j in
a weaving motif of DW0 we must first consider the minimum number of vertices vi, j which is
necessary on si and s j to satisfy the definition of the thread-tiling given by Σ′. This number
|vi, j| is the geometric intersection number between si and s j by definition. Then, we must
multiply this number by the minimum number of crossings necessary to read the crossing
sequence Ci, j = (+p,−q), which is its module m = |Ci, j| = p+ q, that is also minimal by
definition. However, on a strand si (resp. s j) there are not only crossings of type ci, j when
N > 2, we must therefore also consider the minimum number of necessary crossings of type
ci,k on si (resp. c j,k on s j) to read the other crossing sequences Ci,k (resp. C j,k) and ensure
the periodicity. We must therefore consider the least common multiple of their modules
|Ci,k| (resp. |C j,k|) as multiplier of |vi, j|. Finally, the global minimality is ensured by taking
the least common multiple of these two products, considering that we must obtain the same
number of crossings on each thread of Ti and Tj on the weaving motif. 2

To fulfill the definition of a weaving motif, each (i, j)-pairwise crossing number Ci, j rep-
resent the number of crossing that must belong to the same representative simple closed
curves for each set Ti and Tj, unless these sets do not cross. In this case, at least one of the
two curves must have Ci, j crossings. However, this condition must be satisfied for all pairs
of sets of threads in the weaving motifs, considering that each representative curve of a set
of thread is characterized by a pair of coprime integers, which must not be equivalent to the
pair representing another set. This leads to solving a system of equations in which one can
simultaneously satisfy the geometric intersection number equations for each pair of disjoint
sets of threads, as stated in our second main theorem. Note that the possibilities of choosing
the integers are restricted and that we might need more than one representative curves for a
set of threads in some cases.

Theorem 3.13. (Total Crossing Number) Let i, j ∈ {1, · · · ,N} distinct and Ci, j be the (i, j)-
pairwise crossing numbers of a weaving diagram DW0 with N sets of threads, characterized
by the pair (Σ′,Σ). Let (Smin), be the system of geometric intersection number equations,
defined for integers ai and bi, either coprime or such that one of them equal zero, satisfying
for each equation that we can multiply both parts by a same even number kl if the two sets
of threads implied on the equation cross (kl = 1 otherwise), with l ∈ {1, · · · , N(N−1)

2 } being
the index of the equation in the system.

(Smin)



k1×|a1 b2−a2 b1| = k1×C1,2
.
.
.

kl×|ai b j−a j bi| = kl×Ci, j
.
.
.
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Then, from the solution of (Smin) with smallest multipliers kl which minimizes each inte-
gers am and bm in absolute value, and such that every two pairs (am,bm) are distinct, we can
deduce the total crossing number of DW0 given by,

C =
N

∑
i< j=1

C ′i, j

with each C ′i, j = kl Ci, j in (Smin).

Proof. A unit cell of a periodic weaving diagram is an embedding of essential simple closed
curves crossing on the surface of a torus. Thus, the geometric number of intersection between
a simple closed curve of a set of thread Ti and a simple closed curve of a set Tj defines the
minimum number of crossings between these two curves on a weaving motif, given by the
(i, j)-pairwise crossing number Ci, j. From Lemma 3.12, we therefore have to find two pairs
integers, either coprime or such that one of them equal zero, whose geometric number of
intersection is Ci, j, for each pair (i, j).

|ai b j−a j bi|= Ci, j

These four integers are chosen by convention such that their absolute value is minimal.
Moreover, since this condition must be satisfied simultaneously for all distinct pairs of sets
of threads (Ti,Tj), we conclude that to find the minimal number of crossings on the weaving
motif, we have to solve the system of equations (Smin) of the theorem statement. 2

Remark 3.14. Considering that two periodic weaving motifs with same area contain the
same number of crossings, we can construct a minimal diagram on a square unit cell given
the fact that (|a|+ |b|) parallel segments that do not intersect any corner of the square,
correspond to a (a,b)-simple closed curve on the torus after identification of the opposite
sides of the square. Indeed, by taking kl (or kl

2 if kl is an even number divided to be distributed
for the four integers of the geometric intersection number equation) simple closed curves of
same slope for each set of threads Ti, represented by the pairs (ai,bi) and satisfying Theorem
3.13, we can construct a minimal diagram on a square unit cell, whose associated infinite
weaving diagrams can be built from the pair (Σ′,Σ), up to isotopy.

The classification tables of Section 3.3 show examples of minimal diagrams for some
simple cases of weaving diagrams. However, as discussed in the previous subsection, non-
equivalent weaving diagrams can be constructed from a same pair (Σ′,Σ). At this point, we
can conclude about their crossing number and their minimal diagram.

Remark 3.15. The total crossing number of a doubly periodic untwisted (p,q)-weave is
given by the following.

• If a set of crossing-matrices, corresponding to a minimal diagram constructed by
Remark 3.14 is unique up to equivalence, then the associated weaving diagram built
from the pair (Σ′,Σ) is unique and has its crossing number given by Theorem 3.13.
• If a non-equivalent set of crossing matrices is found, it means that there exist at least

two non-equivalent weaving diagrams generated from a same couple (Σ′,Σ). One
of these diagrams has its crossing number given by Theorem 3.13 and a minimal
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unit cell constructed using Remark 3.14. The crossing numbers of the other non-
equivalent weaving diagrams are given by solving the system (Smin) of Theorem
3.13 with the next smallest solutions, such that the corresponding weaving diagrams
generated by Remark 3.14 have associated crossing-matrices that are not equivalent
to the ones given for the previous smallest solutions of (Smin).

We can illustrate this method with the same example of basket and twill square (2,2)
weaving diagrams, see also Figure 8.

Example 3.16. The minimal diagram for the twill case is obtained with one representative
simple closed curve for each set of thread. Recall that each of these curves must have four
crossings, two over and two under, so its crossing number is C = 4. This can be done with
a (2,1)-curves for one set and a (−2,1)-curves for the other set. For the basket case, we
find that k1,2 = 2 is the next smallest solution of (Smin), with the four integers satisfying this
relation and such that their absolute value is minimal, given by two (1,1)-curves for one set
and two (−1,1)-curves for the other set. Finally since we can organize the crossings on an
associated unit cell with eight crossings, such that the corresponding crossing matrix is not
equivalent to the one of the twill case, we can confirm that the crossing number of the plain
square (2,2) weaving diagram is eight.

A sub-classification for each pair of regular projection and set of crossing sequences by
solving the system (Smin) in Theorem 3.13, with different values for the multipliers kl , start-
ing from the smallest possible, and by studying the equivalence class of the set of crossing
matrices can also be done for a better classification.

We end this paper by studying the invariance of the number of blocking crossings in equiv-
alent minimal diagrams. By definition of a blocking crossing (Definition 2.9) in the case of a
weave with N ≥ 3 sets of threads, we notice that it locally implies the existence of alternat-
ing triangles, or A-triangle, in the weaving diagram. Such an A-triangle is locally defined
by three threads ti ∈ Ti, t j ∈ Tj and tk ∈ Tk, with i, j,k ∈ {1, · · · ,N} distinct, and three closest
neighboring crossings of different types, such that ti is over t j and under tk, and t j is over
tk, or conversely up to the labels (see Fig. 3). Recall that two minimal diagrams of same
area of a given weave have the same number of crossings. Then, we can prove the following
Proposition with the same strategy as Theorem 3.9.

Proposition 3.17 (The A-triangles Number). Let DW1 and DW2 be two minimal weaving
motifs of doubly periodic untwisted (p,q)-weaves with N ≥ 3 sets of threads. Then, they
have the same number of A-triangles if and only if every Reidemeister moves of type Ω3 that
occur at a crossing belonging to a A-triangle cross the complete A-triangle.

Proof. The proof is almost similar to the one of Theorem 3.9. The difference concerns the
Reidemeister move Ω3. We denote by K the number of A-triangles in DW1 . If an Ω3 move
happens at a crossing that does not belong to a A-triangle, then K is obviously not affected.
However, if it occurs at a crossing belonging to a A− triangle, there are two possibilities.
First, the thread lies in the interior of the A-triangle after the Ω3 move. It generates a new
triangle which is not alternating, meaning that K decreases, which is a contradiction. Second
possibility, the thread crosses the A-triangle after the Ω3 move, meaning that it is in the
exterior of the A-triangle. In this case, K remains unchanged. 2
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3.3. Examples of Classification tables.

The purpose of this section is to apply our new results to build and classify some simple
square and kagome weaving diagrams by hand, which could be extended to more complex
structures with a computer program.

CLASSIFICATION SQUARE WEAVING DIAGRAMS: N = 2
Set of 

Crossing 
Sequences

Crossing 
number
(Writhe)

Minimal 
Diagram Set of Crossing Matrices Matrices

Number of 
Crossings by 

S.C.C.

Number of S.C.C. for Each 
Set on the Minimal 

Diagram
Name

{(1,1)} 2
(0)

+1 −1
−1 +1 Rank = 1 2 1

Ex: (1,1) and (-1,1)
Plain Square 

Weaving (1,1)

{(2,1)} 3
(1)

+1 +1 −1
+1 −1 +1
−1 +1 +1

Rank = 3
“Diagonal 

configuration”
3 1

Ex: (2,1) and (-1,1)
Twill Square 

Weaving (1,1)

{(2,2)} 4
(0)

+1 +1 −1
−1 +1 +1
−1 −1 +1

−1
−1
+1

+1 −1 −1 +1

Rank = 2
“Diagonal 

configuration”
4 1

Ex: (2,1) and (-2,1)
Twill Square 

Weaving (2,2)

{(2,2)} 8
(0)

+1 +1 −1
+1 +1 −1
−1 −1 +1

−1
−1
+1

−1 −1 +1 +1
Rank = 1 4 2

Ex: (1,1) and (-1,1)
Plain Square 

Weaving (2,2)

{(3,1)} 4
(2)

+1 +1 +1
+1 +1 −1
+1 −1 +1

−1
+1
+1

−1 +1 +1 +1

Rank = 4
“Diagonal 

configuration”
4 1

Ex: (2,1) and (-2,1)
Twill Square 

Weaving (3,1)

{(3,1)} 16
(8)

+1 +1 −1
−1 +1 +1
+1 +1 +1

+1
+1
−1

+1 −1 +1 +1
Rank = 4 4 4

Ex: (1,1) and (-1,1)
Satin Square 

Weaving (3,1)

{(3,2)} 5
(1)

+1 +1 +1
+1 +1 −1

−1 −1
−1 +1

+1 −1 −1
−1 −1 +1

+1 +1
+1 +1

−1 +1 +1 +1 −1

Rank = 5
“Diagonal 

configuration”
5 1

Ex: (1,1) and (-3,2)
Twill Square 

Weaving (3,2)

{(3,3)} 6
(0)

+1 +1 +1
+1 +1 −1

−1 −1
−1 −1

−1
+1

+1 −1 −1
−1 −1 −1

−1 +1
+1 +1

+1
+1

−1 −1 +1
−1 +1 +1

+1 +1 −1
+1 −1 −1

Rank = 3
“Diagonal 

configuration”
6 1

Ex: (3,1) and (-3,1)
Twill Square 

Weaving (3,3)

{(3,3)} 18
(0)

+1 +1 +1
+1 +1 +1

−1 −1
−1 −1

−1
−1

+1 +1 +1
−1 −1 −1

−1 −1
+1 +1

−1
+1

−1 −1 −1
−1 −1 −1

+1 +1 +1
+1 +1 +1

Rank = 1 6 3
Ex: (1,1) and (-1,1)

Plain Square 
Weaving (3,3)

FIGURE 10. Table Classification Square Weavings 1
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CLASSIFICATION SQUARE WEAVING DIAGRAMS: N = 2

Set of 
Crossing 

Sequences

Crossing 
number
(Writhe)

Minimal 
Diagram Set of Crossing Matrices Matrices

Number of 
Crossings 
by S.C.C.

Number of S.C.C. for 
Each Set on the 

Minimal Diagram
Name

{(4,1)} 5
(3)

+1 +1 +1
+1 +1 +1

+1 −1
−1 +1

+1 +1 −1
+1 −1 +1

+1 +1
+1 +1

−1 +1 +1 +1 +1

Rank = 5
“Diagonal 

configuration”
5 1

Ex: (1,1) and (-3,2)
Twill Square 

Weaving (4,1)

{(4,1)} 25
(15)

+1 +1 +1
+1 −1 +1

+1 −1
+1 +1

+1 +1 +1
−1 +1 +1

−1 +1
+1 +1

+1 +1 −1 +1 −1

Rank = 5 5 5
Ex: (1,1) and (-1,1)

Satin Square 
Weaving (4,1)

{(4,2)} 6
(2)

+1 +1 +1
+1 +1 +1

+1 −1
−1 −1

−1
+1

+1 +1 −1
+1 −1 −1

−1 +1
+1 +1

+1
+1

−1 −1 +1
−1 +1 +1

+1 +1 +1
+1 +1 −1

Rank = 5
“Diagonal 

configuration”
6 1

Ex: (3,1) and (-3,1)
Twill Square 

Weaving (4,2)

{(4,3)} 7
(1)

+1 +1 +1
+1 +1 +1
+1 +1 −1

+1 −1 −1
−1 −1 −1
−1 −1 +1

−1
+1
+1

+1 −1 −1
−1 −1 −1
−1 −1 +1

−1 +1 +1
+1 +1 +1
+1 +1 +1

+1
+1
−1

−1 +1 +1 +1 +1 −1 −1

Rank = 7
“Diagonal 

configuration”
7 1

Ex: (4,1) and (-3,1)
Twill Square 

Weaving (4,3)

{(4,4)} 8
(0)

+1 +1
+1 +1

+1 +1
+1 −1

−1 −1
−1 −1

−1 −1
−1 +1

+1 +1
+1 −1

−1 −1
−1 −1

−1 −1
−1 +1

+1 +1
+1 +1

−1 −1
−1 −1

−1 −1
−1 +1

+1 +1
+1 +1

+1 +1
+1 −1

−1 −1
−1 +1

+1 +1
+1 +1

+1 +1
+1 −1

−1 −1
−1 −1

Rank = 4
“Diagonal 

configuration”
5 1

Ex: (2,1) and (-3,2)
Twill Square 

Weaving (4,4)

{(4,4)} 32
(0)

+1 +1
+1 +1

+1 +1
+1 +1

−1 −1
−1 −1

−1 −1
−1 −1

+1 +1
+1 +1

+1 +1
+1 +1

−1 −1
−1 −1

−1 −1
−1 −1

−1 −1
−1 −1

−1 −1
−1 −1

+1 +1
+1 +1

+1 +1
+1 −1

−1 −1
−1 −1

−1 −1
−1 −1

+1 +1
+1 +1

+1 +1
+1 +1

Rank = 1 5 4
Ex: (1,1) and (-1,1)

Plain Square 
Weaving (4,4)

FIGURE 11. Table Classification Square Weavings 2
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CLASSIFICATION KAGOME WEAVING DIAGRAMS: N = 3 (each set meet the 2 others)

Set of 
Crossing 

Sequences

Crossing 
number
(Writhe)

Minimal 
Diagram Set of Crossing Matrices Matrices

Number of 
Crossings by 
S.C.C. (pair)

Number of S.C.C. for Each 
Set on the Minimal Diagram Name

{(1,0) , (1,0) , 
(1,0)}

3
(1) 1 ; 1 ; [1]

Rank = 1
Rank = 1
Rank = 1

≥ 2
(1)

1
Ex: (1,0), (0,1) and (1,1)

Kagome
Weaving

(1,0)3

{(1,0) , (1,0) , 
(1,1)}

6
(0) [1] ; [1] ; +1 −1

−1 +1

Rank = 1
Rank = 1
Rank = 1

≥ 2 for (1,0) 
≥ 4 for (1,1)

(1 for (1,0) and 
2 for (1,1))

1 for 2 sets and 
2 for the last set

Ex: (1,0), (1,1) and (-1,1)

Kagome
Weaving 

(1,0)2 , (1,1)

{(1,0) , (1,1) , 
(1,1)}

12
(4) [1] ; +1 −1

−1 +1 ; +1 −1
−1 +1

Rank = 1
Rank = 1
Rank = 1

≥ 2 for (1,0) 
≥ 4 for (1,1)

(1 for (1,0) and 
2 for (1,1))

2
Ex: (1,0), (0,1) and (1,1)

Kagome
Weaving 

(1,0) , (1,1)2

{(1,1) , (1,1) , 
(1,1)}

12
(0)

+1 −1
−1 +1 ; +1 −1

−1 +1 ;

+1 +1
+1 +1

Rank = 1
Rank = 1
Rank = 1

≥ 4
(2)

2
Ex: (1,0), (0,1) and (1,1) Kagome

Weaving 
(1,1)3

{(1,0) , (1,0) , 
(2,1)}

9
(1) 1 ; 1 ;

+1 +1 −1
+1 −1 +1
−1 +1 +1

Rank = 1
Rank = 1
Rank = 3 

“Diagonal”

≥ 2 for (1,0) 
≥ 6 for 

(1,1)and(-2,1)
(1 for (1,0) 
and  3 for

(1,1)and(-2,1))

1 for 2 sets and 
3 for the last set

Ex: (1,0), (1,1) and (-2,1)

Kagome
Weaving

(1,0)2 , (2,1)

{(1,0) , (2,1) , 
(2,1)}

27
(9)

1 ;
+1 +1 −1
+1 −1 +1
−1 +1 +1

;
+1 −1 +1
+1 +1 −1
−1 +1 +1

Rank = 1
Rank = 3
Rank = 3

“Diagonal”

≥ 2 for (1,0) 
≥ 4 for (1,1)

(1 for (1,0) and 
2 for (1,1))

3
Ex: (1,0), (0,1) and (1,1)

Kagome
Weaving 

(1,0) , (2,1)2

{(2,1) , (2,1) , 
(2,1)}

27
(3)

+1 +1 −1
−1 +1 +1
+1 −1 +1

;
+1 +1 −1
+1 −1 +1
−1 +1 +1

;
+1 −1 +1
+1 +1 −1
−1 +1 +1

Rank = 3
Rank = 3
Rank = 3

“Diagonal”

≥ 4
(2)

3
Ex: (1,0), (0,1) and (1,1) Kagome

Weaving 
(2,1)3

FIGURE 12. Table Classification Kagome Weavings
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