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Double Inequalities for Complete Monotonicity
Degrees of Remainders of Asymptotic Expansions
of the Gamma and Digamma Functions
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Abstract

Motivated by several conjectures posed in the paper ” Completely
monotonic degrees for a difference between the logarithmic and psi
functions” ,we confirm in this work some conjectures on completely
monotonic degrees of remainders of the asymptotic expansion of the
logarithm of the gamma function and the digamma function and we
give two bounded for this degrees.

1 Introduction

Completely monotonic functions have attracted the attention of many au-
thors. Mathematicians have proved many interesting results on this topic.
For example, Koumandos [8] obtained upper and lower polynomial bounds
for the function z/(e* — 1), x > 0, with coefficients of the Bernoulli numbers
Bj.. This enabled him to give simpler proofs of some results of H. Alzer and
F. Qi et al., concerning complete monotonicity of certain functions involving
the functions I'(z), 1 (x) and the polygamma functions ¥ (z), n = 1,2, ....,
[5].
A function f is said to be completely monotonic on an interval I if f
has derivatives of all orders on I which alternate successively in sign, that
is, (1) ") (x) > 0 for all # € T and all n € N. See for example [[25], Chap
VIII], [[26], Chap I], and [[27], Chap IV].

A notion of completely monotonic degree was invented first in reference
[7] and reviewed in the recent paper [20]. It can be used to measure and dif-
ferentiate complete monotonicity more accurately, and it is also introduced
in [7, 9 10, 1T, 12, 13} 16l 17, 18], T9] and closely related references.

Let f(x) be a completely monotonic function on (0,+o00) and denote
f(+00) = limy 400 f(z) > 0. When the function z"[f(z) — f(4+00)] is
completely monotonic on (0, 400) if and only if 0 < r < a, the number «,
denoted by deg? [f], is called the completely monotonic degree of f(x) with
respect to x € (0,+00). For more studies on complete monotonicity, the

reader is also referred to [7, [9, 10} 13} 17, [1§].
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oo
For x > 0, the classical gamma function I'(z) = / t*Le~tdt first intro-

duced by L. Euler, is one of the most important functions in mathematical
analysis. It often appears in asymptotic series, hypergeometric series, Rie-
mann zeta function, number theory, and so on.

In [[2], Theorem 8], [[14], Theorem 2|, and [28], the functions

n

Raz) = (~1)"log T(w)—(z— 3) og(x) +a+ 3 log(2r) Y
k=1

By, 1
2%k(2k — 1) z2—1’

for n > 0 were proved to be completely monotonic on (0,+00), where an
empty sum is understood to be 0 and the Bernoulli numbers B,, are define
by the following series [211 23] 24] by

o]
z

=1z B 2.
er — 1 2+n21(2n)!z o Rl

Which implies that the functions (—1)mR£Lm) for m,n > 0 are completely
monotonic on (0,+00). By the way, we call the function (—1)"R,(x) for
n > 0 the remainders of asymptotic formula of logI'(x). See [[1], p. 257,
6.1.40] and [[15], p. 140, 5.11.1]. The completely monotonic degree of the
function R, (x) for n > 0 with respect to z, (0,+00) was proved in [[12],
Theorem 2.1] to be at least n.

Stimulated by the above results and related ones, Qi conjectured in [31]
that: the completely monotonic degrees of R, (x) for n > 0 with respect to
z, (0, +00) satisfy

degin(Ro) =0, degg,(Ry) =1, (L.1)

and
degl  (Ry,) =2(n—1), n>2. (1.2)

The completely monotonic degrees of —R],(z) for n > 0 with respect to x,

degl,(—Ry) =1,  degl,(—Ry) =2 (1.3)

and
deg? (—R))=2n—-1, n>2. (1.4)
The completely monotonic degrees of (—1)mR£Lm) (x) form > 2and n > 0

with respect to x,
degZ, (-1)™Ry™) =m —1, degl, (~1)"R{™)=m,  (L5)

and
deg? ((—1)"R™) =m+2(n—1), n>2. (1.6)



Proposition 1.1 For all n > 2, the completely monotonic degree of the
function R, (x) with respect to x > 0 satisfies:

2(n —1) < degi,(Rn) < 2n— 1.

Proof. In [Qi and Mansour], it is proved that

n+1 / fn 7xtdt

n+1

(t) = (15— geoth g+ 3 o

where

B2k 2k 1)

Moreover, R,+1 is a completely monotonic of degree at lest n + 1, hence,
lim, o0 Rpt1(x) = 0. Hence for all x > 0, We have,

Ryi1(x) :/ gn(t)efxtdt,
0

where
1 1 n+1

gu(t) = (~1)"(3 — 5 coth = + > o

BZk t2k 2)

Integrate by part yields

xannJrl(x) — / (gn(t))(Zn)e—a:tdt,
0

1 1 t B
@) (t) = (=1)"((-3 — 5 coth )3 2t . 1.7
g (D) = NG = g et ) T 1) .7
We use the Legendre integral formula. See for instance [4] (page 265) and

[6] (page 92). For all ¢ > 0,

°° sin(xt) 7r
dz = = coth(rt) — —.
/0 o1 0% = g coth(ml) = 5

Integrate by part yields,

(o RPN t 1 t e
/ sin(z )dx _ [5 sin(zt) 10g(1+e—2x—2e_x)]8°—§/ cos(zt) log(1+e 2" —2¢™*
0 0

er —1
Hence,

1 1 1

> rt —2x - t
W/o COS(%)log(l +e ¥ —2e¢ ")dx = i Coth(i).

Applying the theorem of derivation under the integral sign, it follows that

(—1)"Bap2
2n+2)2n+1)

1 o
(2n) 2n —x
g (t) = RS /0 x (:os(2 )log(1+e™2*—2¢~%)dx+

3

)dx.



Since,

1 1 t o~ Bopio o

We deduce that,

1 < 9 _ 1 2""Bongo
— "log(1 T —2e )dr = (—1)"" .
Thus,
(2n)t_# > 2n ,x_t_l 1 1 721_27:1: d
o0 = iz [ (cos(50) = 1) (log(1 + ¢ = 277)) ).

Let 6(x) = log(1 + e 2® — 2¢=®). Then, #'(z) = 2(e™® — e~ 2¥) > 0 and
lim, 00 O(x) = 0. then, gﬁ?”)(t) > 0 for all ¢ > 0. Which implies that
degl  (Rpi1) > 2n.

Assume t*R,,(t) is completely monotonic. Then a < —tgj(%) for all
t > 0. Since,

LR (1) H(t) —logt) — 3+ ToiH B L
Ra(t) ~ log (1) — (¢ — 3)log(t) + t + § log(2m) — St} yeltp s

Hence,

—tR, (1)

}g% (D) =2n+ 1.
Furthermore,
1’2n+1Rn+1 (1_) _ / g£L2n+1)( )e_xtdt,
0
and
-1 o0
2n+1 _ 2n+1 2x —x

Hence, ?"*1 R, 1(x) is not completely monotonic. Then, deg’ (R.i1) €
[2n,2n + 1) for all n.

Proposition 1.2 There is mg € N such that for m > mg, the function
(—1)mxm*1R(()m) (x) is not completely monotonic.

Proof. We have
1 1
Ry(z) =logI'(x) — (x — 5) logx + o — 3 log(27).

then, for all x > 0 and all m > 2,

("B (@) = (1D @y - DL 22

2em xm




(_1)mRém)(x):/0 ( - —tm_2)6_$tdt,

then, for all m > 2,

(1 R = [ e

1—et 2

tm—l (mfl) (mfl)! -1 .
Set gm(t) = (m> — 5. Assume that """ "y, is completely

monotonic for all m, then, ¢,,(t) > 0 and fp,(t) > @ Furthermore, it

1
is proved by Alzer that for all ¢ > 0, mlgnoo mfm(t/(m —1)) = s(t),

1°°1. t
2 il

Which gives, s(t) > 4 for all ¢ > 0. From Theorem 2.1 (see ([3] p. 105)),
we can derive that there is a > 0 such that s(a) < 0, Which gives a con-
tradiction. The Bernstein-Widder theorem [26] implies 2™ !¢, () is not
completely monotonic on (0,00) for all m € N. This completes the proof.

Remark 1.3 By the proposition above, one deduces that xm(—l)mR((]m) ()

is not completely monotonic for all m € N.

where,

l\')IH

One shows that, m > 80, f?ln< %) <0.

Proposition 1.4 For m > 3, the completely monotonic degree of the func-
tion (—1)mR(()m) (x) with respect to x > 0 is not less that m —2 and less than
m—1,

m—2< degim((—l)mR((]m) (z)) <m-—1

Proof. As above, we have

i) = [ (1) " - T e

1—e 2

Moreover for |z| < 2,

Bk k+m 2

m—1

— at 0 is equal to (m —2).

hence, the m — 2 derivative of the function
—e
This implies,

m—1 m— m — 1)! t m— 1)
(1t—e—t)( 2)_%t_(m_2)!:/0(fm(t)_%)dt. (1.8)
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To show that 2™ 2, (z) is completely monotonic, it sufficient to prove that
for all t > 0,

We saw that
fn(t) = (m — 1)1 + (m —1)! i e M L1 (Kt),

and by the fact that, |L,,(z)| < e? for all z > 0. It then follows that

o0 B 6_
1> e Ly 1 (kt)| <
k=1

1 —67%,
hence,
t
e 2
(m =1 - —) < fm(1),
1—e2
_t
It is easy seeing that 1 — 16 2> % if and only if ¢ > 2log 3. Then, for all
—e 2
t>2log3 ~2.19
—1)!
fm(t) - % Z 0.

Moreover, H. Alzer et al. [3] (p.113) showed that for all ¢ € (=2, 27),

fm(t) = /000 s(tu)u™ e du,

where,

Let t € [0,27), then,

t —Ll_l)! = t Oosu—lum*le*“u
/O(fm(t) 5 )dt—/o(/o (s(tu) — =) du)dt.

2
then,
[t - e = [ ( t%g%sm(%))dﬂ R
= 4/00 (isin%%))u 27 Udu > 0.
0

This complete the proof.



Proposition 1.5 For m > 1, the completely monotonic degree of the func-
tion (—1)mR§m) (x) with respect to x > 0 is not less that m and less than
m+ 1,

m < degfm((—l)ngm)(x)) <m+1

Proof. We saw that

1 1
—Ry(z) =log'(z) — (z — 5) log(z) + = + 5 log(27) — oo
So, for all m > 1,

—2)! — 1) !
m ) (m )+ m

gm—1 2xm 12gm+1°

(C1M R () = (— 1) gD () 4

Hence,

Cympm) oy [Tt m-2 t ot
(—1)™R! (x)—/o (12+ o+t 1_6725)6 dt.

It follows that

o |
(e R @) = [T = feneat
) 12
el N1
where f,(t) = (1 — e*t> . It is known that for |t| < 27,

fm(t) = /OOO s(tu)u™ te " du,

then .
@) = / s (tu)u™e " du.
0

X

%) Then, |s'(z)| < 5. Thus,

1 1
Since, for all z € R, §'(z) = 52 g Y= cos(
™
k=1

! o
) = / (= — s (tu))t™e~tdt >0,  forall|f| <2r.  (1.9)
12 ) 12

On the other hand,

oo

fn(t) = (m = 11> e MLy, (kt),

k=0
then,
Fn(8) = (m = 1)Uy ke ™ (L, (kt) — L (kt)).

k=0



Using the relation, tL],(t) = mLy,(t) — mLy,—1(t), then,
tf(1) Dy et kt) — mLy, 1 (kt) = kt Ly (kt)).
k=0

By an inequality due to Szegd (see [14, p. 168]) we have |L,(t)] < e? for
t > 0, so that we obtain for ¢t > 0,
6—t/2 d e—t/2

! | — —
tfm(t)gzml —t/2 2 ( 1) dt(l_e_t/z)

This yields the following inequality

e t/2 t

fm( ) >am 1— e—t/? T (m ) 4Slnh2(t/4)

(1.10)

which gives,

m 2me=t/? 1
12 t(1—et2)  4sinh?(t/4)

T )2 (m - I )

2me~t/2 1 ;
Let K(t,m) = {5 — t(lnjee_t/Q) ~ D It easy to see that the function
> 0, which

K (t,m) increases on the variable m if and only if % —

26715/2
t(l—e=t/2)
is true for ¢ > 4. Moreover,

K'(t,1) = >0

4) — 7

—2+¢e2(2+1) 1 coth(t/4)
(—1+et/2)2¢2  8sinh?(t/

Then, for t > 4 and m > 1,
K(t,m) > K(t,1).
Furthermore, for ¢ > 6 we have K(¢,1) > K(6,1) > 0.1. Which implies that
K(t,m) >0 for allt > 6, and m > 1. (1.11)

By equations ([L9) and (ILIT), we get for all ¢ > 0,
m!
LACEY

Thus (—1)mme§m) (x) is completely monotonic.
Let m > 1, we have seen that f/ (t) < m!/12 for all ¢ > 0 and f] (0) =
m!/12. Hence, lim (m!/2 — f/.(t)e™™ = lim(m!/2 — f/,(t)e”™ = 0.
t——+o0 t—0

Integrate by part yields

( 1)m m+1R / fl/ fmtdt



If for all m > 1 and all t > 0 f/ (¢t) < 0. Then, by using equation (LI0), we
have, lim;_,o f},(t) = 0, and f],(t) > 0 for all ¢ > 0. Therefore

fm(t) > fm(o) = w

Using the fact that mlgnoo (= 1)!fm(t/(m —1)) = s(t) for all t € R. It

follows that, s(t) > 1/2, and H(t) > 0 for all £ > 0. Which contradicts
the result of Alzer et al [3]. Which states that H(xj, ) < —C(loglog xkj)l/Z,
C > 0, for some positive sequence x;, going to infinity as k — 4-o0.

The Bernstein-Widder theorem [36] implies CEm—H(—l)ngm) (x) is not
completely monotonic on (0,00) for all m € N. This completes the proof.
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