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Abstract. This article provides a power series summability based Korovkin type ap-
proximation theorem for any fuzzy sequence of positive linear operators. Using the
notion of fuzzy modulus of smoothness, we also derive an associated approximation the-
orem concerning the fuzzy rate of convergence of these operators. Furthermore, through
an example, we illustrate that our summability based Korovin type theorem is an advan-
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1. Introduction

The concept of fuzziness is a famous key to measure the completeness of a certain
assumption or concern. Notably, its applications occur everywhere around us in the areas
like stock market, bio-medicines, weather predictions, robotics, and pattern recognitions,
etc. It has been observed by the approximation theorists that one of the serious issues
in classical approximation theory is to address the limit (or the statistical limit) with the
absolute accuracy. To deal with this, fuzzy analogues of many classical approximation
theorems have been established (please see [4]), and these efforts have laid the formal
foundation of the Fuzzy Approximation Theory.

Zadeh [26] was the first mathematician who systematically introduced and developed
the elements of fuzzy set theory, particularly membership function and fuzzy numbers.
Goetschel and Voxman [15] presented a slightly modified definition of fuzzy numbers and
also defined a metric for this family of fuzzy sets. Subsequently, researchers defined dif-
ferent classes of sequences of fuzzy numbers and studied them from different perspectives,
for instance (cf. [11, 12, 13, 18, 22, 23]). Inspired by the work of Gal [14], Anastassiou
[7] proved a basic fuzzy Korovkin type theorem using Shisha-Mond inequality and estab-
lished a fuzzy rate of convergence in terms of fuzzy modulus of continuity. Anastassiou
[3] studied some fuzzy-wavelet type operators and fuzzy-neural network type operators.
Furthermore, the author established a higher order point-wise approximation result in
fuzzy sense. Using the A-statistical convergence technique, Anastassiou and Duman [8]
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proposed some fuzzy Korovkin type results and showed that their results have an ad-
vantage over the corresponding results in classical approximation. Recently, Yavuz [25]
established a fuzzy trigonometric Korovkin type approximation theorem by using power
series summability method, and also derived another approximation result for fuzzy peri-
odic continuous functions with the help of fuzzy modulus of continuity. Using an example
concerning fuzzy Abel-Poisson convolution operators, the author showed that the result
established in [6] (Theorem 1.1) does not work but his result obtained by means of power
series method works. In other words, the author’s result is a non-trivial generalization
of the result given in [6]. For a systematic exposition of the idea of fuzzy approximation
theory, we highly recommend the readers to follow the classic book by Anastassiou [4].

Inspired by these studies, we propose to investigate the fuzzy Korovkin type approxi-
mation theorems for fuzzy continuous functions on a compact support J = [a, b] ⊂ R by
means of power series method. Before proceeding further, we recall some basic definitions
of fuzzy set theory and the power series summability method in the fuzzy number space.

2. Important Keywords and Power Series Summability

In fuzzy mathematics, a membership function is a map f : R → [0, 1] which decides
the grade of membership of any real number in the given fuzzy set A. Subsequently, any
membership function is said to be a fuzzy number if it is normal, fuzzy convex, upper
semi-continuous, and the closure of the set {t ∈ R : f(t) > 0} is compact. We denote the
set of all fuzzy real numbers by the analogous notation RF . For any x ∈ RF , we have the
following α-level fuzzy sets:

[x]
α
=











{t ∈ R : x(t) ≥ α}, for 0 < α ≤ 1;

{t ∈ R : x(t) > α}, for α = 0.

It is well known [16] that the set [x]
α
is compact for each α. Furthermore, for all x, y ∈ RF

and λ ∈ R, the algebra on the α-level sets is defined as follows:

[x
⊕

y]α = [x]α + [y]α, [λ
⊙

x]α = λ[x]α,

where [z]α = [z−α , z
+
α ], and z−α , z

+
α are the end points of [z]α for each α ∈ [0, 1]. In addition,

we have a partial ordering in RF by x � y, if and only if x−
α � y−α and x+

α � y+α , ∀ α ∈ [0, 1].
We have a metric D : RF × RF → R

+ ∪ {0} as

D(x, y) = sup
α∈[0,1]

d([x]α, [y]α),

where d is the usual Hausdorff metric given by

d([x]α, [y]α) = max{|x−
α − y−α |, |x

+
α − y+α |}.

From [24], it is known that (RF , D) is a complete metric space.
For the fuzzy number valued functions g, h : J ⊂ R → RF , the distance between g and h

is defined by

D∗(g, h) = sup
t∈J

D(g(t), h(t)).

Let CF(J) be the space of all fuzzy continuous functions on the interval J , then the
operator L : CF(J) → CF(J) is called a fuzzy linear operator provided

L(a1
⊙

g1
⊕

a2
⊙

g2) = a1
⊙

L(g1)
⊕

a2
⊙

L(g2),
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where a1, a2 ∈ R and g1, g2 ∈ CF(J). Further, the fuzzy linear operator L is said to
be fuzzy positive linear operator if for any g, h ∈ CF(J), with g(t) � h(t), ∀ t ∈ J , we
have L(g; t) � L(h; t). The power series summability method (or the P-Summability) was
introduced by Borwein [9], which includes the Abel and Borel summability methods as
special cases. Many researchers have used the P-summability to establish Korovkin type
approximation theorems in the settings of various function spaces, some recent works
can be found in [1, 2, 10, 20, 21]. Recently, Sezer and Çanak [19] have applied the P-
summability to the space of fuzzy numbers RF and given some Tauberian theorems based
on the said summability method. We recall their nice P-summability based convergence
definition as follows:

Consider the power series p(t) =
∞
∑

i=1

pit
i−1 corresponding to the non-negative sequence

〈

pi; p1 > 0
〉

with the radius of convergence 1, provided
∑n

i=1 pi → ∞, as n → ∞.
A sequence (un) of fuzzy numbers is said to be P-summable to some fuzzy number µ

determined by p if
∞
∑

n=1

unpnt
n−1 converges for t ∈ (0, 1) and

lim
t→1−

1

p(t)

∞
∑

n=1

unpnt
n−1 = µ.

In our further consideration, let C(J) denote the space of all continuous functions on J

with the uniform norm ‖.‖. The prime aim of the present paper is to examine a fuzzy Ko-
rovkin type approximation theorem in the algebraic case by using the fuzzy P-summability
method and also prove a related approximation theorem for fuzzy continuous functions
on a closed and bounded interval by means of fuzzy modulus of continuity. We also give
an example to show that our Korovkin type theorem is a non-trivial generalization of the
basic fuzzy Korovkin theorem.

3. Fuzzy Korovkin Theorem via Power Series Method

For the better understanding of our main results, we shall recall the following standard
Korovkin theorem for fuzzy positive linear operators:

Theorem 1. ([7], Thm. 4) Let {Tn}n∈N be a sequence of fuzzy positive linear operators
from C(F)(J) into itself. Assume that there exists a corresponding sequence {T n}n∈N of
positive linear operators from C(J) into itself with the property

{

Tn(f ; x)
}±

α
= T n(f

±
α ; x) (3.1)

respectively, for all α ∈ [0, 1], ∀f ∈ C(F)(J). Further, suppose that

lim
n→∞

||T n(ei)− ei|| = 0,

for i = 0, 1, 2 with e0(x) = 1, e1(x) = x, e2(x) = x2. Then, for all f ∈ C(F)(J) we have

lim
n→∞

D∗ (Tn(f), f) = 0.

Let us consider the sequence {Tn} of fuzzy positive linear operators from C(F)(J) into
itself with the property (3.1). Further, let for each t ∈ (0, 1)

∞
∑

n=1

‖T n(1)‖pnt
n−1 < ∞. (3.2)
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Then for all f ∈ C(F)(J), from [19] it is known that the series
∞
∑

n=1

T n(f
±
α )pnt

n−1 and series

∞
∑

n=1

Tn(f)pnt
n−1 converge for t ∈ (0, 1).

We now present our first main result, the fuzzy Korovkin Theorem via power series
method.

Theorem 2. Let {Tn}n∈N be a sequence of fuzzy positive linear operators from C(F)(J)
into itself. Assume that there exists a corresponding sequence {T n}n∈N of positive linear
operators from C(J) into itself with the properties (3.1) and (3.2). Further, let

lim
t→1−

||
1

p(t)

∞
∑

n=1

pnt
n−1T n(ei)− ei|| = 0, (3.3)

for each test function ei, i = 0, 1, 2. Then, for all f ∈ C(F)(J) we have

lim
t→1−

D∗

(

1

p(t)

∞
∑

n=1

pnt
n−1Tn(f), f

)

= 0. (3.4)

Proof. Let f ∈ C(F)(J), α ∈ [0, 1] and x ∈ I be fixed. Suppose (3.3) be satisfied and let
f ∈ C(F)(J). Then from the continuity of f±

α ∈ C(I) it follows that for a given ǫ > 0
there is a number δ > 0 such that |f±

α (z)− f±
α (x)| < ǫ holds for every z ∈ I satisfying

|z − x| < δ. Then, for all z ∈ I, we immediately get that

∣

∣f±
α (z)− f±

α (x)
∣

∣ ≤ ǫ+
2M±

α (z − x)2

δ2
, (3.5)

where x ∈ J and α ∈ [0, 1] where M±
α = ||f±

α || (see [17]). In view of the linearity and
positivity of the operators T m,n, we have, for each n ∈ N, that

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

T n(f
±
α ; x)pnt

n−1 − f±
α (x)

∣

∣

∣

∣

∣

≤
1

p(t)

∞
∑

n=1

pnt
n−1T n(|f

±
α (z)− f±

α (x)|; x)

+ M±
α

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n(1; x)− 1

∣

∣

∣

∣

∣

≤
1

p(t)

∞
∑

n=1

pnt
n−1T n

(

ǫ+
2M±

α (z − x)2

δ2
; x

)

+ M±
α

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n(1; x)− 1

∣

∣

∣

∣

∣

≤
ǫ

p(t)

∞
∑

n=1

pnt
n−1T n (1; x) +M±

α

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n(1; x)− 1

∣

∣

∣

∣

∣

+
2M±

α

δ2p(t)

∞
∑

n=1

pnt
n−1T n

(

(z − x)2; x
)

,
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which yields
∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

T n(f
±
α ; x)pnt

n−1 − f±
α (x)

∣

∣

∣

∣

∣

≤ ǫ+ (M±
α + ǫ+

2d2M±
α

δ2
)

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n(e0; x)− e0

∣

∣

∣

∣

∣

+
2M±

α

δ2

{

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n (e2; x, y)− e2(x)

∣

∣

∣

∣

∣

+
4dM±

α

δ2

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n (e1; x)− e1(x)

∣

∣

∣

∣

∣

≤ ǫ+K±
α

2
∑

i=0

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

T n(ei; x)pnt
n−1 − ei(x)

∣

∣

∣

∣

∣

, (3.6)

whereK±
α = {2M±

α

δ2
, 4dM±

α

δ2
, ǫ+M±

α + 2d2M±
α

δ2
} and d = max{|a|, |b|}. Hence by using definition

of the metric D and in view of the property (3.1) we get

D

(

1

p(t)

∞
∑

n=1

pnt
n−1Tn(f), f(x)

)

≤ ǫ+K

{ 2
∑

i=0

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

T n(ei; x)pnt
n−1 − ei(x)

∣

∣

∣

∣

∣

}

,

where K = K(ǫ) = sup
α∈[0,1]

max {K+
α , K

−
α } . Then taking supremum over x ∈ I, we have

D∗

(

1

p(t)

∞
∑

n=1

pnt
n−1Tn(f), f

)

≤ ǫ+K

{ 2
∑

i=0

||
1

p(t)

∞
∑

n=1

T n(ei)pnt
n−1 − ei||

}

.

Finally, by taking limit as t → 1− on both sides and using hypothesis (3.3), we complete
the proof. �

Our next result is devoted to discuss fuzzy approximation by the operators Tn for
any function f ∈ C(F)(J) by means of the fuzzy modulus of continuity based on the
P-summability. From [7], the fuzzy analogue of the first order modulus of continuity is
defined as:

ωF
1 (f ; δ) = sup

z,x∈J ;|z−x|≤δ

D(f(z), f(x)), for any δ > 0, f ∈ C(F)(J).

Lemma 1. [5] Let f ∈ C(F)(J). Then for any δ > 0,

ωF
1 (f ; δ) = sup

α∈[0,1]

max{ω1(f
−
α ; δ), ω1(f

+
α ; δ)}.

Theorem 3. Consider a sequence of fuzzy positive linear operators Tn : C(F)(J) →
C(F)(J). Assume that there exists a corresponding sequence {T n}n∈N from C(J) into itself
with the properties (3.1) and (3.2). Further suppose that the following conditions hold:

(1) lim
t→1−

|| 1
p(t)

∞
∑

n=1

T n(e0)pnt
n−1 − e0|| = 0,

(2) lim
t→1−

ωF
1 (f ; γ(t)) = 0, where γ(t) =

√

|| 1
p(t)

∞
∑

n=1

T n(φ)pntn−1|| with φ(z) = (z −

x)2, for each x ∈ J.

Then, for all f ∈ C(F)(J), we have

lim
t→1−

D∗

(

1

p(t)

∞
∑

n=1

Tn(f)pnt
n−1, f

)

= 0.
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Proof. Let f ∈ C(F)(J) and x ∈ J be arbitrary but fixed. Since f±
α ∈ C(J), we can write,

for every ǫ > 0, that there exists a number δ > 0 such that |f±
α (z)− f±

α (x)| < ǫ holds for
every z ∈ J, satisfying |z − x| < δ. Then for all z ∈ J, we immediately get that

|f±
α (z)− f±

α (x)| ≤

(

1 +
(z − x)2

δ2

)

ω1(f
±
α ; δ)

and hence we obtain
∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnT n(f
±
α (z); x)t

n−1 − f±
α (x)

∣

∣

∣

∣

∣

≤
1

p(t)

∞
∑

n=1

pnt
n−1T n

(
∣

∣f±
α (z)− f±

α (x)
∣

∣ ; x
)

+ M±
α

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n(e0; x)− e0(x)

∣

∣

∣

∣

∣

≤
ω1(f

±
α ; δ)

p(t)

∞
∑

n=1

pnt
n−1T n

(

1 +
(z − x)2

δ2
; x

)

+ M±
α

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n(e0; x)− e0(x)

∣

∣

∣

∣

∣

≤ ω1(f
±
α ; δ)

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n (e0; x)− e0

∣

∣

∣

∣

∣

+ ω1(f
±
α ; δ)

+ M±
α

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n(e0; x)− e0(x)

∣

∣

∣

∣

∣

+
ω1(f

±
α ; δ)

δ2p(t)

∞
∑

n=1

pnt
n−1T n (φ(z); x) ,

where M±
α = ||f±

α ||. Then considering property (3.1), Lemma (1) and definition of the
metric D we obtain

D

(

1

p(t)

∞
∑

n=1

pnTn(f ; x)t
n−1, f(x)

)

≤

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnt
n−1T n (e0; x)− e0(x)

∣

∣

∣

∣

∣

ωF
1 (f ; δ)

+ ωF
1 (f ; δ) +M±

α

∣

∣

∣

∣

∣

1

p(t)

∞
∑

n=1

pnT n(e0; x)t
n−1 − e0(x)

∣

∣

∣

∣

∣

+
ω1(f

±
α ; δ)

δ2p(t)

∞
∑

n=1

pnt
n−1T n (φ(z); x) ,

where M := sup
α∈[0,1]

max{M+
α ,M

−
α }. Taking supremum over x ∈ I and putting δ = γ(t),

we conclude that

D∗

(

1

p(t)

∞
∑

n=1

pnTn(f)t
n−1, f

)

≤ ||
1

p(t)

∞
∑

n=1

pnt
n−1T n (e0)− e0||ω

F
1 (f ; γ(t))

+ 2ωF
1 (f ; γ(t))

(3.7)
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+ M ||
1

p(t)

∞
∑

n=1

pnT n(e0)t
n−1 − e0||

≤ K

{

||
1

p(t)

∞
∑

n=1

pnT n(e0)t
n−1 − e0||ω

F
1 (f ; γ(t))

+ ωF
1 (f ; γ(t)) + ||

1

p(t)

∞
∑

n=1

pnT n(e0)t
n−1 − e0||

}

where K = max{M, 2}. Finally, taking the limit as t → 1−, and considering the hypothe-
ses (i) and (ii) of the theorem, the proof of the theorem is completed. �

4. Illustrative Example

In the following example, we elaborate that our theorem 2 is a non-trivial generalization
of the classical fuzzy Korovkin type result given in [7].
Example 1. Let us consider the operators of Fuzzy-Bernstein defined as:

B
F
i (f ; x) =

i
⊕

j=0

(

i

j

)

xj(1− x)i−j
⊙

f

(

j

i

)

where f ∈ CF [0, 1], x ∈ [0, 1] and i ∈ N. Using these operators, for f ∈ CF [0, 1], let us
consider the fuzzy positive linear operators on CF [0, 1] defined as follows:

BF
i (f ; x) = (1 + xi)

⊙

B
F
i (f ; x) (4.1)

where
〈

xi

〉

=

{

1, if i = m3, m ∈ N ,

0, otherwise
. Then, we have

{

BF
i (f ; x)

}(r)

±

= Bi(f
(r)
± ; x) = (1 + xi)

i
∑

j=0

(

i

j

)

xj(1− x)i−jf
(r)
±

(

j

i

)

It is clear that the sequence (xi) diverges in the classical sense. Further, we observe that

Bi(e0; x) = (1 + xi);

Bi(e1; x) = (1 + xi)x;

Bi(e2; x) = (1 + xi)

(

x2 +
x(1− x)

i

)

.

Now if we take pi = 1 for all i ∈ N, then we obtain p(x) =
∑∞

n=1 pnx
n−1 = 1

1−x
, |x| < 1

which implies that R = 1. Further, we obtain

lim
x→1−

1

p(x)

∞
∑

i=1

pix
i−1xi = lim

x→1−

(1− x)

x

∞
∑

m=1

xm3

.

Applying Cauchy root test, the series
∑∞

m=1 x
m3

, is absolutely convergent in |x| < 1,
therefore it follows that

lim
x→1−

1

p(x)

∞
∑

i=1

pix
i−1xi = lim

x→1−

(1− x)

x

∞
∑

m=1

xm3

= 0. (4.2)



8

Hence, using Bi(e0; x) = (1 + xi),, we conclude that

lim
x→1−

1

p(x)

∞
∑

i=1

pix
i−1||Bi(e0)− e0|| = 0.

Moreover, from Bi(e1; x) = (1 + xi)x, we have

||Bi(e1)− e1|| ≤ xi, ∀ i ∈ N.

Hence, in view of equation (4.2) we get

lim
x→1−

1

p(x)

∞
∑

i=1

pix
i−1||Bi(e1)− e1|| = 0.

Finally, we have

||Bk(e2)− e2|| ≤
1

4i
+ xi

(

1 +
1

4i

)

= τ1 + τ2.

Since τ1 → 0, as i → ∞, it follows that it converges to 0 in terms of the power series
method. Further, since

(

1 + 1
4i

)

is a convergence sequence as i → ∞, it is bounded
and therefore in view of (4.2), τ2 converges to 0 in terms of the power series method.
Consequently, we obtain

lim
z→1−

1

p(x)

∞
∑

i=1

pix
i−1||Bi(e2)− e2|| = 0.

So, by Theorem 2, we obtain, for all f ∈ C(F)[0, 1] that

lim
t→1−

D∗

(

1

p(t)

∞
∑

n=1

pnt
n−1BF

i (f), f

)

= 0. (4.3)

However, it can be said that the fuzzy Korovkin Theorem 1 does not work for the operators
defined by (4.1), since (xi) is not convergent to 0 (in the usual sense).

5. Conclusions and Comments

In the paper, we have made efforts to establish a power series summability analogue of a
basic fuzzy Korovkin type approximation theorem. Further with some suitable assump-
tions, we have proved an approximation theorem based on the first order fuzzy modulus
of continuity. In addition to this, we found an example which shows the significance of
our study. Interestingly, one can extend our study in the modular spaces (or in the mul-
tivariate settings too). It would be also nice to see the new developments in our results
through the other known summability techniques.
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