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TWISTED MOMENTS OF GL(3) x GL(2) L-FUNCTIONS

JAKOB STREIPEL

ABSTRACT. We compute an asymptotic formula for the twisted moment of
GL(3) x GL(2) L-functions and their derivatives. As an application we prove
that symmetric-square lifts of GL(2) Maass forms are uniquely determined by
the central values of the derivatives of GL(3) x GL(2) L-functions.

1. INTRODUCTION

The method of moments has broad applications to the study of L-functions and
the forms attached to them. In her groundbreaking paper [I0], Li uses bounds
for moments of GL(3) x GL(2) L-functions to deduce the first subconvexity bound
for degree three L-functions. Using asymptotic formulas for these moments one
can derive nonvanishing results. For example [9 [15, ] all use asymptotics for
moments of GL(3) x GL(2) L-functions or their derivative to deduce simultaneous
nonvanishing results at the central point of these objects. In a series of papers Liu
([I11 12]) and later Sun ([16, [I7]) use asymptotics for these moments twisted by
Fourier coefficients at primes to show that self-dual Maass cusp forms for GL(3)
are uniquely determined by central values of GL(3) x GL(2) L-functions.

In this paper we compute asymptotics for twisted moments of GL(3) x GL(2)
L-functions (Theorem 1)) and their derivatives (Theorem 5)). As an application of
this we prove an analogue of Liu’s results in the spectral aspect, i.e. we show that
symmetric-square lifts of GL(2) Hecke-Maass forms are uniquely determined by
central values of the derivatives of GL(3) x GL(2) L-functions (Theorem 8.

Let f be a Hecke-Maass form of type (1, v2) for SL(3, Z) with Fourier coefficients
A(m,n), normalized so that the first Fourier coefficient is A(1,1) = 1. We define
the L-function

m=1
for Re(s) > 1. This has analytic continuation and its completed L-function A(s, f)
satisfies A(s, f) = A(1—s, f), where f denotes the dual form of f of type (2, v1) and
Fourier coefficients A(n,m). Let {u; } be an orthonormal basis of Hecke-Maass
forms for SL(2,Z). We define the Rankin-Selberg L-function

Aj(n)A(n, m
L(s, f x uj) = ;1;%

for Re(s) > 1, where A;(n) are the normalized Fourier coefficients of u; (see
[Preliminaried for details).

Our main result is this:
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Theorem 1. Let f be a Hecke-Maass form for SL(3,Z) and let {u; } be an or-

thonormal basis of even Hecke—Maass forms for SL(2,7Z) with Laplacian eigenvalues

% + tf, t; > 0 and normalized Fourier coefficients \j(n). Fiz a prime p < T17¢.
Then for any € > 0 and T large with Tite < M < T1=¢, we have

— 00

Skt oA DE (5 < 0s) + 1 /Oo Kooty (p. g +it)[L(5 —it.f)| at

L1, A (A, Dp—1) + L(1, /(AL p)p—1) [
_ L D(AP V1) + L AW pp )/ k(1) tamh(t) di +
p2m 0
+O(M—3T%+ap1+€+M—1T%+apa+MT%+€pa)7
where ' means summing over the orthonormal basis of even Hecke—Maass forms,

—T)2 (t+1)2

k(t)=e" T +e 2| and the weights w; and w(t) as well as n(n, s) are defined
in the [Preliminaries.

Remark 2. The integral in the main term is of size
/ k(t) tanh(wt)tdt < T M.
0

Remark 3. Without the twist A;j(p) (i.e., corresponding to p = 1), the shape of
the asymptotic formula is essentially the same, with main term

L, f)+L

s

(1. 7) /00 k(t) tanh(mt )t dt.
0

If f is self-dual this becomes

Z/k(tj)wj)\j(p)L(%,f x Uj) + i /_OO

3
p=7

+O(M—3T%+€pl+a +M—1T%+€pa +MT%+8p€).

o0

k(t)w(t)ﬁ(p, % + it) ’L(% it f) ‘th

/OO k(t) tanh(rt)t dt +
0

Remark 4. Note that the analysis of the last error term, coming from the diag-
onal, can be refined in the case where f is self-dual (using stronger bounds on the
Ramanugjan conjecture in this case), however the improvement in the error term
doesn’t affect our application of it below.

Our approach in proving this, contained in Sections [BHE] is based on [10].
Using the same technology we further compute, in Section [7 asymptotics for the
twisted first moment of the derivative at the central point:

Theorem 5. Let f be a Hecke-Maass form for SL(3,Z) and let {u; } be an or-
thonormal basis of odd Hecke—Maass forms for SL(2,Z) with Laplacian eigenvalues
i + t?, t; > 0 and normalized Fourier coefficients \j(n). Fiz a prime p < T,
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Then for any e > 0 and T large with T < M < T1=¢, we have
* 1
Z k(tj)wj)‘j(P)L/(iaf X Uj)
J

_ 3L(L f)(A(p, D)p — 1) + 3L(L, /) (A(L,p)p — 1) /OO k(t) tanh(rt)t log|t| dt +

2p%7r —o0
K(A(p,)p—1)+ K(A(1,p)p—1) [
n (A(p, D)p ;"; (AQL,p)p )/ k(t) tanh(mt)t dt +
p2T -

+O(M73Tg+5p1+s _’_MflT%Jrsps —I—MT%JFE]?E)

where * means summing over the orthonormal basis of odd Hecke—Maass forms,

K =2L'(1, f)=3L(1, f)log(2n)—L(1, f) log p and K = 2L/ (1, f)—3L(1, f) log(27)—
_(@=-7)?2 _ @412

L(1, f)logp are constants, k(t) = e~ m2 +e  m% | and the weight w; is defined
in the |

Remark 6. The main term is of size
/ k(t) tanh(rwt)tlog|t| dt < TMlogT.

Remark 7. Without the twist \;(p), the asymptotic is again similar, with main
term

3L(1, f) + 3L(1, f) /°°

5 k(t) tanh(rt)t log|t| dt.

—0o0
This agrees with [1, Theorem 1.1] when taking the average as long as possible (i.e.,
M close to T), but also allows averaging over shorter intervals.

For self-dual f this becomes
* 1
Z k(tj)wj/\j (p)LI(§, f X ’U,j)
J
_ 3L(L (A, p — 1) /°°
pEm

K(A(p,1)p—1) /°°
pim o

4 O(M73T%+6p1+5 +M71T%+6p6 +MT%+€p€)

k(t) tanh(wt)t log|t| dt +

M)

— 00

+ k(t) tanh(wt)t dt +

An application of this is to show that symmetric-square lifts of GL(2) Maass
forms are uniquely determined by the central values L’ (%, fxuy).

Theorem 8. Let f and g be symmetric-square lifts of GL(2) Maass forms. If
1 1
L'(§,f X uj) = CL'(§,g X uj)
for some constant ¢ # 0 and all odd uj, then f = g.

This is an analogue in the spectral aspect of Liu’s results [11, [12] in the weight
and level aspects.
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We quickly sketch the proof of this. Let Af(m,n) and Ag4(m,n) denote the
Fourier coefficients of f and g respectively. For each fixed prime p, the assumption
of L'(%, f x u;) = cL'(, 9 x u;) applied to [Theorem 3 tells us

L(1 Af(p, 1 1 L(1 A 1 1
™ p2 p2 p2 p2
Moreover computing the same kind of moment as in [I’heorem of without the twist
by \;(p) we have

L(1, f)TM1logT = cL(1,g)TMlog T + O, (T M).

™

By taking T — oo these two together therefore imply Af(p,1) = A4(p,1) for all
primes p. Hence by the strong multiplicity one theorem (e.g. [3, Theorem 12.6.1]),
we have f = g.

2. PRELIMINARIES

Let z =z + iy and let

1 y®
) = _ 7
(Z’S> 2 Z |cz+d|25
c,deZ
(¢,d)=1
be the Eisenstein series with Fourier expansion
E(zs) = + () + 3 o(n, )W, ().
n#0
Here W is the Whittaker function
1
Wi(z) = 2ly[> K1 (27[y|)e(x),

where e(x) = 2™ K, is the K-Bessel function,
1
M(s-3)¢es -y
L(s)  ¢(2s) ~
o(n,5) = m°T(s)7¢(2) " ||~ Fn(n. s),

o= 3 (3)

ad=|n|

¢(s) = V'

and

_1
ST3

For a Hecke—Maass form f and the Eisenstein series F = E(z, %—i—it) we associate
the Rankin—Selberg L-function

s, fxX E)= ZZ

m>1n>1

(n 1 + zt)A(n, m)

for Re(s) > 1. One derives

Lz i) =[e(z-wr)f

see e.g. [3, Theorem 12.3.6].
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For u; in the basis of Hecke-Maass forms for SL(2,Z), we have the Fourier
expansion

uj(z) =Y pi(n)Wi, (n2).

n#0
The normalization we use to get \;(n) is
_1
pj(En) = p;(£1)A;(n)n" 2.
From Rankin-Selberg theory one gets
YD lAm )P <N,
m2n<N
which using Cauchy’s inequality gives us

Z |[A(m,n)| < N|m).

n<N

2.1. Kuznetsov trace formula. For m,n > 1 and any even test function h(t)
holomorphic in the strip [Im¢| < $ + ¢ and h(t) < (|t| + 1) in the same strip,
we have the Kuznetsov trace formula for even forms (see e.g., [2 Section 3])

Z' h(t;)wiA; (m)A; (n) + ﬁ /OO h(t)w(t)ﬁ(m, % + it)n(n, % + it) dt

— 00

= %6(m,n)H+ §%<S(m,n;0)H+(@) + S’(—m,n;c)H(Zlﬂ-\éﬁ)).

Here ’ restricts the sum to even Maass forms, §(m,n) is the Kronecker symbol,

_ Aalp; (D)2
7 cosh(nt;)’

1 N2
_ 4w’¢)(1, 3 + zt)’
cosh(nt)

w(t)

H= z/ h(t) tanh(mt)t dt,
0

™

H*(z) =2i /°° Jzit(ﬂf)M dt,

oo cosh(mt)

H™ (z) = %/:XD Kot () sinh(mt)h(t)t dt,

and

S(a,bic) = Z e(da—i—db)

- (&
dd=1 (mod ¢)

is the classical Kloosterman sum, along with .J,, and K, being the standard .J-Bessel
function and K-Bessel function respectively.
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2.2. Voronoi formula for GL(3). Let
a=-1—2w5+1, B=—-v1+1e, Y=211+15—1

denote the Langlands parameters of f.

Per Miller and Schmid [I3, Theorem 1.18], the Voronoi formula for GL(3) says
that for ) a smooth compactly supported function on (0,00), ¢,d,d € Z with ¢ # 0,
(c,d) =1, and dd = 1 (mod ¢), we have

ZA(n, m)e(%d)z/}(n)

n>1
nl,ng - -1 + ngn%
(1) =c E E E S(md, £nz;meny " )U=( ——
nin2 ccm
+ nilemnz2>1

where

\I/i{E: —s .+ ~_Sd_s.
(2) /@y 7 ()3(—s)

211

and o > max{ —1 — Re(a), =1 — Re(), =1 — Re(y) }. Here

is the Mellin transform of g and

YE(8) = 70(s) F 11(s)

with
p(ltsta+t 1+s+8+Y¢ 1+s+v+4
Yels) = W_i:_é F( (s2a+2)r((5 2ﬁ+€))r((5 _72+€) )
r T r
for £ =0,1. i i i

From [10, Lemma 2.1], if ¥ in addition to being smooth is compactly supported
on [X,2X], then for any fixed integer K >1and 2X > 1, we have

Je(Buiyt) +die(-3utyt)
2)  UE(x
(2) ()= / g _—

+

where ¢;” and dj-[ are absolute constants depending on «, 3, and . In practice we
will only work with the j = 1 term coming from this, since all other terms are lower
order and hence smaller and give even better estimates.

dy+O((xX)~5")

2.3. Approximate functional equations. Now L(s, f X u;) has an approximate
functional equation (see [6, Theorem 5. 3]) namely

L(%,fxuj) 3 Z V,(m2n,tj)+

m>1n>1
A(m,n)
+ Z Z SV (mPn, t)
m>1n>1 )2
where for

W\ T

F(u) = (cos Z) BA,
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with A a positive integer, and for [Im¢| < 1000, we have

1

0%
and

o) = (AT (U (=)
o SYEERENEES S RS R

Following [6, Proposition 5.4], essentially by Stirling’s formula, the growth of V. (m?n, t;)
limit the sums in L(3, f x u;) to m?n < |t;|3+e.

In order to make use of the Kuznetsov trace formula we also need an approximate
functional equation for L(1, f x E) = |L(3 — it, f)|*. As can be verified by using
the functional equation of L( f) itself, this Rankin—Selberg L-function satisfies
the same functional equation as L(s, f X u;) and consequently

1 —+ zt)A(n m)

’L(% —it, f)’ Z Z ( 0 V_(m?n,t) +

m>1n>1 2

2.2 (

T
m>1n>1 )2

! -+ zt)A(m, n)
Vi (m?n,t).

3. PROOF OF THE SETUP

Substituting these approximate functional equations into the spectrally normal-
ized moment we wish to compute we get

5 3 S (3 ke A (V- (P )+

m>1n>1 )
1 o0

+ E k(t)w(t)ﬁ(p, % + it)n(n, % + it) V_(m2n,t) dt) +

+ 2 Z (Z/k(f‘)Wj)\j(p))\j(n)VJr(mzn,tj) +

m>1n>1
1 1 ,
—|—— 2—|—zt) ( ,§+zt)V+(m n,t)dt .

Hence computing asymptotics for this spectrally normalized moment proves[Theorem 11

Because V_(y,t) and V(y,t) are essentially the same, we will suppress the sub-
script in the followmg discussion and deal with the first sum above, keeping in
mind that the dual sum behaves exactly the same, only its Fourier coefficient has
the arguments reversed.
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By calling h(t) = k(t)V(m?n,t) we can apply our Kuznetsov trace formula to

the first sum, resulting in
47 /np
< n,p)Hpm + Y = ( n,p; e ( C )+

c>0
b S,y (T ))) ,

where this time in particular

m>1 n>1

2 oo
Hyn = —/ E(t)V (m?n,t) tanh(xt)t dt,
™ Jo

e E@)V (m?n,t)t
H  (x) = 2i / Jm(a:)%w)) dt,

and

H,, ,(z)= %/:’O Kot (x) sinh(mt)k(t)V (m?n, t)t dt.

We split the resulting sum into

D+ 0Ot +0°
where
zz ;5 P
m>ln>1
S(n,pic) oy (Amynp
mZZ )Zg e (),
e S(=nipic) , (ArymD
—n,p;c _ /TP
== H . .
WZZ )§ S ()

We will estimate each of these three terms in turn.

4. PROOF OF [THEOREM 1} THE DIAGONAL TERMS
We prove the following:

Lemma 9.

m>1n>1 (m?n)
L(L f)(A(p,1)p— 1) [
_ LA (f’ p—1) / k(t) tanh(wt)t dt + O(MT7+pe).
pem 0
The dual sum is identical, only with L(1, f) instead of L(1, f) and A(1, p) instead

of A(p,1).
Since §(n,p) =1 if n = p and 0 otherwise, we have

p_ Ly Abmy

2 m>1 mpi
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We can write this sum as

1 A(p,m) 1 A(p, m)
D=3 Z — Hpp+ = Z " Hpp

mpz 2 mpron

(m,p)=1

1 A(p,m) 1 A(p, mp)

1
(mpp1 TP 2 7= (mp)p>
For (m,p) = 1, the multiplicativity of the Fourier coefficients gives us A(p, m) =
A(p,1)A(1,m), and in the second sum by the Hecke relations (see e.g., [3 Theo-
rem 6.4.11])

A(p,mp) = Z u(d)A(S,l)A(l,]%)

d|(p,pm)
= A(p,1)A(1,pm) — A(1,m)

since A(1,1) = 1 by normalization. Putting these expressions back into D and
rearranging we get

(1) p- Al s Almy L s ALy

m

2p m>1 p m>1

N=

It remains to estimate the two sums. Recalling now

Hpp = _/ E(t)V (m?p, t) tanh(rt)t dt
0

™

and

1
1 _ 7(_ +u, t) du
Vortpt) =5 [ (i)t — 2L
27Tl (1000) '}/(— t) u
27

we can bring the sum all the way into V (m?p, t), getting

A(1,
Z %Hm,p

m>1

1
[e%e] Y A ,m Y\ = + u, t m
= % A k(t) tanh(rt)t <% /(;OOO) D (7521 7751-!—211,) )F(u) (’f(;’ t) ) %) dt.

The sum on the inside is just L(1 + 2u, f) (keep in mind this means the dual sum
will have L(1 + 2u, f) here instead).

By the Kim—Sarnak bound on the generalized Ramanujan conjecture for GL(n),
see [7 Appendix 2],

1 1
Hence we can shift the line of integration to d = —% + ¢ without hitting any of the

poles of the gamma factors. Doing this we pass the simple pole at u = 0, picking
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up the residue L(1, f). Therefore the inner integral becomes

1
1 ~ Yy (_ + u, t) d
(5) L)+ 5= [ p L0+ 2u, HIF(w) —2—L =
211 (d) (_ ) u
Y55t
2
To estimate the inner integral we need to control the gamma factors in terms of

t. By Stirling’s formula (see also [6, Proposition 5.4]) we have
(s +u)

I'(s)
for Re(s) > 0 and Re(u) > — Re(s), so in t each gamma factor contributes ¢~ 77¢.
The resulting exponential in |u| is controlled by F'(u) in the integral, and conse-

quently what we get out of the inner integral () is L(1, f) + O(p7 <t~ 71¢), since
we have six such gamma factors, and from this we get

< [+ 1R exp( Tul)

Z A(1,m) Hyp = L(Lf)z/w k(t) tanh(mt)t dt +
m>1 m ™o
b [ anh(nt)t 7+ dt ).
- +0(p /O (1) tanh ()t

The second term in () is treated similarly, the only difference being a factor of
p~3% in the integral instead of p~*, hence

Z A(1,m) Honpp = L(1, f)z /OO k(t) tanh(7t)t dt +
m T Jo

m>1

+ o(p%* / k(t) tanh(mt)t7 < dt).
0
Putting both of these back into (@) we get

D= L(L /) (A, Yp 1) /Oo k(t) tanh(mt)t dt + O(MT7p%)
0

3
b=

since ¢ is about T" and the integral is of length about M. Here we have again used the
Kim-Sarnak bound, this time in the form |A(p,1)| < p1i+e (see [7, Appendix 2])

in the error term.
Working through the exact same calculations for the dual sum we consequently

get

AL p) 5~ Alm, 1) 1 A(m, 1)
Z Hypp — gz m Honp.p

1
2p2 m>1 2p2 m>1

_L.h (Ail’p)p b /00 k(t) tanh(mt)t dt + O(MT7ep?)
pEm 0

3

which means the two diagonal sums put together contribute
L1, A (Alp, Dp—1)+ LA, f) (A, p)p—1) [
(1, /) (Alp, p )j (1, f) (AL, p)p )/ k(1) tanh(mt)t dt 1
pT 0
+ O(MT7+ep°)
to the moment in [Theorem 1l
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5. PROOF OF [THEOREM 1 THE J-BESSEL FUNCTION TERMS
For O™, using partition of unity it suffices to consider

Z Z (m;n)§S(n;p;C)Hnt,n(4ﬁ\C/@)

m>1 n>1

where g is a smooth function of compact support on [1,2] and N is at most T3¢,
We prove the following:

Lemma 10.
RJr — O(M73T%+sp1+s).

Since the off-diagonal terms will contribute only error terms we will have no
need to keep track of the difference between this sum and its dual version. In
what follows we will again suppress the subscripts on Vi (m?n,t), but the dual sum
contributes precisely the same error.

Following [10], the strategy for estimating R™ is to split the c-sum into three
parts,

RT =R +R$ +RY,

with
m? S(n,p;c) 4.\ /np
() 5 Sty ()
Po A ) - Sty (i)
m>1n>1 CZ%
m?n S(n,p;c) . (4m\/nD
ZZ %(N) Z c Hm’"( c )’
m>1n>1 QSCS%
and
ZZ (m2n) S(n,p;c)HJ_ln(élm/np).
c ’ c
m>1n>1 CS%

The idea is to tune the cut-offs C; and Cs in such a way that both Ri” and R; are
small, meaning negative powers of T', and R; we will handle a bit more delicately
with stationary phase analysis.

Starting with the tail R}, we move the line of integration in

0o m2n
Hy, () = 2i/ J2it($)%(ﬂ_t)7t)t dt

— 00

to Imt = —%. This gives us

H (x) = 2i /OO JQin(I)k(_%i + y)V(mzn, —%i + y) (—%z N y) d

1
- cosh(w(—ii + y))
since this shift passes through no zeros of the denominator cosh(mt).

The J-Bessel function has the following integral representation (see for instance
[4, 8.411 4])

Y

/2
/ sin(#)” cos(z cos 0) db),
0
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which tells us that for Rev > —%,

Juz) < () gy
v\Z € .
Imy|+1

Using Stirling’s formula to estimate the gamma factors in V (m?n, —di +vy), we get

|y+1l3)d

(7) V(m?n, —di+y) < (L0

Putting this together and back into H,Tln(:v), keeping in mind that this integral
is of length about M because of the exponential decay of k(—3i +y), and that y is
about T, this gives us

H (2) < xTﬁl(an)féT%THsM = xT%JrE(an)*%M.

Plugging this back into R}, summing trivially over ¢ using Weil’s bound

S(a,b;c) <e c2e(a,b,¢)?

for the Kloosterman sum, this gives us

Z S(n,cp;c)H;rL)n(élﬁ\c/@) < cste (47T\/n_p)T%+s( 5 )7%M

> o>C1
— >

Hence the ¢-sum converges. In particular, the sum over ¢ is about (%)*%Jrs . By
picking C; to be an appropriately large power of T, say T'%, we can ensure that
the power of T is % + e+ 100(—% +¢) < 0. Hence any power of T larger than
3 will do. In other words, Rf contributes a negative power of T, and as such is
admissible.

Moving on to

Riep LY () X Sy ()

m>1n>1 C2 o C1
e <e< T

our goal is to choose C5 in such a way that this, too, is a negative power of T', keeping
in mind that C; = T'%. To do this we will use another integral representation of
the J-Bessel function, namely

Joir(z) — J_2i(x) _ _% tanh(7t) /00 cos(z cosh C)S(E) dg,

cosh(mt) ™ e ™
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derived from [4], 8.411 11]. In other words we want to decompose H,, »(z) as follows:

Hy, (x) = 2i /OO J2it($)w dt

o cosh(rt)
~ m*n 0 m2n
= 2i/o Jzit(iﬂ)%@ﬁ)’tﬁ dt + 21'/_ Jgit(x)%(m)’t)t dt
> m2n > — m2n. —

But k(t), V(m?n,t), and cosh(rt) are all even in ¢, so this becomes

T oy [ J2e(@) — Joau(2) 2
H, . (z) =2 /0 cosh(x1) E@®)V( , D)t dt,

and so we can apply the above integral representation to get

H o (2) = 4 /too tanh(rt) </0° cos(z cosh Qe(%) d§>k(t)V(m2n,t)t dt.

™ =0 =—00

. _my? _e=m? o am)? .
We can get rid of e~ " m2 from k(t) = ¢~ ™2 + e " m2 with negligible error,

and similarly tanh(7t) is inconsequential, so we are left with studying

/ / cos(z cosh {)e ( C) - V(m2n,t)td¢ dt + O(T~4)
t=0 J¢=—o00

where A is an arbitrarily large constant. We make the change of variables u = =%

M
under which our integral becomes
AM [ o M T
H (z)= —/ / cos(xcosh()e(w)(Mu—I—T)e*“2 X
’ T Juer T Jee— oo s
73

x V(m?*n, Mu +T) d¢ du + O(T~4).

We only study the term arising from the T" part of Mu+ T'; the term from Mu can
be handled similarly.
Hence we want to understand

AMT [*° e
H;E}z(x) = / / 67"2V(m2n,Mu+T) cos(z cosh C)e(
=—o00 J({=—00

where we have extended the u-integral to (—oo, 00) with negligible error because of

ZINEE

™

) du dc,

the exponential decay of e~
By setting
E*(u) = e_u2V(m2n, Mu+T)
and considering its Fourier transform
Q) = [ K e(-u)du
we get in particular that
—~/ M e M
k* (——C) = / k*(u)e(u—c) du
™ oo 0
This lets us rewrite H;Q}l(ac) as

H,J{L;(x) _ AMT /jo ﬁ(—MTC) cos(a:cosh()e(z%) g,

™




14 JAKOB STREIPEL

and changing variables to £ = —2 “ , this leaves us studying
©~ T
(8) Hin(x) = 4T/ k* (&) cos (:1: cosh %) ( 5) dg.

Rewriting cosine in terms of exponentials, the phase of this integral is

T¢ ém
= ——+ — cosh >—
#(€) = —37 + 5o cosh 2
the plus or minus depending on which half of the exponential representation of
cosine we are considering, but the analysis is the same either way:
ém T x & T xém

L sl ST
|¢()|— 2MS MM MMM 22

Hence for there to be a stat1onary phase we must have x about the size T M, and
consequently so long as |#| < T'7°M, there is no stationary phase, and so by
the First derivative test (|5, Lemma 5.1.2]) H,f-) () (and hence H,}  (x), being
composed of H,,t}l(x) and a similar term) is small in this region.

In particular, since x = 4”‘/_ , this means that RJ is negligible for WTM <
T'=¢M, or in other words
4dm,/np
c> "

= Ti—=M’
As promised we want to tune Cy in such a way that Ry, the c-sum of which ranges
over % <c< %, is small. Remembering that 1 < mTZ)" <2,ie.,n> Nm™2, we
infer from the above that
VNp

Co = pi==pg
does the job, since in this range the resulting exponential integral has no stationary
phase, and recall that in R;r, the c-sum is over % <c< %, hence convergent.

Finally for
ZZ Aln,m) (an) Z S(n;p;c)Hnt)n(47r\C/%)'

m>1 n>1 2 <2
=0

we need to be substantially more careful, because this time, for ¢ < %, the integral
H;};,ll in ([B) has stationary phase for £ < :I:%. We will focus on the stationary
phase near & = —% from the negative part of + in the phase ¢(§) simply to
keep the signs uniform; the positive one is treated similarly. To this end we will
call -
~ = T¢ =« §7r
@) =47 [ ©e(—g7 - gm0 ) e
Following [I0, Proposition 4.1] (or [8, Lemma 5.1] or [14, Proposition 3.1]), we
can extract asymptotics for H,J,Q}L(x) This is essentially ordinary stationary phase
analysis, only being quite careful with the computation of the error.
By expanding the cosh in the phase ¢(§) as a Taylor series we get

- oo __ T¢ x  wxé? mixgt moxE"
H :4T/ k* - - - d
min(®) (5)6( M 2m  4AM?2  48M* 1440M6) ¢t

co(r [ iF©IEl a).

— 00
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Note that the integral in the error is finite in &, so the error here is O( le)_ By

expanding the last exponential term e(—m) as a Taylor series of order 1 we
get

) A @) = Wit (o) - o (@) + 0 S)
where
Wit = ae(~) [ Kiere(~ 3 - i)
with
k(6) = (e~ 257)
and

Wi o (2) = 4Te(—%) /_O:O gﬁkg(g)e(—% — Z”éz) de.

In what follows we will deal with W, | (x) as W, ,, () can be handled with precisely
the same methods. As detailed in the calculations above [I0, Proposition 4.1], by
completing the square in the exponential, applying Parseval’s theorem and then
Taylor’s theorem again, we arrive at the asymptotic

TM x M2l l1T4l2 l1
+ _
Wm,n(‘r) = \/ﬁe( ) Z Z Z Cllnle ™ 931, 2l +3la—l1

0<ISLy0<h<2l U <<,
—~@-l1) y 2MT TM ;T*\L2+1 M \2L1+3
I (——)+0(—(—) +T(—) )
T Vel Mz V7|

Here ¢, 1, are constants depending only on [, {1, and l2, where in particular from

the above calculations cg,0,0 = 1—\;%1

X

Now we are essentially done, because recalling how fl +’1 ~(z) in @) is composed
of W lz]

m,n’
be sufficiently large that the error O( ) dominates the error terms in Ly and Lo.
It then suffices to study only the leadlng term [ = [y = ls = 0, because the rest
are of identical form and can be handled similarly.
From these asymptotics we infer that to study R;f it suffices to study

RE = 1+zTMZZ (m;n)x

27Tp4 m>1n>1

10 2 e (2@—453@)@(2%2—]9)-

a similar term, and a remamder of O(5 ), we snnply take Ly and Ly to
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The error in this asymptotic expansion is therefore of size

Sy A (1) § o) S

m>1n>1 c<@

|A(n,m)] /m?n —84e Tnip:
« DX ER () X

m>1n>1 c<ﬁ
—_m

<TM ®p* Y m™? Z|A(n,m)|g(mT2n)Cg

m>1 n>1

N2p>
Ti—<M
where we have used the Weil bound on the Kloosterman sum and recalling that

1 1
dm\/mp 3p3 . . . .
= % and Cy = ;Xi—f;[. Since the main term from D is of size T'M, we need

this to be at most T1~¢M. This tells us how long of a sum 7% < M < T1=¢ we
are allowed, namely, to use this asymptotic expansion, we need a > 2—70 +¢e. We will

(11) < TM~8Np2 =T°M°Nip.

have occasion to tune this a more finely later on, when we analyze 7@;{ itself.
To see that we need to open the Kloosterman sum, notice how if we were to sum
trivially over n, using Weil’s bound of the Kloosterman sum, we get

RE < TMCINT < NT < T+,

recalling how N < T3+, Hence to save TTM~! we open the Kloosterman sum
and sum nontrivially over n using the Voronoi formula for GL(3).

To this end we identify the terms depending on n from the expression (I0) for
R, except for the Fourier coefficients A(n, m) and the Kloosterman sums S(n, p; c)
(since those will be handled by the Voronoi formula), as

o) =0 (" )e( - 1 T ()

Opening the Kloosterman sum we get

12 Yammsepavm = Yo%) Y Amme("L)im)

n>1 dd=1 (mod c)

This is a productive thing to do because the Voronoi formula () tells us precisely
how to handle the inner sum, namely

ZAn m)e ( ) —CZ Z Z :117;?2 mci,:tng;mcnfl)\lfi(zz—:j).

n>1 + nllcmn2>l
Recalling now ¢ < % = rriearm V?{]@m and how N < T3¢, the size of the argument
after transforming times the length of the original n-sum is at least
2
nany N _3
Sl > TR i
cm o m

since p < T'~¢. Consequently the version of [I0, Lemma 2.1] in () applies and
the size of the integral transform ¥*(z) reduces to studying

(13) ek / " e(ur())aly) dy + / " e(uaw))aly) dy.
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where cf and df are absolute constants depending on the Langlands parameters
of f,

2./Up 2./Up
wl) = L 3abyd, () = 2 - sabyl,
and
1 m2y\—~/ MTc T?c 13
= v =9 () (5 5 ()
a(y) =¥(y)y 3 g( I ) 27 i)\ 5 )Y 2

As mentioned in the discussion of (&), there are more terms in ¥*(x), but like in
all our previous analysis they are of lower order and do not contribute anything of
interest.

These are oscillatory integrals with a weight, so they lend themselves to station-
ary phase analysis. In particular, the first integral with phase u;(y) has negligible
contribution, since ) (y) > ¢y~ and d(y) < T?cy™ T2 meaning that

Wy (y)d (y) " > e 2T 2yt > TEM2mEN "1y s T20F

Whatever we tune a to be, this power of T is no doubt positive, and so using
partial integration as many times as we like we can make the contribution of this
first integral bounded by as large a negative power of T" as we please.

The second integral is the one that contributes a stationary phase, and conse-
quently the one we have to exercise more care with. This time, because of the
minus sign in the phase, we have

uy(y) = pTetyTE —ady S,

meaning that if x is bounded away from p%c_?’y%, in particular x away from
p2c3m~IN?% since y = n ~ Nm~2, then we have no stationary phase, and the
second integral has negligible contribution for the same reason as the first one.
Consequently to have a stationary phase we are looking at x around the size
p% c_?’m_lN%7 or in other words ny ~ N%p%nfz. In this range the relevant integral

/O " e(uz(y))aly) dy

therefore has a stationary phase point at yo = p~3c%22, which using the stationary

phase method ([5l Lemma 5.5.6]) gives us

1
2, —1
alyo)e| —xcp™" + =
o) ( 8> +O(cET*N~

o0
n o1 7
(19 [ etut)aty)dy - _ Fn )
0 uy (o)
Note for ease of reference later that
2 1 5 1 1 3
M) = 223y 3 — Zp2e Ly~ 2
uz(y) = 327y SPiC YR
so in particular at yo = p~3c2? we have u} (yo) = éx_3c_10p5, so that
1 3
— == \/gx%c‘r’p_% = \/67122 n?c%m_%p_%
u3(Yo)

’ﬂg’n?
c3m

for x =
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In order to now use this to control the error we need to do something about the
Kloosterman sums that remain after using the Voronoi formula. Per (I2) and the
Voronoi formula we are left with

Z e(p_ci) S(md, +ng;menyt).

- c
dd=1 (mod c¢)

To handle this, open the Kloosterman sum and switch the order of summation to

S k) ¥ (B

wi=1 (mod menl ') mem dd=1 (mod c) meny
:l:?’LQl_L J(p + unl)
- Z ‘ ( an_l ) Z € ( C )
o= -1 1 T—
uti=1 (mod menj *) dd=1 (mod ¢)

N

= Z e( n2i)5’(0,p+un1;c).
_ 1 mcnl

ut=1 (mod meny ~)

The Kloosterman sum in the right-hand side,
av
om0 £ (%)
(0, a;¢) > e(7)
v=1 (mod c¢)

is really just the Ramanujan sum, which is bounded by (a,¢), so the twisted sum
of Kloosterman sums above is bounded by me!*¢ since ny | me.

This lets us bound the contribution to ([I0) from the error term in the stationary
phase analysis by

2, 2
_1 — 1 Z Z A(ny,ng nani s z _Lno1
MTp i E m 1 E c2 | ( ’ )|( - 1 mcl+EC2T4N Sm3p
ning c’m
m>1 <2 nilem 3

1
13 5
S na~N2p2n;

< M73T1+6N%p1+5

using calculations similar to those of the error from the asymptotic expansion in

(II). Remember for this calculation how = = Zi:ﬁ and how by (I3) there is an 3
in front of the integral we are estimating with stationary phase analysis.

Since we want this to be dominated by T'M, we again need to tune the length
of T®* < M < T'7¢. In particular, for M73TIHeN3 < MT—4et1+3+e to be
dominated by T'M we need a > % + . Comparing this to a > % + ¢ in order to
get an admissible error from the asymptotic expansion before, we see that we have
narrowed the range of M slightly.

This means that, at this point, after using the Voronoi formula once and applying
stationary phase analysis, we have

R = T S Y Y S A

m>1 <2 £ nilem na>1
—_m

X Z S(O,p—i—unl;c)e(

uu=1 (mod meny D)

(15) +O(MT%—4a+ap1+€)

- 2
+not )e ( —nany
1 cmp

)b(n2)

mcng
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where now

by) = yflg(yzn‘ll )E;(MTcmp) e(—TQcmp) '
Np 2m2yn? 4m2yn?

If at this point we sum trivially over no, keeping in mind that 1 < % < 2,
we find that the main term contributes about TMCy < TMT?2 M —1 50 we need
to save an additional T2 7M1 in order for this to be admissible. To do this we
have to once again switch the order of summation and use the Voronoi formula for
a second time.

The relevant ns-sum is

Z A(ng, nz)e( in2ﬁ1 )e(_n2n1 )b(ng).

a1 meng

We rewrite the character as

+not —ngn% +not ngn% *notip — nang
(oranct)(anp) = = eonp) =< )

meng cmp meng Y oemp mcnf1 P
_ e(ng(j:ap — nl))
meng p '
Relabeling

tup—ny u

—1
meny p c

with (@',¢') = 1 and ¢ | meny 'p, this gives us the following ng-sum, expanded
using the Voronoi formula:

S At na)e ("2

C
nng

(16) — C’Z Z Z %S(mu/,ilg;nlc’lfl)Bi( 121% )

/3
c n
t ly|e'ng l2>1 1

)b(n2)

Here BT (z) are the same integral transforms of b(y) that U+ (z) are of ¥(y) in our
first use of the Voronoi formula, and so for the same reason we look at the size
of the argument = compared to the length of the sum prior to using the Voronoi
formula in order to use (2l):

I52 N2pz

> M2 > 1
Bny n?

and so again the asymptotics apply, and we can write the integral transform B (z)
in terms of

B(a) = aiet | " oo (9))aly) dy — 2t / " e(02(v))a(w) dy
(17) + lower order terms.

As before, cf and df are absolute constants depending on f. The phases are

. T?cmp

T2
3 D and va(y) = —3g3ys —

1
— 3pigi L canp
U1 (y) T2y 47r2yn% 47r2yn% )
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and

y*ni = MTcmp
Np ) ( 2m2yn? )

We perform the same kind of analysis as we did after the first application of the
Voronoi formula. First,

q(y) = y_%g(

T?cmp T?cmp

|
Wl

1
vly) =avyt + 4m2y?n? y*n?

and ¢'(y) < yf%Tstln%pfl, and hence

_ T?emp
v (y)d' (y) " >

5 yiéTstlnilpfl > T2fscmp%N7%y% > T2
y ny

since 1 < % < 2. Consequently, since that is a positive power of T, we can
integrate by parts as many times as we like to get a sufficiently large negative
power of T, so the integral with v1(y) as its phase is negligible.

Concerning the integral with phase vs(y), we have

2 T?emp

’ 1 _2
vy(y) = —asy 3 Tnrgen?
so in order to have the same negligible asymptotics as in the previous case we need
[vs(y)| > T°cmp o1 in other words we need away from

y2n? )
TSc3m3pn?
64mO N2
N3p3
since y is about =2~ Therefore if
1

6 .3,1,300)2 63,173,777 2

- T c>m’pny or @ T°c>m’png

— 1076NZ2 — 100m8N?2

we have, by exactly the same argument as for v1(y), no stationary or small phase
and the integral with phase vo(y) is negligible in this range.
It remains to study the integral with phase v2(y) in the range
TSc3m>pn? - TSc3m>pn?
10076N2 — 7 =  10mxSN?Z2
or equivalently the lo-sum in the range
Lo gt
100 10
with 63,133 /3
T
Ly = cm PT;lC
TON2[{
Here we have )
T“cm :
|05 (y)| > y3—n2p > T?emp 3 N~ %t
1

By the Second derivative test ([B, Lemma 5.1.3]), we deduce from this and (1)
that

(18) < T*ecim2piniN~1
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since at this point z < T%c*m3pn2 N 2.

Combining (5), [8), and [IJ), along with the Weil bound (nyc/l;!)2 % for the
innermost Kloosterman sum and the bound (p + unq,c) for the Ramanujan sum,
we finally have

7~€§L<<MTp%Zm Z Z ny Z (p +uny,c)

m>1 nilem uwa=1 (mod mcnfl)
, |A(l1,12)] f—1\14e
Sy Ml
hle'ni L <, <22
T3+5c%m%pin2N*%+O(M %74a+sp1+5)
< M~ 3T8N4p+O(MT2 —4a+e 1+a)
<<MT4 4a+sp+0(MT2 —4a-+e 1+s)

For this to be admissible, namely dominated by T'M, we need a > % +¢ein
T* < M < T'~¢, which of course is covered by a > % + ¢ from earlier.

6. PROOF OF [THEOREM 1} THE K-BESSEL FUNCTION TERMS
Again using partition of unity it suffices for O~ to consider

Ly A ) 5 Sy (i)

m>1 n>1

where g is a smooth function of compact support on [1,2] and N is at most T37¢.
We prove the following:

Lemma 11.
R~ = O(MT3%pe),

Recall how
4 oo
H,  (x)=— / Kot (x) sinh(mt)k(t)V (m?n, t)t dt.
: ) o

As with R we will split the c-sum, but this time it suffices to split it into only two

parts,
7=y TS Gt () X 2 ()
m>1n>1 >
e _ m2n S(—n,p;c) 4w /mp
RQ:_ZZ (N) c Hm’"( c )
m>1n>1 e<C

As before we will tune the cut-off C' carefully in a moment.

The first part we deal with in essentially the same way we dealt with Rf involving
the J-Bessel function, after first using an identity to switch from the K -Bessel
function to the I-Bessel function (because we have similar integral representations
for the I-Bessel function and the J-Bessel function). That is to say, we move the
line of integration in H,, , (x) carefully and use the integral representation for the
Bessel function to extract bounds.
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In particular, we have
ol (2) = 1,(2)
2 sin(wv)

so that

H (2)=2 / T Lza@) = Bul®) G eV (mn, bt

=4 / O:O % sinh(7t)k(t)V (m?n, t)t dt

since k(t) and V(m?n,t) are even in .
Moving the line of integration to Im¢ = —d, which we will tune momentarily,
this becomes

 Dgyoiy(z) . . ) 9 ) )
4/_00 Sn(2d + 2i9)7) sinh(7(—di + y))k(—di + y)V(m*n, —di + y)(—di + y) dy +

+ residue terms.
The residue terms come from denominator sin((2u + 2iy)w) with simple zeros at

2u+2iy=1,1€Z and l # 0, and are of size

< Il(I)V(an, —zé) é

For fixed d there are only finitely many such residues for [ = 1,2,... < d.
Per [4, 8.431 3] we have the integral representation

(gl)y : /”eizcos(e)sin(tg)%d@
C(r+3)r(3) ™

so that for Re(v) > —1 we have the bound

I,(z) =

L(z) < (#)Rwe“m”ez
v Imy|+1 ’
and from (7)) we have V(m?n, —di +1vy) < |y[>¥(m?n)~?. This makes the residue

terms bounded by

< z(m®n)”z,

N|=

and hence we have

H () < x?%e®(m2n) 9T 4+ xd(an)fé

m,n

since y is about T and the length of the integral is about M, both because of the
exponential decay of k(—di+y). This is the first step in tuning C, the lower bound

onc > % In order for the e” factor to be insignificant we need x = @ bounded

above, say by ¢ > v/ N.
With this we have, using the Weil bound on the Kloosterman sum,

_ |A(n,m)] /m?n 1 14e
RI< YN et g( - )c;c Ld+e o

m>1n>1

= m

y ((477\0/@)2d(m2n)de+1+sM+ (47T\C/”_p)d(m2n)—

Nl=

)
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The power of ¢ from the first term in the parentheses is % —1—2d + ¢ and the
power of ¢ from the second term in the parentheses is % —1—d+e¢, so for the c-sum
to converge we need d > % when moving the line of integration.

This then makes the c-sum about (%)%’Qd” , so by taking

C=+vVN+T,

the v/N in case m? < N is large and T in case m is small, and picking d sufficiently
large we make the entirety of R bounded by a large negative power of T'.
Finally we handle

s S G () B S (1)

m>1 n>1 <

el

in a way exactly analogous to how R3 and RJ were handled. We substitute the
integral representation (from [4] 8.432 4])

1 (o)
Koy (z) = 3 cosh(tm) ! / cos(x sinh C)e( C) d¢
into H, ,,(z), make the change of variables u = % we made with Ry, extract the

(+1)?
e~ 5 part of k(t) with negligible error because of exponential decay, identify the
resulting integral in u as the Fourier transformation of k*(u) = e~V (m2n, Mu +
T), make a second change of variables £ = —%, and finally reduce all of it to

studying the integral
Hol(z)=4T [ & (ws hf—”) (-57)
min(T) Lm (&) cos| xsin )\ £
As with RJ there is a second term, the one arising from the Mu part of t = Mu+T
instead of the T" part, but again like R;r that second term can be handled similarly.

The point of this is that we now have a oscillatory integral, so by looking at the
phase

S §m
(&) = i + % sinh — i
with derivative
(&) = T + -2 coshg—ﬂ-

M 2M M
We see that the integral can have a small or stationary phase if |z| is close to T', say
100 < |z| < 100T. Hence for = outside this range the integral is negligible, and we
need only concern ourselves with x inside this range.
The approach to get asymptotics for H;l:}l(ac) (again following [10, Proposi-
tion 5.1]) is the same as that for H;g}l(x), except slightly easier: we expand the
sinh in the phase as a Taylor series, giving us

Hyl(a) = 4T /_OO é?(g)e(—% - i sinh 5—”) de

a1 [ (-1 + % LI Ty (Tl

— 00

for the plus part of the & in the phase; the minus part is similar.
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12M@ + 240154 ) as a Taylor series of order L this gives us

i a1 [ Fen(-5) 32 5% (5)" (55) o

Expanding e(T5535

e 0<I<L 0<I; <l
N O(TIwIL+1 lel)
MBL+3 M7

where d; ;, are constants from the Taylor expansion. In particular, doo = 1. Iden-
tifying the integral in £ as a Fourier transform we get

L+1
w(sl—21y) (T — 2T 1|z Tzl
H _4TZ Z dlllM5l 211k 1( oM )+O(M3L+3+M7)
0<I<L0< <l

where dj ;= dy, (2mi) 521 are relabeled constants. Again in particular df ; = 1.
Hence, like with R;, we take L to be sufficiently large that the second error
term dominates the error, and study the [ = [; = 0 term since the other terms can
be treated similarly.
This means that to study R, it suffices to study

47 /np
CEED9p i Ml IS RN (S —
2 c 2M '
m>1n>1 1(\)/();n§c< 100\/_
The error term from these asymptotics on H,, ,(x) is of size O( ) 50 to Ry
as a whole this contributes
m2n S(=n,p;c) T|z|
I L S
m>1n>1 mn \/W <e< 100/Np
10 - Tm
|A(n,m)] /m?*n _34 Tn2ps
<22 TGO I DR
m>1n>1 mnt N VNG < 100V M
100Tm —~— Tm
2 _ 1
_7 1 1 men ,/Np 5+e
CTMTpr ) m 2'1“("””)'9(7) (For)

€ THEMTINT e S e L e TN e
m>1

For thls to be admissible we need a > + g, which is satisfied by the requirement
a>g 3 + ¢ already established from R+.

If at this point we sum 7@; trivially over n using the Weil bound for the Kloost-
erman sum, we get

R, < TENite L THe,

Hence we must save T4 M —! and in order to do so we must repeat what we did
previously: open the Kloosterman sum, apply the Voronoi formula for GL(3), and
analyze the size of the resulting integral transform.

The relevant n-sum in Ry is

S Ammsnpopm = Y o) Amme("L) )

n>1 dd=1 (mod c) n>1
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where

4.\ /yp
2 - 2T
w(y)=g(mNy)k*( C2M )yﬁ

and the Voronoi formula says the inner sum is

Z A(n, m)e(n?d)w(n)

n>1
A(n17n2) - _ TLQTL2
S X 3 T St men ()

+ nilemnz2>1

As before, we look at the size of the argument in the integral transforms times the
length of the original n-sum:

nani N nant NT3m?3 T3
— > > —3
Nzip

15
c3m m? m3 N3 > >1

wlw

1 1
< 1ON2P2 and p <« T'7¢. Therefore by (@), to study U*(z) for

it suffices to consider

since now c
nz’ﬂf

xr= ———
c3m )

(19) / " e(oy))aly) dy

with the phase

and amplitude
4
1 m*y\ . W\c/y_p_QT _
a(y) =¥ (y)y 529( I )k oYi Yoo,

The analysis this time is slightly easier than in the case for the J-Bessel function

terms because this time 1 (y) does not involve an exponential causing oscillations.
11

Since ¢/(y) = x3y~3 and a/(y) < y~ &, we get

oo

1 2
&' ()@ (y)"" > syt >ninfc lm AN

2
since = 31 and y = n ~ Nm~2 because of the factor of g(m;,y) in ¢(y). Now if

N3T®
ng > ——,
M?’n%

this is makes
¢'(y)(a' (y) ! > T,

meaning that by integrating by parts many times, the contribution to 7@27 from
such no is negligible. We therefore turn to

NzTe

N VER
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Recalling how k*(u) = e~V (m2n, Mu+T) < (1 + |u|)~ for any A > 0, we have
that a(y) is negligible unless the argument

4,/
SVYP _op
__c
Y Vi
of k*(u) is about zero, i.e.,
4 2
I P
C _ & < T¢
2M M T
From this we deduce
1 1 )
o (Te—TMc)*> <y < " (Te+ T Mc)=.

Therefore the length of the integral ([A) is about T'**Mc?p~1!, the integrand is
about y_%, and there is an z3 in front of the integral, so

Ut (z) < sy s T MEp ! <« 23 (Nm~2)~sT M cPp .

Plugging this into 7@27 , along with the estimates on the Kloosterman sum coming
from the Voronoi formula, we then get

R SR IEED SEND DI DI LS

100 NTE
m<VN NP << 200N nyfem p, « {/fgnz

X (ngn% ) ¢ (Nm_Q)_%Tl"’EM@p_1

o3
2 “§p1 ol 3 -3
=T*"*MN~% E m E te E n? E ny 3 |A(n1, na)
m<\/7 100T7n SeS“rm 100 e ‘Cm n2<< \Z\{;T;
e\ 2
2 -5 1 Z Z ol Z 3 (VNT"\3
<L T***MN 6p m te ny (W ni
m<VN 100]¥ <c< 100V ND nilem !
<<T2+€M lN—f —1 E m E Cl-‘ré‘
m<VN 100Tm§c§102"m

K TENTHMTIP® < MT3720%5)p7,

which is admissible if a > %, and so covered by a > %.

This finishes the calculation for 7@2_ , and hence for R~ as a whole, and therefore
of the entire moment. Hence this finishes the proof of [Theorem 11

7. PROOF OF

The calculations for[Theorem 5} the twisted first moment of the derivative L'(3, fx
u;) for { u; } an orthonormal basis of odd Hecke-Maass forms for SL(2,Z), are es-
sentially the same as the ones above. The main difference is that of the diagonal
main term, because this time the integral transform in the approximate functional
equation has an order 2 pole instead of a simple pole.
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For the derivative L’ (%, f x u;) we have the approximate functional equation

L’(%,f X uj) Z Z >U (m®n,t;) +

m>1n>1

1
(— + u, t)
Urlnt) = 5 [y L2
T J(1000)
As in the the proof[Theorem 1] we will focus on the A(n,m) terms coming from the
first sum, the dual sum one being treated similarly. We consequently suppress the
subscripts F from now on.
We have the Kuznetsov trace formula for odd Maass forms (see [2, Section 3)):

Lemma 12. Let h(t) be even, holomorphic and bounded h(t) < (|t| +1)727¢ in
the strip Imt| < 1 +e. Then

Z h(tj)wiAj(m)A;(n)
4my/mn _r4m/mn
+[(ETVIMIN o ) Ay mn
mnH—i—Z ( mncH( . ) S( m,n,c)H( . )),
where * restricts the sum to odd Maass forms,
(P
7 cosh(nt;)’
47r’¢( —Ht)’
w(t) =
cosh(ﬂ't)
H= l/ h(t) tanh(mt)t dt,
m — 00
[ h(t)t
() — () A
H"(z) =2 /_OO Jait () cosh(71) dt,
and
H (z) = é/ Kot () sinh(7t)h(t)t dt.
™ — 00
Applying this and (20) to the twisted moment in [Theorem 5l we get
* , 1
S R eI (57 x w) = 3 3 Z ) 5(0,p) Ho o +
J m>1n>l )2
47\ /np _ /4w /np
+ T
+C>ZO ( (n,ps ) H,}, ( . ) S( n,p,C)Hm,n( . ) +

+ dual sum
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where this time

mezl/ E(t)U(m?n, t) tanh(nt)t dt,
T J -
[ k(t)U(m?n,t)t
+ _ . )
Hmn(ac) =21 [m Jmt(x)—cosh(wt) dt,

and

m,n

Ho (2) = % /7 " Kou() sinh(rt)k(H)U (m?n, )t dt.

As before we split the resulting sum into diagonal and off-diagonal terms,

D+0OT+07,
where A( )
1 n,m
D= : 1 5(nup)Hm,na
2 2 2wt
1 A(n,m) S(n,p;c) 47, /np
O+ - - ) - s sy er; . ,
21;17; (mzn)i ;0 C ’ ( C )
and

1 A(n,m) S(—n,p;c) _ 4m/np
I S e )
m>1n>1 c>0

Note that U(y,t) is bounded by log(t3y~1). Since this is a power savings com-
pared to the bound we used for V(m?n, —% + y) before, we see that exactly the
same calculations for the off-diagonal terms will work out for the derivative, and so
the off-diagonal terms here contribute precisely the same error terms as they did in
Mheorem 1l

We hence turn our focus toward the diagonal term. By the same shuffling of
Fourier coefficients using the Hecke relation as in {@l), we first have

Alp, 1) 5~ AlLm) 1 A, m)
D = Z m Hm,p - — 3 Z THmp)p.

2p m>1 2p2 m>1

N=

Following the same approach as in Section [ we bring the sum into H,,, and get
(for the first sum, the second one is handled similarly),

Z A(;m) Hppp = %/oo k(t)(z WU(Trﬁp’ t)) tanh(ﬂ't)t dt.

m>1 m>1

Note how the remaining exponential in the integral makes the length of the integral
about M, and t is about T'.

Next, to estimate the inner sum we bring the sum all the way into the integral
defining U(m?p, ), i.e.,

A(l,m 1 ~ v u,t du

E 7( )U(m2p, t) = i / p “L(1+ 2u, f)F (u)i(2 1 ) —-

= m ™ J(1000) 7( t) U
2’

Move the line of integration to Re(u) = —% + ¢, past the order 2 pole at u = 0 and
we pick up the residue

2L'(1, f) 4+ 3L(1, f) log|t| — 3L(1, f) log(27) — L(1, f) log p + O(|t|~*p%).
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By Stirling’s formula and the convexity bound for L(s, f) we therefore get

> L;’,Lm) U(m®p,t)

m>1
+O(t|1p%) + O(p7 ¢ [t|~77%)

for t about T
Plugging this back into the integral for H,, ,, we therefore get

Z MH"W = 3L(1 /) / k(t) tanh(mt)t log|t| dt +
m>1 m

+ K/ t) tanh(wt)t dt + O(T7+5Mp775)
where K = 2L/(1, f) — 3L(1, f) log(27) — L(1, f) log p.

The sum with H,,, , in place of H,, , works out precisely the same.
Hence

_BL(LH (AR p—1) [
D= Py /700 k(t) tanh(rt)t log|t| dt +
+ K(A(p—f)‘l)/ k(t) tanh(rt)t dt + O(T7 Mp°)
2p —00

with K = 2L'(1, f) — 3L(1, f) log(2r) — L(1, f) log p.
The dual sum consequently works out identically, only with switching f for f
and switching the Fourier coefficients, so

5 B DAL -

Y / k(t) tanh(wt)t log|t| dt +
2p ™ — 00
K(A(p,1)p—1) [~
+ M / k(t) tanh(mt)t dt + O(T7+ Mp®)
2p2 ™ — 00
where K = 2L/(1, f) — 3L(1, f) log(27) — L(1, f) log p.
Together with the previously computed bounds for the off-diagonal terms which

as discussed still apply, this proves [Theorem bl
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