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PLATEAU FLOW
OR
THE HEAT FLOW FOR HALF-HARMONIC MAPS

MICHAEL STRUWE

ABSTRACT. Using the interpretation of the half-Laplacian on S1 as the Dirichlet-
to-Neumann operator for the Laplace equation on the ball B, we devise a clas-
sical approach to the heat flow for half-harmonic maps from S to a closed
target manifold N C RR", recently studied by Wettstein, and for arbitrary
finite-energy data we obtain a result fully analogous to the author’s 1985 re-
sults for the harmonic map heat flow of surfaces and in similar generality.
When N is a smoothly embedded, oriented closed curve I' C R™ the half-
harmonic map heat flow may be viewed as an alternative gradient flow for a
variant of the Plateau problem of disc-type minimal surfaces.

1. BACKGROUND AND RESULTS

1.1. Half-harmonic maps and their heat flow. Let N C R"™ be a closed sub-
manifold, that is, compact and without boundary. The concept of a half-harmonic
map u: S' — N C R™ was introduced by Da Lio-Riviere [14], who together with
Martinazzi in [I2], Theorem 2.9, also made the interesting observation that the
harmonic extension of a half-harmonic map yields a free boundary minimal surface
supported by N, a fact which also was noticed by Millot-Sire [29], Remark 4.28.

In his PhD-thesis, Wettstein [48],[49], [50], recently studied the corresponding
heat flow given by the equation

(1.1) dry (u) (ue + (—A)l/Qu) =0 on S' x [0,00],

where u; = 0;u, and where 7 : N, — N is the smooth nearest neighbor projection
on a p-neighborhood N, of the given target manifold to N, and, with the help of
a fine analysis of the fractional differential operators involved, he showed global
existence for initial data of small energy.

Moser [32] and Millot-Sire [29] contributed important results to the study of
half-harmonic maps by exploiting the fact that for any smooth u: S* — R" we can
represent the half-Laplacian classically in the form

(1.2) (=AY = 9,U

where U: B — R™ is the harmonic extension of u to the unit disc B [I. Here, using
the identity (I2) we are able to remove the smallness assumption in Wettstein’s
work and show the existence of a “global” weak solution to the heat flow (L))

Date: July 15, 2022.

IThe classical formula (I2) is a special case of a much more general result, due to Caffarelli-
Silvestre [4], who pointed out that many nonlocal problems involving fractional powers of the
Laplacian can be related to a local, possibly degenerate, elliptic equation via a suitable extension
of the solution to a half-space.
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for data of arbitrarily large (but finite) energy, which is defined for all times and

smooth away from finitely many “blow-up points” where energy concentrates, and

whose energy is non-increasing. The solution is unique in this class in exact analogy

with the classical result [42] by the author on the harmonic map heat flow for maps

from a closed surface to a closed target manifold N C R"; see Theorem below.
In order to describe our work in more detail, let

HY?(SY; N) = {u e HY?(S*;R"); u(z) € N for almost every z € S'}.
Interpreting S* = 9B, where B = B1(0;R?) and tacitly identifying a map u €
H'/?(S'; N) with its harmonic extension U € H'(B;R™), for a given function ug €

H'/?(S'; N) we then seek to find a family of harmonic functions u(t) € H'(B;R")
with traces u(t) € H/2(S'; N) for t > 0, solving the equation

(1.3) drn (w) (ue + Opu) = uy + dry(u)dpu =0 on S' x [0, 00],
with initial data

(1.4) uli—o = ug € H'?(S'; N).

1.2. Energy. The half-harmonic heat flow may be regarded as the heat flow for
the half-energy

1

Bua) = 5 [ 1(=8)"*uPdg

of a map u € H'/2(S'; N). Note that the half-energy of u equals the standard
Dirichlet energy

1
E(u)25/13|Vu|2dz

of its harmonic extension v € H'(B;R"). Indeed, integrating by parts we have

(1.5) /B|Vu|2dz = /S udpu do = y u(—A)?udg = /S [(—=A)4u)dg,

where we use the Millot-Sire identity (I.2]) and where the last identity easily follows
from the representation of the operators (—A)'/2 and (—A)'/* in Fourier space with
symbols |£], \/E , respectively, and Parceval’s identity. A Therefore, in the following
for convenience we may always work with the classically defined Dirichlet energy.
Moreover, we may interpret the half-harmonic heat flow as the heat flow for the
Dirichlet energy in the class of harmonic functions with trace in HY/2(S'; N); see
Section 2] below for details.

1.3. Results. Identifying R? = C, we denote as M the 3-dimensional Md&bius
group of conformal transformations of the unit disc, given by

_ _ ig*—a ©(R. R .
M={®(z)=e —EL—I—ZEC (B;B): la| <1, 6 € R}.

Observe that the Dirichlet energy is invariant under conformal transformations,
and we have E(u) = E(uo ®) for any u € H*(B;RR") and any ® € M.
For smooth data we then have the following result.

2Conversely, via Fourier expansion we also can prove (5] directly. Computing the first vari-
ations of E and Ej /5, respectively, we then obtain (L2)).
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Theorem 1.1. Let N C R"™ be a closed, smooth sub-manifold of R™, and suppose
that the normal bundle TN is parallelizable. Then the following holds:
i) For any smooth ug € HY?(S'; N) there exists a time Ty < oo and a unique
smooth solution w = u(t) of [(L3), hence of (1)), with data (L) for 0 <t < Tp.
it) If Ty < oo, we have concentration in the sense that for some 6 > 0 and any
R > 0 there holds

sup / |Vu(t)|?dz > 6,
zpEB, 0<t<Ty BR(Z())QB
(1) (i0)

and for suitable ty, T Ty there exist finitely many points 2,77, ..., 2, and conformal
maps @,ii) € M with z,(:) — 29 € B and <I>,(f) — (ID((,iO) = 2 weakly in H'(B) such
that u(ty) o <I>,(f) — 4 weakly in HY(B) as k — oo, where u") is non-constant and
conformal and satisfies

(1.6) drn (@)0,a) = 0,1 < i <.

Moreover, there exists § = 6(N) > 0 such that E(@™) > 6, and ig < FE(ug)/s. Fi-
nally, u(ty) smoothly converges to a limit uy € HY2(S*; N) on B\ {2, ..., 2l0)},

iii) If To = oo, then, as t — oo suitably, u(t) smoothly converges to a half-
harmonic limit map away from at most finitely many concentration points where
non-constant half-harmonic maps “bubble off” as in ii).

By the Da Lio-Riviere interpretation of (L), the “bubbles” @) as well as the
limit us of the flow conformally parametrize minimal surfaces with free boundary
on N, meeting N orthogonally along their free boundaries.

The hypothesis regarding the target manifold N in particular is fullfilled if N
is a closed, orientable hypersurface of co-dimension 1 in R"”, or if IV is a smoothly
embedded, closed curve I' C R".

It would be interesting to find examples of initial data for which the flow blows
up in finite time, as in the work of Chang-Ding-Ye [5] on the harmonic map heat
flow.

For data in H'/2(S'; N) the following global existence result holds, which is our
main result.

Theorem 1.2. For N C R"™ as in Theorem [ the following holds: i) For any
ug € HY2(S'; N) there exists a unique global weak solution of (L3) with data (L)
as in Definition[6.3, whose energy is non-increasing and which is smooth for positive
time away from finitely many points in space-time where non-trivial half-harmonic
maps “bubble off” in the sense of Theorem [I1l4).

it) As t — oo suitably, u(t) smoothly converges to a half-harmonic limit map
away from at most finitely many concentration points where non-constant half-
harmonic maps “bubble off” as in Theorem [11l1i1).

Note that uniqueness is only asserted within the class of partially regular weak
solutions with non-increasing energy, as in the case of the harmonic map heat flow.
It would be interesting to find out if the latter condition suffices, as in the work of
Freire [18], [19], and, conversely, to explore the possibility of “backward bubbling”
in (3], as in the examples of Topping [45] for the latter flow.

1.4. Key features of the proof and related flow equations. In our approach,
in a similar vain as Lenzmann-Schikorra [27], we uncover and exploit surprising reg-
ularity properties of the normal component dry; (u)d,u for the harmonic extension
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of u, likely related to the fractional commutator estimates for the normal projection
in the work of Da Lio-Riviere [14] or the regularity estimates of Da Lio-Pigati [13],
Mazowiecka-Schikorra [28], and others.

The use of the Dirichlet-to-Neumann map for the harmonic extension u: B — R"
of u instead of the half-Laplacian, and the simple identity ([B.2]) as well as equation
B3) allow to perform the analysis using only local, classically defined operators,
avoiding fractional calculus almost entirely.

Note that equation (L3) is similar to the equation governing the (scalar) evo-
lution problem for conformal metrics e?“gr2 of prescribed geodesic boundary cur-
vature and vanishing Gauss curvature on the unit disc B, studied for instance by
Brendle [2] or Gehrig [20]. In contrast to the latter flows, due to the presence of the
projection operator mapping u, to its tangent component, the flow (L3) at first
sight appears to be degenerate. However, surprisingly, within our framework we
are able to obtain similar smoothing properties as in the case of the harmonic map
heat flow of surfaces.

A different heat flow associated with half-harmonic maps, using the half-heat
operator (8; — A)'/? instead of (1)), was suggested by Hyder et al. [22], and
they obtained global existence of partially regular, but possibly non-unique weak
solutions for their flow, with a possibly large singular set of measure zero.

1.5. Applications to Plateau problem. In the case when N is a smoothly em-
bedded, oriented closed curve I' C R™ the half-harmonic heat flow ([3]) may furnish
an alternative gradient flow for the Plateau problem of minimal surfaces of the type
of the disc, which has a long and famous tradition in geometric analysis.

Having been posed by Plateau in the 1890’s, Plateau’s problem was finally solved
independently by Douglas [16] and Radé [33] in 1930/31. In order to analyse the
set of all minimal surfaces solving the Plateau problem, including saddle points of
the Dirichlet integral, thereby building on Douglas’ ideas, in 1939 Morse-Tompkins
[31] proposed a critical point theory for Plateau’s problem in the sense of Morse
[30], attempting to characterize non-minimizing solutions as “homotopy-critical”
points of Dirichlet’s integral. However, in the 1980’s Tromba [47], [46] pointed
out that it was not even clear that all smooth, non-degenerate minimal surfaces
would be “homotopy-critical” in the sense of Morse-Tompkins [31I]. To overcome
this problem, Tromba developed a version of degree theory that could be applied
in this case and which yielded at least a proof of the “last” Morse inequality, which
is an identity for the total degree.

In 1982, finally, this author [4I] recast the Plateau problem as a variational
problem on a closed convex set and he was able to develop a version of the Palais-
Smale type critical point theory for the problem within this frame-work, which
allowed him to obtain all Morse inequalities in a rigorous fashion; see the monograph
[44] and the paper by Imbusch-Struwe [23] for further details. In the papers [43]
by this author and [25] by Jost-Struwe the approach was extended to the case of
multiple boundaries and/or higher genus.

A key element of critical point theory for a variational problem is the construction
of a pseudo-gradient flow for the problem at hand. In [4I] this was achieved in
an ad-hoc way. However, starting with the work of Eells-Sampson [I7] on the
harmonic map heat flow, it is now an established approach in geometric analysis
to study the (negative) (L?-)gradient flow related to a variational problem, similar
to the standard heat equation. For Plateau’s problem, such a flow was obtained
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by Chang-Liu [6] within the frame-work laid out by Struwe [41] in the form of a
parabolic variational inequality, for which Chang-Liu obtained a solution of class H?
by means of a time-discrete minimization scheme. Rupflin [35], Rupflin-Schrecker
[36] studied the analogous parabolic variational inequality in the case of an annulus,
which again had previously been studied by this author [43] by means of an ad-hoc
pseudo-gradient flow.

In view of the much better regularity properties of the flow equation (T3] it
would be tempting to regard this as the correct definition of the canonical gradient
flow for the Plateau problem, but an important issue still needs to be addressed.

1.6. Monotonicity. Recall that in the classical Plateau problem u(t) is required
to induce a (weakly) monotone parametrization of I" for each ¢ > 0. Even though it
may seem likely that — at least for curves I' on the boundary of a convex body in R?
— this Plateau boundary condition will be preserved along the flow (3] whenever it
is satisfied initially, at this moment even for a strictly convex planar curve I' C R? it
is not clear whether this actually happens. However, the results that we obtain also
seem to be of interest if we drop the Plateau condition. In particular, our results
motivate the study of smooth minimal surfaces with continous trace covering only
a part of the given boundary curve I'; dropping the monotonicity condition also
brings the parametric approach to the Plateau problem closer to the approach via
geometric measure theory or level sets.

1.7. Plateau flow. It should be straightforward to extend our results to the case
when the disc B is replaced by a surface ¥ of higher genus with boundary 0% =2
S, if for given initial data ug € H'Y?(S'; N) we consider a family u = u(t) in
H'/?(S'; N) solving the equation (I3), that is,

us + dry(u)Opu =0

instead of (II]), where for each time we harmonically extend u(t) to ¥ and denote
as d,u the outward normal derivative of u along 0%, as was proposed and analysed
by Da Lio-Pigati [13] in the time-independent case. Similarly, one might study the
flow (I3) on a domain ¥ with multiple boundaries. Of course, in order for the flow
to converge to a minimal surface in the case of higher genus or higher connectivity
it will be necessary to couple the flow (3] with a corresponding evolution equation
for the conformal structure on X, as in the work of Rupflin-Topping [37] on minimal
immersions. Note that on a general domain ¥ the flow equations (ILI]) and (L3)
no longer agree. In order to clearly distinguish the flow equation (3] from the
equation (LI defining the half-harmonic map heat flow, we therefore propose to
say that ([3]) defines the “Plateau flow”.

1.8. Outline. After a brief discussion of energy estimates in Section 2] in Section
we present the analytic core of the argument for higher regularity in Section [
and for the blow-up analysis, later presented in Section Bl These tools are also
instrumental in proving uniqueness of partially regular weak solutions in Section [7l
The L?-bounds for higher and higher derivatives which we establish in Section 4
assuming that energy does not concentrate, may be of particular interest. These
bounds either concern estimates for vafgu on B or on B, and we view the latter
bounds as stronger by an order of 1/2. These bounds may be used interlaced, as
we later do in Section [6] to prove uniform smooth estimates, locally in time, for
smooth flows with smooth initial data converging in H'/?(N;S'). Since the latter
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data are dense in H'/2(N; S') we thus not only obtain existence of weak solutions
for arbitrary data ug € H'/?(N;S') but also can show their smoothness for positive
time and hence are able to derive Theorem[[.2]from Theorem[L.Il A peculiar feature
is that one set of regularity estimates can only be obtained globally, that is on all
of B, whereas the other set of estimates may be localized using cut-off functions.
Similar estimates for a regularized version of ([L3]) are employed in Section [H to
prove local existence of smooth solutions of (3] for smooth data (I4]). Finally, in
Section [@ the large-time behavior of smooth solutions to (L3 is discussed, finishing
the proof of Theorem [I.11

1.9. Notation. The letter C' is used throughout to denote a generic constant,
possibly depending on the “target” N and the initial energy E(ug).

Moreover, since T+ N by assumption is parallelizable and compact, there exists
p > 0 such that the representation

T: N x B,(0;R™) > (p,y) = p+ Zyiui(p) SR
=1

of the tubular neighborhood N, = UpenB,(p) of N is a diffeomorphism, where
V1,...,Vny is a suitable smooth orthonormal frame along N and where we let y =
(y',...,y™) € R™. For q € N, then T"*(q) = (p,h) with p = mn(q) defines a
(vector-valued) signed distance function h = h(q) = (h'(q),...,h™(q)) with h(q) =
vi(p) - (g — mn(q)) for each 1 <4 < 4y. Fixing a smooth function 7: R — R such
that n(s) = s for |s| < p/2, and with n(s) = 0 for |s| > 3p/4, we then let

disty(q) = (disty(q), ..., dist}(q)),
with
dist'y(q) = n(h'(q)) for ¢ € N,, dist'y(g) =0 else, 1 <i < m.

Then for any smooth « € H'/2(S'; N) with harmonic extension « € H'(B;R") we
have

m m

(1.7) ‘ vi(u)0dist'y (u) = Zl/i(u)ui(u) -, = dry (u)u, on OB = S,

i=1 i=1

where for each p € N we denote as dny(p) = 1 —dny(p): R" — T;-N the orthog-
onal projection. In the sequel, we abbreviate
vi(wv;(u) - ur =: v(wv(u) - u, = v(u)ordist n(u);
i=1

moreover, we extend the vector fields v; to the whole ambient space by letting
vi(q) = Vdist'y(q) for g € R", 1 <i <m.

Finally, we fix a smooth cut-off function ¢ € C2°(B) satisfying 0 < ¢ < 1 with
@ =1on By3(0), and for any zo € B, any 0 < R < 1 we scale

©20,r(2) = 9((2 — 20)/ R) € C°(Br(20))-

Acknowledgement. I thank Amélie Loher and the anonymous referee for careful
reading of the manuscript and useful suggestions.
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2. ENERGY INEQUALITY AND FIRST CONSEQUENCES

The half-harmonic heat flow may be regarded as the heat flow for the Dirichlet
energy in the class H'/2(S'; N). Indeed, let u(t) be a smooth solution of (L3),
(T3 for 0 <t < Tp. Then we have the following result.

Lemma 2.1. For any 0 <T < Ty there holds

T
E(u(T)) +/O /BB lug|?do dt < E(ug).

Proof. Integrating by parts and using ([L3]) we compute

d
—E(u) = / VuVus dz = / Uy - Up AP
dt B 0B

—— |l Po =~ [ fufas
B 9B

for any 0 < t < Ty. The claim follows by integration. O
Moreover, there holds a localized version of this energy inequality.

Lemma 2.2. There exists a constant C > 0 such that for any zg € B, any 0 <
R<1,anye >0, and any 0 <ty <t1 <tg+ecR < Ty there holds

t1
/ V() 20, pdz +4 / / P2, pdd dt
B to OB
< 4/ |Vu(t0)|2g0§0)Rdz—I—CEE(UO).
B

Proof. Writing ¢ = ¢, r for brevity, integrating by parts, and using Young’s
inequality, similar to the proof of Lemma [2.1] for any 0 < ¢ < Ty we have
d 1

GG [1vuPeas) = [ wugtdo - [ wdin(Vug)a:
B oB B

(2.1) = —/ |d7TN(u)ur|2cp2d¢—2/ usVupVepdz
oB B

< —/ |ut|2302d¢+(85R)_1/ |Vu|2302d2—|—8£R/ lug|?| Vo) ?dz.
oB B B
Letting
1
A= sup (—/ [Vu(t)|?*dz),
2B

to<t<ty

then upon integration we find

ty
A+/ / lug|?p2dep dt
t() oB

t—t h
S/ IVu(to)?p?dz + — OA—i—CsR_l/ / lug|?dz dt.
B 2eR to JBr(z0)NB

But with u = u(t) also uy = u(t) is harmonic for each ¢. Expanding

ut(rem) — Z aprketk®

k>0
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in a Fourier series, we see that the map
T |ug|*ds = 27 g lag|2r2k+L,
9B.-(0) k>0

with ds denoting the element of length along dB,.(0), is non-decreasing. Thus for
any zo € B, any 0 < R < 1, and any ¢y < t < t; there holds

(2.2) / u|dz < 2R/ |ue|dop,
BR(Z())QB 0B

and we may use Lemma 2] to conclude. O

3. A REGULARITY ESTIMATE

To illustrate the key ideas that later will allow us to prove higher regularity
and analyze blow-up of solutions of (L3]), we first consider smooth solutions v €
H'/?(S'; N) of the equation

(3.1) drn(u)dru+ f =0 on OB = S,

where f € L?(S'). We prove the following a-priori estimate, where we use classical
estimates similar to Wettstein’s [48] Lemma 3.4, which in turn is a fractional version
of an earlier result by Riviere [34]. Note that with the truncated signed distance
function disty: R™ — R™ we have the orthogonal decomposition

(3.2) Oru = drn (u)0pu + dryg (u)Opu = dry (w)0pu + v(u)0, (dist N (u))

on OB = S, where we recall that we use the shorthand notation

v(u)d, (disty (u)) = Z vi(u)d,(disthy (u)) = Z vi(uw)vi(u) - 8yu

and extend v;(p) = Vdistyy(p), p € R™.

Proposition 3.1. There exist constants C,d9 = 0o(N) > 0 such that for any
smooth solution v € HY?(S*; N) of @) with E(u) < 6> < 62 there holds

(33) [ 1066 < Cll Ty

Proof. Multiplying 8.2) with 9,u, we find the Pythagorean identity
(3.4)  |0rul? = |dry (w)drul? + |dry (w)drul? = |dry (w)drul? + |0, (distn (u))]?.

Note that disty (u) € Hg(B); moreover, for each 1 < i < m we have V(disty; (u)) =
v;(u) - Vu, and there holds the equation

(3.5) A(dist'y(u)) = div(vi(u) - Vu) = Vu - dv;(u)Vu in B.
The divergence theorem now gives
10, (distn (u)]|72(s1)
= (V(disty(u)), V(distn(u))r) 2By + (A(distn (u)), (disty (u))r) 2(B)
< Ol Vull () | V2 (dist (u) | 25y < O8IV (dist (u))l| 22,
where the basic L?-theory for the Laplace equation (3.5)) yields the bound
IV (distn ()22 () < CllA(disty ()| L2y < ClIVullLs(p)-
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With Sobolev’s embedding H'/?(B) < L*(B) we then conclude
||8T(dZStN(u))||%2(Sl) S O(SHVUH%ﬂ/z(B)
Thus from B4) and B1]) we have
10 ullF2(s1y < N1f 172051y + 10-(dist (u)[|72(s1y
< 1 f1172s1) + ColIVul 312y

But Fourier expansion of the harmonic function u gives

(3.6)

3.7) 18gullZas1y = [10rullZaqsry = %Hvu”%%Sl)
as well as the bound
||Vu||§11/2(3) < O Vullfzs1),
and from (B6]) we obtain
18rullF2gsy < I f 172ty + COlVulliesy < 11 72(st) + COllorulF2sny,
which for sufficiently small 6 > 0 by 7)) yields the claim. O

In particular, from Proposition B we obtain a positive energy threshold for
non-constant solutions of (L6).

Corollary 3.2. Suppose u € H'/?(S'; N) smoothly solves (L8). Then, either u is
constant, or E(u) > 62, with 69 = do(N) > 0 given by Proposition 31l

Combining the ideas in the proof of the previous result with ideas from the
classical proof of the Courant-Lebesgue lemma in minimal surface theory, we can
obtain the following local version of Proposition 311

Proposition 3.3. There exists a constant 6 > 0 with the following property. Given
any smooth solution u € HY?(S*; N) of @) with harmonic extension u € H'(B),
any zp € OB, and any 0 < R < 1/2 such that

(3.8) / Vul?dz < 82,
BR(Z())QB

with a constant C' = C(R) > 0 there holds
[ 10euPdo < U anyonss) + CE)
BR2 (Z())ﬁsl

Proof. Fix any zp € 0B and 0 < R < 1/2 such that ([B.8) holds. For suitable
p € [R?, R], with s denoting arc-length along the curve C, = {29+ pe'’ € B;0 € R}
with end-points z; = 2o + peli = e%i € OB, j = 1,2, we have

p/ |Vul?ds <2 inf (p’/ |Vu|2ds>.
c, R2<p'<R c,

We can bound the latter infimum by the average over p € [R?, R] with respect to
the measure with density 1/p to obtain the bound

R R
d
p/ |Vu|2ds§2/ / |Vu|2dsdp// a
C, Rz Jo, Rz P

(3.9)
U2 z (0] = u (0] .
<2/B|C |d/|1g(R)| 4E(u)/|log(R)|
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Let ®3: B — B be the conformal map fixing the circular arc C, and mapping
the point zp to the point —zy, obtained as composition &y = wal o Wy omy of
stereographic projection mg: B — IRi from the point —z¢ and reflection ¥y : Ri —
R? of the upper half-plane RZ in the half-circle mo(C,). Replacing u by the map
uo @y in B\ B,(zy) we obtain a piecewise smooth map vi: B — R"™ which is
harmonic on B\ C, and continuous on all of B. Let vy € H!(B) be harmonic with
w:=v; —vg € Hi(B). Note that by the variational characterization of harmonic
functions and conformal invariance of the Dirichlet integral we have

(3.10) E(v) < E(v1) < / |Vul?dz < 62,
BR(Z())QB

Moreover, for any smooth ¢ € H}(B) by ([33) we can estimate
|/VwV<pdz| = }/ Vv1V<pdz| = |/ [8yv1]gpds}
B B c,

5, \1/2 5, \1/2 Lo
< (/C |Vl ds) (/C o] ds) < C(R)E(u)?|1¢ll gr1/2(p),

where [0,v1] denotes the difference of the outer and inner normal derivatives of v1
along C,. Thus we have Aw € H~'/2(B), and the basic L?-theory for the Laplace
equation gives w € H*? N H}(B) with

Wl gs/2(my < sup (/ VwVepdz) < C(R)E(u)'/?
€3 (B).ll9ll 125, <1 I B

and then also

(3.11) J0r0l3agsny < Cllwllagsy < CORB).

In view of ([B.I0), for sufficiently small § > 0 from Proposition 3] we obtain the
estimate

(3.12) 195v01Z2(51) < Clldmy (v0)drvollz(s1)-

Observe that since vg = v; on B = S and since we also have v; = won BNB,(2),
vi =uo Py on B\ B,(z0), respectively, we can bound

[dm (v0)drvo|72(s1y = lldmn (01)drvol| 72 sy
< 2|jdm (01)8r01 || F2(s1y + 2[10rwl|72 g1
and
ldrmn (v1)rv1 [|72(51y < C(R)||dmn (w)Brte]| 72518, (20))-
Thus from (B.I1) we obtain
[[d7mn (00)Brvo | 7251y < C(R)||dmn (w)drul|T2(s1np, () + ClOwl7acsn
< CR)fll72(s1n8,(20)) + C(R)E(u),
and from (B.I2]) there results the bound
||5¢“||%2(51n3,,(z0)) = ||‘9¢U0||%2(5103p(z0)) < ||8¢U0||2L2(S1)

< Clldmn (v0)drvol| 7251y < C(R)IFIIT2(51nBR(20))) + C(R)E(w),

as claimed. [l

The local estimate Proposition [3.3] also implies the following global bound.
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Proposition 3.4. There exists a constant 6 > 0 with the following property. Given
any smooth solution v € H'/?(S*; N) of B1), any 0 < R < 1/2 with

(3.13) sup / |Vul?dz < 62,
20€B J Br(z0)NB

there holds
|, suPdo < CRI sy + CRIEW.

Proof. Covering OB with balls Brz(2;), 1 < i < ig, from Proposition 3.3 we obtain
the claim. ]

Remark 3.5. The proofs of the above propositions only require u € H'(S*; N) with
harmonic extension u € H3/2(B).

4. HIGHER REGULARITY

Again let u(t) be a smooth solution of the half-harmonic heat flow (3] for
0 < t < Ty with smooth initial data (I4). We show that as long as the flow does
not concentrate energy in the sense of Theorem [[Tlii) the solution remains smooth
and can be a-priori bounded in any H*-norm in terms of the data.

4.1. H?-bound. In a first step we show an L?-bound in space-time for the second
derivatives of our solution to the flow ([3]). Recall that by harmonicity, writing
u = u(t), Opu = uy, and so on, for any 0 < t < Ty we have (1), that is,

/ g 2 = / fuy[2dg,
OB 0B

as Fourier expansion shows, with similar identities for partial derivatives of u of
higher order. Indeed, writing

1 1
(4.1) Au = ;(rur)r + 3 Uos

we see that also ngu and then also V*~J ngu is harmonic for any j < k in Ny, where
Vu = (ug, uy) in Euclidean coordinates z = x + iy. Thus by induction we obtain

(4.2) / |Vku|2d¢:2/ |VF Ly 2dg = - - - :2’“/ |0k ul*dg
oB oB 0B

for any k € IN. Similarly, for any 1/4 < r < 1 with uniform constants C > 0 we
have

VFu|?dz < C Vi luyl?dz<---<C O uldz.
b fol
9B,.(0) 8B,.(0) 8B,.(0)

Integrating, and using the mean value property of harmonic functions together with

#2) to bound

sup |VFu|? <C |VFu|?dz < C/ |V8§_1u|2dz,
By,4(0) B\Bj,4(0) B
in particular, for any k£ € N we have the bound
(4.3) / |VFul?dz < C/ |V8§71u|2dz
B B

with an absolute constant C' > 0.
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The following lemma is strongly reminiscent of analogous results for the harmonic
map heat flow in two space dimensions.

Lemma 4.1. With a constant C' > 0 depending only on N there holds

fQ/|%m@+/W%&mgg/WWmmM
dt* Jop B B

Proof. Writing dry (u) = 1 — dry;(u) with

dry(w)X = v(u)v(u) - X = Z vi(u)v;(u) - X

i=1
for any X € R™, we compute

1d
5@(/ |ug|*de) :/ Ug - Ugprdp = —/ Ugpgp * Urd
oB 0B oB

= / Upg - ATy (W) urde = —/ (ug - urg — ug - p(v(u) v(u) - uy))dd
oB oB

1
=5 [ 0uePyio— [ g dvluyug i) -urdo

where we use orthogonality ug - v;(u) =0 on 9B, 1 < i < m, in the last step. But
ug is harmonic. So with Alug|? = 2|Vue|?, from Gauss’ theorem we obtain

1
5 [ orlludo = [ [Vugf
0B B

On the other hand, by Young’s inequality we can estimate
/ Up - v(u) ug - dv(u)ugdd = / Vu - V(v(u)ug - dv(u)ug)dz
OB B

SC’/ |Vu¢||Vu||u¢|dz—|—C'/ |Vu|?ug|?dz
B B

1
< —/ |Vu¢|2dz—|—0/ |Vaul?|ug|?dz,
2 /B B
and our claim follows. O

Combining the previous result with a quantitative bound for the concentration
of energy, we obtain a space-time bound for the second derivatives of u. Note that
since u is smooth by assumption, for any § > 0, any T' < Tj there exists a number
R = R(T,u) > 0 such that
(4.4) sup / |Vu(t)|*dz < 6.

20€B,0<t<T J Br(z9)NB

Proposition 4.2. There exist constants 6 = §(N) > 0 and C > 0 such that for
any T < Ty with R > 0 as in (@A) there holds

T
sup / |u¢(t)|2d¢+/ /|Vu¢|2dxdt
(45) 0<t<T JOB 0 B

gC/|wM%¢HHR4ﬂWy
oB
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Proof. For given T' < Ty and 6 > 0 to be determined we fix R > 0 such that (4]
holds. Let Bg/2(2:), 1 <14 < g, be a cover of B such that any point 29 € B belongs
to at most L of the balls Br(z;), where L € N is independent of R > 0. We then
split

i[) i()
/ |Vu|?lug|?dz < Z/ |Vultdz < Z/ IV (up., r)|*dz.
B i—1 Y Bry2(zi) i=17B

Using the multiplicative inequality (I0.2]) in the Appendix for each i we can bound

/ IV (up., r)|*dz < C6 (IV2ul* + R™%|Vul?)d=.
B Br(z:)

Summing over 1 < i < ig, we thus obtain the bound
/B |Vul|?lug|?dz < CL5/B |V2ul?dz + CLSR™2E(u)
< COLS /B |Vug|?dz + CL6R™2E(uy),
and for sufficiently small 6 > 0 from Lemma [£.I] we obtain the claim. (]

With the help of Proposition 221 we can now bound u in H?(B) also uniformly
in time. For this, we first note the following estimate, which also will be useful later
for bounding higher order derivatives.

Lemma 4.3. For any k € N, with a constant C > 0 depending only on k and N,
for the solution u = u(t) to (L3), (CA) for any 0 < t < Ty there holds

d
E(Ilvaéiulliz(m) + 105urlZ 251

<C > IVO5ull L2 () 1TV ul| L2 (5) -
1<5:<k+1,%;5:<k+2

Proof. For any k € N we use harmonicity of 8§ku to compute

| =

(IVO5ullizpy) = (—1)’“/Bva;kuvut dx

N =
IS8

t
(4.6) = (=" ur, ue) 251y = (1) 103wy, dry (w)uy) 2y
= —(8§ur, ({ﬂ;ur)p(sl) + (8§ur, 8§(V(u) v(u) - ur))r2(sh)
= —[|05ur|F2(s1) + I,

where we split I = E?:o (?)Ij with

I = Oy, &) (v(u) v(w)) 0y ur) 2(sn)
= (VOku, V() (v(uw)v(w)) - 95 ur)) L2(p).-
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Hence for any 1 < j < k we can bound

L1 <C Y IVl VO, v(w)dlw(w)dy ™ ur r2(s)

0<i<y

+C N VRl 10 v (w) 0w () VO | 2 sy
0<i<y

<C > IVOEu| r2 () 1T V7 | 2.

1<5:<k+1,%;5,=k+2

as claimed. It remains to bound the term [y = |\a§;ur . V(u)||%2(51). With the signed
distance function we can express

v(u) - ugr = (V(u) ~ur)¢ — Uy - dv(u)uy = (distn (u))gr — Uy - dv(u)ug,

so that
Iy = ||8§ur . V(u)||2L2(Sl) = (8£ur -v(u), 8£(distN(u))T)L2(Sl) +I7
= (VO§u, V(v(u)df(disty (u))r)) 2 g + 11,
where all terms in I1 can be dealt with as in the case 1 < j < k. Finally, we have
(Vaéfu, V(u(u)afg (disty (u))T))U(B)

< IVOgull L2(m) (V20 (distn (w)) 2 () + V() (distn ()|l L2 (3))-

But by the chain rule we can bound
IV (u)dg (dist (w))r || 25)) < CIIVuV* (disty (u))£2(5))
<C > || Vi

1<75:<k+1,%;ji=k+2

(B)

‘LQ(B)-

Moreover, by (31 and elliptic regularity theory, there holds
HVkJrQ(distN(u))H%z(B) < OHA(diStN(u))H?_Ik(B) < C||Vu- dui(u)VuH%k((B)
<C > TV u 25
1<75:<k+1,%;5:<k+2
which gives the claim. O

For k = 1, from Proposition we now easily derive a uniform L2-bound for
the second derivatives of the flow.

Proposition 4.4. For any smooth ug € H/?(S*; N) and any T < Ty with R > 0
as in Proposition [{.9 with a constant C1 = C1(T, R, ug) > 0 depending on the right
hand side of (@3] there holds

T
sup /|Vu¢(t)|2dz+/ / |u¢r|2d¢dt§C’1/ |Vug,g|*dz + Cy.
B o JoB B

0<t<T
Proof. For k =1 by Lemma 3] we need to bound the term
T= > LVPulas < ClIV?ul[Vul + [Vul|l2s) + 1,

1<5i<2,%:5:<3
where Ji contains all terms of lower order. By the maximum principle and Sobolev’s
embedding H'(0B) — L>*°(0B) we can estimate

IVullFe(py < IVulZeapy < ClIVultnon) < Cllugllizom + Cr,
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where we have also used (7)) and Proposition[4.21 Also bounding
IVullzss) < IVull7aplVullLes)
< O(IV?ull 2 | Vull z2s) + E(w)) [ Vull L (5)

via (I02), and again using ([B7) (and with similar, but simpler bounds for J;), we
arrive at the estimate

J < OIV2u||Vu| + [Vul?| 25y + Ch
< C(IV2ull L2y + Ew))[IVull L= z) + C1
< C(l + ||v“¢||L2(B) + E(UO)) (||U¢r||L2(aB) + Cl).

With Lemma [£3] and Young’s inequality we then have

d
E(l + ||Vu¢||%2(B)) + ||u¢’l"||%2(s1)
(4.7) < O Vugllp2s) (IVugl L2y + E(uo)) (lugrllz2om) + C1)
1
< §||U¢T||2L2(8B) + C(l + ||V’UJ¢||2L2(B))(||Vu¢||%2(8) 4 Cl)-

Absorbing the first term on the right on the left hand side of this inequality and
dividing by 1 +[|Vug||72py we obtain

d
7 (g 1+ 11VuslZ2()) < ClIVugllzecs + Ci,

and from Proposition we obtain the bound

sup [|Vug(t)[72(5) < C1(1 + [[Vuo g/l72(p))-
0<t<T
The claim then follows from (@1). O

4.2. H3-bounds. The derivation of a-priori L?-bounds for third derivatives of the
solution u to the flow (3], (L4) requires special care, which is why we highlight
this case.

Proposition 4.5. For any smooth ug € H'/?(S*; N) and any T < Ty there holds
T
sup / |Vugs(t)|>dz —|—/ / [uggr|de dt < Cz/ |Vug gp|?dz + Cs,
0<t<T JB o JoB B

where we denote as Cy = Co(T, R,up) > 0 a constant bounded by the terms on the
right hand side in the statements of Propositions [{.2 and[{-4)

Proof. For k = 2 by Lemma [£.3] we need to bound the term

= Y mvi
1<5;<3,%;ji=4

< C|||Vul* + |Vul?|V2u| + |V2ul? + |Vu||V3u|||L2(B)

|L2(B)

and corresponding terms involving at most 3 derivatives in total, which we will
omit.
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In dealing with the first term, by the multiplicative inequality (I0.2]) and Sobolev’s
embedding H?(B) < L°(B) we can estimate

IVullzsz) < IVull7aplVulliezy < CIVulla syl Vull 2 VUl F sy
< C(IV?ulZ2p) + E@)IVulliwzy < Col VullFop
< Co(IVPull 2y + [ Vull L28) |Vl oo (8)

with a constant Cy = Co(T, R,up) > 0 as in the statement of the proposition.
Similarly there holds

IV2ull7a ) < ClIVull g5y I V0l 225y
< V3l L2y [ V?ull L2(B) + V2l 25y < Ca(1 + [[VPul| L2(5))-
Hence we can also bound
IV ul?IV2ulll 25y < IVullzss) + IVl Zacm)
< Co(1+ V3l p2(my) (1 + ||Vl ()
Finally, we estimate
IIVullVoulll L2y < IVPull paem) IVl L= s
to obtain
J < Co(1+ [IVPullLa(m)) (1 + [ VullL(m))-
But with the inequality
I fllz=y < Cllfllz(m) (1 + log'/?(1 + Il 2y /N f Nl 2 ()

for f € H*(B) due to Brezis-Gallouet [I] (see also Brezis-Wainger [3] for a more
general version) we have

HVUH%OO(B) < CHVUH%ﬂ(B)(l +log(1 + ||VUHH2(B)/||V“||H1(B)))
< Cy(1+log(1+ |V3ul| 2 ))),

and Lemma yields the differential inequality
d
E(HV(?;UJH%?(B)) + luggrl 208
< Col|VOZull 2y (1 + [[V3ull p2¢py) (1 + log (1 + [|[VPul| L2(5))) -

Simplifying, and recalling that ||V3u||%2(3) < C||V8<2bu||2L2(B) by ([@3)), we then find

d
E(l‘*‘HV%UHH(B))
< Co(1+ [ VOZul r2(m)) (1 + log(1 + [ VOZul £2(5))):

that is, we have

d
7 (I log(1 + [IVOZull2(5))) < Ca(1 +1log(1 + [[VOGull2(5)))-

Arguing as in the proof of Proposition [£.4] we then obtain the claim. O
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4.3. H™-bounds, m > 4. In view of Proposition we can now use induction to
prove the following result.

Proposition 4.6. For any k > 3, any smooth uy € Hl/Q(Sl; N), and any T < Ty
there holds

T
sup /|V6§(t)|2dz+/ / |a§uT|2d¢dt§Ck/ VO uo[2dz + Ci,
0<t<T JB 0 0B B

where we denote as C, = C(T, R,ug) > 0 a constant bounded by the terms on the
right hand side in the statement of the proposition for k — 1.

Proof. By Proposition the claimed result holds true for & = 2. Suppose the
claim holds true for some kg > 2 and let k = ko + 1. Note that by Sobolev’s
embedding H?(B) — W14 N C%B) and @3J) for 0 < t < T we then have the
uniform bounds

V¥l o gy + [VFull7ap) + Z V74| ()
(4.8) 1<j<ko—1

< OkoHVkOHUO”QN(B) + Oy < Cp <0
with a constant of the type Cy, as defined above.
By Lemma [£.3] again we only need to bound the term

J= > (|11, Ve

1<ji<k+1, 8iji <k+2

|L2(B)-

Clearly we have
J < IV** | 2y |Vl oo ) + IV ull 28 [ VullT o 5y + IVFuVu 25
+ IV V| L2y + IV VP ul| L2y |Vl oo () + O
< CulIVF | p2py + [ VFuV2ul 2ep) + IV u V3| 25y + Ch.
We now distinguish the following cases: If k—1 = ko > 3 by (&S8]) we can bound
IV*uV2ul| 28y < [V*ull 12(8) [ V2ull e (8) < Cio V™ |72y + Co < Ci
as well as
IVE " a3l o gp) < IVF  ull pam) V3| sy < Ckr)”vkou”%‘l(B) + Cy < Ck
to obtain the estimate
J < Ck||Vk+1u||L2(B) + Ch.
If, on the other hand, ko = k — 1 = 2, by our induction hypothesis [£.8]) we have
IVE VPl 2y = (IV2uV ull7 gy < IV ullpacm) V20l ags)
< CillVFul grpy < CrllVF  ull p2epy + Ch,

and we find
J < Ck||V’“+1u||L2(B) + Ck
as before.
In any case, inequality ([&3]) and Lemma now may be invoked to obtain

d
5(IIW£UII%2<B>) < Ck||VO§ullF2(p) + Ck,

and our claim follows. O
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4.4. Local H?-bounds. The bounds established so far all require the initial data
to be sufficiently smooth for the estimate at hand and do not yet allow to show
smoothing of the flow. For the latter purpose we next prove a second set of “in-
termediate” estimates that in combination with the first set of estimates later will
allow boot-strapping. Moreover, in contrast to the estimates established so far, the
following estimates may be localized. This will be important for showing regularity
of the flow at blow-up times away from concentration points of the energy on 9B.

For the localized estimates, fix a point zg € 9B and some radius 0 < Ry < 1/4
and for k € N set R, = 27FRy, op, = ©z0.Ri- Set o =1 for each k € IN for the
analogous global bounds.

We first establish the following localized version of Lemma [11

Lemma 4.7. With a constant C' > 0 depending only on N there holds

d -
S et do) + [ [VusPet iz < C [ [VuPlus s + CRy*B(wo)
OB B B

Proof. Similar to the proof of Lemma [£1] we compute

1d
5@(/ lug o3 do) Z/ Ug U pT dp = —/ Dy (upp?) - urde
aB aB oB

= /OB 0 (ugp?) - dmy (w)u,dd = — /83 (g - trg — ug - g (v(u) v(u) - ur)) pide
1
— =5 | ousPictdo— [ us-dviwyus o) - unsids
oB oB
With Alug|* = 2|Vugs|?* we obtain
1
3| arltueetds = [ [Vuetdz + [ VinPeiveds,
oB B B
where
1
‘/ V|u¢|2301ch1dz’ < 1/ |Vu¢|2cp%dz+0/ |u¢|2|ch1|2dz
B B B
by Young’s inequality. Finally, we can bound
/ - v(u) ug - dv(u)ugpt dp = / Vu -V (v(u) ug - dv(u)ugp?)dz
oB B
<C [ (el Vallua| + [Vulug)otdz + € [ [Vl Vior|fusf oz
B B
1
< —/ |Vu¢|230%dz+0/ |Vu|2|u¢|2cp%dz+0/ |Vul?| Vi [2dz,
4Jp B B
and our claim follows. g
We need a substitute for the global bound (£3). For this, we note that the

equation (A1) also implies the pointwise bound |u,.|? < 2luge|?/r* + 2|u.|?/r?;
hence we have

|V2ul? < C’(|Vu¢|2 +2|Vul?) in Bg,(20)
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with an absolute constant C' > 0, uniformly in zg € B and 0 < Ry < 1/4. By
induction then, similarly we have

k
(4.9) [V < C(IVF04ul® + [VFul?) < C ) |VOLul® in Br,(20)

Jj=0

with an absolute constant C' = C'(k) > 0, uniformly in zo € 9B and 0 < Ry < 1/4
for any k£ € N.

Likewise, as a substitute for the global non-concentration condition (@4l we now
suppose that zp € 0B is not a concentration point in the sense that for suitably
chosen § > 0 to be determined in the sequel and some 0 < Ry < 1/4 as above there
holds

(4.10) sup / |Vu(t)]2dz < 6.
0<t<To Bry(20)NB

We then obtain the following localized version of Proposition

Proposition 4.8. There exist constants 6 > 0 and C' > 0 independent of Ry > 0
such that whenever [@IQ) holds then for any T < Ty we have

T
swp [ fus(P o+ [ [ [VugPitzar
oB 0 B

o<t<T

< 2/ |u0)¢|2g0% d¢+CTRa2E(u0).
OB

Proof. With the help of the inequality (IO in the Appendix we can bound

/ |Vul'pldz < C§ |V2u|?pidz + C(SRO_2/ |Vul?dz.
B

Br(zi) Br(z:)

Thus, for sufficiently small § > 0 our claim follows from Lemma (.7 d

The next lemma again prepares for a proposition that later will allow us to obtain
higher derivative bounds by induction. Note the differences to Lemma

Lemma 4.9. For any k > 2, with a constant C > 0 depending only on k and N,
for the solution u = u(t) to (L3), (LA) for any 0 <t < Ty there holds

d
%(Haéﬁu%ﬁkﬂiz(w)) + VO ugrl|iz (s

<cC > ITL V7 ued || L2 ()
1<5:i<k, X;5:<2k+2
+C > L5 V7 V01|13 25y + C Ry E(uo).

1<5i <k, Z;>0Ji <k+1
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Proof. Fix k> 2. With A|95ul?> = 2|Vokul* we compute
1d
2dt

— P [ abOkueh) - (ur — vl viu) - ur)ds
2B

(105pe o) = (<1F | 0b@hugh) - wds

:_%/ 0, (10 ul*) pde + / u- 0 (v(w) v(w) - ur))pide.
OB 0B

— [ 1vokuotdz - [ ok Tionds + 1
where we split ’ ’
"k
1= [ ofu dh(vtu)viw) w))ptdo = ;o (j )
with
I; = (Ofu-05,(v(w) v(w) e}, 0y ur) L2 (om)
= (V(0ku - 0} (v(u)v(w))et ), VI, 7 u)
For 1 < j <k we bound
;| <C Z ||V5§U<Pk|\L2(B)||3i_iV(u)3éV(u)Vaz_jwpkHL?(B)

0<i<y
+C Y |0ku - V() w(u)dhv(u)e) - VO ull sy
0<i<y
By the chain rule then for 1 < j < k we have
;| <C Z IV 05wkl r2(p) 1T Vi upr | L2 )
1<5: <k, 3;ji=k+1
+C > 105 - TV upd || 113y
1<5: <k, ¥;ji=k+2

+C Z ||8§u-HivjiuwkvwkHLl(B).

1<5: <k, 3¥;ji=k+1
By Cauchy-Schwarz and Young’s inequality then we can bound

1 .
>l < ZHVaéfWkHQmB) +C > TGV ugpr |72y
1<j<k 1<ji<k,Z;ji=k+1

+C > TV ugi || i) + ClOGuV @il 22 p)
1<5:<k,X;ji=2k+2
IVO5ugkl}em +C D> IV ued | sy + CllOEUT Rl s,

1<j; <k
Sidi=2k+2

<

PN

as claimed. Finally, with
v(u) - ugr = (disty (u))gr — Uy - dv(u)ug
as in the proof of Lemma [4.3] for j = 0 we can write

v(u) ~8§ur = 8;2_1(1/(10 gy ) + 1T = 8§(distN(u))T + 111,
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where the terms in 11 and 111 involve products of at least two derivatives of orders
between 1 and k of u. Thus we have

Iy = (8é§u v(u)pp, v(u) - aéfur)L?(aB)
= (Opu - v(u)gi, O (distn (u)r) L2 (am) + 1o

with a term I]j that can be dealt with in the same way as the terms [;, 1 < j < k.
Using the divergence theorem and integrating by parts we can write the leading
term as

= (Ogu - v(u)e, 95 (distn (u))r)r2(om)
(V(8¢u v u)goi),VB(ﬁ distn(u )))L2(B)
(8¢u v(u)et, A8¢(dzstN( )))LQ(B)
= ( (8¢u-u )gp ),V8¢ distn(u )))LQ(B)
— (8¢, (8¢u . U(u)cpk), AB;Z 1(dzstN(u)))L2(B)
to see that this term may be bounded
ol < CIl(IVOu| + 105uVul)er + |05uV or |l 12 [IVF (distn (w) k| 2(m)
But by elliptic regularity we again have
IV (disty () el 2 sy

< |VF (disty (wer)llz2my +C Y IVFT (dista (w) VY ok L2(a)
1<j<k+1

< ClAdisty (W) |army +C Y IV (distn (W) V7 i 12 (m),
1<j<htl

where from (3] we can bound the first term on the right
|A(distn )kl ge-1m) < Y V7 (Vu- dv(w)Vugr) | L2(s)
0<j<k

<C > TV V50 o | L2
0<jo<k, 1< <k, Ei>07i <k+1

Moreover, using that disty(u)) = 0 on 0B, with the help of Poincaré’s inequality
we find the bound

[ distn (u)V** |72y < CR;;%||V(di5tN(U))H%2(BRk (co) < ORG*"E(u).
The remaining terms for 1 < j < k can be estimated

||Vk+17j(diStN(U))Vj(P2HL2(B) <C Z HHZ-VJ'iuVJ'gmHLz(B)
1<j: <k, Ziji=k+1—j

via the chain rule. Thus, finally, we obtain the bound

IV (dist v (u) okl L2 (m)

<C > IV u V9 || 12 () + C Ry E(up).
1<j0,5i <k, Ei>0Ji <k+1
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By Cauchy-Schwarz and Young’s inequality thus we can bound
- 1
[Ho| < ZHVaiU%H%z(B) + Cl0kuVupk| 72 (g

+C Z ||Hi>ijiuVj°<pk||%z(B) + CRJ%E(uO),
1<ji <k, 8iji<k+1
and together with our above estimate for the terms I;, j > 1, our claim follows. [
Proposition 4.10. There exists a constant § > 0 independent of Ry > 0 such that
whenever [AI0) holds then for any T < Ty with a constant Cy = Co(T, R,up) >0

bounded by the terms on the right hand side in the statement of Proposition [{.8
there holds the estimate

T
sw [ s+ [ [ [VussPeddedi
oB 0 B

0<t<T
<G / |uo,66|* @5 dg + Cs.
dB
Proof. For k =2 with the help of Young’s inequality we can bound

J1 = > TV w11 ()
1<5:<k,¥;ji<2k+2

< CI(V2ul® + [V2ul?|Vul? + [V2ul[Vul* + [Vul® + 1) @3] 1 ()
<OVl + | Vul® + 1)@l sy,

and

Jy = > Mis0 V7 a7 o3 2 )
1<jo,Ji<k,¥i>07Ji <k+1

< Cl(IV2ul? + [Vul* + D)|Vee|* + (Vul® + 1)[V?02 | 1(5)-

Observing that ¢ = 1 on the support of ¢q, by (I0.2) for the first term in J;
we have

IIV2ulP@5 1y < IIVup2lFap) IV 1] L2 ()
< C|\V2ugell () IV ugpzllL2m) | Vuer | L2 ()
< C(IVPugall r2cmy + Vw1 | L2y ) V2 uspa | L2 (5) [ VP uir || 125y -

Moreover, arguing as in ([0.) for the function |Vu|5¢3 in place of |v[*p?, we can
bound

2
/ |Vu|6g0§dz < C’(/ (|V2u||Vu|2g02 + |Vu|3|V<p2|)dz)
B B

SC(/B|V2U|380§d2>2/3(/3|Vu|3spé/2dz>4/3_|_C(/B|Vu|3|v(p2|)dz>27

where by Holder’s inequality we have

1/4 3/4
/|Vu|3gaé/2dz < (/ |Vu|6<p§dz) (/ |Vu|2<p%dz>
B B B
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so that with Young’s inequality we obtain

2/3 1/3
/ |VulSpidz < Cé(/ |V2u|3gagdz) (/ |Vu|6g0§dz)
B B B
2
vo( [ 1vulivealiz)
B
1 2
< —/ |Vu|Spidz + C/ |V2uPp3dz + C(/ |Vu|3|ch2|)dz> .
2 /B B B
With Young’s inequality for suitable € > 0, and using ([@3]), we then can bound
J1 < OI(IV2ul® + 1)3ll sy + CllIVulPVerlll7py < el VVupalZa (s
+ C(L+|[V2upal12 () IV upr|F2(5) + ClIVUl V|l 11
1
< §||V3§su<ﬂ2||%2(3) + C(1+ [ Vasupslliz ) IVIsupr |72 ) + Ch,
where we also have estimated

IVulP[Verll[1(p) < ClIVuprl1am) I Vupr |72
< C(IVPuprZ2p) + Ew) [Vuprill 12z < ClIVIsupi||72p) + C.

Similarly, with (I0.2]) we have
J2 < C||V2ug01||%z(3) +C.

Thus, from Lemma [£.7] we obtain

d 1
E(Haiwpzﬂiz(am) + §||V5§U<P2||2L2(B)
< C(1 + [[VOgupall72(p) [VOsupr|T2(p) + C.

(4.11)

Denote as C; = C1(T, R,up) > 0 a constant bounded by the terms on the right
hand side in the statements of Propositions 4.8l By elliptic regularity, using that
|A(up2| < 2|VuVs| + C we can bound

IV2upa|F2p) < llupellfizcpy + ClIVuV@2||72(p) + C
< Cllupsllirzamy + |1Aup2)l[2(5) + ClIVuV |12 + C
< Cll0Zupalt2op) + CE(u) + Ch.

From (LI1) we then obtain the differential inequality

d
— (L + [|05upsll720m)) < C(1+ 03up2l20m) I VOsuprll72 () + Cr;

dt
that is,
d
a(log (1 + ||5£ug02||%2(83))) < C||V5¢U@1||2L2(B) 10,
and the right hand side is integrable in time by Proposition[4.8 The claim follows.

O

We continue by induction.
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Proposition 4.11. There exists a constant § > 0 independent of Ry > 0 with
the following property. Whenever ([&IQ) holds, then for any k > 3, any smooth
ug € Hl/Q(S’l;N), and any T < Ty, there holds

T
sup / |8§u(t)|2<pid¢+/ / |V8§u|2g0idz dt < C’k/ |8§u0|2gpid¢ + Ch,
0<t<T JoB o JB oB
where we denote as Cy, = Ci(T, R,up) > 0 a constant bounded by the terms on the
right hand side in the statement of the proposition for k — 1.

Proof. By Proposition [L.10] the claimed result holds true for k¥ = 2. Suppose the
claim holds true for some kg > 2 and let k¥ = ko + 1. Note that by elliptic regularity,
as in the proof of Proposition 410 we can bound

IV upr|Z25) < lupkllim s + CY IVIuV 7 o132 p
i<k
< Cllugkllnom) + Cl AR F-2s) + C DIV uV* T oxllZa )
j<k
< Cllokuer|20m) + C D IV uV* T or) 325y + Ch.
i<k
By induction hypothesis and Sobolev’s embedding H?(B) — W4 n C°%(B) for
0 <t < T we then have the uniform bounds
ko—2

V5 upk, 1725y + V5 upno7a0m) + > V7 upkoll7 < () < Cr,
j=1

and it follows that

IV ugrl|72(p) + IV*upk 15y + IV a7 ey < CllOGu@kll7z(om) + C-

Again let

Ji= > TV ugi || 1 sy

1<5:<k,X;ji=2k+2
< N(IVEuP(IV2ul + [Vul?) + VR [V*ou] V2] + -+ [Vl 72)0F | 1 ().
and set
JQ = Z ||H1->0Vjiuvj°<p2||%z(3).

1<j0,5i <k, Zi>0ji <k+1
Suppose kg = 2. Recalling that ¢, = irpk,, we can bound the listed terms
I1V3ul?(1V2ul + [Vul*)¢3]| L1 (m)
<VPups|| 1 gy (IV2uspal 2By + IVugps|l7acpy)
< C3||VOZueps| 2m) I Vsl 2y + Csl|Viupal 225y + Cs
< Cs||VOZueps| 2m) 103 ups|l L2 o8y + Csl|VOZuwal 725y + Cs
< | VOZupslliz() + Csll03uesllizom) + CsllVOZups|l7z(p) + Cs,
and
I1Vul* @3l 1) < Vugs||] s Vupallfo s
< C3l|05ups||72(am) + Cs,
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respectively. Here we also have used (I0.]), (I0:2) to bound
IVugpallzepy < IV(IVuled)llLis)
< Cll(IV2ulpz + [Vul [ V2 ) [Vul* @3 11 ()
< C(IVups L2y + [IVuVpa| L2(8) [ Vupl 74 )
< C(IV?upallr2py + IVuV ool L2(5)) | Vuesl 2y < Cs.

Similarly, we can bound the remaining terms and the terms in J; to obtain

d 1
E(H@“%H%%am) + §||V3§3U803||%2(B)
< C3(1+ [|03upslF20m) (1 + [IVOZup2||7z(py) + Cs
from Lemma [£.9 and then

d
= (1og (1 + 83ug2ll3z(om)) ) < Ca(l + [ VOZuall}a ).

where the right hand side is integrable in time by Proposition The claim for
k = 3 thus follows.
For k > 4 the analysis is similar (but simpler) and may be left to the reader. O

5. LOCAL EXISTENCE

In order to show local existence we approximate the flow equation (3] by the
equation

(5.1) uy = —(e + dry(u))u, on OB.

where € > 0 and where we smoothly extend the nearest-neighbor projection 7y,
originally defined only in the p-neighborhood N, of N, to the whole ambient R"™.
Our aim then is to show that for given smooth initial data ug the evolution problem
(1), (C4) admits a smooth solution 4, which remains uniformly smoothly bounded
on a uniform time interval as € | 0. Fixing some 0 < ¢ < 1/2, we show existence
for the problem (B with data (L4]) by means of a fixed-point argument.

To set up the argument, fix smooth initial data wg: S! — N with harmonic
extension ug € C*°(B;R™) and some k > 2. For suitable T' > 0 to be determined
let

X =L>([0,T); H*"'(B;R™)) n H'(S* x [0, T];R™)
and set
V={veX; v0)=uy, Av(t)=0in Bfor0<t<T,

T
IM&:SWHMMQM@+/E/WWMﬁSU@,
0<t<T 0o Js1

where Ro = ||uol| gr+1(py- We endow the space V' with the metric derived from the
semi-norm

T
o= sup Vo0 + [ [ lPdod
0<t<T o Jst

Note that this metric is positive definite on V' in view of the initial condition that
we impose.

Lemma 5.1. V is a complete metric space.
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Proof. Let (Vm)men C V with |uy — vm|x — 0 (I,m — o0). By the theorem
of Banach-Alaoglu a subsequence v, — v weakly-+ in L°°([0,T]; H**!(B)) with
Vm.t — vy weakly in L2([0,7] x S1), and by weak lower semi-continuity of the norm
there holds

[v]|% < limsup [|v,,[|5% < 4R5.
m—0o0

Moreover, we have Av(t) = 0 for all 0 < ¢ < T and v(0) = up by compactness of
the trace operator H!(S! x [0,T]) > u — u(0) € L*(S'). Hence v € V.
Moreover, we have

|vg — v|x < limsup|v; — vm|x = 0 asl — oco.
m—r 00

d

Lemma 5.2. There is To > 0 such that for any T < Ty, any v € V there is a
solution u = ®(v) € V' of the equation

(5.2) uy = —(e + drn(v))u, on B x [0, Ts],

satisfying (L4).

Proof. For v € V we construct a solution v = ®(v) € X of (52) via Galerkin
approximation. For this let (¢;)ien, be Steklov eigenfunctions of the Laplacian,
satisfying

Agp;=0in B
with boundary condition

Orpr = Ao on 0B, 1 € Ny.

Note that the Steklov eigenvalues are given by Ao = 0 and Ag;—1 = Mgy =1, [ € N.
In fact, we may choose o = 1/v/27 and

) 1 - 1
(5.3) @11 (re'?) = ﬁrlsin(lﬁ), o (re’?) = ﬁrlcos(w), leN.

to obtain an orthonormal basis for L?(S!) consisting of these functions. Given
m € N then let u(™(t,2) = 3", al(m) (t)pi(z) solve the system of equations

™ = (g™ 121 = — (91, (e + dmn ()ul™) 12 )

(5.4) L m)
= — Zaj N (er, (e + dﬂ'N(U))%')Lz(Sl)v 0<I<m.
5=0

Since for any m € N the coefficients A; (¢, (e +dmn (v))g;) of this system are

L2(S1
uniformly bounded for any v € V, for any m € N there exisés 2)1 unique global so-
lution (™ = (al(m))oglgm of (&4) with initial data al(m)(O) = aio = (uo, ¢1)r2(s1),
0<i<m.

Note that for any m € N and any j € Ny the function

07 (ru{™) € spanf{py; 0 <1< m},
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and Qij u("™) is harmonic. In particular, for j = 0 we obtain

N =

d m m m m m
E(HVU( )||%2(B)) = /BVu( )Vug ) dz = (u£ ),ug ))L2(51)

= —(u{™, (e + drn (0)ul™) 251

= —l[ul™ 12251y — ldmn (0)ul™ |72 1)

1, (m

< g llui™ 2 <0,

and we find the uniform H'-bound
SUPHVU(m)(t)H%z(B) + 6||u$‘m)||%2([0,oo[><sl) + ||Uz(em)||2L2([o,oo[xsl)

(5.6) 120
< 2||Vu(m)(0)||2L2(B) < 2||Vuol|72(p) < 2R3

Moreover, for j = k € IN as in the definition of X upon integrating by parts we
find

N =
Q..|Q.

t(||vaf;u<m>||i2(3)) = (—1)’“/Bva§,ku<m>vu§m> dz
(—1)k(3§ku$«m)a Ugm))m(sl)
(=D* 3 ul™, (e + dry (0))ul™ ) 2(s1)

= —l|05ul™ |72 (51 — lldmn (0)OFul™ 13251y + T,

—~
ot
EN|

~—

I

where I = E?Zl (?)Ij with

I = _(%ugm)’ 8;(d7TN (U))azfju(m))w(sl)

similar to the proof of Lemma 4.3l However, now we simply bound
m ji,, k=7, (m .
151 <C Y 105ul™ | nagen 0% 0 T ul™ || 2 (g1, 1< 5 < k.
Xigi=J

Note that by compactness of Sobolev’s embedding H!(S') < L°(S!) and
Ehrlich’s lemma for any number 1 < j < k, any § > 0 we can bound

||8§—J’u$m)||Lm(51) < 5|\a§—j+1u$m)”m(sl) + 0(5)|\5§_jU£’”)IIL2(51)
< 26[105ul™ | L2(s1) + C @) [[uf™ | L2 (s1)-
On the other hand, for any v € V' by the trace theorem we have
050l 2(s1) < ClO5vI 15y < Cllvllgrsr(py < CRo
and we therefore also can bound
1050]| L (s1y < CllO%vllL2(st) + [050ll2(sry < Cllvllgrss(m) < CRo.

forany 1 <j < k.
Thus, for sufficiently small § > 0 with a constant C' > 0 depending on € > 0 and
Ry there holds

1] < e/20105ut™ 7251 + Cllut™ [ 72(sn)
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and from (57)) with the help of 1) we obtain the inequality
d m m m m
5 (IV05u™IIZa5) < Cllul™ |51y = Cllug™ 7251, < Cllug™ i s)

< O||V3§u(m)||%2(3) + O||Vu(m)||%2(3) <C(1+ ||V8£U(m)||%2(3)),

where we recall (&.0)) for the last conclusion.

It follows that for suitably small T > 0 there holds ||u(™|% < 4R2 for all
m € N. Thus, there is a sequence m — oo such that u(™ — u weakly-* in
L([0, T]; H*(B)) with u{™ — wu; weakly in L2([0, T] x S1), where u =: ®(v) € V
solves equation (B.2)). O

Lemma 5.3. There is T > 0 such that for vi,v2 € V there holds
1
[D(v1) = @(v2)lx < Flor —v2|x.

Proof. Let Ty > 0 be as determined in Lemma and fix some 0 < T < T5. For
v1,v2 € V then we have u; =: ®(v;) € V, i =1,2. Set w = uy — ug, v = v — v,
and compute
(5.8) w; = —(e + drn (v1))w, — (dry (v1) — dry(v2))ug, on OB = St
Multiplying with w, and integrating we obtain

L
2 dt

— [ldmn (vi)wr [ 2251y — (wr, (drn (01) = drn (v2)uz,r) 251,

||Vw||%2(3)) :/ V’LUV’LUt dxr = (’LUT,’LUt)LQ(Sl) = —EH’er%z(sl)
B

where with [Jug, || L (s1) < Clluz||gssy < CRy we can bound
|(wr,(dmn (v1) — dWN(U2))U2,r)L2(Sl)| < C||wr||L2(sl)||U||L2(Sl)||U2,r||L°°(Sl)
< Cllwrllzasy ol gy < Sllwrllas + CllolZagsn-
Thus, with a constant C = C(g) > 0 we find
(59) L IVwlaqs) + lwnlFagen) < Cleliiagen,
Similarly, from (5.8)) we can bound
(5.10) wellZe(sy) < CllwellF2(s1y + CllollFz sy

Integrating over 0 < t < T and observing that we have
T

T
2
sup_[[o(8)[172(s1) < (/ [oe(t) || £2s1)dt)” < T/ [0 ()1 2251 dt;
0<t<T 0 0

from (B9) we first obtain

sup [|[Vw(t)|[12(p) +ellwrlTeo.ryxsy < CT sup |u(t)|[2(s1) < CT?|vf,
0<t<T 0<t<T

which we may use together with (&.I0) to bound

lwlk = sup [Vw(®)l|72(g) + [well 70151y < OT?|v[% -
0<t<T

For sufficiently small T" > 0 then our claim follows. O
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Thus, by Banach’s fixed point theorem, for any ¢ > 0, any smooth uy €
H'Y?(S'; N) there exists T > 0 and a solution u = u(t) € V of the initial value
problem (G.1)), (T4)). We now show that the number T' > 0 may be chosen uniformly
as € J 0. Indeed, we have the following result.

Lemma 5.4. There exists a constant C' > 0 such that for any k > 2, any smooth
ug € HY?(SY;N), and any 0 < ¢ < 1/2 for the solution u to [5.1) with u(0) = ug
there holds

d
E(HV%UH%%B)) < OO+ || VullZzg) + IVul L2) .
Proof. Similar to the proof of Lemma 5.2 for given 2 < k € N we compute
1d
s—(IVO§ulliz(py)) = (=1)* /B Vo FuVu, dz

2 dt
(—1)k(6§kur, Ut)LZ(Sl) = (—1)k+1(6§kur, (E =+ dﬂN(u))uT)L2(51)

—ldmn (W) url|7 251y — 1,

QU

(5.11)

IN

where we now drop the term 5||8é§ur ||%2(51) from (57). Again we split [ = Z;C:l (I;)Ij
with
I = Oy, &) (drn ()05 ur) s
= (VO%u, V(0 (dr ()3 ) 1o )
but now we bound these terms as in the proof of Lemma [£.3] via
1;] < O||V3§u||L2(B)(||V3<J¢;(d7TN(U))3zfjur||L2(B) + ||8;(d7TN(U))V8§7jUT||L2(B))
<C Z ||V5§U||L2(B)||Hivjiu
1< <k+1, 3 ji=k+2
Using that for any k > 2 by Sobolev’s embedding H?(B) «— W14 N C°(B) be can

bound
E ITL; Vi
1<5:;<k+1,%;5,=k+2

|L2(B)-

|L2(B) <O+ ||Vu||L2(B) + ||Vk+1u||L2(B))k+2,

and also using ([@.3]), we obtain the claim. O
We now are able to conclude.

Proposition 5.5. For any k > 2, any smooth ug € H1/2(Sl; N) there exists T > 0
and a solution u € V to (L3) with initial data u(0) = ug.

Proof. In view of Lemma [5.4] there exists a uniform number 7" > 0 such that,
with V as defined above, for any 0 < ¢ < 1/2 for there exists a solution u. € V
to (BI). By definition of V, as e | 0 suitably, we have u. — u weakly-* in
L>([0,T]; H*1(B)) n H'(S! x [0,T]). But this suffices to pass to the limit ¢ | 0
in (5I0), and u € V solves (3] with u(0) = ug. O

Proof of Theorem 1.1.i). By Proposition[5.5] for any smooth ug € H'/?(S'; N) and
any k > 2 there exists T > 0 and a solution v € V of (L3), (L) for 0 < ¢t < T.
Alternatingly employing Propositions .11l and [£6, we then obtain smoothness
of u for 0 < t < T, including the final time 7. (This argument later appears
in more detail in Section [f] after Lemma [6.2]) Iterating, the solution u may be
extended smoothly until some maximal time T where condition ([@.4]) ceases to hold.
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Uniqueness (even within a much larger class of competing functions) is established
in Section [7 O

6. WEAK SOLUTIONS

Given ug € HY?(S'; N), there are smooth functions ug, € H'/?(S*; N) with
uor, — ug in H1(B) as k — oo. Indeed, similar to an argument of Schoen-Uhlenbeck
[39], Theorem 3.1, with a standard mollifying sequence (pi)ren for the mollified
functions o := ug * pi we have disty (vor) — 0 uniformly, and ugx := 7n (vor) —
ug € HY/2(S'; N) as k — oc.

Let uy be the corresponding solutions of (L4]) with initial data ux(0) = uox,
defined on a maximal time interval [0, Tx[, k¥ € N. We claim that each function u
can be smoothly extended to a uniform time interval [0, 7| for some T > 0. To see
this, we first establish the following non-concentration result.

Lemma 6.1. For any § > 0 there exists a number R > 0 and a time Ty > 0 such
that

sup / |Vug(t)?dz < § for all k € N.
zp€B,0<t<Ty BR(Z())QB

Proof. Given § > 0, by absolute continuity of the Lebesgue integral and H'-
convergence ugi — ug (k — 00) we can find R > 0 such that

sup / |Vugr|*dz < 6 for all k € N.
20€B J Byr(20)NB
Choosing Ty = 6 R, by Lemma, then we have
sup / |Vug(t)2dz < 46 + CSE(uo) < LS
20€B,0<t<To J Br(z0)NB
with a uniform constant L > 0 for all k¥ € N. The claim follows, if we replace §

with §/L. O

In view of Proposition B3] from Lemma [6.1] and Lemma 211 we obtain the
following bound for wuy, in H(S).

Lemma 6.2. There exist a time Ty > 0 and constants C > 0, Cop = Co(E(ug)) >0
such that
To
/ / |0gur(t)Pdpdt < CE(ugo) < Co for all k € N.
0o Jst

From Lemma we obtain locally in time uniform smooth bounds for (uy) for
t > 0 by iteratively applying our previous regularity results. More precisely, Fatou’s
lemma and Lemma first yield the bound

To
/ 1iminf(/ |0puk(t)|*de)dt < Co.
0 St

k—o0

Thus for almost every 0 < ¢y < Tp there holds

k—o0

liminf [ |9guk(to)?dp < .
S1
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For any such 0 < ty < Ty, if 6 > 0 is sufficiently small, from Proposition with
another appeal to Fatou’s lemma we may conclude

T[) TD
/ lim inf/ |VOgug|?dz dt < lim inf/ / |VOgur|?dz dt < Cy
k—o0 B k—o0 to B

to

for some C; > 0, so that now we even have

liminf/ |VOpur(t)|?dz < oc.
B

k—o0

for almost every tg < t; < Tp. Hence we may next invoke Proposition 4l and (£2))
to obtain the bound

k—o00

To
lim inf / |VOgur|?dz dt < oo
t1 oB
for any such ¢y < t1 < Ty, and Fatou’s lemma gives that
liminf/ |VOgup(ta)|?de < oo
k— oo OB

for almost every t1 < to < Tp. Now Proposition [A.1I0 may be applied with ¢y = 1,
and we obtain

To
liminf/ / |V8§,uk|2dz dt < oo
k—oc0 to B
for any such t; < to < Ty. Another application of Fatou’s lemma gives

l1m1nf/ [V u(ts)|dz < oo

for almost every to < t3 < Ty, and Proposition [£.5] yields

k—o0

To
lim inf / [V uk|*de dt < oo
0B

for any such to < t3 < Tp. We may then iterate, using (3.7) and alternatingly
employing Propositions .11l and for 3 < k € N, to find a subsequence (ug)
satisfying uniform smooth bounds on ], Ty for any ¢ty > 0. Passing to the limit
k — oo for this subsequence we obtain a weak solution to (L3]), (I4]) of energy-class
in the following sense.

Definition 6.3. A function u € H' ([0, Ty] x S*; N)NL=([0, To); HY/?(S*; N)) is a
weak solution of (L3), (L4) of energy-class, if (L3) is satisfied in the weak sense,
that is, if there holds

/TO AB(ut + dry (w)u,) - @de dt

T[) TD
/ / W - g0d¢dt+/ /Vu V dwN (u)p )dzdtzO
B

for all ¢ € C°(S1x]0,Tp[), and if there holds the energy inequality

(6.2) E(u(T)) + / /8 o dt < Blu)

for any 0 < T < Ty, with the initial data ug € H'/2(S'; N) being attained in the
sense of traces.

(6.1)
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We then may summarize our results, as follows.

Proposition 6.4. For any ug € H'Y?(S';N) there exists Ty > 0 and a weak
solution u to (L3), (LA on [0,To] of energy-class, which is smooth for ¢t > 0.

Proof. For any open U C S*x]0, To[ we have uniform smooth bounds for u on U;
thus a suitable sub-sequence ux — u smoothly locally as k& — oo. The equation
(610 follows from the corresponding identites for uy.

Moreover, ([6.2) follows from the energy identity, Lemma 2] for wy in view of
H'-convergence ug, — ug as well as weak lower semi-continuity of the energy and
of the L?-norm.

Finally, with error o(1) — 0 as k — oo for 0 < t < Ty we can estimate

[u(t) = uoll72(om)y < llun(t) — uokllZ2(am) + o(1)

t 2 t
< ([ 10mus@liaomit’) + o) <t [ 10us)3aomit +o(1)
0 0
<tE(up)+o(l) -0 ast |0,

and u(t) — ug weakly in H'/2(S*; N)n H*(B;R") as t | 0. In fact, by [6.2) we
then even have strong convergence. O

7. UNIQUENESS

With the help of the tools developed in Section Bl we can show uniqueness of
partially regular weak energy-class solutions as in Proposition [6.41

Theorem 7.1. Let ug € Hl/Q(Sl; N). Suppose u and v both are weak energy-class
solutions of ([(L3)), (L) on [0,Ty] for some Ty > 0 with initial data ug, and suppose
that u and v are smooth for t > 0. Then u = v.

Proof. Using the identity (8.2)) for u and v, respectively, for the function w = u — v
for almost every 0 < t < T we have

Ow + Orw = v(u)dy(distn(u)) — v(v)0, (distn (v))

(7.1) — (v(u) — v(©))0, (disty () + V), (dist (u) — disty (v))
on OB = S*. From equation (3.5)), moreover, we obtain

|A(distn (u) — disty(v))| = |Vu - dv(u)Vu — Vo - dv(v) Vo
(7.2) < C(jwl|Vul? + ([Vu| + [Vol) Vo)) in B.

Observing that
|distn(u) — disty(v)] < Clw|,

upon multiplying (7.2)) with the function (disty (u) — disty(v)) € H}(B), integrat-
ing by parts, and using Young’s inequality, for any € > 0 we obtain

||V(dzstN(u) — dZ'StN(U))H%z(B)
(7.3) < c/ (w2 [Vul? + (V| + [Vo])| Vel [w])dz
B

< 5||Vw||%2(3) + C(a)||w||%4(3)(||Vu||%4(B) + ||VU||%4(B))-
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On the other hand, for any 0 < to < T < Tp, multiplying the equation (7)) with
w and integrating by parts on S x [to, T], upon letting to | 0 we find

0sup [lw(t )||L2 oB) / / |Vw|?dz dt < C’/ - (Opw + Orw)w dep dt

<t<T

- c/ /88 V()0 (disty (w))de dt

T
+ C/ / w v (V)0 (disty(u) — disty(v)) dp dt =: C/ (I+II)dt.
OB 0
We first estimate the term

I=1I@)= /c?B w(v(u) — v(v)o,(disty (u)) do
= /BV(w(l/(u) — v(v)))V(disty(u)) dz

—|—/ w(v(u) —v(v))A(disty (u)) dz.
B
Using
IV (w(v(u) —v(v)))| < C|Vw||lw| + |w((dv(v) — dv(v))Vu + dv(v)Vw)|
< C(|Vwllw| + |w]?[Vul)
we can bound
|/V(w(u(u) —v(v)))V(disty (u))dz| < C/ |(Vwl|w] + |w]?|Vu|)|Vu|dz
B B
<e||VwllZz gy + CE)wlaplVullZa s
for each ¢. Also using (B3], we can moreover estimate
| [ wlotw) = (o) Aisty () d=| < Cllula s Vel
for almost every 0 < ¢t < T to obtain
11| < el Vwllizip + Cle)wlFa IVl 7am

Similarly, we estimate the term
IT=1I(t) = /83 wr(v)dy((disty (u) — disty(v)) do
= /BV(wy(v))V(distN(u) — disty(v))dz
+ /B wr(v)A(disty (u) — disty(v)) dz.
Noting that with (73] we can bound

|/ wr(v))V (disty (u) — disty (v))dz]
< C(HV’UJHLQ(B) + |wVv| 2 (py) | V(distn (u) — disty(v))||L2(B)
< 5vaH%2(B) + C(a)||w||%4(3)(||Vu||%4(B) + ||VU||%4(B))
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and that with (Z2) we have
|/Bwu(v)A(distN(u) — disty(v)) dz|
< C/B(|w|2|Vu|2+ |w][Vw|([Vul +[Vol)) dz

< 5||Vw||%2(3) + C(s)||w||%4(3)(||Vu||%4(B) + ||VU||%4(B))
we find the estimate
11| < e[Vl T2y + CEwllLap) (IVullZam + Vol 1is)

for almost every 0 <t < T

But Sobolev’s embedding H'/?(B) < L*(B) and Fourier expansion give the
bound

[wliZamy < Cllwlz g < Cllwllizom

and similar bounds for Vu as well as Vv. Moreover, since by the energy inequality
6.2) we have u(t),v(t) — wup strongly in H'(B) as t | 0, there exist a radius
0 < R<1/2and atime 0 < T < Tp such that condition BI3) in Proposition B.3l
holds true on [0,T] for both v and v, allowing to bound

T T T
/0 IVu(t)]|24 gyt < C / IVu(t)][22omydt < C / 10su(8)]12

T
< c/ / lug|?do dt + C(R)TE(uo) < C(R)(1 4 To)E(uo)
0 oB

with the help of ), and similarly for |Vov|. Choosing ¢ = 1/4, for sufficiently
small 0 < T < T by absolute continuity of the integral we thus can estimate

T
sup ||w(t)||%2(,93)+/ / |Vw|*dz dt
0<t<T o JB

1 T
< SIVwliizxjor) +C sup IIw(t)Ilizmg)/ (IVullZacm) + V01 740p))dt
2 0<t<T 0

L 2 ’ 2
< 5( sup ||w(t)||L2(aB)+/O /B|Vw| dzdt),

0<t<T

and it follows that w = 0, as claimed. [l

Proof of Theorem[1.3. Existence for short time and uniqueness of a partially reg-
ular weak solution to (I3), (L4) for given data ug € HY?(S'; N) follow from
Proposition and Theorem [[1] respectively. Since by Proposition our weak
solution is smooth for ¢ > 0, the remaining assertions follow from Theorem [T}
Note that at any blow-up time T;_1, ¢ > 1, of the flow as in Theorem [[Tlii) there
exists a unique weak limit u; = limp7,_, u(t) € HY/?(S'; N), and we may uniquely
continue the flow using Proposition [6.41 d

8. BLow-up

Preparing for the proof of part ii) of Theorem [[T] suppose now that for the
solution constructed in part i) of that theorem there holds Ty < co. Then, as we
shall see in more detail below, by the results in Section [ condition (£4]) must be
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violated for T' = Ty and there exist 6 > 0 and points 2z € B as well as radii 7 | 0
as k — oo such that for suitable ¢ 1 Ty there holds

/ |Vu(ty)?dz = sup / |Vu(t)]*dz = 6.
BTk (Zk)ﬂB 20€B, t<ty B"'k (Z())QB

We may later choose a smaller constant § > 0, if necessary. Moreover, for later use
from now on we consider local concentrations in the sense that for some zg € B
and some fixed radius ro > 0 for a sequence of points zp € B with z; — zp and
radii r; | O for suitable t; T Ty as k — oo there holds

/ |Vu(ty)2dz = sup / |Vu(t)|?dz = 6.
BTk(zk)ﬁB 2/ €Brq (20), t<tk By, (z/)NB

ug(z,t) = u(zk + riz, ty + rit)

Scale

for
2€W =1z zx+rez € B}, t € I = {t; 0 <t +try < Tp}.
Note that then there holds

/ |Vug(0)|?dz
B1 (O)I'_WQ)c

= sup / |V (t)]2dz = 0.
Bq (Z’)ﬁﬂk

2k+rrez' €Bry(20),—tr /TE<t<0

(8.1)

Passing to a sub-sequence we may assume that the domains 2 exhaust a limit
domain Q.. C IR?, which either is the whole space R? or a half-space H.
By the energy inequality Lemma 21] for ¢ € I, there holds

(8.2) /Q Vg () 2dz = /B Vuty + rit)2dz < 2E(uo),

and for any ¢y < 0 and sufficiently large k¥ € IN we have

0 0
/ / |0y |*ds dt = / / |dm v (ug) Oy, ur|*ds dt
to J O to JOQ

tk TO
= / / lug|?do dt < / |ug|?de dt — 0
tr+rito J OB tr+rto /OB

as k — oo, where ds is the element of length and where v is the outward unit
normal along 9. Expressing the harmonic functions d;uy(t) in Fourier series for
each t < 0, it then also follows that d;ur — 0 locally in L? on Q. %] — 00, 0].
Finally, again using the fact that wg(¢) for each ¢ is harmonic, by the maximum
principle we have the uniform bound |ug| < sup,cr [p| as well as uniform smooth
bounds locally away from the boundary of Q.

Hence we may assume that as k — oo we have ur — oo weakly locally in H'
on Qoo x| — 00, 0], where us(2,t) = us(z) is independent of time, harmonic, and
bounded. Moreover, we have smooth convergence away from 0€,. Thus, if we
assume that Q. = R? by (1)) it follows that

/ |V |?dz = 6.
B1(0)

But any function v: R? — R which is bounded and harmonic must be constant,
which rules out this possibility. Hence 2 can only be a half-space.

(8.3)
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After a suitable rotation of the domain B and shift of coordinates in R? = C we
may then assume that z = (0, —y) with 1 — yx < M7y for some M € N and that
Qoo ={(x,y); y > yo} for some yy. Finally, replacing v > 0 with (M + 1)r; and
2 with zj, = (0, —1), if necessary, we may assume that Q) C R2 = {(z,y); y > 0}
is the ball of radius 1/rj around the point (0,1/ry) with 0 € 9§, while from (81
with a uniform number L € IN we have

(8.4) L/ |Vur(0)*dz > L6 > sup / |V (t)|*dz
B1 (O)I'_WQ)c B1(Z’)I’_WQ]€

IZ"STo/Tk,—tk/’I‘kSt<O
for any k € N. Let ®y: IRi — % be the conformal maps given by

2z

Py (2) = 3 iz

2
, z€ R, ke,
with ®; — id locally uniformly on R? = C as k — co.

Let vy = ug o @, k € N. By conformal invariance of the Dirichlet energy, from
B2 for any t we have

(8.5) /R

and by (84) with a uniform number L; € N there holds

|Vur(t)|?dz = / |Vug(t)?dz < 2E(up),

61 Qi

(8.6) Ll/ Vo (0)]*dz > L6 > sup / [V (t)|*dz,
B (0) Bf (2")

|2/|<ro/rr,—tr /T <t<0

where B;f (z) = B,(2) NR2 for any 7 > 0 and any z = (z,y) € R Moreover, from
(B3) for any to < 0 and any R > 0 for the integral over | — R, R[x{0} C dR? we

obtain
0 rR
// |0yvr|*da dt
to —R

(8.7) o
< O/ / |dy (vg)Oyvg 2 de dt — 0 as k — oo,

and 9;vx — 0 locally in L? on R—ix] — 00,0[. In addition, from our choice of (uy)
it follows that v, — vs, weakly locally in H' on R_ix] — 00,0[ as k — oo, where
Voo (2, 1) =: Weo(2) is harmonic and bounded.

For a suitable sequence of times tg < s < 0, we then also have locally weak
convergence wy := vg(8k) — Weo in H! on R_i and, in addition,
(8.8) drn (wg)Oywy, — 0 in L (ORY) as k — oc.

loc

Thus, for sufficiently small 6 > 0 by Proposition [3.3] applied to the functions
wg o ¥, where ¥: B — Ri is a suitable conformal map, we also have uniform local
L?-bounds for d,w;, on 831, and we may assume that wy — wee locally uniformly
and weakly locally in H* on dR? as k — oco. Since wy, is harmonic, we then also
have locally strong H!-convergence wy — Ws, ON R_i

To see that weo is non-constant, let pi = ¢, 4r,, £ € IN. Integrating the identity
1) from the proof of Lemma[22lin time, with error o(1) — 0 and suitable numbers
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er 4 0 as k — oo in view of ([B3]) we find

1
5‘/|Vu(tk)|2gpidz—/ |Vu(tk—|—rksk)|2g0idz|
B B
ty

23
S/ / lug|?2de dt + 2 /|utVug0kV<pk|dzdt
tr+resy /OB tr+rrse /B

ty
<o(l)+ SEka/ / |Vu|*|Vpr|*dz dt
B

tr+Tksk

23
+(85krk)71/ /|ut|2<pidzdt.
te+rgsy J B

With the help of (2:2) and (B3] for suitable ¢ | 0 we can bound

(8.9)

ty

23
(85;67“;@)71/ / lu|2prdz dt < Cep / |ug|*dz dt — 0.
tx+rrsy Y B tp+rese JOB

Since for any choice typ < s < 0 we also can estimate

ty
85;&%/ / |Vul?|Vr|?dz dt < Ceglto|E(ug)) — 0,
t B

k+TkSK

from (89) and (8Q) it follows that with error o(1) — 0 as k — oo we have

L, / |Vwg|?dz + o(1) = Ly / |V (sk)|*dz + o(1)
B (0) Bf(0)

4

(8.10) > 14 /B |Vu(ty 4+ risk) |2 oidz + o(1) > Ly /B |Vu(ty)|>oidz
> L4 / |V, (0)|*dz > Ly6.
B (0)

Finally, in view of locally uniform convergence wj — ws and weak local L2-
convergence of the traces Vwy, — Vwe on 833, we may pass to the limit £ — oo
in (8] to conclude that

(8.11) dn N (Weo )Oywoo = 0 on OR3.
Since we, is harmonic, the Hopf differential
f = |0swoo|* — |8ywoo|2 — 2105 Woo + OyWoo

defines a holomorphic function f € L*(R%,C). Moreover, we € H, 5/ Q(Ri) with

loc

trace Vws € L7 (OR?); thus also the trace of f is well-defined on OR%. By
(BII) now the trace of f is real-valued; thus f = ¢ for some constant ¢ € R. But
Vws € L2(R%); hence f € L'(R2). It follows that ¢ = 0, and we is conformal.

With stereographic projection ®: B — IRﬁ_ from a point zg € B define the map
U = weoo® € H'/?(S'; N). By conformal invariance, @ again is harmonic with finite
Dirichlet integral and satisfies (IL6]) on 0B\ {zo}; since the point {zo} has vanishing
H'-capacity, 4 then is stationary in the sense of [21]. Moreover, % is conformal.
For such mappings, smooth regularity on B was shown by Griiter-Hildebrandt-
Nitsche [2I]; thus condition (IZ6]) holds everywhere on OB in the pointwise sense,
and u parametrizes a minimal surface of finite area supported by N which meets
N orthogonally along its boundary.
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Proof of Theorem[Id.ii). For given smooth data ug € H'Y?(S*; N) let u be the
unique solution to (L3), (L4) guaranteed by part i) of the theorem, and suppose
that the maximal time of existence Ty < oo. Then condition ([@4) must fail as
t 1 Tp; else from Propositions 411 and we obtain smooth bounds for u(t) as
t 1 Tp and there exists a smooth trace u; = limy, u(t). But by the first part of
the theorem there is a smooth solution to the initial value problem for (3] with
initial data w; at time Tp, and this solution extends the original solution u to an
interval [0, T1[ for some Ty > Tp, contradicting maximality of Tj.

Let 2V € B, 1 < i < ig, such that for some number § > 0 and suitable t,(:) 1 To,
zl(;) — 2 r,(;) — 0 as k — oo there holds

lim inf / Vu™)Pdz > 6.
BT‘SJ) (Z,(j))ﬂB

k—o0

By the argument following (8] thus for a suitable sequence of radii 0 < r,(co) -0

such that r,(:)/r,(co) — 0 as well as (Tp — t,(j))/r,(co) — 0 then with error o(1) — 0 as
k — oo there holds

/ |Vu(t)|2dz + o(1) > / [ Vu(t)Pdz > 6.
B (0) (Z("))QB B () (Z](CZ))QB
"k "k

for all Ty — T‘](CO) < t < Ty, uniformly in 1 < i < iy. For sufficiently large £k € N

such that r,(co) <infi<j |2 — 20| /4 it follows that ig < E(ug)/d, and we may fix
ro > 0 and redefine tl(;), r,(;), and z,(;), if necessary, such that for each 1 < ¢ < g
there holds

[ vudpe= s Uz = 6
Brfj) (z,)NB 2/ €Byy (20), 0<t<t ) Bry) (')NB

Moreover, we may assume that 6 < dp, as defined in Proposition Bl The char-
acterization of the concentration points as in Theorem [[2ii) via solutions @(*) of
(L8 then follows from our above analysis.

In addition, Corollary yields the uniform lower bound

lim lim inf |Vu(t)2dz > 2E(a')) > 262
rod0 1T By (2)NB
for the concentration energy quanta, which gives the claimed upper bound for the
total number of concentration points.
Finally, with the help of Proposition 411 we can smoothly extend the solution
uto B\ {z),... 200} at time t = Ty. O

9. ASYMPTOTICS

Suppose next that the solution u to (LJ), (I4) exists for all time 0 < ¢ < oo.
Then u either concentrates for suitable 5 1 oo in the sense that condition (€4]) does
not hold true uniformly in time, or u satisfies uniform smooth bounds, as shown in
Section [

In the latter case, the claim made in Theorem [[Tliii) easily follows.

Proposition 9.1. Suppose that for any 6 > 0 there exists R > 0 such that con-
dition @A) holds true for all 0 < t < co. Then there exists a smooth solution
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Uoo € HY2(S'; N) of (LB) such that u(t) — use smoothly as t — oo suitably, and
Uso parametrizes a minimal surface of finite area supported by N which meets N
orthogonally along its boundary.

Proof. For sufficiently small § > 0, for any j € N by iterative reference to Proposi-
tions 4.2] [4.4]- [4.6] and .10} [4.17] respectively, as in Section [f] we can find constants
Cj > 0 such that [|[u(t)| gipy < Cj for all t > 1, Moreover, by the energy inequality
Lemma 1] for a suitable sequence t;, — oo there holds u.(tx) — 0 in L?(0B) as
k — oco. Then for any j € N a subsequence u(ty) — us in H7(B), and a diagonal
subsequence converges smoothly, where u, solves (). By the argument after
BII) in Section [{ then uo is conformal and us parametrizes a minimal surface
with free boundary on N which meets N orthogonally along its boundary. O

In the remaining case that for some 6 > 0 condition (£.4)) fails to hold, there exists
a sequence tj, 1 0o and points z(1), ..., 2(%0) such that for sequences z,(j) — 2 radii
7“](;) — 0 as k — oo there holds

lim inf | Vu(te)|Pdz > 6, 1< i <.
k—o0 B (4) (Z,(:))QB
"k

By Lemma [ZT] there holds the a-priori bound ig < E(ug)/d for the number of
concentration points. By the argument leading to (8I0) then for a suitable number
0 < 7o <infi<j|2® —20)|/4 with error o(1) — 0 as k — oo and with some constant
L € N for all 1 < < 4g there holds

L/ | Vau(ty)Pdz + o(1)
Bzrfj) (Z(l))

> sup / |Vu(t)|?dz > 6.
BT(i) (Zo)ﬂB
k

20€ By (27, ti —ro <t <ty

Fixing any index 1 <4 < 4y and renaming zl(j) =: 2, r,(f) =: 11, we then scale

ug(z,t) = u(zk + rez, tp + 1t), 2 € Qp = {2z;2 + rrz € B}, —tg/r <t <0,

as before and observe that for any typ < 0 there holds

0 0
/ / |0sur|?ds dt = / / |d7TN(uk)8ykuk|2ds dt
to J O to J Oy

tr [e%e}
:/ / e 2dep dt < / lua|2dos dt — 0
tp+rrto Y OB tr+reto /OB

as k — oo, where vy is the outward unit normal along 9. Just as in Section
for suitable ¢ty < s; < 0 we then obtain local uniform and H'-convergence of
a subsequence of the conformally rescaled maps wy, = ui(sg) o ®x € H},.(R?) to
a smooth, harmonic and conformal limit ws, with finite energy and continuously
mapping OR2 to N, inducing a solution . = we o ® € HY2(SY; N) of (L)
corresponding to a minimal surface with free boundary on N. This ends the proof
of Theorem [[liii)

(9.1)
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10. APPENDIX

In this section, for the convenience of the reader we derive two interpolation
inequalities that play a crucial role in our arguments.

Let v € HY(B), and let ¢, , as above such that the collection of balls B,(z;),
1 < i < ig covers B with at most L balls By, (z;) overlapping at any z € B, with
L € N independent of r > 0. We may assume r < 1/8 so that for any 1 < i < 4
there is a pair of orthogonal vectors e ;, e2; such that for any z € B,(z;) there
holds z + sej ; +tes; € B for any 0 < s,t < 2r. After a rotation of coordinates, we
may assume that e; ; = (1,0), e2; = (0,1) are the standard basis vectors. Writing
¢ for ¢, for any z = (z,y) € B,(z), by arguing as Ladyzhenskaya [26], using
that

(V%0) (@ + 2r,y) = 0 = (V@) (z,y + 2r),

then we can estimate

2r 2r
oh(z) = [P ()2 < / 100 (v%0) (& + 5, )ds - / 19, (v%0) (2 y + D)t
0 0
(10.1)
< / 102 (02 0) (s, y)lds - / 19, (v%0) (. D],
{s;(s,y)eB} {t;(z,t)eB}

and with the help of Fubini’s theorem we find

/ joftdz < / o]t ?dz < / ( / (2 )( )|2dz) dy

B,(zi) B —0o0 z;(z,y)EB}

<[ [ wetoewdsa [ [ a0
—oo J{s;(s,y)€EB} —oo J{t;(z,t)EB}

< /B V(2 )ldz) < ( /B @Vollugl +o*|Vel)dz)?

< C(/ |Vv|2dz+r_2/ U2dz)/ vidz.
Bar(2i) Bar(2:) Bar(zi)

Fixing r = 1/5 and summing over 1 < ¢ < iy with an absolute constant C' > 0 we
obtain the bound

(10.2) [0l 2ac) < Cllollin g lvlzm)
for any v € H'(B).
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