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THE ZARISKI-LIPMAN CONJECTURE FOR TORIC VARIETIES

CARL TIPLER

ABSTRACT. We give a short proof of the Zariski-Lipman conjecture for toric
varieties : any complex toric variety with locally free tangent sheaf is smooth.

1. INTRODUCTION

The Zariski-Lipman conjecture states that an algebraic variety X over C with
locally free tangent sheaf is necessarily smooth. This conjecture has been proved
under various additional assumptions, see for example [§] in the N-graded case, [9]
for complete intersections, [4] for log canonical varieties and [IL21[5] for surfaces. In
this note, we give a direct and simple proof for toric varieties, that is for irreducible
varieties endowed with an algebraic effective action of a complex torus with a dense
open orbit. Recall that the tangent sheaf Tx of an algebraic variety X is the dual
of its sheaf of Kihler differentials, that is Tx = Home , (2%, Ox).

Theorem 1.1. Let X be a toric variety over C. Assume that the tangent sheaf of X
is locally free. Then X is smooth.

As we will see in Remark [[.2] and Remark [[.3] Theorem [I.1] can be obtained as
a corollary of the results from [6] or from [II]. Nevertheless, the proof presented
here is fairly simple and relies purely on methods from toric geometry.

Remark 1.2. If (X, 0) is a germ of a rational singularity over C, then (X, 0) is Cohen—
Macaulay. If moreover (X,0) has a locally free tangent sheaf, its canonical divisor
is Cartier, and thus (X,0) is Gorenstein. As noticed in [5], rational Gorenstein
singularities are canonical, a class of singularities for which the Zariski-Lipman
conjecture has been proved in [4}[6]. Normal toric singularities being rational [3]
Theorem 11.4.2], Theorem [[Ilis a corollary of the results in [6].

Remark 1.3. Locally, a normal toric variety with no torus factor is a categorical
quotient of a smooth affine toric variety by a reductive group action [3, Theorem
5.1.11]. From [II, Corollary 5.11], this implies that the Nakai conjecture holds
true for normal toric varieties. As the Nakai conjecture implies the Zariski-Lipman
conjecture [I4] Proposition 2], Theorem [[T] follows from [11]. The author would
like to thank Thierry Levasseur for pointing to him this reference.

Remark 1.4. The Zariski-Lipman conjecture is actually stated over any field of
characteristic zero. As noticed in [§], with no loss of generality one may assume
the field to be algebraically closed. In this note, we will work over the complex
numbers, but Theorem [[.T] and its proof hold over any algebraically closed field of
characteristic zero.
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2. KLYACHKO’S DESCRIPTION OF TORIC REFLEXIVE SHEAVES

Let X be a toric variety of dimension n over C, with torus Ty = N ®z C*, for
N the rank n lattice of its one-parameter subgroups. Denote by M = Homgy (N, Z)
its character lattice. Let Tx = Homgp, (Q%,Ox) be the tangent sheaf of X, that
is the dual of its sheaf of Kihler differentials (see e.g. [3, Section 8.0]). According
to [IZ, Theorem 3], if Tx is locally free, then X is normal, which we will assume
from now on. Then, X is the toric variety associated to a fan ¥ of strongly convex
rational polyhedral cones in Ng = N ®z R [3, Chapter 3]. In particular, X is
covered by the Ty-invariant affine varieties U, = Spec(C[M N¢oV]), for o € 3.

Recall that a coherent sheaf ¥ on X is called Ty-equivariant if there is an iso-
morphism ¢ : o*F — 13 F satisfying some cocycle condition (see e.g. [13, Section
5] or [7]) where av: Ty x X — X, m : Tn X X = Ty and 72 : Ty x X — X stand
for respectively the T-action, the projection on Ty and the projection on X. The
Tn-action on X induces naturally an equivariant structure on its sheaf of Kéahler
differentials given by the composition :

arQ 25 0L v S riah e mok 5 mok
where pr, is the projection on the second factor [7, Section 2]. By duality, Tx is
Tn-equivariant, and, being dual to the coherent sheaf Q% it is reflexive. Klyachko
proved that equivariant reflexive sheaves on toric varieties are described by families
of filtrations [I0] (see also [13]). Let us recall briefly this description for the tan-

gent sheaf. As Tx is reflexive, its sections extend over codimension 2 subvarieties.
Denote by (1) the set of I-dimensional cones in ¥, and consider

Xo= |J U
ceX(0)UX(1)

By the orbit-cone correspondence [3, Section 3.2], X is the complement of Tiy-orbits
of co-dimension greater or equal to 2, and thus Tx = 1. Tx,, where ¢ : Xo — X is the
inclusion. By equivariance, Tx, is entirely characterised by the sections I'(U,, Tx),
for o € X(0) UX(1). If o = {0}, U{Q} =Ty, and

I'(Ugoy, Tx) = Ne ®@c C[M],

for N¢ := N ®z C is the Lie algebra of T. Then, if p € ¥ is a ray (i.e. a one-
dimensional cone), T'(U,, Tx) is graded by M/(M N pt) ~ Z. As Ty is a dense
open subset of U,, the restriction map I'(U,, Tx) — I'(Uoy, Tx) is injective and
induces a decreasing Z-filtration

...CEi)CEP(i—1)C...C N¢
such that one has

(U, Tx) = @ E(~mu,) @ x™,
meM
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where we denote by u, the primitive generator of p and (:,-) the duality pairing.
Explicitly, the family of filtrations (E*(e)),ex) for Tx is given by [10, Example
2.3(5) on page 350]:
Nc¢ if i<0
EP(i)={ C-u, if i=1
{0} if i>2.
Finally, by Klyachko’s compatibility condition [I0, Theorem 2.2.1] (see [13] Section
5] for a detailed treatment on normal toric varieties), Tx is locally free if and only
if the family of filtrations (E”(e)),ex(1) satisfies that for each o € ¥, there exists a

decomposition
Ne= D B
[mleM/(Mnot)

D E

<m7'“'p>2’i

such that for each ray p C o:

3. PROOF OoF THEOREM [L.1]

Assume from now on that Tx is locally free. We want to show that X is smooth.
As this is a local condition, we might as well assume X affine, so that X = U, for
some strongly convex rational polyhedral cone ¢ C Nr. With no loss of generality,
we can also assume that X has no torus factor, so that {u,, p € (1)} spans
Ng [3, Proposition 3.3.9]. Then, X is smooth if and only if o is smooth [3] Theorem
1.3.12], which, by definition, is equivalent to the fact that {u,, p € o(1)} is a Z-basis
for N.

As {u,, p € o(1)} spans Ng, ot = {0}. Then by Klyachko’s compatibility
condition, we can find a decomposition

N¢ = EBE;

meM
with, for p € 0(1), and ¢ € {2, 1,0}
M - @D =
(m,up)>i
First, from E*(2) = {0}, we deduce that EJ, # {0} only if for all p, (m,u,) < 1.
Secondly, taking i = 1 in (),
® =

<m7'“'p>21

Thus, for each p € o(1) we can find m, € M with (m,,u,) = 1 and such that
C-u, = EY,,- Note that o contains no line by strong convexity, so if p # p, then
Up @ Z-uy and C-u, #C-up. As {u,, p € 0(1)} spans N¢ over C,

> Cou- @ £ C @D -

pea(l) pEoa(l) meM

= D =,

pea(l)

Then,
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and o (1) contains exactly n elements. Let p, p’ € o(1) be two distinct rays. Neces-
sarily,
C-u,NC-uy ={0}
and by (1) with ¢ = 1, m, must satisfy (m,,u,) <O0.
Last, taking now ¢ = 0 in (IJ), we deduce from E*(0) = N¢ that (m,,u,) = 0.
To conclude, for all p, p’ € o(1),

1 p=y
<mpvup/> - { 0 if p 75 p/-
Hence, each element v € N can be uniquely written

u = Z <mpvu> Up
pea(l)
with (m,,u) € Z for each p € o(1). Thus, {u,,p € o(1)} is a basis of N, which
ends the proof of Theorem [Tl

REFERENCES

[1] Bergner H. and Graf P., The Lipman—Zariski conjecture in genus one higher, Forum Math.
Sigma 8, Paper No. €21, 16 p. (2020)

[2] Biswas I., Gurjar R. V., Kolte S. U. On the Zariski-Lipman conjecture for normal algebraic
surfaces, J. Lond. Math. Soc. 90 (2014), no.1, 270-286.

[3] Cox D., Little J., and Schenck H., Toric varieties., Providence, RI: American Mathematical
Society (AMS), 2011 (English).

[4] Druel S., The Zariski—-Lipman conjecture for log canonical spaces, Bull. London Math. Soc.
46 (2014), no. 4, 827-835.

[5] Graf P., The Lipman—Zariski conjecture in low genus, Int. Math. Res. Not. IMRN 2021 (2021),
no. 1, 426-441.

[6] Graf P. and Kovécs S. J.,An optimal extension theorem for 1-forms and the Lipman—Zariski
Congecture, Documenta Math. 19 (2014), 815-830.

[7] Herrero A. F., Some remarks on equivariant  sheaves, available at
http://pi.math.cornell.edu/ andrescantabria/Some_Remarks_on_equivariant_sheaves.pdf

[8] Hochster M., The Zariski-Lipman conjecture in the graded case, J. of Algebra 47 (1977),
411-424.

[9] K&llStrom R., The Zariski-Lipman conjecture for complete intersections, J. of Algebra 337
(2011), no. 1, 169-180.

[10] Klyachko A. A., Equivariant bundles over toric varieties, Izv. Akad. Nauk SSSR Ser. Mat.
53 (1989), no. 5, 1001-1039, 1135.

[11] Levasseur T. and Stafford J. T., Differential Operators and Cohomology Groups on the Ba-
sic Affine Space, Studies in Lie Theory, Dedicated to A. Joseph, Progress in Math., 243,
Birkhauser, 2006, 377-403

[12] Lipman J., Free derivation modules on algebraic varieties, Amer. J. Math. 87 (1965), no. 4,
874-898.

[13] Perling M., Graded rings and equivariant sheaves on toric varieties, Math. Nachr. 263/264
(2004), 181-197.

[14] Rego, C. J., Remarks on differential operators on algebraic varieties, Osaka J. Math. 14
(1977), 481-486

UnNiv Brest, UMR CNRS 6205, LABORATOIRE DE MATHEMATIQUES DE BRETAGNE ATLAN-
TIQUE, FRANCE
E-mail addresses: carl.tipler@univ-brest.fr


http://pi.math.cornell.edu/~andrescantabria/Some_Remarks_on_equivariant_sheaves.pdf

	1. Introduction
	Acknowledgments

	2. Klyachko's description of toric reflexive sheaves
	3. Proof of Theorem 1.1
	References

