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INVERSE LOCALIZATION AND GLOBAL APPROXIMATION
FOR SOME SCHRODINGER OPERATORS
ON HYPERBOLIC SPACES

ALBERTO ENCISO, ALBA GARCIA-RUIZ, AND DANIEL PERALTA-SALAS

ABSTRACT. We consider the question of whether the high-energy eigenfunc-
tions of certain Schrédinger operators on the d-dimensional hyperbolic space of
constant curvature —x2 are flexible enough to approximate an arbitrary solu-
tion of the Helmholtz equation Ah+h = 0 on R%, over the natural length scale
(’)()\’1/2) determined by the eigenvalue A > 1. This problem is motivated by
the fact that, by the asymptotics of the local Weyl law, approximate Laplace
eigenfunctions do have this approximation property on any compact Riemann-
ian manifold. In this paper we are specifically interested in the Coulomb and
harmonic oscillator operators on the hyperbolic spaces H%(x). As the dimen-
sion of the space of bound states of these operators tends to infinity as x \ 0,
one can hope to approximate solutions to the Helmholtz equation by eigen-
functions for some x > 0 that is not fixed a priori. Our main result shows
that this is indeed the case, under suitable hypotheses. We also prove a global
approximation theorem with decay for the Helmholtz equation on manifolds
that are isometric to the hyperbolic space outside a compact set, and consider
an application to the study of the heat equation on H%(x). Although global
approximation and inverse approximation results are heuristically related in
that both theorems explore flexibility properties of solutions to elliptic equa-
tions on hyperbolic spaces, we will see that the underlying ideas behind these
theorems are very different.

1. INTRODUCTION

In this paper we are concerned with high energy eigenfunctions of Schrodinger
operators on a complete Riemannian d-dimensional manifold M with d > 2, which
we will eventually choose to be a hyperbolic space. To this end, we consider non-
trivial square-integrable solutions 1; to equations of the form

(1) Appj+ (A = V) =0,

where Ay is the Laplace-Beltrami operator on the manifold, the potential V is a
well-behaved function and A; > 1 are eigenvalues. It is well known that rescaled
limits of high energy eigenfunctions of a Schrédinger operator are connected with
solutions to the Helmholtz equation. Recall that the Helmholtz equation reads as

Apyu+Au =0

for some constant A > 0, and that in the d-dimensional Euclidean space one can
often take advantage of the scaling properties of the equation and set A = 1:

(2) Av+v=0.
1
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It is standard that, over geodesic balls of the natural radius determined by
the eigenvalue, high energy eigenfunctions on a manifold, such as solutions to (D),
behave essentially like solutions to the Euclidean Helmholtz equation ([2]) on the unit
ball. Roughly speaking, this is because, if T are normal coordinates on a geodesic
ball centered at a certain point of the manifold and one considers the rescaled
coordinates x := /\Jl/ 23‘:, a straightforward computation shows that Equation (I
can be rewritten on the Euclidean ball |z] <1 as

Av;+ ;=0 (A1),

J

where A denotes the ordinary Laplacian in the coordinates x and where the error
term depends on derivatives of 1); up to second order.

It is also known that, under mild assumptions, one can pick a sequence of approx-
imate eigenfunctions on the manifold (meaning, for concreteness, a linear combina-
tion U of eigenfunctions with eigenvalues A; lying on the interval Iy = [A, (1+0)]],
with A > 1 and some arbitrarily small but fixed 6 > 0) whose behavior on a ball
of radius A~'/2 centered at a fixed point p reproduces that of any fixed solution v
to the Helmholtz equation () on R? modulo a small error. More precisely, by the
well-known asymptotics for the local Weyl law [I7], given any solution v, one can
construct Uy as above such that

(3) HUA 0(31)(p;10\4(/\_1/2 )=

C*(B)

as A — 0o, where expfow is the exponential map at a point p € M, B C R? is a
bounded domain and k is any fixed integer. (In fact, it is well known that the
size of the interval I can be made substantially smaller, see e.g. [5].) Nontrivial
extensions of this property, which consider random combinations of eigenfunctions
with eigenvalues in the interval I, can be consulted in [6] and in the references
therein.

A subtler question is whether one can replace the approximate eigenfunctions Uy
by bona fide eigenfunctions ;. Remarkably, there are only a few cases where
it is known that high-energy eigenfunctions can approximate, on suitable scales,
arbitrary solutions to the Helmholtz equation. For short, when this happens, we will
say that the Schrodinger operator —Ap; + V' has the inverse localization property.
In general, one does not expect that this should hold for a general Riemannian
manifold, even when the potential is identically 0.

In fact, Jung and Zelditch have constructed [I§] a Riemannian 3-manifold for
which all the (nonconstant) Laplace eigenfunctions have exactly two nodal domains,
and this can be used to show that there are solutions to the Helmholtz equation that
cannot be approximated by rescaled eigenfunctions on this manifold in the sense
of [B)). Also, in [9] we have recently shown that the inverse localization property
does not hold on generic flat tori. Specifically, whether the approximating property
holds or not depends solely on the arithmetic properties of the spectrum of the
torus, and the set of tori for which it holds has measure zero.

The list of Schrodinger operators which are known to possess the inverse lo-
calization property is remarkably short. To our best knowledge, the only known
examples are the harmonic oscillator operator on R¢ [10] and the Laplace opera-
tor on certain tori [9] and on the round sphere S? and all Riemannian quotients
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thereof [15]. The Coulomb operator [I1] exhibits an analogous localization prop-
erty, where the Helmholtz equation must be replaced by a “zero energy Coulomb
equation” to account for the fact that one considers eigenvalues that do not tend to
infinity but to 0, which is the bottom of the essential spectrum. The curl operator
on T2 and S?, whose eigenfunctions are known as Beltrami fields, also exhibits an
inverse localization property [14]. These facts have found several applications in
previous work of two of the authors, including the proof of a conjecture of Berry [2]
on eigenfunctions whose nodal sets realize a certain knot [I1],[10] or the construction
of stationary Euler flows with knotted vortex lines [14].

Note that in all the known examples, the eigenvalues have a very high multi-
plicity. As shown by Uhlenbeck [25], a generic perturbation of these examples will
split the eigenspaces, leading to Schrodinger operators for which all the eigenvalues
have multiplicity 1 and for which, in general, one does not expect inverse localiza-
tion to hold. However, it stands to reason that some kind of inverse localization
property should hold provided that the perturbation preserves the multiplicity of
the eigenvalues.

Our objective in this paper is to explore this heuristic idea in the context of
Schrédinger operators on the d-dimensional hyperbolic space HY(k) of negative
constant sectional curvature —x2. Specifically, we are interested in the Coulomb
and harmonic oscillator operators

HS = -A,+aVS,  HP:=-A,+aV],

where A, is the Laplace Beltrami operator, V.¥ and V! are the Coulomb and
harmonic oscillator potentials on H%(x) and « is a fixed positive constant that will
not play any role in the arguments. Precise definitions and explicit formulas will
be provided in Section

These operators have long played a significant role in mathematics and in physics.
Indeed, the study of the classical counterparts of these systems can be traced
back [23] to Lobachevski circa 1835 in the case of the Coulomb (or Kepler) po-
tential and to Liebman in 1902 in the case of the harmonic oscillator. The study of
the corresponding quantum models respectively started in Schrodinger in 1940 and
with Higgs in 1979. It has long been known that these models possess superinte-
grability properties analogous to those of their Euclidean analogs, as discussed in
a broader context in [I]. One should note that, even though the Coulomb system
is typically considered in any dimension d > 2, the potential is always a formal
extension of the 3-dimensional case in the sense that it diverges as the inverse of
the distance to the point py where the point charge is located. In particular, the
equation A,V = cq, d,,, where &, is the Dirac measure supported on pg, only
holds in dimension 3.

Even though the Coulomb and harmonic oscillator operators on H%(x) are for-
mally very similar to those of their Euclidean counterparts, their spectral properties
are rather different. In particular, the space of bound states is finite dimensional for
both operators. We will elaborate on this point in Section[2l An easy consequence
of this fact is that the operators H2, with A = C or H, cannot have the inverse
localization property for any > 0.

However, the main result of this paper is that a suitable analog of the inverse

localization principle for parametric families of operators does indeed hold. The
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basic idea is that, as the dimension of the space of bound states of H fj tends to
infinity as k \, 0, one can try to approximate solutions to the Helmholtz equation
by eigenfunctions of H? for some x > 0 that is not fixed a priori. For simplicity,
in the Introduction we only deal with the harmonic oscillator operator. As in the
Euclidean case, the analogous statement for the Coulomb operator H is necessarily
less transparent, so we have chosen relegate it to Theorem [£I]in the main text. To
state the theorem, let us fix a point pg € H%(x) and denote by expy,, the exponential

map at pg defined by the hyperbolic metric of curvature —x?2.

Theorem 1.1. Let v be an even or odd solution to the Helmholtz equation [2)) on
R?, with d > 2. Given any ¢ > 0 small, any integer k, and any ball B C R?, there
exist some Kk > 0 and an eigenfunction ¥ of HY such that

[ 0 exp (A2 ) — vl ey < €.

Here )\ is the corresponding eigenvalue and py € H?(k) is the point where the
potential VE attains its global minimum.

Let us point out that assuming that the function v in Theorem [I.T] satisfies the
Helmholtz equation in all of R? or in a smaller domain is actually irrelevant, as it
is whether one aims to approximate the function on a ball or on any other bounded
domain 2 whose complement R4\ (2 is connected. This is because one can prove [12]
that a function satisfying the Helmholtz equation on a domain containing the clo-
sure of a domain £ as above, which would be an essentially minimal assumption
for the purposes of Theorem [[LI can be approximated in the C*(2) norm by a
solution of the Helmholtz equation on the whole R? with the sharp fall off rate at
infinity (i.e., [v(z)| < C(1+ |z[)A=D/2 if d > 2).

Let us provide some context for this result. It is a general fact that a solution w
of a nice linear elliptic equation Lw = 0 on a domain containing the closure of a
bounded domain Q with connected complement (be it on R? or on a noncompact
manifold) can be approximated in C*(Q) by a global solution, that is, a solution
to the equation on the whole space. This kind of results, which generalize Runge’s
classical theorem in complex analysis, goes back to the work of Lax, Malgrange and
Browder, and are known as global approzimation theorems [4]. The key property
of the Helmholtz equation on RY, established in [I2], is that one can additionally
assume a decay condition at infinity for the global solution, which is moreover sharp.

As we shall see next, one can also prove a global approximation theorem with
decay for the Helmholtz equation on a hyperbolic space. However, it is worth stress-
ing that the underlying ideas behind this result and behind an inverse localization
theorem are rather different. To illustrate this fact, we shall state the following
more general result, which does not follow from the approximation theorems with
decay for essentially flat elliptic operators proved in [§]. Recall that a d-dimensional
Riemannian manifold M is hyperbolic outside a compact set if there exist compact
sets K1 C M and K, C H%(x) such that M\K; and H%(x)\ K> are isometric, for
some x > 0. We will consider manifolds for which there is a point pg € M whose in-
jectivity radius is infinite, which implies in particular that M is diffeomorphic to R¢.
An important class of manifolds with this property are those of Cartan—Hadamard,
that is, simply connected manifolds with nonpositive sectional curvature. To state
this result, we will denote by par(z) = pa(x, po) the geodesic distance in M from
x to the point pg € M.
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Theorem 1.2. Consider a d-dimensional Riemannian manifold M with d > 2
which is hyperbolic outside a compact set and has a point po with infinite injectivity
radius. Fiz an integer k and a constant € > 0. Suppose that the function w satisfies
the Helmholtz equation

(4) Apyw+Aw =0

in a neighbourhood of the closure of a bounded domain 2 C M, and that the comple-
ment M\Q is connected. We also assume that A belongs to the continuous spectrum

(d—1)x]?
2

of the Laplacian, i.e., X > [ } . Then there exists a solution v of the Helmholtz

equation [@l) on all of M which approzimates w as
[|w — U||ck(Q) <eg
and which satisfies the sharp Agmon—Hdérmander decay condition

1

(5) sup — lv(z)|* dVol(z) < co.

R>0 Br
Here Bpg is the geodesic ball of radius R centered at py and dVol is the Riemannian
volume form on M. In the case that M is the hyperbolic space H(k), the decay of
v 18 pointwise:
(6) lv(x)] < Ce~ 5 rom (@),
Remark 1.3. Using that M is isometric to the hyperbolic space outside some com-
pact set, and the expression of dVol in geodesic coordinates centered at pg, it is
straightforward to check that the decay (Bl is an averaged version of the pointwise

2 2
decay (@). We stress that the condition A > @ @ is the

bottom of the purely continuous spectrum of Ay, is only used to ensure the decay
bound (B)); a global approximation theorem with no control at infinity of the global
solution certainly holds without the aforementioned assumption.

, where [

Remark 1.4. Note that we are not assuming that the curvature of M is asymptoti-
cally small. Furthermore, a result of Uhlenbeck [25] ensures that all the eigenvalues
of the Dirichlet Laplacian are nondegenerate for generic compact perturbations
of H%(k). Therefore, the validity of this result (unlike that of Theorem [ is in
no way related to the multiplicity of the eigenvalues.

The decay condition of a global approximation theorem is key in many applica-
tions, such as nonlinear equations [I3]. Although we shall not pursue this direction
here, in Section Bl we will exploit this fact to derive a global approximation theorem
with decay for the heat equation on H%(x) (Theorem [5.2).

2. THE HARMONIC OSCILLATOR AND COULOMB OPERATORS IN HYPERBOLIC
SPACES

We will describe the d-dimensional hyperbolic space H? (k) = (R?, g,;) of sectional
curvature —x? < 0 via geodesic normal coordinates centered at a fixed but arbitrary
point py € H%(x). That is, we take coordinates p = pas(x,po) := dist,(x,po), the
geodesic distance to pp, and the angular variable w € S?~!. In these coordinates
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: 2 sinh?(kp) s . . . .
the metric takes the form g, = dp® + =—=2""gga-1. For simplicity, in Sections 24l
we will instead use the coordinates (r,w) with
sinh(kp)

KR

In these coordinates, the metric and the Laplacian read as
dr? + r?gga1

02 d—1+dk?r? 0
AK:(1+H2T2)W+4’I‘ E

e = 1+ k292

+ 7"72Asd—1 .

We are interested in the Coulomb and harmonic oscillator potentials on H%(x),
which are given respectively by

VO = /K242,
vH .= L .
1+ k272

The point pg is chosen to be the global minimum point of the harmonic potential
and the singular point of the Coulomb potential. Note that when d = 3, A, V.C =
¢d,x0p, , Where cq ,, is an explicit constant, so VHC on H3(k) has a direct interpretation
as the electrostatic potential of a point charge located at pg. Also, the harmonic
potential is defined as VH := (VNC)72, which mimics the well known functional
relation between the harmonic potential |z|?> and the Coulomb potential |z|~! in
Euclidean space.

The eigenvalues and eigenfunctions of the Coulomb operator HS are well known
(see e.g. [22]). An orthogonal basis of the space of square-integrable eigenfunctions

1S
P = 5O () Vi (W)

c 2
f;iC(T) = 7 (\/ 1+ K212 + HT) plab) (2 (\/ 1+ k2124 m“) - 1) .

The constants are defined in terms of n and [ as

d—1
c::—n—%;a::2l—|—d—2;b::—n—l— - e e
26(n + 1+ 5=) 2 26(n+ 1+ %5=)
and hereafter Y,,, with 1 < m < d; := (H%d) Qlfj:;, denotes any orthonormal

basis of the space (d— 1)-dimensional spherical harmonics with spherical eigenvalue

w = U(l4+d—2), for any nonnegative integer I. Also, P}L‘“b) is a Jacobi polynomial.
The indices n,[ range over the set of nonnegative indices such that

« d—1
I T
(7) n+ <1/2K 5

and 1 < m < d;. In particular, the point spectrum is finite, contrary to what
happens in the Euclidean case of the Euclidean Coulomb operator.

C .
Zlm 18

The eigenvalue of

a2

d—1\>
Moo 2( +z+_) |
nl An+1+ 951)2 A 2
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Just as in the Euclidean counterpart, the energy only depends on N := n+1[. Thus
the multiplicity of A, is Z;VZO d;, just as in the Euclidean case.
In the case of the harmonic oscillator H!!, a basis of the space of bound states is
H _ exH
Gnim = fui” (1) Yim (@),
f;:l’H(r) = rl(1+ H2T2)%P,§‘“b) (1 + 2n2r2) ,

with
2 d—2 2
c:=—F/k% a:=1+ 5 b:=—-p/k"—1/2.

Here the nonnegative integers range over the set

g d-1
8 2 <= ——,
( ) n + 532 2
and 1 < m < d;. Thus the space of bound states is again finite-dimensional. The
eigenvalue of 1/’222 is

2
A — B(4n + 20 + d) — k2 (2n+l+%> ,

nl

Vei+da—k
2

where [ := ® . This depends only on N := 2n + [, so the multiplicity of

)\ZkH is then as in the Euclidean case as well:

| ¥]
Z dn—2k .

It is worth recalling that, in Euclidean space, an orthogonal basis of eigenfunc-
tions of the space of bound states of the Coulomb and harmonic oscillator operators,
HY .= —A +alz]?,
HC := A —alz|™!,

is respectively given by

| rlef\/arz/ngJrgil) (\/57"2) Yim(w),

nlm -

c . l—ar/2(n+l+%)L(2l+d72) ar Y,
=r'e _— m(w).

nlm n n+l+ dgl l ( )

Here n,l > 0 and 1 < m < d;. The corresponding eigenvalues are

042

M= Va(an + 20+ d), AS, =———.
4(n+1+ %52

3. PrRoOOF OF THEOREM [I.1]

Assume that v is an even function, i.e., v(x) = v(—z) for all x € R?. The case
when v is odd is analogous and will be sketched at the end of this section.
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Let us begin by taking hyperspherical coordinates in a ball B’ 5> B. For any
fixed r, one can expand v in hyperspherical harmonics to write

d;
V=0 O (1) Vim (@)

120 m=1
with
U (1) = /d ) v(r,w) Yim (w) do(w) .
Furthermore, since ’
Agio1Yig = — 1 ¥im = —1(1 +d — 2)Yi ,
one can integrate the Helmholtz equation (2))

—1 Aca—
—v=Av=0,,v+ d Orv + se-1b
r

r2
with Yj,, over S~ to obtain

d—1 1
—Uim = / Yim Av = <arr + —ar> / VY + 2 / ’UASdfliflm
Sd-1 r §d—1 T4 Jgd—1

= (8T7~+d_1ar_ l(l+d_2)>'l}lm
T

r2

Note that we have integrated by parts the term involving the spherical Laplacian.

Thus we infer that vy, satisfies a Bessel-type ODE that only depends on [. Since
v is smooth, vy, must be well behaved at r = 0, which ensures that there are real
constants ¢, such that

v (1) = CimJ) 4 a2 (r)ri=d/2
Furthermore, ¢, = 0 for all odd [ because v is assumed to be even, so the integral
defining vy, (r) is zero.
Since v is smooth, the above series converges to v e.g. in L?(B’). Therefore, for

any ¢ > 0 there is an integer /o such that the finite sum
l() dl

w = Z Z CimJy 4 iz (r)rt =42y, (w)

=0 m=1
approximates the function v as
||’U — w||L2(B') <4.
As the difference v — w also satisfies the Helmholtz equation, standard elliptic

estimates show that the approximation also holds in the C* sense:

(9) [v—wllorm <C6.

To connect these expressions with eigenfunctions of H, let us start with the
following lemmas:

Lemma 3.1. Let us fix some integers | and n as in (8). Uniformly for r < R, the
H

m admits the asymptotic expansion, as n — oo and Kk — 0,

eigenfunction )

i | =) = A [T )5 4 O (07 5) 4 O] Vi ().

nlm H
\/ )\nl
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In fact,

—d

(10) lim |y L,w — AnJ, (r) - Pt Yim(w) =0.

d—1
n—o0,k—0 nlm A\H +=
V “'nl C*(Br)

B d—1
2

Throughout, we assume 2n +1 < 5 — . Here A, is a non-zero constant.

Proof. The result is proved in two steps. In the first part of the proof, we use the
asymptotic relation between Laguerre and Jacobi polynomials that can be found,
for example, in [24] (5.3.4.)]:

L (r) = lim P (1- 27717°) .

Y00

It is well-known that one can rewrite Jacobi and Laguerre polynomials as hyperge-
ometric functions and confluent hypergeometric functions respectively:

Pv(la;'v)(z): ( n:a >2F1 (—n,l4+a+y+na+1;5(1—2),

L%O‘)(z) = ( nta )M(—n,a—l—l,z)=1F1(—n,a—|—1,z).

n

If we pay attention to the fact that the first argument in both of them is a non-
positive integer, we can conclude that the series defining hypergeometric functions
are just finite sums and then we can bound the error:

‘pr(Law) <1 _ %) _ Lgla) (r)
v

(1)

o Fy (—n,l—i—oz—l—”y—i—n;a—i—l;i) —M(—n,a+1,r1)
Y

() e ()

n

_ ( n+a ) ’(—n)r(l—i—a—i—n) ()1 —=n)r*(1+a+n+v)2+a+n+7v) —7?)

(a+ 1)y 2(a+1)(a +2)v?
(=Dr"(A+a+n+v)---2nt+a+y)—7")

oot
(a+1) - (a+n)nlyn

=0 (),

uniformly for 0 < r < R as v — co. Here (q),, is the (rising) Pochhammer symbol:

(@ = 1, n=20
Dn = qglg+1)---(¢g+n—-1), n>0
From this, it follows that

P,(LO‘W) (1 — 27_17°) = Lglo‘)(r) + O (7_1) ,

uniformly in [0, R].
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If we take v := —3/k? — 1/2 and notice that O(y~!) = O(k?), we can conclude

P£l+d/2—1;—ﬂn*2_1/2) (1 I 2H2T2) _ pl+d/2—1;) <1 _9p2 B >
" (1/2+9)

_ 7§(l+d/271;'y) (1 _ 2ﬁ’l”2")/71 +0 (772)) _ L,Ef+d/271) (ﬂTZ) +0 (HQ)
= LI (Var? + O(k%)) + O (k%) = LUT27D (Var?) + O (k7).

Here we have used that

ﬁ:—W:\/a+O(I€2).

On the other hand, some elementary computations show that
— ,{*2
(Vi+wr) S eV EON) | 0 (52) = VAL 4 O,

uniformly on [0, R}, since =" V@/2 > O(x2) for sufficiently small x.

Standard formulas for the derivatives of orthogonal polynomials (see e.g. [24]
(4.21.7)] and [19, (22.8.6)]) yield similar approximation results for derivatives of
arbitrary order, so we conclude that

‘ flil,H(T) _ Tle—\/ar2/2L7(ll+§71) (\/572)

n = 0(112) .
By noticing that

Ck(0,R)

At = Al O(s?),

nl
we can see that
l
2
1 () = | = ) e e (an )| = o),

H
H A
)\nl nl

C*(0,R)

Next we use Hilb’s asymptotic formula for the Laguerre polynomial [24] (8.22.4)],
which gives an asymptotic expansion for a fixed 6 > 0:

T(n+6+1 _
e=o/2g002 ) (py = LT0FOFD ( (4n +20 + 2):1:) + 2540 (n294 3) _

(n+ 251
The bound holds uniformly in 0 < z < R for any fixed R > 0. Using the substi-
tutions z = \/ar?(A)~! and § = I + ¢ — 1, we obtain the following asymptotic
expansion of the radial part of

H .
nlm:*

l OLT2
( ! ) e \2/;51 I,0+d/2-1) (ﬁrQ
n AH

\/ )\gl nl

Here

) _ Anlrl_d/le+d/271(7')+O (nl/2+d/4—5/4) '

-l
A\ T(n+1+d/2)20/2-1
2 n! '

It is standard that this asymptotic formula can be derived term by term, so one
obtains the formula for the derivatives (I0) that appears in the lemma and similar
ones for higher derivatives.
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Using Stirling’s asymptotic formula for the factorial,
n 1
n! =V2mn (E) <1—|—(9<—>) ,
e n

Vr(2n+204+d—1)!
22n+20+d=2(p 4 | 4 %)!

and the identity

(11) T(n+1+d/2) =

)

we can estimate the constant A,,; for large n as

q-l/49d/2—1 o
_ +d/2—1 1/24d/2—2
nl = W’n / / + O(n / / ) ,
if d is even and
q—l/49d/2—1 l
_ AT 1 24d/2—1 1/2+4d/2—2
An = oltdjz—172 " +0(n )

d+1

if d is odd. Thus we conclude that n!/2+d/4=5/44-1 = © (n’T) The lemma
then follows by combining the above identities together. O

To continue, let us take a large integer n that will be fixed later, and which we
assume to be much larger than lp/2. For each even integer [ smaller than 2n we set

=112,

so that the eigenvalue
(12)

d—1\>
A= )‘%ZII{ = B(4ﬁ1+21+d)—,‘$2 (2@1 +1+ T)

2
= B(4n+d)— K> (m + %)

does not depend on the choice of [. We can now derive an eigenfunction of the
hyperbolic harmonic oscillator from the function w by setting

lo d;

=3 amAZ R

=0 m=1

To make sure that this is indeed an eigenfunction, we need to ensure that all the
numbers 7y, [, m are in the admissible range of the integers, so we pick the curvature
of the hyperbolic space small enough so that

K/2<A¢d—l'
27’L+lo+T

By construction, @ is then an eigenfunction of the hyperbolic harmonic oscillator
with energy as in (I2). Here we have used the fact that ¢;,, = 0 for odd I, since the
defined number 7; is an integer only for even [. We are now in conditions to use
Lemma [3.11

We claim that for any § > 0 one can choose 7 large enough so that

w o (5) o

<94.
C*(B)
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This is a rather straightforward consequence of Lemma [3I1 Indeed, substituting
the asymptotic expressions obtained in the sum for ¢) we find

'¢ (%) ZZO Z |cim| ’ AZ e ( x)\) — Jipasz—1(r)r' Y, (w)

zloo mdl1 ) )
=303 lanl (0 (77F) +06) < 7.
1=0 m=1

provided that 7 is much larger than ly/2, k < 1 and |z| < R, R being the diameter
of B. An analogous argument shows similar bounds for the derivatives of 1 and w
so the estimate (I3) follows provided 7 is large enough.

To conclude, we combine ([@), (I3) and the fact that we are working in normal
geodesic coordinates on a hyperbolic space to show that

o) =voexp, (VA)| <l wlowm + @ oexpy, (/VA) — ()

<eg,

Ck(B) CkH(B)

provided that x is small enough. Here pg is the point where the harmonic oscillator
potential attains its global minimum.

A straightforward modification of the argument enables us to consider the case
where v is odd. If v is odd, we only need to notice that ¢;,, = 0 for all even [ and
define n; asn; =n — HTl to prove the result.

4. THE COULOMB OPERATOR ON HYPERBOLIC SPACES

The localization result for the Coulomb operator of H%(x) analogous to Theo-
rem [[.1]is the following:

Theorem 4.1. Let v satisfy the equation

Av + gU =0
2|

in R with d > 2. Given ¢ > 0 small, an integer k and a ball B C R% whose closure

does not contain the origin, there exist some k> 0 and an eigenfunction v of HS
such that

|4 o expy, —vllcrp) < €-

Here py € H%(k) is the singularity of the Coulomb potential.

The proof of this result is very similar to the one of Theorem [[.I] so we will
just sketch it and point out the differences. Arguing as before, we immediately see
that v can be written in the ball B as

Z Z ClmJ2l+d 2 (\/4—) rl—d/?nm(w) .

=0 m=1

In the series above, ¢, are real constants. We also conclude that for any § > 0
there is an integer lp such that the truncated sum

o d
w = 20: ZL CimJ21+d—2 (V 4047”) r =2y, (w)

=0 m=1
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approximates the function v in C*:
(14) HU_chk(B) < (9.
The next lemma is the analog of Lemma B and will be key in the proof. In

the statement we take two constants Ry < R such that B is contained in Br\Bg,,
where Bg denotes the ball of (geodesic) radius R centered at the origin.

Lemma 4.2. Let us fiz some integers I and n as in (7). Uniformly for 0 < Ry <

r < R, the eigenfunction wzhcn admits the asymptotic expansion
(15)
1/15231(7“, w) = A {JQHd,Q (v 4ar) ri=d/2 1 0 (nil*d/2+1/4) + O(Ii):| Yim(w),

asn — oo and k — 0 with n+1 < ,/% — %, where Ay 18 a nonzero constant.
In fact,

=0.
C*(B)

lim }
n—o00,k—0

Y (r,w) — ApiJor a2 (V 4047“) Tlfd/QYzm(w)’

Proof. Again, we use the asymptotic relation between Laguerre and Jacobi poly-
nomials [24], (5.3.4)], from which it follows that

Pl (1-2y""r) = L(r) 4+ 0 (v

uniformly in [0, R].
_ 2l4+2n+d—1

If we take v = and notice that O(y™1) = O(k), we

(0]
26 (n+i+251
conclude

(21+d*24*l*"*%*ﬁ) 2
P, S <2 ( 14+ K2r2 4+ m") - 1>

2ra
- p7(12l+d—2w) 1+ 4kr + O(k2)) = p7(12l+d—2w) 1—-— 2 L 0O(~2
( () ez HO07)

= LZFd=2 <L> + 0 (k).
n d—
n+l+ 4t

On the other hand, using Taylor’s series,

(VI+ w22 4 1) TR (L4 e+ O (1) )

T 2~(n+la+%)

-1
ar —Q

=|1- . O (k2

2(n+1+ 451) <2n(n+l+%)> +0(+)

—e 2(n+1+452) + O (k) ,

ar

also uniformly on [0, R].

Standard formulas for the derivatives of orthogonal polynomials (see e.g. [24]
(4.21.7)] and [19] (22.8.6)]) allow us to show similar approximation results for
derivatives of arbitrary order, and then

k,C C
djnlm - %Ynlm

=0(k).

C*(B)
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Now using again Hilb’s asymptotic formula for the Laguerre polynomial 24, (8.22.4)]
and the substitutions = = m and 6 = 2l + d — 2 we are able to obtain the
c

asymptotic expansion of ¥,

—ar

Tle2("+l+d51) L512l+d72) < + la—: d—1 ) = AnJoitd—2 (@) ri=240 (nl+d/277/4) )
n d—1
2

uniformly in [Ry, R], with

(n+20+d—2)!

A'n,l = k!alil+d/2

Using Stirling’s asymptotic formula for the factorial and the identity (III), we
can estimate the constant A,,; for large n as

n2l+d72

Ag = + O(n?HHa=3y.

e2lt+d—2l+d/2—1

Of course, since the eigenfunctions satisfy the radial equation
? d-1d I(l+n-2)
dr? r dr r2

(67
+;+ASZ> () =0,

this uniform estimate can be easily promoted to a C* bound in [Ry, R], and hence
in B. The bound (IT) follows by combining the above identities. O

The main difference with Lemma [B] is that now we are not rescaling eigen-
functions with a factor depending on the increasing energy, that is, we are not
approximating in arbitrarily small balls. This can be understood as evidence of the
fact that the key ingredient of the proof is only the degeneracy of eigenfunctions,
rather than having arbitrarily large energies.

Now we follow the proof of Theorem [Tl Let us take a large enough natural
number 7 that will be fixed later, which we assume to be much larger than ly. For
each integer [ smaller than n we set

so that the eigenvalue
2 2
L \k,C « 2 [ ~ d — 1
e vt =g ()

does not depend on the choice of [. Note that, contrary to what happens in the
analysis of the harmonic oscillator, no parity hypothesis is needed. Finally, we
choose an eigenfunction of the Coulomb operator by setting

lo d
R -1,,k,C
P = 5 g clmAﬁllwﬁllmu
=0 m=1

with eigenvalue X as in ([@). For this function to make sense we need to ensure
the existence of eigenfunctions ¢ZiSL because of the finite spectrum of the Coulomb

operator of HC. Thus, we impose a restriction over the size of x:

<2 +H—d_1 -
K — n _— .
2 2



SCHRODINGER OPERATORS ON HYPERBOLIC SPACES 15

Applying Lemma [£.2] we conclude that for any 6 > 0 there exists a natural number
n large enough so that

(17) 19— wll gy <9
Indeed, substituting the asymptotic expressions previously obtained in the defini-

tion of ¥ we find
l() dl
[ = wllcr g < |t [ A7 10 (1) = Tatva—s (Viar ) r' =42V, (w)
(B) AL
=0 m=1
lo d;

=33 el (0 (A7) + 0)) <6,

=0 m=1

C*(B)

provided that 7 is large enough and x is small.

To conclude, we combine (Id)), (I7) and the fact that we are working in normal
geodesic coordinates on the hyperbolic space centered at the singularity py of the
Coulomb potential to infer that

Hv -9 OeXpZoHck(B) < v = wllers) + Hw -9 OeXpZoHck(B) <&,

provided that k is small enough.

5. GLOBAL APPROXIMATION WITH DECAY

In this section we prove a global approximation theorem with decay for local
solutions of the Helmholtz equation on manifolds with infinite injectivity radius at
some point py and that are hyperbolic outside a compact set (Theorem [[2). As an
application of this result, we obtain a global approximation theorem for the heat
equation with compactly supported Cauchy data on the hyperbolic space H%(k);
this extends the analogous result for the Cauchy problem of the heat equation in
Euclidean space proved in [§].

5.1. Proof of Theorem Let us denote by N the neighbourhood of £ where
w is defined. We start by taking a smooth function x : M — R which is equal to 1
in a neighbourhood Q' of  and identically zero outside N. We define the smooth
function wy in M given by w; := xw, which means that w; equals 0 outside N
even though w is not defined there.

It is well known [25] that a generic smooth bounded domain N’ of M has the
property that A is not a Dirichlet eigenvalue of the Laplacian Ap; on N’. Ac-
cordingly [3], we can find a symmetric Dirichlet Green’s function G satisfying the
distributional equation:

A G(x,y) + AG(x,y) = §y(z) for all z,y € N' x N/,
G‘ON,(-,y) =0 Vye N

We also know that G is bounded by a constant times pys(z,y)2~% if d > 3 and
by a constant times log (pa(z,y)) if d = 2, and is smooth outside the diagonal
diag(N’ x N').

In what follows we take N " big enough to contain N and we also assume that
N'\Q is connected (e.g., take N’ to be a large enough geodesic ball). Let dVol be
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the volume measure on M. Since A is not a Dirichlet eigenvalue of Ay on N’ it
readily follows that

(18) wi(z) = . G(z,y) f(y) dVol(y),

for all z € N', f being the smooth function f := Aprw; + Aw; supported on
N\Q'. A standard continuity argument allows us to approximate the integral (I8])
uniformly on ' by a Riemann sum of the form

Mmax

(19) wa(z) == Z enG(x, ),

which is defined for all x € N’. Concretely, for every § > 0 there exist a large
enough integer Ny, real numbers ¢, and points z, € N\ such that the finite
sum (I9) satisfies the bound

|| w1 — W2 ||CO(Q/)< 5

Let us now take a big enough geodesic ball Br centered at py so that it contains
N (and the compact set K; on whose complement M is isometric to H%(x)) but
satisfying Bg C N’ (this is possible because N is an arbitrary generic domain). We
claim that we can sweep the singularities of the function wy outside N\, in order
to approximate it by another function w} whose singularities are contained in the
complement of Bg. The proof is based on a duality argument and the Hahn-Banach
theorem.

Lemma 5.1. For every § > 0, there is a finite amount of points {z!} ™3 in
N'\Bpg and constants c,, such that the finite linear combination

’
n

(20) wh(@) =Y Gl a)
n=1

approzimates the function we uniformly in Q:
(21) [| wh — w2 lox @< d,
for any fixed integer k.

Proof. Consider the space V of all finite linear combinations of the form (20) where
x!, can be any point in N’\Br and the constants ¢/, take arbitrary values. Re-
stricting these functions to the set ', we can regard V as a subspace of the Banach
space L*(Q') := {f € L*(M) : supp f € '}. It is well know that the space L*({)
is its own dual. Let us take any function g € L*(Q') such that [, fg = 0 for all
f € V, that is, g is orthogonal to the subspace V. We define a function F' € L?(N’)
as

F(o)i= [ Glap)g(o) aVol) = [ Gla.v)g(y) avol(y).

’

so that F satisfies the equation
AyF+AF =g
on N'.

Notice that F is identically zero on N'\Bg by the definition of the function ¢
and that F satisfies the elliptic equation Ay F 4+ AF = 0 in N’\Q. Since N'\Q is
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connected provided that ' is close enough to Q, and contains the set N'\ Bg, by
elliptic analytic continuation we conclude that the function F' must vanish on the
whole N’\. Tt then follows that, for y ¢ ¥,

0= F(y) = / Gly,2)g(x) dVol().
Therefore,

[ wslgtw) dvely) =o.

which implies that ws cannot be separated from the space V' and then can it be
uniformly approximated on £’ by elements of the subspace V, due to the Hahn-

Banach theorem. Acordingly, there is a finite set of points {a:;l}Z;;T‘ in N'\Bg and
reals ¢, such that the function (20]) satisfies the estimate

(22) llw) — wall 2y <6
Standard elliptic estimates on manifolds allow us to promote ([22)) to a C* bound
by restricting the domain to Q C €/, see (2I)), and the lemma follows. 0
Next, we notice that the function wj satisfies
Appwh 4+ Awy = 0

on the ball Bg, whose interior contains €’ and €. Exploiting the fact that the
injectivity radius of M at py is infinite, let us consider spherical geodesic coordinates
on Bg; that is p := pa(z,p0) and w € S?!. Expanding w) with respect to the
angular variables in a series of spherical harmonics, essentially as in the proof of
Theorem [[LTl we can write

(23) wh = Z
1=0

with

d;
Wim (p)Ylm (W)
1

m=

wnlp)i= [ () Vi () dor(e).

where do is the canonical measure on S¢~1. The series converges in L?(Bg).

Using the assumption that M\K; is isometric to H¢(x)\ K2, we infer that we
can identify a one-sided neighborhood {R — 7 < p < R} of dBg in M with the
corresponding neighborhood in H%(x), for some small enough 7 > 0. A simple
computation analogous to that of the proof of Theorem [T shows that the functions
wym are solutions to the radial ODE

cosh(kp) Jl(l+d—2)

(24) OppWim + (d—1)x Sinh(rp)?

ap’whn - Wiy AWy, = 0,

sinh(kp)
on the interval (R—m, R). Therefore, w;,, must be a linear combination of the form

_ Cim 1—-d/2—1
Wi (p) = WPU (cosh(rp))
Clim

—im(4—1+1) Hd/2—1+1
S (¢ Qg o).
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. 2
where v = —1 — L\ /AN — (d — 1)2k2 (recall that A > {@} )s Cim,Cy,, are

complex constants, and P# and Q¥ are associated Legendre conical functions of
the first and second kind, respectively.

A simple observation allows us to infer that the series ([23) actually converges
in H?(Bg) (or any other Sobolev space). Indeed, as M is hyperbolic outside a
compact set, and denoting by A, the Laplacian on the corresponding hyperbolic
space, we know that

Agwh + Awy = ©

for some smooth function © whose support is contained in Br_,. Therefore, ex-
panding O in a series of spherical harmonics using the spherical geodesic coordinates
(p,w), we easily deduce that the partial sums

lo d;

Z Z (An + )‘) [wlm(p)yvlm(w)]

=0 m=1

converge in L?(Bgr) to © as lgp — oo. As Bp is bounded, the choice of the elliptic
operator and of the volume form used to define Sobolev spaces is irrelevant, so the
claim follows.

The H?(Bpr) convergence of the series ([23)) implies that for any 6 > 0 there is
an integer [y such that the finite sum

l() dl

(25) =305 Wi (p) Vi (60)
=0 m=1

is close to w) in the sense:

(26) [ v = wh |2 (pr)< 0.

In fact, since the solutions to the radial equation ([24]) are well defined (and smooth)
for all p > R — 7, this allows us to extend the function v’ beyond Bgr to define a
function (that we still denote by v’) on the whole M. It is clear that

Ayt + 20" =0

on M\Bgr_,. Moreover, by the asymptotic properties of the conical Legendre
functions (see, e.g. [19, Chapter 14]), v' has the pointwise decay

(27) W (2)] < Ce2""P.

However, the function v" does not satisfy, in general, the Helmholtz equation on
the whole M. To address this issue, we set
fi = Apv + X,

which is a function that is supported in the interior of Br_,, and is bounded as

I fillL2any = I fill 2B,y < C9,

as a consequence of the estimate (26). Following [21, Section 6], we can define the
function

fri= (A +A+i0)""f
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2
for A > [@} , which satisfies the equation (Ap + A)f2 = f1 on M and the
Agmon—-Hoérmander type bound

(28) sup 1 | f2(2)]? dVol(z) < C§ .
r>0 R Jp,

See |21}, Section 6] for the precise meaning of the resolvent operator (A +A+i0)~*
and the corresponding estimates.

Finally, if we define the function
vi=2v — fo

we deduce that it satisfies the Helmholtz equation Ap;v+ Av = 0 on M, and decays
at infinity as

sup 1 |v(z)|* dVol(z) < oo

r>0 R Jp,
by the estimates (28] and 27 (it is straightforward to check, using the expression of
the volume form on the hyperbolic space in geodesic coordinates, that the pointwise
decay (27) satisfies an Agmon-Hormander type bound). Moreover, all the previous
estimates allow us to write

lo=wlzaery < Lol 1o ~whl zageny +llwh —wall ey + ez =] o) < C6.

Finally, since v and w satisfy the Helmholtz equation in €', standard elliptic
estimates imply that this L2 bound can be promoted to a C* bound

|| w—v ||Ck(Q)< €.

The theorem follows observing that when M is the hyperbolic space H(x), the
truncated series v, cf. Equation (23], does satisfy the Helmholtz equation on
the whole space (because each summand satisfies it), and hence the function f; is
identically zero on M. Accordingly, v = v’ and satisfies the pointwise bound (27)),
as claimed.

5.2. The heat equation. In this subsection, for simplicity we will restrict our-
selves to the case when the manifold is the hyperbolic space M = H¢(x). To state
our approximation theorem for the heat equation, given a function vy € C§°(H%(k)),
let us denote by v := e*®~vy the only solution to the Cauchy problem
(29) ow —Aw =0
on H%(k) x (0, 00) and

w(x,0) = vo(x),
for all x € H(k), such that w(x,t) tends to zero as p.(x) — oo for all ¢ > 0. It is

well known that w can be written in terms of the hyperbolic heat kernel K (¢, z,y)
as

w(z,t) = / CyK (t,z,y)vo(y) dVol(y),
H(k)

where Cy is a dimensional constant.

In the Appendix we show that this kernel depends only on the geodesic distance
p = px(z,y) between z and y, and we find an explicit formula for it. We hence use
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the notation K(¢,x,y) = H(t, p), with H(¢t,p) =0 if t < 0 and for ¢ > 0 it is given
by the following formula.

If the dimension d is odd, d = 2m + 1, then
(_1)m ( K 8 >m —kZm2t—p2
H t, _ i I e~ m p° /At )
(t:) omamy/Axt \ sinh(kp) Op
If the dimension d is even, d = 2m + 2, then

(=1)"e K ( K 0 >m/°° se=s" /4 s
t3/22m+5/2rm+3/2 \ sinh(kp) 9p »  \/cosh(ks) — cosh(rp)
We also state some pointwise bounds of this kernel and its derivatives in the Ap-
pendix. Now, given a space-time domain  C H%(x) x R, we denote by

Qt] := {x € HY(k) : (2,t) € Q}

its intersection with the time ¢ slice. The following global approximation theorem
for the heat equation on the hyperbolic space extends an analogous result proved
in [§] in the Euclidean case.

Theorem 5.2. Let w satisfy Equation [29) in a neighbourhood of the closure of
a bounded domain Q C H%(k) x (0,00). Suppose that the complement of Q[t] in
H%(k) is connected for all t and fix an integer k and ¢ > 0. Then there exists

vo € C°(H%(k)), such that the function v(z,t) := e'®rvg(x) approzimates w as

_ (2m+1)%6%¢
1

H(t, p) =

||’U — ’w||ck(Q) <e€.

Proof. We denote by N a neighborhood of 2 where w is defined. By the hypoel-
lipticity of the parabolic equations we know that w € C°°(N). Taking geodesic
spherical coordinates centered at some point of H%(x), we can assume that N is
contained in B x (0, T'), for some geodesic ball By, of large enough radius R. Taking
a smooth cut-off function x : H%(x) x R — R that is equal to 1 in a neighborhood
V' C N of Q and is identically zero outside N, we infer that the function w; := yw
is compactly supported and satisfies the equation

Owy — Agwy = (bv

for some smooth function ¢ on H%(k) x R which is supported on N\Q'. Using the
properties of the heat kernel it is easy to check that

wie )= [ Call s gl )ols. ) ds Vo)

If K is any compact set with nonempty interior that is contained in the comple-
ment of Bg X R and whose time projection

{teR: (2,t) € K for some z € Hd(n)}

contains that of N, we claim that there is a finite sum

Jmax

w2($7t) = Z CJH(t - Sjapli(xayj))v
j=0

with ¢; real constants and (y;, s;) € K such that
(30) w1 = wallcr gy <6,

for any fixed k and 6 > 0. To prove this statement we use the next two lemmas.
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Lemma 5.3. Let U be a domain in H%(k) x R such that U[t] is connected for
all t € R. Consider a point (y,s) € U and a bounded domain K C U such that
K[s] # 0. Then, for any € > 0 and any bounded domain W C U°€ there exist a
finite set of points {(y;,s;)}/_, in K and real constant {b;}7_; C R such that

J
H('_Sapli('ay))_zij('_Sj’p’f('7yj)) <e€.
Jj=1 Ch(W)

Proof. We assume that (y, s) does not belong to K, as otherwise the statement is
trivial. Let us take a proper bounded subdomain U; C U containing (y, s) and K.
We can assume that Uj[t] is connected for all ¢. Consider the space S of all finite
linear combinations of the fundamental solution with poles belonging to K, that is,

S:=spang {H(- — 7,px(,2)) : (2,7) € K} .

Restricting these functions to a neighborhood W’ of W contained in the complement
of Uy, S can be regarded as a subspace of the Banach space L2(W’), which is its
own dual. The lemma follows arguing as in the proof of Lemma 5.1 to conclude
that there exists a function

J
vim STH(— 55, pul55)
j=1

in § such that
HH( -5 pfc('v y)) - v||Ck(W) <e€.
For this, one just needs to use the anisotropic unique continuation theorem for par-

abolic equations (see e.g. [8, Theorem 2.1]) and apply standard parabolic estimates
to promote an L2(W’) bound to a C*(WW) bound. O

The second lemma follows from an easy continuity argument that makes use of
the properties of the heat kernel H (¢, p) (see the Appendix), so we omit its proof.

Lemma 5.4. Let ¢ : HY(k) x R — R be a smooth function of compact support.
For any bounded domain W contained in the complement of supp ¢ and any € > 0,
there exist a finite set of points {(y;, Sj)}JJ:1 in supp ¢ and constants {Cj}JJ:1 such
that

J
/ H(- = s,px(y, )y, 5) dVol(y) ds — Y c;H(- = 55, pu(y;s ) <e.
He (k) xR j=1
W)
Now, by Lemma 5.4 taking U = (H%(x) x R)\Q and W = Q, we can approxi-
mate the function w; by a linear combination of fundamental solutions with poles
contained in the set N\(Y. Hence, noticing that U[t] is connected for all ¢, we can
use Lemma to construct a function wsy satisfying the estimate (B0) with poles
contained in a compact set K of the complement of Br X R, as claimed.
Next, notice that the decay properties of the fundamental solution H (¢, p) (see
the Appendix) imply that for large |¢|
—|t|x2(d—1)2
4

sup |DSOfwa(z,t)| < Calt| ™ 2e
r€BR
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Then wy satisfies the uniform L' bound
oo
sup / |Dg‘8tkw2(x,t)| dt < Co,
rEBR J -0

for any « and k. For all z € Bg, the mapping properties of the Fourier transform
ensure that the Fourier transform of wo with respect to time,

_ [~ ;
Wa(z,T) : / wo(x,t)e " Ttdt

:% .

is bounded and depends continuously on 7. Since this holds for all derivatives of
wy with respect to t, we infer that its Fourier transform falls off as

C
sup | D%y (x,7)| < ——
o, 1l <

for any n. Of course, Wy is a smooth function of x € Br because so is wy. This
implies that the inverse Fourier transform formula

31 DOk wy (x,t) = i)k DY Wy (2, T dr
x ™t x

— 00

holds pointwise for (z,t) € Br x R. In particular, as dyws — A we = 0 in that set,
it follows that

(32) Ao (z,7) —iTWa(z,7) =0

for all (z,7) € Br x R.

We next expand wa(z, ), with € Bg for each 7 € R, in a basis of spherical
harmonics on the unit sphere S¥~!, which we denote as usual by

Wim(w) : 12 0,1 <m < di}

with w € S?~!, and assume to be normalized so that they are an orthonormal basis
of L2(S%~1). We recall that Agi-1Yim = —1Yim, where py = (I +d — 2) is an
eigenvalue of the Laplacian on S¢~! of multiplicity
g — 204d—-2(l+d—2
YTl d -2 ! '

More precisely, ws takes the form:

oo d

(33) @2(‘%77—) = Z Z Pim (P, T)Ylm(w)v

=0 m=1

where now p = p,, is the geodesic distance to the center of the ball Bg and w = x/p.
Notice that the coefficient ¢y, (p, T) is given by

i) = [ a0,V (),

where do is the standard measure on the unit sphere, so ¢y, (p, 7) is a C*° function
of p € (0, R) for all 7. This series converges in L?(Bg).
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In particular, writing Equation (32]) in spherical geodesic coordinates, it follows
that

0= AM’l/U\Q(,T T) _iT@2($ T)

=0 m=1
for all z € By (in the L? sense). Therefore ;,, satisfies the radial ODE

cosh(kp) _ k>
Oppim + (d — 1) k————=0)p01m — _— m =10
potpim + ( )HSiHh(Hp) PPl (ZT + sinh(kp)? 71
for 0 < p < R and stays bounded at p = 0. The only solution to this ODE bounded
at p=20is
1-d/2

n(.7) = i) (L) QU cost(p))

where A, (7) is a complex constant that may depend on 7 and
po=—= — —+/r3(d—-1)2 — 4dir.

We notice that the solution is an associated Legendre function of the second kind
which satisfies a exponential bound:

(34) lotm(p, 7)| < C(r)eA ()P,

—a)k K,4 —1)4 T2 1/4
for all p € (0, 00) with A(7) = (1—d)r+( (d2 1)*+1672)

An additional important property is that each summand of the series (B3] is
a smooth function on H%(k) for each 7 € R, which satisfies the Equation (32)
on the whole hyperbolic space. Standard elliptic estimates then imply that the
sum (33) converges on C*(B) for any integer k and any smaller ball B C Bg, and
the convergence is uniform for (p,7) in compact subsets of [0, R) x R. For future
reference, we will fix some ball B such that Q C B x (0,T).

In view of the good convergence properties of the integral (31 and of the se-
ries ([B3)), it is not hard to see that for any k& and any 6 > 0 one can choose large
enough L and 7y such that

w2 — w3l crpx—r,ry) <9
where

L
(z,t) Z Z/ Ot (0, T) Yo (w)e™dr .

=0 m=1
By the previous properties, we infer that

811)3
ot

in H%(k) x R and ws is bounded like

Awg 0

sup |ws(z,t)] < Ce??
teR

as a consequence of ([B4]).
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Now let us consider the smooth function

f(z) == ws(z,0).
As Opwz — Agyws = 0 and ws(z,0) = f(z), the fact that f and ws satisfy the
exponential bound
[f(@)] + w3 (@, 1)] < Ce?

permits to invoke Grigor’yan’s uniqueness theorem for the heat equation on mani-
folds [20, Lemma 2.1] to conclude that

wste )= [ Call, (e 9) S ) Vo)

for t > 0 and € H%(k). As the integral converges uniformly in C*, one can take a
smooth compactly supported function vy (+) := x1(e) f(-), where 0 < x1 < 1,x1 =1
on By and x; = 0 outside By, to conclude that

lws = vllcr B0,y <9

for any small enough €, where
v(z,t) := /Hd( : CaH(t, pr(z,y))vo(y) dVol(y) .

Putting together all the previous bounds, we finally obtain
and the theorem then follows. O
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APPENDIX A. THE HEAT KERNEL OF A HYPERBOLIC SPACE

In this Appendix we recall explicit formulas for the heat kernel of H%(x) (see,
for example, [7, [16]). If the dimension d is odd, d = 2m + 1, then

(s a)m e
Hj(t, p) = . ) emmit—pT/4t
() omamy /4t \ sinh(kp) Op
If the dimension d is even, d = 2m + 2, then
’ (=1)™e Kk O\ [ se=s"/4tds
Hi(t,p) = ~3romrars 3/2 : 9, ‘
13/29m+5/27m+3/ sinh(kp) dp p  +/cosh(ks) — cosh(kp)

Two important recurrence formulas for heat kernels in hyperbolic spaces of dif-
ferent dimensions are

_ (2m+1)%k%¢
1

e—dn2tl€
HY o (t = ——H5(t
a+2(t:P) 27 sinh(kp) Op a(t:p)
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also

—Dtr?
o0 e%Hg”H (t, u) sinh(kpu)v/2dp
H (1, p) = .
o \/cosh(kpu) — cosh(kp)

From this integral formula, one infers that there exists a positive constant ¢ = ¢(d, k)
such that

0< Hg(t,p) < B(t,p),
for all ¢, p > 0, where

 k2(d-1)2%t  (d—Drp _ p2 (1 + Kp+ Kzt) @32 (1 + np)
B(t, p) == ce ‘ o (4rt)d/?

In particular, for each fixed p > 0, the heat kernel and its derivatives decay for
large positive time as

tr2(d—1)2
1

|0, OFH (1, p)| < Cut™/2e™

REFERENCES

[1] A. Ballesteros, A. Enciso, F.J. Herranz, O. Ragnisco, Hamiltonian systems admitting a Runge-
Lenz vector and an optimal extension of Bertrand’s theorem to curved manifolds, Comm.
Math. Phys. 290 (2009) 1033-1049.

[2] M. Berry, Knotted zeros in the quantum states of hydrogen, Found. Phys. 31 (2001) 659-667.

[3] F. Browder, The Dirichlet and vibration problems for linear elliptic differential equations of
arbitrary order, Proc. Natl. Acad. Sci. 38 (1952) 741-747.

[4] F. Browder, Approximation by solutions of partial differential equations, Amer. J. Math. 84
(1962) 134-160.

[5] Y. Canzani, B. Hanin, Scaling limit for the kernel of the spectral projector and remainder
estimates in the pointwise Weyl law, Anal. & PDE 8 (2015) 1707-1731.

[6] Y. Canzani, P. Sarnak, Topology and nesting of the zero set components of monochromatic
random waves, Comm. Pure Appl. Math. 72 (2019) 343-374.

[7] E.B. Davies, N. Mandouvalos, Heat kernel bounds on hyperbolic space and Kleinian groups,
Proc. London Math. Soc. 57 (1988) 182-208.

[8] A. Enciso, M. A. Garcia-Ferrero, D. Peralta-Salas, Approximation theorems for parabolic
equations and movement of local hot spots, Duke Math. J. 168 (2019) 897-939.

[9] A. Enciso, A. Garcia-Ruiz, D. Peralta-Salas, Localization properties of high energy eigen-
functions on flat tori, 2111.06810.

[10] A. Enciso, D. Hartley, D. Peralta-Salas, A problem of Berry and knotted zeros in the eigen-
functions of the harmonic oscillator, J. Eur. Math. Soc. 20 (2018) 301-314.

[11] A. Enciso, D. Hartley, D. Peralta-Salas, Dislocations of arbitrary topology in Coulomb eigen-
functions, Rev. Mat. Iberoamericana 34 (2018) 1361-1371.

[12] A. Enciso, D. Peralta-Salas, Existence of knotted vortex tubes in steady Euler flows, Acta
Math. 214 (2015) 61-134.

[13] A. Enciso, D. Peralta-Salas, Bounded solutions to the Allen—-Cahn equation with level sets of
any compact topology, Anal. & PDE 9 (2016) 1433-1446.

[14] A. Enciso, D. Peralta-Salas, F. Torres de Lizaur, Knotted structures in high-energy Beltrami
fields on the torus and the sphere, Ann. Sci. Ec. Norm. Sup. 50 (2017) 995-1016.

[15] A. Enciso, D. Peralta-Salas, F. Torres de Lizaur, High-Energy eigenfunctions of the Laplacian
on the torus and the sphere with nodal sets of complicated topology, Springer Proc. Math.
& Stat. 346 (2021) 245-261.

[16] A. Grigor’yan, M. Noguchi, The heat kernel on hyperbolic space, Bull. London Math. Soc.
30 (1998) 643-650.

[17] L. Hormander, The spectral function of an elliptic operator, Acta Math. 121 (1968) 193—-218.

[18] J. Jung, S. Zelditch, Boundedness of the number of nodal domains for eigenfunctions of
generic Kaluza-Klein 3-folds, Ann. Inst. Fourier 70 (2020) 971-1027.

[19] M. Abramowitz, I.A. Stegun, Handbook of mathematical functions, Dover, 1965.



26 ALBERTO ENCISO, ALBA GARCIA-RUIZ, AND DANIEL PERALTA-SALAS

[20] M. Murata, Uniqueness and nonuniqueness of the positive Cauchy problem for the heat
equation on Riemannian manifolds, Proc. Amer. Math. Soc. 123 (1995) 1923-1932.

[21] P.A. Perry, The Laplace operator on a hyperbolic manifold I. Spectral and scattering theory,
J. Funct. Anal. 75 (1987) 161-187.

[22] C. Quesne, Quantum oscillator and Kepler-Coulomb problems in curved spaces: Deformed
shape invariance, point canonical transformations, and rational extensions, J. Math. Phys.
57 (2016) 102101.

[23] A.V. Shchepetilov, Comment on “Central potentials on spaces of constant curvature: The
Kepler problem on the two-dimensional sphere S? and the hyperbolic plane H?”, J. Math.
Phys. 46 (2005) 114101.

[24] G. Szego, Orthogonal polynomials, AMS, New York, 1959.

[25] K. Uhlenbeck, Generic properties of eigenfunctions, Amer. J. Math. 98 (1976) 1059-1078.

INSTITUTO DE CIENCIAS MATEMATICAS, CONSEJO SUPERIOR DE INVESTIGACIONES CIENTIFICAS,
28049 MADRID, SPAIN

Email address: aenciso@icmat.es

INSTITUTO DE CIENCIAS MATEMATICAS, CONSEJO SUPERIOR DE INVESTIGACIONES CIENTIFICAS,
28049 MADRID, SPAIN

Email address: alba.garcia@icmat.es

INSTITUTO DE CIENCIAS MATEMATICAS, CONSEJO SUPERIOR DE INVESTIGACIONES CIENTIFICAS,
28049 MADRID, SPAIN

Email address: dperalta@icmat.es



	1. Introduction
	2. The harmonic oscillator and Coulomb operators in hyperbolic spaces
	3. Proof of Theorem 1.1
	4. The Coulomb operator on hyperbolic spaces
	5. Global approximation with decay
	5.1. Proof of Theorem 1.2
	5.2. The heat equation

	Acknowledgements
	Appendix A. The heat kernel of a hyperbolic space
	References

