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ANOSOV FLOWS AND DYNAMICAL ZETA FUNCTIONS
(ERRATA)

PAOLO GIULIETTI, CARLANGELO LIVERANI, AND MARK POLLICOTT

ABSTRACT. This errata fixes a mistake in the part of [1] which proves a spectral
gap for contact Anosov flows with respect to the measure of maximal entropy
([1, Section 7]). However, the first part of [1], in which it is proved that the
Ruelle zeta function is meromorphic, is unaffected.

1. THE MISTAKE

Equation [I, Equation (7.14)] is wrong, since it does not take into account the
factor e*™w°Hs.sw from [1, Equation (7.10)] and estimates incorrectly the norm of
©k.8,4 © Hg 5, w. The correct version of [1, Equation (7.14)] is (see (6) below):
let d, be the dimension of the stable manifolds, then for each n € (0,1),"

(k,r)nflefakr

) e i i w e 37, ) < O™ F D)=yl llpsesenan.

Unfortunately, this weaker estimate does not suffice to carry out the proof of [I,
Proposition 7.5] as presented in [1] (i.e. using [, Equation (7.16)]).

2. CORRECTION

Nevertheless, [1, Theorem 2.4] holds under a stronger assumption (namely some
homogeneity), as we shall show here. In particular, it applies to small perturbations
of constant curvature geodesic flows in any dimension. To simplify the argument we
did not try to optimise the estimate of the size of the perturbation. Before stating
the correct results we need to recall and introduce some notation.

Let Co,co > 0, and Ay (z,t), \_(x,t) > 0 be such that, for each z € M and ¢ > 0,

SUDye ps (2) 7”137‘:6“”” < CpeM 1) and infe e (a) 7”[)””%”” > coe (@) Also, let

Ap(t) = sup Ay(z,t) 5 A_(t) = inf A_(x,t).
zEM reM

As(t .
and, for some ng large enough, Ay = sup;~,,, A = infy>n,

t
. ~ 2X_ . ~
use the notation @ = =, @’ = min{1, &}.

A_(1)
t

. In [1] we

Next, we introduce a parameter ¢ > 0 which measures the homogeneity. Let
J®¢; be the stable Jacobian of the flow. Given ng € N, we assume, for all ¢t > ny,

(1) sup In J%¢s(z) — inf InJ%¢(x)| < IA_(t)ds.

zeM reM

With this notation we can state a correct version of [1, Theorem 2.4].
Date: March 10, 2022.

We thank Sebastién Goiiezel for pointing out the mistake and for very helpful discussions.
1See below for the definition of Ay, A_,w’.
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Theorem 1. For any C",r > 2, contact flow with

— 7\2 o
V5 —1 <o 9< (@) +w -1
2 2d,(1 + =)
there exists 7. > 0 such that the Ruelle zeta function is analytic in {z € C : R(z) >
hiop(@1) — T} apart from a simple pole at z = hy,,(¢1).

The rest of this note contains the proof of Theorem 1.

First, it suffices to prove [1, Proposition 7.5] under the hypotheses of Theorem 1,
since the derivation of [I, Theorem 2.4] from [I, Proposition 7.5], holds unchanged.

By [1, Remark 7.1] we can restrict the discussion to ds = (d — 1)/2 forms. Since
the first inequality in [1, Proposition 7.5] is correct, we need only prove the second.
Also [1, equation (7.6)] is correct, hence it suffices to estimate the || - |14, norm
of some power of ﬁn(z) Indeed, by [1, equation (7.7) and the previous displayed
equation], for each z = a + b, a > 04_, and n € [0, 1],

o~ 3 S O/,] s
) |2ern], < T R
N e
+ (CL - htop(¢1))n Rn(Z) h 1+n ’

We will use the above equation instead of [1, equation (7.7)].

Remark 2. The estimate (2) can be restricted to forms proportional to the vol-
ds
i=17
{Uf}fgl are a base for the tangent space of W and the unstable foliation, respec-
tively, and {dx;}2%* = {da$, de}%=, U {dzo} the dual base (dxzo being the flow
direction), then for all g not proportional to w® := dx§ A--- A dzy we have

D 3 Cn s
[ Ratern| < el

which yields already the required estimate. Hence, from now on, by ['%*(W,),
defined in [1, Section 3.2], we mean the subset of forms proportional to w*.

ume on the stable manifold. More precisely, given a stable manifold W, if {vi}

Remark 3. Ifv € V*,? then the Lie derivative L, acting on the above dg forms is
well defined even for Hoélder vector fields. Indeed, the pushforward by the flow gen-
erated by v yields a quantity proportional to the Jacobian of the unstable holonomy
which is well defined, together with its derivative along the unstable direction.

Next, we must estimate the right hand side of (2): let g € [ and h € ngl,

~ 22 _ ~ . = -
JRKCECEIED DD Dy MR RO

k.B,i WEWk 5.4
(3) ~ (k'f‘ + TW)nilJW(bkr o (br
9k,B,i = Pk,B,i ez(kT'i‘TW)(n — 1)' - x ¢;:}’I‘+TW *g

P50 (1) = Pa(2)Pr i (Op(x))p(r~ rw (2)[|V ()]~

2These are the unstable vector fields, see [1, Definition 7.2] for a precise definition.
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Recall that 7y : W = Uye[_.0,¢W — R is defined by ¢, () (z) € W.2
Next, as in [1, Equation (7.13)], we want to “project” §i g from W to some
preferred manifold Wy, 5 ;. To this end, we need a refinement of [1, Lemma 7.3].

Lemma 4. For each o € A, WW' € ¥, such that HW,W/(W) C WJ’F, p €
I'd9(W), q € [0,1], supported in a ball of size v, there exists ¢ € ng’qw/(WJ’r),
H@”FSS’W'(WQ < C#||<p||ng,q(W), such that for all h € Q% we have

‘ [em=[ @n

Proof. Working in appropriate coordinates we can write Wi_ as {(£,0,7)} e,r)erdst1
and W as 1€ e, 7)}e,rerestr for @ = d(W, W' )ey.

We can describe the unstable foliation by U(¢,n,7) = (U(&,n),n, T(&,n) + 7),
U(&,0,7) = (£0,7). Then the intersection between W, = {(€,ve, T)} e, r)erastt
and the fiber U(E, -, 7) gives the holonomy H, (&, ) = (U(§,ve), ve, T(&, ve) + 7).
As mentioned in Remark 2, ¢ = @d&; A --- A d€g,, hence we can assume w.l.o.g.
that h = hd&; A --- A d€y,, for some function h. It is then natural to define, for
each £ € R%, 7 € R and 7 € R%,

H.(&,n,7) =UUYE,n,7) + (0, se,0)).

Since, Ho(&,n,7) = (£,m,7) and H, o H, = H,,,, we have just defined a flow,
let w = (w,e,0) be the associated vector field. Note that, by construction, w is
a vector field in the unstable direction. By the regularity of the holonomy (see
the discussion at the beginning of [1, Appendix E]), we have ||@| < Cpd(W,W").
Hence, @ = d(W, W')~ 1w € V.

Since ﬁ:h =hoH, JH,déL A--- A déq., JH, is the Jacobian of Hy, we have

/<s07h>=/ <s0,h>oH1-JH1=/ @ oHyhoH, JH,

1
d - — _
:/ /@oHl—(hoHSJHS)dS—F/ poH;h.
wi Jo ds W

< Coprd(W, W) [1]]* Il o 7,

Since

— d —
(ho By JHy) = —=(d& A -+ AdEa,, H k) = (d€x A+ A déa,, I Lah)
= (d&; N -+ Nd€g,, Lgh) o HyJH,,

4
ds

it is convenient to define,
¢ =@oH(§7)dé& A~ A da,

(4) - —1
s =poHy oMy d§y N--- ANd&a,,

3The point of the above equation is that it allows one to go from an integral over a strong stable
manifold to integrals over weak stable manifolds. See [1, Section 3] for the necessary definitions.
To compare the formulae below with [1, equations (7.9, 7.10, 7.11)] recall that the flow is contact,
hence J¢y = 1, and (—1)%s(d=ds) = (—1)ds(ds+1) — 1 Also, recall that > ez pP(k+1t) =1 and
supp(p) C (—1,1). Finally, the minus sign in front of z in [I, equation (7.10)] is a misprint and,
just before [1, Equation (7.9)], the definition of 7y has a minus sign missing due to a misprint.
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which, setting W, = {(€,5€,7)} (¢,r)erast1, allows to write

[ tem = /Ni / (o Loh) o H, JHds + /m«a, )
= /1 /0 1<¢5,L@h>oHs JH,ds + /m@,m

— d(W, W) / s /W (b, Loh) + /W, (@, h).

From the above equation the Lemma follows, since HU)S”F?S’O(VNVS) < C#||<P||ng,o(

W)
and ||¢||ng,qw/(v~v/) < C#”S"Hrim(W)' The extra r comes from the size of the
support of ¢, and hence of v, in the flow direction. O

Next, following verbatim [1], and using Lemma 4 (with ¢ = 1), we obtain the

equivalent of [I, Equation (7.13)]: for each g € T'%147(W,, ¢),
JRRCECIED DD S RIS AET
Wa.c kB WeW 5,0 " Whi

5 1R '
(5) NGEE ||| Nglgernar, o)
> (n — Dlele—va)ir |

where gi g,:w is given by (4), with H; = Hwﬁ 7 being the holonomy between

ng,i and . Note that equation (4) was implicitly used (but missing) in [1].
Next, we slightly depart from [1] insofar as we simplify immediately the expres-
sion of g, p,;,w instead of doing it during the proof of [1, Lemma 7.10].
By (3) we can write
9B = Prpi€ " Gh,pi-
Hence, setting ¢k psw = ¢kp.i 0 Hy, | g, by the first line of (4) we have

zTw oH
W W i

Gk.BiW = Pk,Bi,We W Gk.,5,W 5

where, recalling [1, Equation (7.12)],
3 (k.r)n—le—akr

o 61558 7 < Ot et ooy

-1
k,6,wllper 57, ) < Cor™
Hence, setting ¢k g4 w = Jk.p.i.w (2?),

5 o (k.r)n—le—akr

(M Mgwsaw = chpiwlrogr,,) < Cxr W'|g||rfs’l+"(w)'

Next, setting Ajy (§) = mw o Hyg | 5(§) — §2a. 41 and ww (§) :NHWﬁ,iﬁVNV({) et
we have that [1, Equations (7.27) and (7.30) ] implies, for all { = (¢,0) with ||{|| < r,
A (€ +€) = Ay () = dao(uww (@), O] < Cpr® ow (24) | ¢ 17

< C#T‘2+w/.

(8)

4Hero, again, we are computing using some appropriate coordinates.
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We impose, for ¢ small enough,
9) b < 2
and define

OKk.8,i = Z 9k.B,i,W

WeWs 5.5
w0) grpiw (€)= (pkﬁ’iw(g)efzdao(ww(rf)yéfﬂ:)efZ(Aév(ri)+£zds+1)@kﬁﬁyiﬁw
= orgaw (e 4wy o w (Ead,41)
Orpi= D, Brpiw.
WeWs .4
Letting Dy g s = kr){; 11 o #Wj, g,; and recalling (8), (9) and [1, Equation (7.30)],

we can write, for ¢ < @',

l|gk.p.i — EZ,B,iHFQ(WW < Cyr®Digillgllpasin

1) 1 |b|
lok..illp= 7, ) + Hg/’i,ﬂ,in?/(Wﬁ’i) <Cy {; + m} D p,illgllpas.1n.

Note that, by the definition of R(z) in [I, Section 7.1], [1, Equation (4.11)], [1,
Equation (4.17)] and the related notation, for all n > ¢, Inr~!, with ¢, large enough,
| o= s Ruto)

Z /oo . tnfl
dte™ " ——
kB W4 [ (n - 1)'
N [ g 00 g — gl )

k ﬁ B EA WB/ G’
K GKB
(12) 116
<oy 3 / e 3 S Dy palglnen Bl
k,B,% k,B,% g’ €A

K GKB
“ut [ as ethopen—aers s
A A Ty [ R
< Cp(a = huop(61)) 72" gl pacaen |25,
Hence, by (5), (12) and [I, Equation (7.6)], we can write

gl
(o, R | (i Rl + 0 | o n B
- o o T =3 [, e @i
i 121, gl pe.en
(@ = heop(¢1) + A)™(a@ = huop(d1))" |-
To estimate the integral on the right hand side of (13) we define, similarly to [1]:

Srpia= > > (rpiws Besiw)

WeWr,g,i WeAL (W)

Srpin= > (BrsawBhsw)-

WeWy g,i W/ EBy, g,:(W)
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To conclude, we need Lemmata 5 and 6 which are refinements of [I, Lemma 7.9]
and [1, Lemma 7.10], respectively. The proof of Lemma 6 follows closely [1, Lemma
7.10], but it applies the same logic to different objects. Conversely, Lemma 5 differs
from [1, Lemma 7.9] as we take advantage of our new homogeneity hypothesis (1).

1% 1+s/ds
Lemma 5. If ¢, > ng and Cxlb|™ 26% < o < cur =7, for some ¢ > 0, and
¥ € (0,1), we have

(14) 164.5.5.4ll00 <C3 DR 5,579l 2 n 40 gy

Proof. The lower bound and the fact that the upper bound is bounded by the
ratio between the volume of ¢;(D;!(W)) and ¢,(Dj (W)) is proven exactly as in [1,
Lemma 7.9]. The novelty here consists in a different estimate of such a ratio.

Let ty € N be such that e*-(*)p = 1. Then, for each z € Dy (W), let B(x) be
an unstable disc of diameter 1 and centred at ¢y, (), clearly B(x) C ¢y, (D3,(W)).
Thus we can cover ¢, (Dy(W)) with N, = Cy|¢s, (Dy(W)| discs. On the other
hand, arguing analogously, we can find N, = Cy|¢y, (D (W)| disjoint unstable
discs of diameter 1 contained in ¢y, (D¥(W).

By (1) and since the flow is contact, setting J* := inf,cps J¥¢y, (x), we have

[910 (D (W) Jurd: 91y ds
— > >
N, 2 4o (Do) 2 e g~ (07
On the other hand by [I, Lemmata C.1, C.3] we have that all the discs of radius

one grow under the dynamics at the same rate (given by the topological entropy),
hence for all ¢ > ty, we have the required estimate

UG-
o (DE(W)] =

> C#’I“ig.

!
Lemma 6. For |b| < r~2=% *< we have

ES
/N Gk 5B
Wg.i

Proof. For future convenience let us set (05w 4 My w i,nng, i) = NTwwrs =
wyy (2*) —wy (2%) and n;rV)W,ﬁi = ww (2%) +ww (x%). By assumption ||nw.w 4| >
Also, it is convenient to work in coordinates (&,7,7), &,7 € R in which z; = 0
and Ws; C {(€,0) : € € R%} and dag = Z?;l dé; A dn;. We must estimate

(15) < Culb|"® o= r% D3

i||g||§gs,1+n(w)-

/N <gk,ﬁ,i,w,gk,ﬁ,iw'>:/~ ok.p,iw (&) Pr,5,w (§)
(16) Wi i

)t

- . i + .t
X Cp.iw (T)8kg,5m (1)e” P20 Wt =20 a0l yr 08750,

As in [1, Section 7.2] we choose yw,w+ = (=75 4|17y 5[ 75 0,0) which implies
that daO(nW,W’,iayW,W’) = ||7717fV,W’,1:||7 and <yW,W’ae2ds+l> = 0. AISO7 let EW =
{(¢,7) e R%EFT| (& myw 4) = 0} and

A(§7 S, T) :gok,,@,i,W((gu 07 T) + SyW,W’)SDk,B,’i,W’ ((57 07 T) + SyW,W’)

% e—adao(n‘tv,w,,i7(575;077)+5yw,wl)
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Then, we can write

- CHT X w
/~ (8K,8,5,W, 8k,B,5,W') = /de{ @k,ﬁ,i,W(T)@k,ﬁ,i,W/(T)/ dsA(E, s, m)e PImwwalls,

Wg.4 Yw —cur

Note that, by (6), | A&, 7)|lcw=r < Cxr~!, hence (as in [1, Lemma 7.10])

CHT .

—CHT

< Cplb|= 07 O

Here our strategy departs from [1] as we control directly where 0% 5.4 1s large.
Let @ = {z € Wi : g5 5:(@)l = 4C,|r[/2Dy s} and = {z € Wp,
6L s5in > C’b|r|§D,%”3)i}, while © and €; are r thickenings in the flow direction.

Note that if € Q, then ¢;(z) € Qy for all t < Cyr. By Lemma 5, choosing C,
large, we have Q C ;. By Chebychev inequality, Lemma 6 implies

| | /~3 < O /,v C;B7L,B| | N k})B 7 < C#(|b|£)) w T'd57<
W WB 2
IhUS

(17) Q] < Cy b= 07 rde 71,
If 2 € Q then, by (10), (11), we have that ||g; 5 ;(y)[| > C,|7|$/? Dy p,; provided

)t

ly — x|w,r71 + |y — z||b|r < C'#rg/Q.
The above holds for
(18) ly — 2| < Cyp min{r

14/
‘Wl

2 s
N ) S
We are finally ready to prove the stated Theorem.

Proof of Theorem 1. Let ¢, > 0 be such that e*-(%)p = 1. Then, recalling (1),
61 ()] < el D@D
|f—to (Wp.a)| = 7= (0)r,

It follows that if we cover ¢_;,(Wpg ;) by discs of radius 1, then, recalling (17), for
each disc that intersects ¢_,(€2) there are at least

’I”dS

> ﬂdsbw’ ' 1+¢
A (t0)d:9|Q = CxpP Y

r

K =

discs that are disjoint from ¢_¢,(€2). Indeed, if a disc intersects ¢_,(£2), then a disc

twice its radius must have a fixed proportion of its volume belonging to ¢_., (€2).
Lt/ ds ,
We chose ¢ = cgr -9 (so Lemma 5 applies), [b] = r727% *< (so Lemma 6

applies). Accordingly, K can be larger than one only if ()? + @’ — 1 > 0, but

then, choosing ¢ small enough, (18) implies p = C#r1+w,*%, which implies
K>r—
provided ¢ < % and ¢ is small enough. Again by [I, Lemmata C.1, C.3]

this ratio persists under iteration. Hence, for each t > t,

0+ < Cyr®lo—e(Wp ).



8 PAOLO GIULIETTI, CARLANGELO LIVERANI, AND MARK POLLICOTT

If n > CyIn|b|, for C; and b large enough, by [1, Equation (7.12)], ¢,n > to and
”qus—to * (bito * gZ,B,i||FgSvW’(W) < C#”gz,ﬁ,’i]l(ﬁto(w)HI‘?S*O(Wﬁ’i)'

Hence, for each k' > c4n, we can decompose ¢ Wp; = Uwew, W, W € £° (see
[1, Definition 7.2]). We write Wy, = WL UW,, where W € W, if ¢ (W)NQ = 0,
while if W € W/, then ¢ (W) C Q;. By the previous discussion, and [1, Lemmata
C.1, C.3], we have W, < Cur<fWj . Since,

/Wg <gz,ﬂ,ia§n(z)h> SZ Z ‘/W@ok/)w,hw

)T k' WeWy,

klr)nfl ak’r

with ||(Pk,1W||FgS’W/(W) S O#( (nfl; ||g;;7ﬂ)i]l¢k/(w)||FZS’O(WB,1‘)7 it fOHOWS7

5 (K'r)" =Y [$Wg Ir|*/2 + W] Dy
E (9k..i> Bn(2)R)| < C — —|h %
k,B,i /Wﬁ,i o #k)gk, em ¥ (n —1)!

n—1_,—ark /. \n—1
/2 (kr)"~le (K'r)" o Wa,c) (1, 1«
<ot ST sy,

< Opr/2(a = huop(91)) 2" | R -

Using the above inequality in (13) provides an estimate of ||}A%n(z)2h||f+n which,
substituted into (2), yields [1, Proposition 7.5].
Theorem 1 follows then as in [I, Theorem 2.4]. O
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