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RATIONAL PENTA-INNER FUNCTIONS AND THE DISTINGUISHED
BOUNDARY OF THE PENTABLOCK

ABHAY JINDAL AND POORNENDU KUMAR

ABSTRACT. In this note, we give a description of rational maps from the open unit disc D to the
pentablock that map the boundary of D to the distinguished boundary of the pentablock. We also
obtain a new characterization of the distinguished boundary of the pentablock.

1. INTRODUCTION

In 2015, Agler, Lykova and Young introduced a new bounded domain called pentablock in [6].
The pentablock is a subdomain of C* denoted by P and defined as the image of the domain
{A € My(C) : ||A|| < 1} under the mapping

A= [a;] — (ag,tr(A),det(A)).

We denote the closure of P by P. The set P C C? is non-convex, polynomially convex, and star-
like about the origin, see [6]. The pentablock is an inhomogeneous domain, see [23]. The complex
geometry and function theory of the pentablock were further developed in [6,23, 26, 27].

Attempts to solve particular cases of the u—synthesis problem have also led to the study of two
other domains namely the symmetrized bidisc

G := {(tr(A),det(A)) : A = [aj]axz, | Al < 1} € C?,
see [7] and the tetrablock
E:= {(au,agg,det(A)) A= [aij]gxg, ||AH < 1} - (C3,

see [1]. We denote the closure of G by I'. The set G and E are polynomially convex and non-convex
domains. The symmetrized bidisc and the tetrablock have attracted a considerable amount of
interest in recent years. For a greater exposition on these domains, see [1,4,7,9,14-16,19,22,24,25].

Let Q C C? be a bounded polynomially convex domain with closure Q. Let A(Q) be the algebra
of continuous scalar functions on € that are holomorphic in €. A boundary for € is a subset C' of
such that every function in A(€2) attains its maximum modulus on C. The distinguished boundary
of Q, to be denoted by b (some authors write b(2), is the smallest closed boundary of 2.

The distinguished boundaries of the symmetrized bidisc and the tetrablock were found in [7]
and [1] to be

br' = {(s,p) € C*: |s| < 2,5 =3p,|p| = 1}
= {(tr(U),det(U)) : U = [uj;]ax2, U is a unitary}

and
bE = {(u11,ug2,det(U)) : U = [ujj]axa, U is a unitary},
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respectively. A key fact used in the above descriptions of distinguished boundaries is that the set
of 2 x 2 unitary matrices is the distinguished boundary of the 2 x 2 matrix operator-norm unit
ball. It was shown in reference [6] that the sets

1
Ky = {<a,s,p> € C: (5,p) € BT |a] — \/1‘1'3'2}
3 1
Kl - (Q,S,p) S C : (Sap) S bra |a’| S 1 - Z|S|2

both are boundaries of the pentablock. It was further shown in reference [6] that the set K| is the
distinguished boundary of the pentablock while

Ky = {(u21,tr(U),det(U)) : U = [u;j]ax2, U is a unitary}.

and

This suggests that, unlike in the cases of the symmetrized bidisc and tetrablock, the distinguished
boundary of the pentablock is attuned to a certain special class of unitary matrices rather than
whole class of unitary matrices. This note finds exactly that special class that describes K via the
map 7. This, in turn, leads to a new description of the distinguished boundary of the pentablock.

Let T denote the unit circle in the complex plane C. An analytic map z = (x1,...,24) : D — Q
is called a rational Q—inner (some authors call it rational Q—inner) function if each =, is a rational
function with poles outside D and

(x1(A), ..., 2qa(N)) € D

for all A € T. In [17], W. Blaschke studied the rational D—inner functions and proved that all
rational D—inner functions are of the form
0T 29

B(z) :=e

ll—ajz

7=

for some ay,ag,...,a, € D and 6 € [0,2x]. Functions of this form are well-known to be the finite
Blaschke product. For a survey of results, see [18]. If Q = D9, then it follows from d = 1 case that
all rational D?—inner functions are of the form

(Bi(2), ... Ba(2))

for some finite Blaschke products By, ..., B;. A description of rational I'—inner functions is given
by Agler-Lykova—Young, see [3]. Alsalhi-Lykova gave a description of rational E—inner functions,
see [13]. In section 3, we give a description of rational P—inner functions, see Theorem 3.9.

Sometime after this paper was finished and uploaded to arXiv, [12] appeared on arXiv. There
is an overlap of one result of our paper with [12]. Theorem 3.9 also appears there. The proofs
are different. Fejér-Riesz Theorem is used in [12] whereas our proof uses a study of the zeros and
poles of certain functions.

2. A NEW CHARACTERIZATION OF THE DISTINGUISHED BOUNDARY

In the following theorem, we shall give a characterization of points in bP. The proof of the
theorem will manifest a recipe to construct a 2 x 2 unitary matrix U = [u;;] for any (a, s, p) € bP
such that (a, s,p) = (ua1, tr(U), det(U)).

Theorem 2.1. For (a,s,p) € C3, the following are equivalent:
(1) (a,s,p) € bP,



RATIONAL PENTA-INNER FUNCTIONS AND THE DISTINGUISHED BOUNDARY OF THE PENTABLOCK 3

U1 U2
U21 U222

(2) There exists a unique unitary matric U = ( ) such that

U1l = U2 and (a, 8,p) = (UQl, tI‘(U), det(U))
Proof. First, we shall prove that (1) = (2). Let (a, s,p) € bP. Since bP = K,, we have
s

Is| <2, s=3p, |pl=1 and |a|2:1—7.

In order to find the desired matrix U = [u;j]2x2, we need to solve the following four equations in
four variables.

Uy — U =0, Uy =a, up +up=:s and  ujugr — U = b

If a # 0, then we get a unique solution
s s2—4p s
(U11,U12,U21,U22) = (57 Tua7 5) .
A simple computation will show that the matrix U is unitary. If a = 0, then the set of solutions is

S S
{(u11, w12, ugr, uge) = (§7>\707 5) tAE (C732 = 4p}.

Since |p| = 1, we get |s| = 2 and hence the matrix U = [u;j]2x2 is unitary if and only if A = 0.
Now we shall prove that (2) = (1). Let U = [u;j]2x2 be a unitary matrix with

up = ugy and  (a,s,p) = (ugr, tr(U), det(U)).
Since U is a unitary, we get that (s,p) = (tr(U), det(U)) € bl', also
Aal® + |s|* = 4fun|* + [ tr(U) ] = 4(Jua1 |* + |unn]?) = 4.
This proves that (a, s, p) € OP. O

3. RATIONAL P—INNER FUNCTIONS

In this section, we give a description of rational P—inner functions. First, recall that, a rational

map © = (21, xg,x3) : D — P is said to be rational P—inner if
(Il ()\), IQ()\), Ig()\)) e bp

for all A € T. Note that if (s,p) € ' and o € D, then 1 — sa + pa?® # 0, see [8]. For each a € D,
we define a function ¥, : C x I' — C by
a(l —|af’)
\I]OC ) ) = 5

(e, 5,p) 1 — sa+ pa?

The function ¥, is analytic in C x G and continuous on C x I'. One of the main results of [6]
contains several characterization of a point to be in P. We recall the one characterization which
we shall use later.

Theorem 3.1. [6, Theorem 5.3] For (a,s,p) € C x I, the following are equivalent:

(1) (a,s,p) € P,
(2) |Wa(a,s,p)| <1 forall a € D.

For any positive integer n and for any polynomial f of degree less than or equal to n, we define
the polynomial f~" by the formula,

) = Ay (

>l =
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For a C—valued rational function z = f/g, where f and g are relatively prime polynomials, we
define deg(z) to be the maximum of deg(f),deg(g). Note that if x is a finite Blashcke product,
then deg(x) is same as number of Blaschke factors in the product. The following theorem gives a
description of rational I'—inner functions.

Theorem 3.2. [3, Proposition 2.2] Let h = (s,p) be a rational I'—inner function with deg(p) = n.
Then there exist polynomials D and N such that

(1) deg(D), deg(N) <n

(2) N~*(A\) = N(\) on D,

(3) D(\) #0 on D,

(4) IN(V)| < 2D()| on D,

(5) s =% onD, and

b -

Conversely, if N and D are polynomials satisfying (1), (2) and (4) above, D(A) # 0 on D, and s
and p are defined by (5) and (6) respectively, then h = (s,p) is a rational I'—inner function with
deg(p) = n.

Furthermore, a pair of polynomials N' and D' satisfies (1)—(6) if and only if there exists a
non-zero real number t such that N =tN' and D = tD'.

Note that if © = (x1, 29, x3) is a rational P—inner function, then in particular,

(1) (x2(N),z3(N)) € G for every A € D; and

(2) (z2(A),z3(N)) € b for every X € T.
Consequently, it is necessary for x = (1, 2, r3) to be rational P—inner that (zo,x3) be I'—inner.
The latter class is completely understood in view of Theorem 3.2. Thus, our job reduces to

understanding just the first coordinate of a rational P-inner function. This is what we do in the
following sequence of preliminary results.

Lemma 3.3. If (z2,x3) is a rational I'—inner function and xy1 is a rational function with poles
outside D such that
|z2(N)[
4
for all X\ € T, then © = (x1, x2, x3) s a rational P—inner function.

e (WP =1~

Proof. First note that z(A) = (21(\), 22()), z3()\)) € bP for all A € T. We need to show that
(z1(X), 22(X), 23(X)) € P for all A € D. Fix a € D and consider the map ¥, o0z : D — C. The map

WU, oz is analytic in D and continuous on D. Since x()\) € bP C P for A € T, by Theorem 3.1, for
all A € T we get

|\I/a($(7(>\))‘ = |\IIQ(LL’1()\),;L’2()\),LL’3(>\))| S 1

for all a € D. By the maximum modulus principle, for A € D we get
Vo (2(N)] = [Wa(z1(N), 22(N), 23(N))| < 1

for all & € D. Again by Theorem 3.1, (A) = (z1(\), 22(N), 23(X)) € P for all A € D. Thus, z =
(71, 79, x3) is a rational map from D to P which sends T into bP. This proves that z = (1, 72, 73)
is a rational P—inner function.

O

Now, we shall give some examples of rational P—inner functions.
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Example 3.4. Let B be a finite Blaschke product. Then the function = : D :— P defined by
v(\) = (BV),0, BY)
is rational P—inner.

Proof. 1t is easy to see that (0, B(\)) is a rational I'—inner function. Now we show that, for A € T,
the point z(\) lies in bP. Here

r1(A) = B(A), x2(A) =0, and z3(\)= B(\).
Since |B(A)| = 1 on the circle, it follows that

2 (VP
e )P =1=1-—"~.

Thus, by Lemma 3.3, x is a rational P—inner function. [

The following lemma gives a class of rational P—inner functions.

Lemma 3.5. Let 3 € T. Then the map x : D — P by the setting
A <ﬁ B LB+ B, )\)

18 rational P—inner.

Proof. By virtue of Lemma 3.3, we need to show that (xs,z3) is a I'—inner function, and the
following equality holds for A € T,

Az (V)P + 22 (V)] = 4.

Here,

(N =50 2\ =481 and  x5()) = A\

Note that, for A € T, x9(A\) = z2(A)x3(A), |23(N)| = 1, and |z2(A)| < 2. So the map (xq, x3) maps
T into bI'. Since (z2(N),z3(A)) € T for all A € D, it follows that (z2,23) is a rational I'—inner
function. Now, for A € T,

[T = 21Nz (V) = 1/4(8 = BA) (B — 83)
= 1B =B = 52X+ 16121A7]

ZVA+5§] (3.1)

l\DI»—t..lkl»—t %3

We also have
|22 (N)]? = 22(N)aa(N) = (8 + BA)(B + )
= |81+ B°A+ B A+ 8P IAI
=2+ B2A+ B°A (3.2)
Thus, from equations (3.1) and (3.2), for all A € T,
(NP + |z2(V))? = 4.
U

The next two lemmas give some more examples of rational P—inner functions. These will also
be used in the proof of the main theorem of this section.
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Lemma 3.6. If x = (x1, %2, x3) is a rational P—inner function, then xp def (Bxy, 29, x3) is also a
rational P—inner function for any finite Blaschke product B.

Proof. Since (1,2, x3) is a rational P—inner function, (3, x3) is a '—inner function. For A € T,
A[Bry(N)? + [z2 (V)P = 4B Pz (V)| + |z2(A)[?
= 4z (V)] + |22V
=4.
Thus, by Lemma 3.3, xp = (B, 2, z3) is a rational P—inner function. O

Lemma 3.7. If B is a finite Blaschke product, 1 is a rational function with poles outside D and
(Bxy, x9, x3) is a rational P—inner function, then (x1,xs,x3) is also a rational P—inner function.

Proof. Since (Bzy, s, x3) is a rational P—inner function, (x5, x3) is a '—inner function. For A € T,
Az (V)2 + 22 (WP = 4B Pl (V)2 + 22 (M)

= 4| Bri(N)[* + 22 (N)]?
= 4.

Thus, by Lemma 3.3, (x1, 22, x3) is a rational P—inner function. O

If f(2) =>_ a;2" is a polynomial, then define
i=1

)= @z
i=1

If f1, fo are two polynomials and r = fi/f; is a rational function, then define ¥ = f)'/fy. The
following proposition is an intermediate step to prove the main theorem of this section.

Proposition 3.8. Let x = (x1,x9,23) be a rational P—inner function. Let x; = Bg—i where B
is a Blaschke product and fi, g1 are relatively prime polynomials such that fi/g1 has no Blaschke
factor. Then the following hold.
(1) If g1(a) =0, then zy(1/a) # 0; and
(2) if x5 = fa/go, where fo and go are relatively prime polynomials, then g1 = tgs for some
non-zero constant t.

Proof. Let © = (x1, x5, x3) be a rational P—inner function. Let ¢;(a) = 0. Suppose if possible
xy(1/a) = 0. This implies that f}'(1/a) = 0, which in turn implies that fi(1/@) = 0, this together
with g;(a) = 0, imply that f;/g; has a Blaschke factor, which is a contradiction. Hence, zy(1/a) #
0. This proves (1).

Since x = (x1, x2,x3) is a rational P—inner function, (zo and x3) is a ['—inner function. There-
fore, xq, x3 satisfy

23(A) = w2(N)aa(X) = 23 (\)23(N) = 23(1/N)23(N)
for all A € T. Since the first and last terms are rational functions,
zo(\) = x5 (1/N)z3(N\)  for all A € C.

Hence,
13(a) # 0=y (1/a) # 0.
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Since x = (x1, x9, x3) is a rational P—inner function, z; and x5 satisfy

)T = 1 — ixz(x)xz(x)
= (e (1) =1 - gm(N)af ()
for all A € T. This implies
2NV (1/A) = 1 — ixg()\)xg(l /A) forall \eT. (3.3)

Since both the left hand side and the right hand side are rational functions in equation (3.3), it
follows that

22V (1)) = 1 — ixg(k)xg(l/)\) for all A € C.

For m > 1, we have
(= )" N (1/4) = 0= )" (1= gm0 (1) (3.4)

for all A € C.

Let a be a pole of x; of multiplicity m > 1. Clearly, |a| > 1. Hence |1/a| < 1, and so z, x3
are analytic at 1/a. Also by part-1 of the proposition zy(1/a) # 0. Therefore, on letting A — a in
(3.4), we get

(A —a)"ay(N) — oo.
Thus a is a pole of x5 of multiplicity at least m.

Let a be a pole of x5 of multiplicity m > 1. Again on letting A — a in equation (3.4) we get
that a is a pole of z; of multiplicity at least m. This proves that ¢g; and g, have same zeros with
same multiplicities. Hence g; = tg, for some non-zero constant ¢. ([l

Now we are ready to prove the main result of this section.

Theorem 3.9. If x = (x1, %2, x3) is a rational P—inner function and the degree of x5 is n, then

there exist polynomials N1, No, D and a finite Blaschke product B such that

(1) (w2, 23) = (52, 25°) is a D—inner function,

(2) x1 = B on D,

(3) INi(N)? = [D(A)* = [ N2(N)]? on T, and

(4) deg(N1) < n.
Conversely, if N1, No, and D are polynomials satisfying (1) and (3) above, then (
rational P—inner function and the degree of D;n is equal to n.

Furthermore, a triple of polynomials N{, N5 and D’ satisfy (1)—(4) if and only if there exists a

non-zero real number t such that
Nl :tN{, NQZtNé and D:tD,
Proof. Let x = (1, %2, x3) be a rational P—inner function and the degree of z3 be n. Then (x5, x3)

is a rational I'—inner function. By Theorem 3.2, there exist two polynomials Ny and D of degree
less than or equal to n such that

Ny Np D~n

D> D’ D

) is a

sy (22 D
Lo, T3) = D ) D :
This proves condition (1). Note that D()\) # 0 for all A € D. Since =, is a rational function with

poles outside D, we have

T :Bi
g
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where B is a finite Blaschke product and f, g are relatively prime polynomials such that f/g does
not contain any Blaschke factor. By Proposition 3.8, g can be taken to be D. Let us denote f by
N;i. Thus,
r = BF
This proves condition (2).
Since (z1(\), z2(N), 23(X)) € bP for all A € T, we have

2 _ 1 2
21 (N7 =1 = Zlz2(N)%

By virtue of conditions (1) and (2), we have

NN LN
( 4| D(N)
SN = [DOP - NP (35)
for all A € T. This proves condition (3).
From equation (3.5), it follows that
NN (R) = DYDY (R) — LMoV ().
This is same as
Ny (1/A) = DONDY(1/) — TNa(WN (1/3) (3.6)

for all A € T. Since N;(0) # 0, the coefficient of A48 is non-zero in Ny (A\) Ny (1/)), which is the
highest degree coefficient in this expression. Since the degree of the right hand side in equation
(3.6) is at most n, we get deg(N;) < n. This proves condition (4).

Proof of the converse follows from Theorem 3.2 and Lemma 3.3.

Finally, suppose a triple of polynomials Nj, N} and D’ satisfy (1) — (4). By Theorem 3.2, there
exists a non-zero real number ¢ such that No = tNj and D = tD’. Using (2) we get Ny = tN]. The
converse is straightforward. OJ
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